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A B S T R A C T

Finite element method (FEM) is significantly helpful to simulate cold spray (CS) deposition for optimizing the 
process parameters or evaluating the deposit’s physical and mechanical indexes. The simulations’ accuracy, 
however, is primarily governed by the choice of constitutive material model, while also exhibiting notable 
sensitive to the mesh size. To enhance predictions and mitigate this sensitivity, here in, we developed an 
improved material model able to predict the deformation of the deposited particles with higher accuracy 
compared to the existing models. The model incorporates strain hardening, strain rate effects, and thermal 
softening into flow stress, utilizing a straightforward expression that facilitates implementation in FEM via a 
user-defined VUMAT subroutine and enables efficient experimental calibration. The impact of copper particles, 
as a representative material for CS, was simulated by the proposed model over a wide velocity range of 590–1058 
m/s. The simulation results accurately reproduced the experimental particle deformation, local jetting and 
flatness, with predicted overlapping and flattening ratios exceeding 85% and 95% respectively, demonstrating a 
significant improvement over existing models at high impact velocities. Subsequent systematic simulations on 
mesh sensitivity revealed that the primary factors were the intrinsic kinematic issue from high-velocity impacts 
and the elliptic problem introduced by thermal softening. To address this sensitivity, a novel hybrid nonlocal 
strategy was introduced combining standard nonlocal and over-nonlocal methods. Specifically, the standard 
nonlocal method was utilized to mitigate the shear band localization, while the over-nonlocal method was 
leveraged to strongly regularize the temperature field. The proposed strategy was applied to CS simulations using 
various mesh sizes, showing its high efficiency in minimizing the effect of mesh size on both particle deformation 
and shear band localization.

1. Introduction

Cold spray (CS) is a solid-state coating deposition technique in which 
micro-sized particles are accelerated to high velocities (300–1200 m/s) 
using a compressed and pre-heated gas to impact a substrate and form a 
coating [1–3]. It has significant advantages such as high deposition rate 
[4], considerable deposit size and material flexibility [5] while avoiding 
residual stress typically associated with fusion-based manufacturing 
techniques [6]. These advantages make CS well suited for additive 
manufacturing [7] for a wide range of material groups (e.g. steel [8], 
copper [9], zinc [10] and ceramics [11]). Currently, one of the main 
challenges of CS is the tendency of its deposits to exhibit limited ductility 
[12], which restricts the potential application range of CS coated or 
manufactured components [13]. Although heat treatment can signifi
cantly improve the ductility of CS deposits [14,15], it somewhat 

deviates from the concept of rapid manufacturing [16,17]. Alterna
tively, recent studies by Li et al. showed that optimizing the spraying 
parameters can achieve both high strength and high ductility in 
as-sprayed Cu deposits [18,19]. Therefore, a thorough understanding of 
the CS bonding mechanisms is essential to ensure that the deposits meet 
the required mechanical properties.

Experimental exploration of the deposition mechanism can be costly 
and challenging due to the extremely small particle size [20] and their 
high impact velocity [21]. Studies have used high-speed cameras to 
capture the impact of single particles and determine the critical velocity 
[22,23]; however, the spatial and temporal resolution is still insufficient 
to fully understand the detailed variations during particle deposition. 
Other studies have employed electron microscopes to examine deposited 
particles and infer the deposition mechanisms based on their de
formations [24]. Numerical simulations have been also widely used to 
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provide insight on this matter [25,26]. In numerical simulations of CS, a 
high-fidelity constitutive material model is essential for accurate pre
dictions of particle deformation, as it provides a reliable benchmark to 
capture material behavior under extreme strain rates and thermal con
ditions. Such high precision at the single-particle level is a prerequisite 
for extending predictions to multi-particle interactions and full coating 
formation. The Johnson–Cook (JC) model [27] is the most classic and 
widely used in the field as it considers the effect of strain hardening, 
strain rate hardening and thermal softening on the flow stress. However, 
previous studies have demonstrated that the JC model tends to over
estimate the deformation of CS deposited particles, as it is basically 
designed for lower strain rates (<104 s− 1) compared to what is typical in 
CS (107–109 s− 1) [28]. To address this, a modified JC model [29] along 
with several new material models [30,31] have been proposed to more 
accurately predict the deformation of CS deposited particles. Among 
them, the Ma-Wang (MW) model [26,28] recently became popular since 
it can be conveniently calibrated by experimental data, leading to 
deformed particle profiles reported to be in good agreement with the 
experimental data. However, when we used this model to predict the 
deformation of CS copper (Cu) particles at higher plastic strain range, 
the MW model showed some deviations from experimental data in 
capturing the overall deformation and local jetting of particles (see re
sults in Section 3.4). Such high ranges of plastic strain can occur for 
impacting particles under very high velocities and also for the already 
deposited particles impacted by multiple upcoming particles.

Furthermore, accurate CS simulations depend not only on selecting 
an appropriate material model but also on effectively managing mesh 
size sensitivity in Eulerian formulations. The lack of standardized mesh 
sizing leads to variability in simulation outcomes, complicating repro
ducibility and reliability. Although a mesh size of 1/50th of the particle 
diameter has been commonly adopted and found to provide good 
simulation results [32], yet the predicted particle profiles are strongly 
sensitive to mesh size. This undoubtedly limits the reliability of CS 
simulations. On the one hand, when the simulation is extended to 
multi-particle impacts [33], the characteristics of the fixed Eulerian 
mesh lead to different mesh densities for different particle diameters 
[34,35], making the results further unconvincing. On the other hand, 
this loss of mesh uniqueness also impedes finding robust correlations 
between the deposit properties and simulation variables (e.g., adhesion 
strength and temperature [36]).

Our further investigation among high strain rate simulations has 
revealed that mesh sensitivity in CS simulations can mainly originate 
from two aspects: the intrinsic kinematic issue arising in high-velocity 
impact and the elliptic problem caused by thermal softening. 
Regarding the kinematic issue, the high velocity impacts cause intense 
local deformation and mesh distortion in the elements on the contact 
surface, thereby impeding the convergence of the Lagrangian approach 
[37]. The Eulerian formulation addresses this issue by fixing the 
Eulerian mesh and letting the material flow within it [38]. However, it 
essentially retains the basic characteristics of the Lagrangian mesh. 
During the simulation, the mesh first deforms to track material flow and 
then maps the simulated field to the original fixed mesh [39,40]. This 
phenomenon results in a kinematic issue at the contact interface during 
high-velocity impacts, which is particularly challenging to address due 
to the varying displacement and velocity responses produced by 
different Eulerian mesh sizes [41]. One possible solution for this is to 
improve the resolution of the coarse mesh by adopting high-order 
schemes originated from computational fluid dynamics [42], such as 
the weighted essentially non-oscillatory method [43]. However, this 
approach is overly complex and difficult to implement, because it in
volves modifying the mesh order, which is not permissible in the Abaqus 
Eulerian scheme. Therefore, a mechanical approach that can be imple
mented within the Eulerian framework seems more appropriate to 
mitigate this kinematic issue.

Regarding the elliptic problem, it commonly arises in constitutive 
material models that incorporate softening mechanisms, such as plastic 

or damage softening. In these situations, the material loses its ability to 
distribute deformation evenly, causing the deformation to become 
concentrated within a localized zone [44,45], which can eventually 
result in the emergence of shear bands [46] (a narrow zone of localized 
and intense plastic deformation) or cracks [33]. Similarly, when thermal 
softening is included in the constitutive material model, it can also lead 
to loss of ellipticity of the plastic deformation zone, especially in adia
batic shear simulations [41]. Several methods have been developed to 
regularize the thermal softening problem. Dolci et al. [47] regarded the 
Taylor-Quinney as a function of mechanical response and mesh size to 
regularize the temperature field. Luc et al. [48] applied heat diffusion to 
average the temperature field in shear bands. Nevertheless, these ap
proaches were primarily intended for low velocity impacts and are 
therefore inadequate for simulating the high velocity impacts encoun
tered in the CS process.

Nonlocal method is a strategy implemented to regularize the strain 
softening problem [49,50]. In this theory, one or several internal vari
ables are determined by the spatial average of the associated field across 
their neighborhood, with a material length scale introduced to represent 
the volume affecting the nonlocal behavior [46]. Classic nonlocal 
method is generally time-consuming and difficult to apply to large-scale 
models, leading to the development of nonlocal implicit gradient 
enhancement [51,52], which introduces higher-order gradients of the 
local internal variables to avoid time-consuming nonlocal integrations 
[53,54]. This approach has been successfully integrated with plasticity 
[55] and damage models [56,57] to regularize boundary value prob
lems. Although this method was not originally designed to regularize the 
temperature field, its theoretical generality seems suitable for address
ing the elliptic problem caused by thermal softening in CS simulations.

To address the abovementioned challenges and enhance the quality 
of numerical simulations of the CS process, in this study, an improved 
high-fidelity material model was developed able to accurately predict 
the deformation behavior of the deposited particles. The new formula 
considers strain hardening, strain rate effects, and thermal softening on 
flow stress, yet remains straightforward, which makes it easy to imple
ment in simulations and able to match with experimental data. The 
model was employed to simulate the CS processes of Cu particles across 
a broad velocity spectrum (590–1058 m/s). When benchmarked against 
experimental observations, the simulation results confirmed the model’s 
enhanced predictive capability and fidelity in capturing particle defor
mation, local jetting and flattening ratio. Subsequently, a novel nonlocal 
strategy was proposed to mitigate the mesh sensitivity in the Eulerian CS 
simulations. In this strategy, the standard nonlocal method was applied 
to smooth shear band localization, while the over-nonlocal method was 
used to strongly regularize the thermal softening. The proposed hybrid 
nonlocal strategy was evaluated in CS simulations using different mesh 
sizes. The results showed that both particle deformation and shear band 
positioning remained nearly identical across different mesh sizes, 
demonstrating the high efficiency of the proposed strategy to mitigate 
mesh sensitivity.

The remainder of this paper is organized as follows. Section 2 in
troduces the proposed constitutive material model for CS simulations, 
followed by the numerical framework and single particle impact vali
dation in Section 3. Mesh sensitivity in CS simulations is investigated in 
Section 4, while a nonlocal strategy is presented to alleviate its effects in 
Section 5. Finally, concluding remarks are given in Section 6.

2. Improved material model for CS simulation

Here, the overview of the proposed material model is introduced first 
in Section 2.1. Then, the comparison with the MW model is presented in 
Section 2.2.

2.1. Overview of the material model

To more accurately capture the deformation of CS deposited parti
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cles, an improved material model was developed as follows: 

σy =

⎡
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⎢
⎢
⎣
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σy0 + Aεp
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⎞

⎟
⎟
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(1) 

where σy is the flow stress relying on the equivalent plastic strain εp, 
equivalent plastic strain rate ε̇p, and temperature T. It is compared with 
the von-Mises equivalent stress calculated under multiaxial stress states 
to determine whether the material yields. ε̇s and ε̇u are the reference 
equivalent plastic strain rates indicating the ranges of normal and high 
strain rate hardening, respectively.

For metals, the flow stress under high-velocity impact is mainly 
determined by three factors: strain hardening, strain rate hardening and 
thermal softening. Strain hardening captures the increase in flow stress 
with plastic deformation, while strain rate hardening reflects the 
strengthening effect at high strain rates. Thermal softening accounts for 
the reduction in flow stress due to heating. The combination of these 
three terms provides a physically meaningful framework that captures 
the competing hardening and softening mechanisms under extreme 
thermomechanical conditions. It originates from the classical JC model 
[27] and has subsequently been optimized or modified to address 
different problems [26,28,29]. Three terms and corresponding material 
parameters are discussed separately in the following Sections.

2.1.1. Strain hardening
When ε̇p < ε̇s, the material is under static or quasi-static loading 

conditions. Therefore, the flow stress is mainly affected by the equiva
lent plastic strain, and their relationship can be expressed in the 
following exponential form: 

σy = σy0 + Aεp
n, (2) 

where σy0 is the initial yield stress. A and n are the fitting parameters. 
This equation has been successfully used to describe the strain- 
hardening behavior of various metals, such as aluminum, Cu, iron, 
steel, titanium [26–29]. σy0 = 39MPa, A = 320MPa and n = 0.41 provide 
a good fit for the flow stress of Cu at room temperature [28], as shown in 
Fig. 1(a).

2.1.2. Strain rate hardening
The normal and high strain rate terms are of primary importance as 

they can significantly affect the deformation of the deposited particles 
[28]. When ε̇s ≤ ε̇p < ε̇u, the flow stress exhibits a logarithmic rela
tionship with the equivalent plastic strain rate, and it increases signifi
cantly with increasing the equivalent plastic strain. Thus, a new normal 
strain rate term is proposed here as: 

σy =
(
σy0 +Aεp

n)+
(
αεp

n + β
)
ln
(

ε̇p

ε̇s

)

, (3) 

where α and β are the fitting parameters to control the slope between the 
flow stress and normal strain rate. This slope can usually be expressed as 
a function of the equivalent plastic strain. Similar relationships can be 

Fig. 1. (a) The flow stress–equivalent plastic strain curves of experimental data [28] and the proposed model under static or quasi-static loading conditions (ε̇p < ε̇s). 
(b) The flow stress–equivalent plastic strain rate curves of experimental data [62,63] and the proposed model at different equivalent plastic strains. (c) The flow 
stress–temperature curves of experimental data [63,64] and the proposed model at different equivalent plastic strain rates.
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found in the JC model and its modified versions [27,29], and have been 
proven to be effective for a wide range of metals commonly used in CS 
[31–35]. Notably, the fitting parameters (e.g. α and β) introduced in the 
proposed model serve as indicators of the underlying mechanisms rather 
than direct physical quantities. They offer the capacity for straightfor
ward calibration from experimental data ensuring the practical appli
cability of the semi-empirical model.

When ε̇u ≤ ε̇p, the flow stress increases steeply as the logarithm of the 
strain rate increases. A similar formula, in this case, was used in MW 
model [26,28], expressed as: 

σy =
(
σy0 +Aεp

n)+
(
αεp

n + β
)
ln
(

ε̇p

ε̇s

)

+ Bln
(

ε̇p

ε̇u

)

, (4) 

where B is the only fitting parameter to control the slope between flow 
stress and high strain rate. The transition in the hardening behavior of 
metals at high strain rates can be explained by dislocation theory [58], 
and such logarithmic relationship between flow stress and equivalent 
plastic strain rate has been broadly applicable to different metals 
[59–61].

Experimental relationships between flow stress and equivalent 
plastic strain rate taken from [62,63] were used to calibrate the pro
posed model at room temperature, considering the flow stress under 
different equivalent plastic strains. A good fit between the flow stress 
and the equivalent plastic strain rate of Cu was achieved at various 
equivalent plastic strains when considering α = 7.5MPa, β = 0.01MPa, ε̇s 

= 10− 3s− 1, B = 110MPa and ε̇u = 104s− 1, as shown in Fig. 1(b).

2.1.3. Thermal softening
Within the temperature range from room temperature to the melting 

point, the flow stress of metals typically decreases as the temperature 
rises, showing an initial rapid rate of decrease, which later slows down 
[63]. Thus, the proposed model is suggesting the relationship between 
flow stress and temperature to be characterized by a logistic function, as 
described below: 

σy =

[
(
σy0 +Aεp

n)+
(
αεp

n + β
)
ln
(

ε̇p

ε̇s

)

+Bln
(

ε̇p

ε̇u

)](
1 + e(Tr − Tref)η

1 + e(T− Tref)η

)

,

(5) 

where Tr is the room temperature and is used to determine the beginning 
of thermal softening behavior. Tref is the reference temperature where 
the decrease of flow stress is the steepest. η is a fitting parameter to 
determine the rate of decrease of the flow stress and is assumed to vary 
with equivalent plastic strain rate [63], but for some metals, it can be 
treated as a constant for simplicity. The formula is normalized to ensure 
that the thermal softening term equals 1 at room temperature. The 
experimental flow stress–temperature data at different equivalent plas
tic strain rates were used to calibrate the formulation [63,64], with Tref 
= 350◦C and η = 4.3 × 10− 3○C− 1 providing the best fit, as shown in Fig. 1 
(c). The logistic function provides an effective empirical fit; although it 
does not explicitly capture the underlying microphysical mechanisms, it 

has been proven to effectively describe the softening behavior of most 
metals used in CS [26,28,65,66], demonstrating its broad applicability.

2.2. Comparison with the MW model

To better demonstrate the efficiency of the proposed model, a direct 
comparison is made with the MW model that was previously suggested 
for CS simulation [28]. The formula of MW model is expressed as:  

As noted by comparing Eq. (1) and Eq. (6), the main difference is that 
the proposed model modified the normal strain rate and thermal soft
ening terms. For the normal strain rate term, the exponent of equivalent 
plastic strain was used, which makes the flow stress of the proposed 
model lower than that of the MW model at high equivalent plastic 
strains. As regards the thermal softening term, the proposed model 
considered the relationship between flow stress and temperature at 
different equivalent plastic strain rates. This causes the flow stress of the 
proposed model to decrease more rapidly than that of the MW model at 
high equivalent plastic strain rates, better reflecting the rapid decrease 
of thermal softening.

3. Prediction of the deposited particles’ deformation for various 
velocities

This section begins with a description of the finite element model and 
numerical framework in Section 3.1, followed by the implementation of 
the proposed constitutive model in Section 3.2. The simulation setup is 
introduced in Section 3.3, and the results and their comparison with 
experimental data are discussed in Section 3.4.

3.1. Finite element model development

The Eulerian framework [67–70] was applied in the Abaqus software 
to simulate a single Cu particle deposition on a Cu substrate as shown in 
Fig. 2. The contact of Eulerian scheme in Abaqus is a default, 
non-modifiable setting that provides a robust and stable treatment of 
particle–substrate interactions [68–70]. The Eulerian domain was 
considered as a cube with a length of 100 µm to mitigate the effect of 
reflected shear waves. A finer mesh was applied at the impact region 
with the element size of h = 1/50th of the particle diameter, while a 
coarser mesh was used elsewhere, following a gradient strategy. Addi
tionally, the 1/4th of model was employed to reduce computational 
cost. Symmetric boundary conditions were applied to the symmetry 
surfaces, and the bottom side of the substrate was fully constrained. 
Notably, although particle diameter and shape can affect deformation 
behavior, with larger particles exhibiting higher inertial effects and 
non-spherical geometries leading to asymmetric deformation, only 
spherical particle with a diameter of 10 µm was considered, which aligns 
with the experimental conditions reported by Tiamiyu et al. [71,72] to 
ensure a direct and rigorous validation of the proposed model.

σy =

⎧
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3.2. Numerical implementation of the proposed model

The implementation of the proposed model was based on a user- 
defined material (VUMAT) subroutine. J2 plasticity with isotropic 
hardening was considered, where yielding is governed by the second 
invariant of the deviatoric stress tensor. The return mapping algorithm 
[73] was applied to compute the plastic multiplier γ, which determines 
the magnitude of plastic flow during the stress update. The following 
formulas are utilized to determine whether plastic yielding occurs: 

f =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
3
2

σdev : σdev

√

− σywithσdev = σ −
1
3

tr(σ)I, (7) 

where σdev and σ are the deviatoric stress tensor and the Cauchy stress 
tensor, respectively. Compared with quasi-static plastic problems, the 
challenge in implementing the proposed model lies in the requirement 
to simultaneously calculate three variables: εp, ε̇p and T, that simulta
neously affect the flow stress during plastic correction. They can be 
updated as follows: 

εp,n+1 = εp,n +

̅̅̅
2
3

√

γn+1, ε̇p,n+1 =

̅̅̅
2
3

√

γ̇n+1andTn+1

= Tn +

̅̅̅
2
3

√
[γn+1

(
σy,n+1 + σy,n

)

2

] Q
ρcp

, (8) 

where Q is the Taylor-Quinney coefficient defining the ratio of plastic 
energy converted into heat energy. This parameter must be obtained 
from experiments since its value can vary notably across different metals 
[74,75]. ρ is the density of material and cp is the specific heat coefficient.

The Newton–Raphson method was employed to iteratively calculate 
γ. The bisection method was used after each iteration to update the in
terval. When the iteration was out of the interval, the initial guess was 
repositioned to improve the robustness. More details about this meth
odology can be found in [76], regarding VUMAT implementation of 
elastoplastic constitutive laws in FEM.

Due to the extremely rapid nature of the CS deposition process, many 
prior investigations have adopted the adiabatic approximation [26,28,
34,36], employing Eq. (8) to estimate the resulting temperature 
increase.

When heat diffusion is considered, the temperature field will be 
computed by Abaqus’s built-in module, and only the inelastic dissipa
tion energy WInelastic needs to be defined in the VUMAT subroutine, as 
follows: 

WInelastic
n+1 = WInelastic

n +

̅̅̅̅
2
3

√
γn+1

(
σy,n+1 + σy,n

)

2ρ . (9) 

A flowchart of the numerical implementation of the proposed 

constitutive material model is provided in Appendix B. To make a 
realistic simulation, heat diffusion was applied in all models described in 
Section 3.4.

3.3. Simulation settings and material properties

The particle and the substrate were set to 25 ◦C, as in the experiments 
[71,72]. Six different flight velocities were considered for the particle, 
namely: 590 m/s, 605 m/s, 768 m/s, 918 m/s, 990 m/s and 1058 m/s, 
following the experimentally measured velocities in [71,72]. The total 
step time of the simulations was set to 2.5 × 10− 8 s. 
Thermal-displacement analysis step and Eulerian 8-node thermally 
coupled reduced-integration solid element (EC3D8RT) were utilized to 
calculate the temperature field. The default artificial viscosity was 
adopted, as it has been widely demonstrated to effectively maintain 
numerical stability and accuracy [38,68–70]. Simulations were con
ducted using both the proposed model and the MW model for compar
ison. The material properties of Cu are detailed in Table 1. Table 2
presents a comprehensive comparison of the material parameters 
employed in both the proposed model and the MW model.

3.4. Simulation results

A comparative analysis of the experimentally observed morphologies 
of deposited particles and the simulation results obtained from both the 
proposed material model and the MW model at various impact velocities 
is presented in Fig. 3. All simulation results in this study are extracted 
after elastic recovery at the end of deposition. It is worth noting that the 
proposed model in this study was compared only with the MW model to 
highlight its performance, since the MW model has been demonstrated 
to exhibit relatively high accuracy at low velocities, compared to the 
widely used JC model [27].

Overall observation indicated that the proposed model demonstrated 
strong accuracy in replicating the deformation of CS deposited Cu par
ticles across a broad range of impact velocities (590–1058 m/s) 
observed experimentally [71,72]. By comparison, the MW model 
demonstrated reliable predictions of particle deformation solely at the 

Fig. 2. Mesh distribution and the geometry of the Eulerian model for simulating single particle deposition.

Table 1 
Material parameters considered for the Cu particles [28,74,75].

Young’s modulus E (GPa) 128
Poisson’s ratio ν 0.34
Density ρ (kg/m3) 8960
Specific heat cp (J⋅kg− 1⋅ ◦C− 1) 384.6
Conductivity k (W⋅m− 1⋅ ◦C− 1) 385
Taylor-Quinney coefficient Q 0.75
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lower impact velocities of 590 m/s and 605 m/s. For both models, as the 
impact velocity increased, the particles progressively penetrated the 
substrate, causing significant jetting at the particle edges. Consistent 
with previous studies [28], the maximum equivalent plastic strain was 
always concentrated in the jetting region along the particle–substrate 
interface, which is also reported as the typical location with the highest 
adhesion strength [77].

The profiles of the particles and substrate were extracted from both 
experiments and simulations for further comparison, as presented in 
Fig. 4. Since the experimental particle profiles were acquired at a stage 
tilt angle of 52◦, the simulation contours were also rotated by the same 
angle to extract comparable profiles. The results show that the proposed 
material model can not only better predict the overall particle defor
mation, but also more accurately capture the localized jetting induced 
by thermal softening. Compared to the MW model, particle profiles 
obtained by the proposed model have flatter morphology and more 
pronounced jetting. Moreover, the proposed model predicted a higher 
penetration depth at the velocity range of 768–1058 m/s. The more 
accurate prediction of CS deposited Cu particles by the proposed ma
terial model can be attributed to the lower flow stress at higher equiv
alent plastic strains, and the stronger thermal softening at high 
equivalent plastic strain rates of this model.

To quantitatively evaluate the accuracy of the proposed material 
model, the overlapping ratios between the simulated particle area and 
the experimental particle area at different impact velocities were 
calculated by Eq. (10): 

Overlappingratio =
Overlappingparticlearea
Experimentalparticlearea

. (10) 

The results shown in Fig. 5(a) demonstrate the high precision of the 
proposed model, which achieves the maximum overlapping ratio of 
96.3% at 590 m/s and the minimum of 85.6% at 990 m/s. Throughout 
the entire velocity range, the proposed model outperforms the MW 
model in predictive accuracy. The deviation between the two models 
becomes more significant at higher velocities (>900 m/s); for example, 
at 1058 m/s, the proposed model reaches an overlapping ratio of 93.2%, 
whereas the MW model drops significantly to 61.8%.

As an additional comparison index, flattening ratios (described in Eq. 
(11)) of the particles were also calculated at different impact velocities 
by [71]: 

Flatteningratio = ln
(

Particlediameter
Deformedparticleheight

)

. (11) 

Comparison between the flattening ratios of experimental and 
simulated data obtained using the proposed model are shown in Fig. 5 
(b). The predicted flattening ratios show excellent correlation with 
experimental values, with relative deviations remaining below 5%. As 
the velocity increased from 590 m/s to 1058 m/s, the flattening ratio of 
the deposited Cu particles increased from approximately 0.4 to 0.6, 
which is an expected trend due to the increased particle deformation 

induced by higher kinetic energy.

4. Mesh sensitivity in CS simulation

Besides material model, the choice of element size is also of utmost 
importance in defining the accuracy of FEM models. The appropriate 
mesh size for the Eulerian simulations of CS process has never reached a 
unified agreement. Although, as shown in Section 3, a mesh size of h =
1/50th of particle diameter is commonly used by researchers and shown 
to provide good simulation results, still the deformation of CS deposited 
particles is quite dependent on the mesh size. Therefore, here we sys
tematically investigated the mesh sensitivity in CS simulations. Section 
4.1 focuses on the kinematic issue associated with high velocity impact, 
while Section 4.2 examines the mesh sensitivity arising from thermal 
softening.

Three different approaches (i) without thermal softening, (ii) adia
batic and (iii) heat diffusion were used to study the mesh sensitivity 
issues associated with the kinematic aspects and thermal softening. For 
each approach, three representative velocities (590 m/s, 918 m/s and 
1058 m/s) along with three mesh sizes (h = 1/25th, h = 1/50th and h =
1/100th of particle diameter) were considered. The same simulation 
setting in Section 3 was used. Temperature evolution during the impact 
process obtained from different simulation approaches is provided in 
Appendix C.

4.1. Kinematic issue

In CS simulations, the specific elements residing at the particle- 
substrate interface are considered to have a displacement of u and ve
locity of v at any increment, as shown in Fig. 6. Since the edges of these 
EC3D8RT elements cannot bend, we assume a worst-case scenario where 
the deformation is entirely exerted to the elements adjacent to the 
interface. In this scenario, the width of the shear band observed in the 
fine mesh is reduced to half that in the coarse mesh. Consequently, both 
the equivalent plastic strain and the equivalent plastic strain rate within 
the shear band are doubled in the fine mesh compared to the coarse 
mesh. This scenario illustrates the underlying mechanism of the kine
matic issue associated with high-velocity impacts, where mesh refine
ment leads to localized intensification of deformation parameters, 
thereby affecting the fidelity and stability of the simulation results.

The proposed model was used to verify this kinematic issue without 
considering the effect of thermal softening. The simulation results (see 
Fig. 7) indicate that the finer mesh leads to a significantly narrower 
shear band and an increased maximum equivalent plastic strain at all 
velocities. At a velocity of 590 m/s, particle deformation was roughly 
the same across different mesh sizes. Whereas at velocities of 918 m/s 
and 1058 m/s, deformation at the particle edges was more pronounced 
for the finer mesh. These results indicate that the kinematic issue has a 
significant influence on the mesh sensitivity in CS simulations.

4.2. Elliptic problem

There are two commonly used approaches in CS simulation: adia
batic [28,78] and heat diffusion [33]. In adiabatic analysis, the tem
perature field depends entirely on the equivalent plastic strain, meaning 
that the temperature distribution matches the equivalent plastic strain 
field. In contrast, heat diffusion analysis considers heat conduction, so 
the heat is not only concentrated in the shear band but can also be 
transferred to regions with lower temperatures.

Herein, first, the simulations were conducted using adiabatic anal
ysis (see Fig. 8). The results indicated that at all velocities, particle 
deformation varied significantly across different mesh sizes. This is 
caused by the loss of ellipticity resulting from thermal softening. As the 
mesh is refined, equivalent plastic strain and temperature increase, 
leading to a decrease in the flow stress, which in turn makes it easier for 
the elements within the adiabatic shear band to deform, and thus leads 

Table 2 
Material parameters of the proposed model and the MW model.

Proposed model [28,62–64] MW model [28]

σy0 (MPa) 39 σy0 (MPa) 39
A (MPa) 320 A (MPa) 320
n 0.41 n 0.41
α (MPa) 7.5 α (MPa) 17.5
β (MPa) 0.01 β (MPa) 0.1
ε̇s (s− 1) 0.001 ε̇s (s− 1) 0.001
ε̇u (s− 1) 10,000 ε̇u (s− 1) 7000
B (MPa) 110 σcr (MPa) 1500
Tref (◦C) 350 B (MPa) 110
η (◦C− 1) 0.0043 Ta (◦C) 698.1
/ / b 1.76
/ / Tm (◦C) 1084
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to further increase in equivalent plastic strain and temperature. 
Compared with the results of the analysis where thermal softening was 
neglected (Fig. 7), adiabatic analysis significantly increased the mesh 
sensitivity, resulting in a narrower shear band and more severe particle 
deformation, as the element size decreased. Especially for the mesh size 
of h = 1/100th of particle diameter, an excessively exaggerated jetting 
can be observed in Fig. 8(c), (F) and (i).

Moreover, since heat was concentrated in the shear band during 
adiabatic analysis, unrealistic melting occurred at velocities of 918 m/s 
and 1058 m/s with the mesh size of h = 1/100th particle diameter, as 

shown in Fig. 9(a) and (b), respectively.
Another set of simulations were conducted using heat diffusion 

analysis, the results of which are presented in Fig. 10. In these simula
tions, particle deformations were suppressed compared with adiabatic 
analysis. Especially at the velocity of 590 m/s, almost identical particle 
deformations were noted across different mesh sizes (see Fig. 10(a), (b) 
and (c)). This observation can be attributed to the fact that the heat 
transferred away from the adiabatic shear band can mitigate the effect of 
thermal softening on the flow stress. However, compared with the 
analysis where thermal softening was neglected at velocities of 918 m/s 

Fig. 3. Comparison between the experimental morphologies and the simulation results (both the proposed material model and MW material model) at different 
impact velocities of: (a-c) 590 m/s; (d-f) 605 m/s; (g-i) 768 m/s; (f-l) 918 m/s; (m-o) 990 m/s; (p-r) 1058 m/s. The contours represent the equivalent plastic 
strain field.
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and 1058 m/s with the mesh size of h = 1/100th d (see Fig. 7(f) and (i)), 
excessive jetting could still be observed in Fig. 10(f) and (i); moreover, 
an unrealistic melting occurred at 1058 m/s, as demonstrated in Fig. 9
(c). This is because heat cannot be fully transferred out of the adiabatic 
shear band in high velocity impacts, leading to excessive deformation in 
the finer mesh.

In summary, both adiabatic and heat diffusion analyses make CS 
simulations more sensitive to mesh size, resulting in particle de
formations that vary with element size and are not unique. Additionally, 
material properties can also affect mesh sensitivity. Specifically, the 

parameters governing strain rate and thermal softening may influence 
the intensity of localization, thereby indirectly impacting mesh 
dependence.

5. Nonlocal strategy to mitigate mesh sensitivity

Based on the investigation in Section 4, the nonlocal theory is first 
introduced in Section 5.1. Then, the development and numerical 
implementation of the proposed nonlocal strategy are presented in 
Sections 5.2 and 5.3. The corresponding simulation results are discussed 

Fig. 4. Overlapped particle profiles for comparison between the experimental data and the simulated results (both the proposed model and MW model) at different 
impact velocities of: (a) 590 m/s; (b) 605 m/s; (c) 768 m/s; (d) 918 m/s; (e) 990 m/s; (f) 1058 m/s.

Fig. 5. (a) Overlapping ratio of CS deposited Cu particles obtained from the proposed model and MW model compared with experimental data [28]. (b) Flattening 
ratio of CS deposited Cu particles obtained from experiments [71] and the simulations using the proposed model.
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in Section 5.4.

5.1. Nonlocal theory

Nonlocal methods are widely used to address the mesh sensitivity 
problem in constitutive material models with softening behavior [45]. In 
the classical nonlocal formulation, the local variable f(x) is replaced by 
its spatial average f(x) [79]: 

f(x) =
∫

Vw(x, y)f(x)dv
∫

Vw(x, y)dv
, (12) 

where x and y are the coordinate vectors, w(x, y) is the weight function 
and V is the nonlocal integration domain. Classical nonlocal methods are 
time-consuming and not suitable for CS simulations. To overcome this 

limitation, gradient approximations of the nonlocal integral formulation 
were developed [51], to approximate the evolution of the local variable f 
(y) by Taylor’s expansion: 

f(y) = f(x) + (yi − xi)
∂f
∂xi

+
(yi − xi)

(
yj − xj

)

2!
∂2f

∂xi∂xj

+
(yi − xi)

(
yj − xj

)
(yk − xk)

3!
∂3f

∂xi∂xj∂xk
+ ⋅⋅⋅

. (13) 

Assuming that w(x, y) is isotropic over the nonlocal domain, the odd 
derivatives will vanish when f(y) is substituted into Eq. (12). Then, the 
gradient form of the nonlocal variable can be obtained as: 

f(x) = f(x) + C1∇
2f(x) + C2∇

4f(x) + ⋅⋅⋅, (14) 

Fig.6. Deformation of elements at the interface for coarse and fine meshes.

Fig. 7. Particle deformation and equivalent plastic strain field under different velocities and mesh sizes simulated by the proposed model while neglecting the 
thermal softening term.
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where C1 and C2 have the units of length to the power of ∇; ∇2 is the 
Laplacian operator and ∇n =

(
∇2)n/2. When the higher order gradient 

terms are neglected and the Pade approximations are utilized, the im
plicit gradient form can be obtained, as follows: 

f(x) − C1∇
2f(x) = f(x)withC1 = l2, (15) 

where l is the characteristic length [80] used to couple the deformation 
responses of the integration points located within a specified distance, 
thereby establishing the nonlocal spatial interactions. In a 1D case, the 
implicit form has the same expression as the nonlocal integral formu
lation by considering a particular Green’s function and boundary con
ditions [81].

However, the standard implicit gradient enhancement does not al
ways fully regularize the problem. Therefore, an over-nonlocal formu
lation was proposed in [82] to achieve stronger regularization, 
expressed as: 

f̂ (x) = mf(x) + (1 − m)f(x), (16) 

where f̂ (x) will replace f(x) to serve as the nonlocal variable, thereby 
accounting for both local and nonlocal contributions, simultaneously. 
When m > 1, Eq. (16) is regarded as over-nonlocal scheme, and m = 2 is 
commonly used in different over-nonlocal models [46,83] as it can 
induce significant nonlocal effects.

5.2. Development of nonlocal strategy for CS simulations

Here we considered the weight functions of three distinct approaches 
of local, standard nonlocal and over-nonlocal for which the distance 
from central integration point is shown in Fig. 11.

The local method considers only the local variables of central inte
gration point. The standard nonlocal method accounts for local variables 
of the neighboring integration points, but the central integration point 
still has the highest weight, which means that the nonlocal variables of 

Fig. 8. Particle deformation and equivalent plastic strain field under different velocities and mesh sizes simulated by the proposed model using adiabatic assumption 
in the analysis.

Fig. 9. Unrealistic melting occurring with the mesh size of h = 1/100th d: adiabatic analysis at velocities of (a) 918 m/s and (b) 1058 m/s; (c) heat diffusion analysis 
at velocity of 1058 m/s. The contours represent the equivalent plastic strain field.
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one integration point are still highly dependent on their local variables. 
The over-nonlocal method presents the lowest weight at the central 
integration point, which allows the nonlocal variables to be determined 
by the local variables of the neighboring integration points. Therefore, 
the over-nonlocal method provides a stronger regularization than the 
standard nonlocal method [83].

To account for thermal softening in CS simulations, the adiabatic and 
heat diffusion analyses represent the temperature field calculated by the 
local method and the standard nonlocal method, respectively. This ex
plains why the heat diffusion analysis mitigated the excessive 

deformation found in the adiabatic analysis with fine mesh but didn’t 
eliminate it; this observation indicates that the standard nonlocal 
method (heat diffusion) cannot fully regularize the thermal softening 
behavior. Thus, the over-nonlocal method can be used for this purpose.

As regards the kinematic issue, when mesh refinement is not 
possible, the standard nonlocal method effectively reduces mesh de
pendency by averaging variables across neighboring integration points, 
leading to more stable and reliable numerical solutions. The equivalent 
plastic strain and equivalent plastic strain rate can be nonlocalized, so 
that they are not entirely concentrated in the elements near the particle- 
substrate interface, thus extending the shear band width and mitigating 
kinematic issue. The over-nonlocal method was not applied since the 
equivalent plastic strain and equivalent plastic strain rate must have 
maximum values at the central integration point to satisfy kinematic 
rules, otherwise it will lead to the convergence issue.

In summary, for the proposed nonlocal strategy, εp and ε̇p are 
replaced by the nonlocal εp and ε̇p, whereas T is replaced by the over- 
nonlocal T̂. Thus, Eq. (1) is reformulated as: 

σy =

[
(
σy0 +Aεp

n)+
(
αεp

n + β
)
ln
(

ε̇p

ε̇s

)

+Bln
(

ε̇p

ε̇u

)](
1 + e(Tr − Tref)η

1 + e(T̂− Tref)η

)

.

(17) 

5.3. Numerical implementation of the proposed nonlocal strategy

Numerical Implementation of the nonlocal method is challenging 
due to the need for computationally intensive weighted averaging of 
field variables across spatial neighborhoods, which also requires careful 
attention to boundary conditions and numerical stability. For the pro
posed nonlocal strategy, it is necessary to compute εp, ε̇p and T simul
taneously, all of which can be obtained from γ, according to Eq. (8). 
VUMAT subroutine can be used to implement the applied implicit 

Fig. 10. Particle deformation and equivalent plastic strain field under different velocities and mesh sizes simulated by the proposed model using heat diffu
sion analysis.

Fig. 11. Wt functions of local, standard nonlocal and over-nonlocal methods 
for l = h = 1m (Gaussian distribution is used for illustration).
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gradient enhancement. Specifically, the nonlocal plastic multiplier γ was 
analogized to the degree of freedom T′ in coupled thermal–displacement 
analysis [84]. The transient heat transfer equation can be expressed as: 

kʹ∇2Tʹ + r = ρcʹ
p
∂Tʹ

∂t
, (18) 

where k′ is the thermal conductivity coefficient and r is the volumetric 
heat flux. By substituting γ into Eq. (15), the equation is rewritten to 
provide a clearer analogy with Eq. (18): 

l2∇2γ + γ − γ = 0, (19) 

Considering k′ = 1, r can be analogized by as follows: 

r = γ − γwithρcʹ
p
∂Tʹ

∂t
→0, (20) 

where c′p needs to be determined using an iterative approach. In 
VUMAT, the thermal behavior cannot be directly applied. Alternatively, 
WInelastic can be used to define r: 

r =
Qʹρ

(
WInelastic

n+1 − WInelastic
n

)

Δt
, (21) 

when Q′ = 1, and by substituting Eq (19) into Eq (20), WInelastic
n+1 can be 

calculated as: 

WInelastic
n+1 =

(γn − γn)Δt
ρ + WInelastic

n . (22) 

Then, γn+1 is updated by the current temperature field variable 
tempNew. Thereby εp, ε̇p and T̂ can be updated as: 

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

εp,n+1 = εp,n +

̅̅̅
2
3

√

γn+1

ε̇p,n+1 =

̅̅̅̅
2
3

√
γn+1

Δt

T̂n+1 = 2Tn+1 − Tn+1withTn+1 = Tn +

̅̅̅
2
3

√
[γn+1

(
σy,n+1 + σy,n

)

2

] Q
ρCp

.

(23) 

A flowchart of the numerical implementation of the proposed 
nonlocal strategy is provided in Appendix B.

5.4. Simulation results by nonlocal strategy

The same simulation parameters used in Section 4 were utilized to 
validate the proposed nonlocal strategy. Since the characteristic length 
affects the numerical results, it can be treated as a material parameter 
[83]. An iterative approach was employed to determine its value. When 
the characteristic length was set to 4 µm, the simulated particle 
morphology demonstrated strong agreement with experimental obser
vations. This finding suggests that the characteristic length for Cu par
ticles can be set to l = 2/5 d Another nonlocal parameter, cp = 0.001 was 
introduced to ensure that the function in Eq. (20) approaches zero. The 
simulation results are shown in Fig. 12.

For the kinematic issue, compared with the analysis without thermal 
softening, the nonlocal strategy exhibited better match in maximum 
equivalent plastic strain across different mesh sizes, with consistent 
shear band localization and nearly identical shear band widths. 
Although it didn’t fully eliminate the mesh sensitivity caused by kine
matic issue, the sensitivity was significantly mitigated. On the other 
hand, for the elliptic problem, the nonlocal strategy strongly regularized 
the temperature field, resulting in an overall consistent particle defor
mation and almost identical local jetting across different mesh sizes. It 
also eliminated the excessive jetting and unrealistic melting that 

Fig. 12. Particle deformation and equivalent plastic strain field under different velocities and mesh sizes simulated by the proposed model with the nonlocal strategy.
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occurred at the mesh size of h = 1/100th d in both the adiabatic and heat 
diffusion analyses, as shown in Fig. 12(c), (f) and (i).

In summary, the proposed nonlocal strategy was able to mitigate the 
kinematic issue and eliminate the elliptic problem, while ensuring that 
the predicted global and local particle deformations remain essentially 
consistent across different mesh sizes. It also improved the accuracy of 
shear band localization and the distribution of equivalent plastic strain. 
Notably, the computational efficiency of the proposed strategy is 
consistent with that of the other approaches adopted in this study. The 
computational time of different analysis approaches is provided in Ap
pendix D.

6. Conclusions

In this study, we developed an improved high-fidelity constitutive 
material model able to predict the deformation of CS deposited particles. 
The model incorporates strain hardening, strain rate hardening, and 
thermal softening in describing the flow stress, and its parameters can be 
readily calibrated with experimental data and implemented within finite 
element simulations. The validity of the model was established using Cu 
particles as a representative case; however, its formulation is sufficiently 
general to be applicable to a broad range of metallic materials. The 
proposed constitutive material model was validated through single 
particle deposition simulations, demonstrating strong agreement with 
experimental data in terms of overall particle deformation, local jetting 
and flatness of CS deposited particles. Specifically, the model achieved 
overlapping ratios exceeding 85% and flattening ratio predictions above 
95% across a wide velocity range of 590–1058 m/s. It significantly 
outperforms the MW model at high velocities, reaching a 93.2% over
lapping ratio at 1058 m/s compared to 61.8% for the latter.

Furthermore, various simulation approaches, excluding thermal 
softening, as well as adiabatic and heat diffusion analyses, were 
employed to examine mesh sensitivity in Eulerian CS simulations. This 
sensitivity is primarily caused by the intrinsic kinematic issue arising 
from high-velocity impact and the elliptic problem induced by thermal 
softening. To overcome mesh dependence, a hybrid nonlocal strategy 
was successfully implemented combining the conventional nonlocal 
method to effectively mitigate kinematic issue, and the over-nonlocal 

approach to address challenges associated with the elliptic problem. 
The adoption of this nonlocal strategy ensured that both particle 
deformation and shear band localization were consistently reproduced, 
regardless of mesh size. The implicit gradient enhancement method 
facilitated the implementation of nonlocal strategy, offering ease of 
integration within the VUMAT subroutine and suitability for coupled 
thermo-mechanical analyses. Notably, it preserved both robustness and 
computational efficiency, with the computational time variance among 
the four analysis approaches remaining below 1%.

Overall, the new constitutive material model and nonlocal strategy 
methods proposed in this work provide a framework that can conve
niently be implemented for investigating more complex material be
haviors and underlying mechanisms in future studies. Potential 
applications include CS deposition mechanism, multi-particle impact, 
and bonding strength criteria, paving the path for improved under
standing and broader use of CS.
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Appendix A. Comparison of existing constitutive material models for CS

The advantages and limitations of five representative constitutive models for high-strain-rate impact in CS simulations: Johnson-Cook (JC) [27], 
Zerilli-Armstrong (ZA) [85], Mechanical threshold stress (MTS) [86], Preston-Tonks-Wallace (PTW) [87], and Ma-Wang (MW) [28], are summarized 
in Table A.1.

Table A.1 
Comparison of existing constitutive material models for CS.

Model Type Advantages Limitations

JC Empirical Simple form; easy parameter calibration; widely implemented in FEM software Lacks physical basis; limited accuracy under extreme 
conditions

ZA Semi- 
physical

Better description of strain-rate and temperature coupling; improved accuracy for FCC 
metals

Complex parameters calibration; material-dependent 
formulation;

MTS Physical Strong physical foundation; accurate coupling of strain-rate and temperature Difficult parameters calibration; high computational cost
PTW Physical Excellent performance under ultra-high strain rates; suitable for impact and shock 

problems
Complex formulation; less efficient for standard conditions

MW Empirical Easy parameter calibration; high precision; simple numerical implementation Lacks physical basis; reduced fidelity in high velocities
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Compared with these models, the proposed formulation features a simple structure, straightforward numerical implementation, easy parameter 
calibration, high computational efficiency, and high predictive accuracy. However, like all empirical models such as JC and MW, it lacks a strong 
physical basis and may lose validity or accuracy under certain conditions. For example, predictive accuracy may decrease at further extreme strain 
rates (>107 s− 1) or particle velocities beyond the validated range (>1100m/s); under high temperatures approaching the material’s melting point or 
during phase transformations; and in situations involving dynamic failure or damage mechanisms such as cracking, particle fragmentation, or oxide 
layer spallation.

Appendix B. Flowchart of the numerical implementation

Herein, a flowchart is provided to clearly illustrate the numerical implementation of the proposed constitutive material model and nonlocal 
strategy based on the VUMAT subroutine, as shown in Fig. B.1.

Fig. B.1. Flowchart of the numerical implementation of the proposed constitutive material model and nonlocal strategy.

Appendix C. Temperature evolution during the impact process

The temperature evolution during the impact process of different simulation approaches considering a particle velocity of 918 m/s is shown in 
Fig. C.1. For the adiabatic analysis, the temperature field was consistent with the PEEQ distribution in Fig. 8, since heat generation depends solely on 
plastic dissipation, resulting in the most pronounced thermal softening. When heat diffusion was considered, the temperature initially concentrated 
along the shear band due to the rapid increase of PEEQ at the particle-substrate interface (Fig. C.1(d)). As the impact proceeded, the increase in PEEQ 
became gradual and the temperature evolution stabilized, while heat diffused from the shear band into the surrounding material, leading to a gradual 
temperature decrease, as shown in Fig. C.1(e) and (f). Owing to the delocalization of temperature, the nonlocal strategy showed a wider temperature 
field at the early stage of impact (Fig. C.1(g)). As the impact continued, the temperature increased continuously, and the final temperature field 
distribution was similar to that of the adiabatic analysis but significantly broader. The results demonstrate that the proposed nonlocal strategy 
effectively prevents early temperature localization and addresses mesh sensitivity caused by thermal softening. 
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Fig. C.1. Temperature evolution of the adiabatic approach at (a) 3 ns, (b) 9 ns and (c) 25 ns; temperature evolution of the heat diffusion approach at (d) 3 ns, (e) 9 ns 
and (f) 25 ns; temperature evolution of the nonlocal approach at (g) 3 ns, (h) 9 ns and (i) 25 ns. (918 m/s).

Appendix D. Computational efficiency and numerical stability

All simulations in this study were conducted using the explicit solver in Abaqus. In this framework, the temperature and displacement fields are 
updated using forward and central difference schemes, respectively. Previous study has demonstrated that explicit simulations maintain robust nu
merical stability when the time increment is lower than the critical stability limit [84].

The analyses without thermal softening and adiabatic employed *Dynamic step, while the analyses heat diffusion and nonlocal used *Dynamic, 
temperature–displacement step. For the displacement subproblem, the critical stable time increment is expressed as [84]: 

Δtu ≈ Lmin

̅̅̅̅̅̅̅̅̅̅̅̅̅̅ρ
λ + 2μ

√

(B.1) 

where Lmin is the mesh size of the smallest element. λ and μ are Lamé constants can be calculated from the elastic modulus and Poisson’s ratio. The 
critical stable time increment for the temperature subproblem is expressed as [84]: 

ΔtT ≈
L2

minρcp

2k
(B.2) 

When the mesh size is h = 1/100th d, the critical stable time increments for the displacement and temperature subproblems are 0.0213 ns and 
0.0431 ns, respectively. Although the temperature subproblem is more sensitive to mesh size, its increment remains larger than that of the 
displacement subproblem even at the finest mesh. Thus, the computational efficiency is primarily governed by the displacement subproblem, 
consistent with previous studies [84,88]. The computational times for the four analysis approaches at different mesh sizes (918 m/s) are listed in 
Table D.1. Computational times are comparable across all approaches, with the variation among the four analysis approaches remaining below 1%, 
indicating that the proposed nonlocal approach does not introduce additional computational cost.

Table D.1 
Computational time of four analysis approaches at different mesh sizes (918 m/s).

Mesh size h = 1/25 d h = 1/50 d h = 1/100 d

Without thermal softening (mins) 2.16 21.17 135.43
Adiabatic (mins) 2.17 21.57 135.67
Heat diffusion (mins) 2.17 21.42 136.12
Noncoal strategy (mins) 2.17 21.37 135.85

Data availability

Data will be made available on request.
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