
PHYS ICS

Experimental certification of contextuality, coherence,
and dimension in a programmable universal photonic
processor
Taira Giordani1†, Rafael Wagner2,3†, Chiara Esposito1, Anita Camillini2,3, Francesco Hoch1,
Gonzalo Carvacho1, Ciro Pentangelo4,5, Francesco Ceccarelli5, Simone Piacentini5,
Andrea Crespi4,5, Nicolò Spagnolo1, Roberto Osellame5, Ernesto F. Galvão2,6*, Fabio Sciarrino1*

Quantum superposition of high-dimensional states enables both computational speed-up and security in cryp-
tographic protocols. However, the exponential complexity of tomographic processes makes certification of
these properties a challenging task. In this work, we experimentally certify coherence witnesses tailored for
quantum systems of increasing dimension using pairwise overlap measurements enabled by a six-mode univer-
sal photonic processor fabricated with a femtosecond laser writing technology. In particular, we show the effec-
tiveness of the proposed coherence and dimension witnesses for qudits of dimensions up to 5. We also
demonstrate advantage in a quantum interrogation task and show it is fueled by quantum contextuality. Our
experimental results testify to the efficiency of this approach for the certification of quantum properties in pro-
grammable integrated photonic platforms.
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INTRODUCTION
Quantum computers are capable of solving problems believed to be
effectively impossible classically, such as sampling from complex
probability distributions (1), predicting properties of physical
systems (2), and factoring large integers (3). The quantum compu-
tational advantage for these tasks is built on rigorous no-go results
in computational complexity theory, showing a gap between
quantum and classical resources for the same task that can be expo-
nential. Research on quantum foundations also addresses quantum
advantage by asking the question: What type of quantum informa-
tion processing cannot be explained classically? Answers broadly
suggest a different kind of advantage, not in terms of computational
power but in terms of intrinsic classical limits to information
processing.

Advantage in quantum information processing pushes success
rates in communication tasks (4–6), security of key distribution pro-
tocols (7), and success rates in discrimination tasks (8) beyond those
that can be reached using only classical resources. This kind of ad-
vantage results from understanding quantum foundational aspects
of nonclassical resources such as entanglement (9), coherence (10),
Bell nonlocality (11), and contextuality (12), where classical-
quantum gaps in explaining the phenomena can be predicted,
bounding success rates in a quantifiable manner. For instance, phe-
nomena that can be reproduced by noncontextual models (13)
include interference (14), superdense coding (15), and Gaussian

quantum mechanics (16), but it is possible to describe precisely
when processing of quantum information allows an advantage
over this seemingly powerful models in many tasks (4, 5).

In this work, we propose and test families of coherence and con-
textuality witnesses in proof-of-principle device-dependent experi-
ments carried out with single-photon states processed by a
programmable integrated photonic circuit. These witnesses
require the careful preparation of the system in a set of different
states and then the estimation of a set of pairwise state overlaps
(17–20). For this task, we encode qubits and qudits with dimensions
up to five in a six-mode universal photonic processor (UPP) real-
ized with the femtosecond laser writing technology (21).

We start by testing a recent quantum information advantage (19)
for the task of quantum interrogation, first proposed as the celebrat-
ed Elitzur-Vaidman bomb-testing experiment (22). This task has
had a profound impact in quantum foundations (23, 24) that later
converged into technical developments, such as the possibility of
performing counterfactual quantum computation (25, 26), the de-
velopment of the field of quantum imaging with undetected
photons (27, 28), and high-efficiency interrogation using the
quantum Zeno effect (29, 30). We experimentally verify that the ef-
ficiency achievable by quantum theory cannot be explained by non-
contextual models such as those of (14, 15), as predicted in (19). We
hence certify both the presence of this nonclassical resource in the
device and its ability to use it for information processing advantage.

Although noncontextual models are capable of capturing some
aspects of quantum coherence (15), in a way similar to how local
models reproduce some aspects of quantum entanglement (31), co-
herence is still of utmost relevance for quantum information
science. It plays a major role in Shor ’s factoring algorithm (32)
and is crucial for the quantum advantage provided by linear-
optical devices. One can then ask the question of what cannot be
explained with coherence-free models. The recently established in-
equalities of (17, 20) provide a precise answer by rigorously bound-
ing these models.
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We show theoretically, numerically, and experimentally that a
family of inequalities introduced in (19) has a particularly interest-
ing property: Violations of these inequalities witness not only co-
herence inside the interferometers but also the dimensionality of
the information encoded. Since Hilbert space dimension is itself a
resource, the question of what can be done only with qudits is of
relevance for information processing. Some information tasks do
require qudits (33–36) or have their security linked to the dimen-
sion (37), so an important research field is devoted to developing
methods to guarantee lower bounds on the Hilbert space dimension
attained by different physical systems (38–42).

The fact that this family of inequalities has violations only for
coherent qudits marks a new paradigm for quantum coherence
allowed by the basis-independent perspective (17, 43). There
exists quantum coherence that is achieved by qudits that cannot
be achieved with qubits. Such a fact has no precedent from the re-
source theoretic perspective of basis-dependent coherence (10). Co-
herence captured only with qudits was first considered in (44). We
experimentally witness this proposed new form of coherence for
qutrits, ququarts, and ququints inside a six-mode programmable
integrated UPP. We prove that the inequality violated by pure
qutrits cannot be violated by qubits, complementing this result
with numerical and experimental investigations, and we perform
a similar analysis for our inequalities violated by ququart and
ququint systems. In doing so, we extend the dimension witness
result from (18) both qualitatively and quantitatively, making the
best use of the flexibility and accuracy of our multimode processor.

RESULTS
Theoretical framework
Quantum coherence is commonly described as a basis-dependent
property. Given some space H describing a system and a fixed
basis Ω = {∣ω〉}ω, any state ρ is said to be coherent if it is not
diagonal with respect to Ω. It is possible to avoid basis dependence
by considering sets of states (43). Given any set of states
ρ ¼ fρig

n� 1
i¼0 , the entire set is said to be basis-independent coherent,

or simply set coherent, if there exists no unitary U such that
ρ 7! σ ¼ UρUy ¼ fUρiUyg

n� 1
i¼0 , with every σi = UρiU† diagonal.

Witnesses of such a notion of basis-independent coherence were
proposed in (17), building on the realization that set coherence is a
relational property among the states in ρ. Bargmann invariants (45,
46) completely characterize all the relational information of any set
of states. The simplest such invariants are the two-state overlaps
ri,j = Tr(ρiρj), for ρi; ρj [ ρ. In Methods and note S1, we recall why
the overlap inequalities of (17, 20) serve as set coherence witnesses.
The first nontrivial inequality bounding coherence [Galv 17] was
experimentally investigated in (18) and bounds the three overlaps
of a set of three states

r0;1 þ r0;2 � r1;2 � 1 ð1Þ

Violations of these inequalities represent witnesses of basis-in-
dependent coherence of ρ ¼ fρig

2
i¼0. However, as was shown in

(20), this is also a witness of contextuality when we interpret each
state either as an operational preparation procedure or as a measure-
ment effect. In note S2, we review in detail how these inequalities
help to characterize contextuality.

As part of our certification, we perform a quantum information
task known as (standard) quantum interrogation (22) that can be
performed using a two-mode Mach-Zehnder interferometer
(MZI) setup, as depicted in Fig. 1A, and interpreted in light of
our discussion about the connection between coherence and con-
textuality. For the purpose of testing our device, we will quantify
the success rate of the interrogation task using the efficiency η
given by

η ¼
psucc

psucc þ pabs
ð2Þ

where psucc is the probability of successfully detecting the presence
of the object without it absorbing the photon and pabs corresponds
to the probability of absorption. In Methods, we precisely describe
the task, and how these probabilities relate to the MZI beam-split-
ting ratio. Wagner et al. (19) showed that noncontextual models
cannot explain η for arbitrary beam-splitting ratios and that there
exists a quantifiable gap between the efficiencies achievable by
quantum theory and noncontextual models. We provide a more
robust discussion of this result in notes S2 to S4, where we model
the noise resistance of the contextual advantage result, describing
also related loopholes for testing contextuality of the obtained
data. In the remaining of the certification, we will solely focus on
nonclassicality provided by set coherence.

Violations of the inequalities of (19) are a promising, scalable,
and efficient way to witness coherence inside multimode interfer-
ometers, as described in Fig. 1B (see also note S1). A multipath in-
terferometer corresponds to an efficient device for generating high-
dimensional coherent states andmeasuring their two-state overlaps.

Fig. 1. MZI and its multimode generalization for quantum interrogation, co-
herence, and dimension witnesses. (A) Any MZI can be ideally separated in a
preparation stage (red), in which we prepare a qubit state ψ(θ1, ϕ1) and a measure-
ment stage (blue) that projects onto another qubit state ψ(θ2, ϕ2). In a quantum
interrogation experiment, the ? box is an object that absorbs photons. (B) In
analogy with the MZI, a multipath interferometer encodes d-level systems by a
set of beam splitters θ1 and phase shifters ϕ1 that operate on the d mode as a
unitary operator U(θ1, ϕ1). In the second stage, another round of beam splitters
θ2 and phase shifters ϕ2 followed by a series of photodetectors detects photons
at the d output ports. With a single-photon input at the top input mode 0, this
setup is capable of measuring two-state overlaps ∣〈ψ2∣ψ1〉∣2 = ∣〈0∣U(θ2, ϕ2)†U
(θ1, ϕ1)∣0〉∣2.
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Consider any two states, ∣ψ1〉 = U(θ1, ϕ1)∣0〉 and ∣ψ2〉 = U(θ2, ϕ2)∣0〉,
over some finite-dimensional Hilbert space in which 0 is one state of
a given basis. Their overlap can be measured choosing the two
stages of a generic interferometer such that

r1;2 ; r2;1 ¼ jhψ2 jψ1ij
2
¼ jh0 jUðθ2;ϕ2Þ

yUðθ1;ϕ1Þj0ij
2

ð3Þ

Using multimode devices, it is possible to witness not only co-
herence but coherence achievable only with qudits by violation of
the following family of inequalities defined recursively

hnðrÞ ¼ hn� 1ðrÞ þ r0;n� 1 �
Xn� 2

i¼1
ri;n� 1 � 1 ð4Þ

where the sequence starts with h3(r) = r0,1 + r0,2 − r1,2 and the above
equation defines inequalities for any integer n > 3. When n = 4, we
have

h4ðrÞ ¼ r0;1 þ r0;2 þ r0;3 � r1;2 � r1;3 � r2;3 � 1 ð5Þ

The inequality in Eq. 5 cannot be violated by a set of pure qubit
states. With qutrits, it reaches violations up to 1/3. Hence, quantum
violations of inequality (5) represent witnesses of both coherence
and Hilbert space dimension higher than 2. We have numerically
found the same behavior for sets of pure quantum states for the
family of hn inequalities (4) up to h10 by maximizing over parame-
ters describing up to 10 states. This is evidence that the family of
inequalities (4) corresponds to simultaneous witnesses of coherence
and dimension, achievable only by the device’s capability of precise-
ly preparing and measuring high-dimensional coherent states. We
do not prove that these inequalities have this property for all values
of n. Using semidefinite programming (SDP) techniques, we show
that we canmap themaximum possible values of the inequalities (4)
to the solutions of a quadratic SDP.We then show that, for n up to n
= 212, sets of states with dimension d = n − 1 are capable of violating
the inequalities hn, while no violation is obtained from states
spanned by a basis of any lower dimension. In note S1, we
present these theoretical results and discuss the underlying assump-
tions for the dimensionality certification in detail.

Experimental implementation and results
Quantum interrogation and coherence witnesses are tested in her-
alded single-photon experiments, by means of the experimental
setup shown in Fig. 2, composed of a single-photon source based
on parametric down-conversion and a programmable integrated
UPP fabricated via femtosecond laser micromachining (see
Methods for more details). Let us now discuss the results obtained
in the performed experiments.
Coherence and contextuality in two-level systems
In the previous section, we have provided the theoretical framework
that derives families of coherence witnesses based on the evaluation
of pairwise overlaps among states in a finite set. Some inequalities
tailored to work as coherence witnesses can also witness quantum
contextuality. We have already mentioned inequality (1) as one of
such example. Furthermore, this inequality predicts an advantage
for the efficiency in the task of quantum interrogation (19). We im-
plement and test this task in a programmable MZI inside the inte-
grated UPP. The experimental optical circuit is shown Fig. 3A. In
our experiment, the absorbing object is modeled by a completely
transparent beam splitter with reflectivity rB = sin θB = 0 placed

in one arm of the MZI. The MZI is calibrated so that the two
beam splitters have the same beam-splitting ratio (θ1 = θ2 = θ),
with a null internal phase (ϕ = 0). These conditions guarantee
that a single photon injected in mode 0 will always come out of
output 0 when the object is absent. The aim of this experiment is
to estimate the efficiency η of detecting the presence of the object
without it absorbing the photon, as defined in Eq. 2. In our scheme,
psucc corresponds to the fraction of single photons detected in mode
1, since this output is only possible when the object is present. The
probability of absorption pabs is given by the fraction of photons de-
tected in mode 2. In Fig. 3B, we report the measurements of η for
different values of the reflectivity r = sinθ of the two beam splitters.
The theoretical curve is given by a quantum model of the MZI,
whose performance is, in general, not achievable by any generalized
noncontextual model (see also note S2), given by

η ¼
rð1 � rÞ

rð1 � rÞ � r þ 1
ð6Þ

Our experimental data follows very well the predictions of the
quantum model, showing not only that the device generates data
that cannot be explained with noncontextual models but also that
it uses contextuality as a resource to achieve quantum-over-classical
performance, quantified by the efficiency η. We observe that the
largest deviations from the theoretical curve appear for values of r
close to 1. This discrepancy can be justified by taking into account
the experimental imperfections in the apparatus (see Methods).

In notes S2 to S4, we present a detailed discussion about contex-
tuality in MZIs, including an analysis of the requirements for wit-
nessing contextuality when the device is used for the quantum
interrogation task. In there, we pick a specific beam splitter config-
uration for the interrogation task and show that we experimentally
achieve ηexp = 0.428 ± 0.006, while noncontextual models must have
an efficiency ηNC ≤ 0.410 even when benefiting from the effect of
noise, which raises the noncontextual upper bound for η.

In note S5, we also certify coherence in the MZI using a different
and previously unidentified inequality featuring a high level of vio-
lation by five symmetrical states on a great circle of the Bloch sphere.
Coherence and dimension witnesses in higher dimensions
Equation 4 describes a family of inequalities that are tailored for cer-
tifying coherence in systems with dimension d > 2. We will refer to
these inequalities as hn, where n is the number of states in the set
whose overlaps we need to evaluate. They arise as inequalities ob-
tained using the event graph approach (20), when we consider com-
plete graphs Kn. The presence of coherence in the states is witnessed
when an inequality is violated, that is, when hn > 1. An important
point to note is that the values hn(r) provide information regarding
the coherence accessible only due to the dimension of the space. The
hn inequalities are not violated by sets of states without coherence
nor by systems with dimension d < n − 1. For example, one-qubit
states do not violate h4 ≤ 1, qutrit states do not violate h5 ≤ 1, and
so on.

The main result is that hn displays different maximum values ac-
cording to the dimension of the system. This implies that the func-
tionals hn(r) are not only dimension witnesses but also indicators of
the dimension of the space.

We tested firstly the effectiveness of h4, h5, and h6 inequalities as
coherence witnesses. In Fig. 4, we show the circuits to prepare and
measure three-, four-, and five-mode qudits. In particular, the red
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part of the circuits for qutrit (Fig. 4A) and ququart (Fig. 4B) is uni-
versal state preparators when a single photon enters the device re-
spectively in inputs 0 and 1. In the case of five-mode qudits, the six-
mode UPP does not have enough layers of MZIs to implement in-
dependent universal preparation and measurement stations.
However, the circuit in Fig. 4C can prepare a set of six five-mode
qudit states that maximize h6. In the figure, we also report the hn
values together with the matrix of the pairwise overlaps. We esti-
mated the violations by considering only the upper triangular
part of such a matrix, i.e., ri,j, with i > j. Further details on the
sets of states used to violate the inequalities and a discussion on
the sources of noise in the experimental measurements are reported
in notes S6 and S7.

We then move to the experimental test of hn as dimension wit-
nesses by sampling uniformly random states spanned by bases of
different dimensions. The distributions of the values obtained for
the left-hand side of the hn inequalities for d = 2, d = 3, and d = 4
are reported in Fig. 5, together with the maximum theoretical values
of hn for systems of those dimensions. The experimental data
confirm the theoretical predictions. This provides further insight
on the power of the hn as dimension witnesses. The uniform sam-
pling of the states tries to answer the following question: Howmuch
information about the dimension of the space can we retrieve from
the value of the left-hand side of the hn inequalities, without
knowing the optimal set that maximizes the violation? We did
not sample random states in d = 5 because our circuits are not uni-
versal state preparators and measurement devices for qudits of this
dimension. Table 1 summarizes the maximum values of the func-
tionals hn obtained in the random sampling and in the previous
analysis dedicated to coherence witnesses. We see that the
maximum violations are not typically achievable when sampling
random states. However, the hn become very effective in discerning
systems of d > 2 for increasing values of n.

In summary, we showed how to exploit new families of overlap
inequalities to witness coherence in qudit systems. The coherence is
certified when hn > 1. Furthermore, the hn inequalities introduced
in (20) and tested here are only violated by systems having both co-
herence and a dimension d ≥ n − 1. Even when hn < 1, while not
witnessing coherence, the value of hn still provides information on
the dimension.

DISCUSSION
In this work, we have characterized how quantum information is
processed within a six-mode programmable integrated UPP. To
do so, we witnessed—and used—two different notions of
quantum nonclassicality, namely, generalized contextuality and co-
herence. Our characterization of nonclassicality is done in a way
that depends on the dimension of the Hilbert space generated by
single-photon interference through the paths of the programmable
device. Our analysis begins with the simplest scenario, where we use
a subsection of the device to implement a two-modeMZI. We dem-
onstrate the presence of generalized contextuality within theMZI by
violation of a recently introduced generalized noncontextuality in-
equality.We show that this resource is used to achieve efficiencies in
the task of quantum interrogation that are higher than those possi-
ble by any noncontextual model that reproduces the same opera-
tional constraints considered in our experiment.

Then, we proceeded to investigate nonclassicality generated by a
single photon able to propagate through gradually larger portions of
the interferometer. In doing so, we introduce a previously uninves-
tigated theoretical perspective in coherence theory: quantum coher-
ence achievable only by qudits.We show that a family of inequalities
is capable of identifying coherence that can only be witnessed when
the totality of the Hilbert space dimension considered is used in
nontrivial ways. We experimentally measure the presence of this

Fig. 2. Experimental setup and UPP. (A) Experimental setup. A pair of photons is generated by a spontaneous parametric down conversion (SPDC) source. One photon
is detected as trigger. The second photon is sent in a programmable integrated UPP that can realize a generic unitary transformation. At the output of the chip, we
measure the twofold coincidence between the photon in the chip and the trigger photon. They are detected by exploiting avalanche photo-diode detectors (APDs). (B)
UPP internal structure. The optical circuit is a six-mode rectangular mesh of variable beam splitters and phase shifters, enabling the implementation of arbitrary 6 × 6
unitary transformations. Each variable beam splitter is actually a MZI structure with two 50:50 beam splitters and a phase shifter in between (see the inset). (C) Program-
mable integrated UPP. The integrated device used in the experiment is a UPP, realized by the femtosecond laser writing technique in an alumino-borosilicate glass
substrate. Two fiber arrays are directly plugged in at the input and at the output of the interferometer. Thermo-optic phase shifters are patterned with the same tech-
nology on a thin gold layer deposited on the substrate. Electrical currents are supplied to the phase shifters through interposing printed circuit boards (not shown in
figure for the sake of simplicity), allowing one to locally heat thewaveguides and change the settings of the optical device. BBO, beta-barium borate crystal; TDC, time-to-
digital converter.
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kind of coherence for a single photon interfering in up to five
modes. Via numerical simulations, we demonstrate that this
family of inequalities is a simultaneous witness of coherence and
Hilbert space dimension d up to d = 212.

Our certification scheme leaves some opportunities for further
theoretical investigation. For instance, while our scheme is not
device independent, we believe that in the future it may be suitable
for a description in the semi-device independent framework, since
our single requirement over the data is that it corresponds to two-

state overlaps, possibly interpreted as a promise over the possible
measurements. Quantum states, Hilbert spaces and physical
devices are arbitrary. Also, because of the invariant properties of
the inequalities, their maximization will likely be related to the
task of self-testing (47), and techniques used there might be appli-
cable in our case.

We believe that violation of these inequalities can be exploited in
the future as an effective certification technique benchmarking non-
trivial high-dimensional coherence and that may be related to hard-
ness of quantum computation. Moreover, the theoretical results
presented here apply to any platform for quantum computation
and not just photonics.

METHODS
Experimental setup
A BBO crystal is pumped by a pulsed laser at the wavelength of λ =
392.5 nm. The spontaneous parametric down conversion process
generates photon pairs at λ = 785 nm. In the experiment, we
focus on one pair emissions, much more likely to happen than mul-
tipair generation.

One of the two photons is used as a trigger signal, while the other
one is injected in a UPP, i.e., a fully programmable multimode in-
terferometer. This device consists in a waveguide circuit, fabricated
in-house by the femtosecond laser writing technology in an

Fig. 3. Coherence and contextuality in a MZI. (A) Scheme of the circuit used for
the quantum interrogation task. (B) Efficiency η of the object’s detection versus the
reflectivity r = sinθ of the two beam splitters in the MZI. The red curve is the the-
oretical prediction, while the red shaded area represents the deviations from the
ideal model due to dark counts and imperfect calibration of the beam splitters. The
error bars derive from the poissonian statistics of the single-photon counts.

Table 1. Experimental results for witnesses of coherence and
dimension. In bold are the hn values that we measured for the coherence
witnesses, and in roman are the maximum experimental values measured
in the uniform random sampling of ∼200 sets of states of dimension d.

d = 2 d = 3 d = 4 d = 5

h4 1.05 ± 0.01 1.31 ± 0.01 1.23 ± 0.01

h5 0.36 ± 0.02 0.84 ± 0.02 1.39 ± 0.01

h6 −0.96 ± 0.04 0.17 ± 0.03 0.40 ± 0.02 1.38 ± 0.01

Fig. 4. Violations of hn inequalities by qudits. (A to C) Circuit schemes for qutrits (A), ququarts (B), and five-mode qudits (C) preparation (red part) and measurement
(blue). The single-photon signal enters from mode 0 for the qutrits case, from mode 1 for ququarts, and from mode 2 for the five-mode case. (D to F) Comparison of the
theoretical and the experimental matrices of the pairwise overlaps values ri,j = ∣〈ψj ∣ψi〉∣2 for the sets of states thatmaximize the violation of h4, h5, and h6. In particular, h4 is
violated by sets of four qutrit states {ψ0, …ψ3} in (D), the h5 inequality is violated by sets of five ququart states {ψ0, …, ψ4} in (E), and h6 is violated by sets of six quantum
states of dimension 5 {ψ0, …, ψ5} in (F). The uncertainty reported for each inequality derives from the poissonian statistics of the single-photon counts.
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alumino-borosilicate glass chip. The scheme of the photonic circuit
of the six-mode UPP is reported in Fig. 2C and follows the decom-
position into a rectangular network of beam splitters and phase
shifters devised in (48). The beam splitters in the scheme are actu-
ally MZIs (see inset in Fig. 2C), which provide variable splitting
ratios depending on the value of the internal phase. The dynamic
reconfiguration of the UPP operation is accomplished by thermo-
optic phase shifters, which enable the active control of the values of
the phase terms placed inside and outside the cascaded MZIs. The
input and output ports of the waveguide circuit are optically con-
nected via fiber arrays (single mode fibers at the input and multi-
mode fibers at the output, see also Fig. 2B).

In particular, the phase shifters are based on gold microheaters,
deposited and patterned on the chip surface. Upon driving suitable
currents into the microheaters, local heating of the substrate is
achieved in a precise and controlled way. This local heating
induces, in turn, a refractive index change and thus controlled
phase delays in the waveguides due to the thermo-optic effect. A
careful calibration of the phase shifters allows to implement with
our UPP any linear unitary transformation of the input optical
modes. This calibration is performed by classical coherent light
and does not rely on the quantum theory we test in our experiments.
More details on the design, fabrication and calibration process of
the UPP are provided in note S8.

Last, the outputs and the trigger photon fibers are connected to
avalanche-photodiode single-photon detectors. The detector
signals are processed by a time-to-digital converter that counts
the twofold coincidence between the chip outputs and the
trigger photon.

Noise model for the quantum interrogation experiment
The main sources of noise that need to be considered for the
quantum interrogation experiment are mismatches in the reflectiv-
ity r of the two beam splitters and dark counts of the detectors.
These become more significant for r ∼ 1, since in this regime,
both psucc and pabs tend to be very small. Our noise-corrected

formula for η will be

ηnoisy ¼
r½1 � ð1+ εÞr� þ n1

r½1 � ð1+ εÞr� � r þ 1þ n1 þ n2
ð7Þ

where ɛ is the percentage mismatch of the two reflectivities and n1
and n2 indicate the ratio between dark counts and signal.

The red area in Fig. 3B encloses the set of curves resulting from a
span of the parameters ɛ, n1, and n2 in the range 0 and 0.005. Our
noise model predicts large deviations from the ideal quantum effi-
ciency when the beam-splitting ratio approaches r = 1.
Pairwise overlap inequalities characterizing incoherent sets
of states
Wewill briefly recall the arguments from (17, 19) for why the select-
ed inequalities are capable of bounding the overlaps of sets of inco-
herent states, and how a graph-theoretic construction enables
finding these inequalities.

For a diagonal set of states, with respect to any basis, the two-
state overlaps Tr(ρiρj) of the elements {ρi}i of that set represent
the probability of obtaining equal outcomes from the states upon
measurements with respect to the reference basis. When such an
interpretation is possible, we say that the set of states is coher-
ence-free, or incoherent, and the reference basis is a coherence-
free model for this set. For each set of states ρ, it is possible to
define an edge-weighted graph (G, r) with vertices of the graph V
(G) representing quantum states and edges E(G) having weights
re ≡ ri,j ≔ Tr(ρiρj). If we collect all weights into a tuple r = (re)e ∈
ℝ∣E(G)∣with ∣E(G)∣, the total number of edges in the (finite) graphG,
it is possible to bound all tuples r, resulting from states that are di-
agonal with respect to some basis. This was studied in (17, 20), and
the bounds are given by linear inequalities. Similar to what is
already well established in Bell nonlocality (11) and contextuality
(12), inequalities bound descriptions of classicality; those
inequalities are built to bound coherence-free models for ρ.

The basic reasoning described in its most general form starts by
acknowledging that, if all states are incoherent, there exists some set
of output outcomes Ω with respect to which the weights ri,j repre-
sent the probability that, upon independently measuring ρi, ρj from
adjacent nodes i, j in the graph G, we obtain equal outcomes. As an
example, consider two adjacent nodes described by the maximally

Fig. 5. hn inequalities as dimension witnesses. Random states sampled uniformly in Hilbert spaces of dimensions 2 (blue), 3 (purple), and 4 (green). Bold points
correspond to ∼200 experimental preparations of sets of uniformly random qudit states for each dimension. The uncertainties are smaller than the points’ size. The
shaded points in the background are ∼5000 sets of numerically simulated states for each dimension. The dotted red line indicates the threshold value 1 for hn required
towitness coherence. (A) Distributions of the h4(r) values. The purple line is the maximum violation of the h4 inequality for state dimension d = 3. (B) Same analysis for the
h5 inequalities. Here, we observe a lower bound for d = 2, highlighted by the blue line, that allows better discrimination of high-dimensional sets of states. The green line is
the maximum violation achieved with the set that includes states of d = 4. (C) Distributions for the h6 inequality. We report only the maximum violation measured for the
coherence witness because our setup is not a universal state preparator for d = 5. Blue and purple lines highlight the maximum values of h6 for d = 2 and d = 3,
respectively.
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mixed qubit state I2/2. In this case, the edge-weight corresponds to
the two-state overlap Tr(I2/4) = 1/2. This is also the probability that
we measure these two states with respect to the basis that diagonal-
izes them and obtain equal outcomes, i.e., the probability that two
ideal coins return equal outcomes.

To find overlap inequalities the algorithm then goes as follows:
for a given graph G we have all conceivable tuples r = (re)e described
by all assignments 0 or 1. Any tuple of two-state overlaps will be
inside the polytope described by the hypercube [0,1]∣E(G)∣. Using
the assumption of incoherent states and what this forces overlaps
to satisfy, i.e., to be the probability of equal outcomes with respect
to some set of labels, one can forbid some assignments from the hy-
percube. The remaining ones are just those possible from an inco-
herent interpretation of states and edge-weights. In convex
geometry, the convex hull of this set of assignments defines a poly-
tope, and using standard tools it is possible to find the facet-defining
inequalities for this polytope, given that the vertices are known.
These facet-defining inequalities are the inequalities we probe in
our work. By construction, inequality violations immediately con-
tradict the hypothesis of incoherent states, hence serving as witness-
es of set-coherence.

In this work, the graphs considered are only complete graphsKn,
a graph where every is connected to every other node, for n = 3, 4, 5,
6. The label n describes the number of nodes for the graph. The in-
equalities described by Eq. 4 form one among many inequalities
that can be derived for the graph Kn, having the particularly inter-
esting properties we discuss in the main text. In the Supplementary
Materials, we describe a different inequality from the same graph
that has a large violation that can be violated with qubits. For a
more detailed description, we refer to (20).

Standard quantum interrogation task
For the interrogation task, one assumes that there might be some
object in one of the interferometer’s arms, depicted as a question
mark in Fig. 1A. The object, if present, is assumed to completely
absorb incoming photons, and the task is to detect the presence
of the object without any photons being absorbed by the object.
It is somewhat unexpected that such a task can be accomplished
at all, but using the fact that beam splitters create coherence, a
simple set-up is capable of performing the task. Letting two 50:50
beam splitters and no difference in phase between the arms, in case
there is no object, all the coherence created in the preparation stage
is destroyed in the measurement stage, and one of the detectors
never lights up. However, in the presence of an object, it acts as a
complete path-informationmeasurement device inside the interfer-
ometer, projecting the state of the photon inside the interferometer
to the arm where the object is not present. This happens with 50%
probability. When the nonabsorbed photon hits the second beam
splitter in the measurement stage, there is a 50% chance that the
detector that would be dark in the absence of an object now lights
up. Therefore, with probability 25%, one can detect the presence of
the object without directly interacting with it. Unexpectedly, there
are noncontextual models capable of reproducing precisely this
feature (14).

We can vary the beam-splitting ratios for the protocol, which
allows us to have an improvement in the efficiency of the task. It
is crucial that the second beam splitter in the MZI perfectly reverses
the first beam splitter’s action, so that whenever we have no object
inside the interferometer, or we have an inactive object, one of the

detectors never clicks (remaining dark). The probabilities psucc and
pabs depend on the beam-splitting ratio characterizing the beam
splitter. The probability pabs is simply the probability that once
the photon enters the device, it goes to the arm that has the
object. The probability psucc is the probability that the photon
does not reach the object, hence going to the other arm, and
leaves the MZI via the output port that is dark in the absence of
the object.

Supplementary Materials
This PDF file includes:
Notes S1 to S8
Figs. S1 to S9
Tables S1 and S2
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