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A B S T R A C T

A phase-field ductile fracture formulation for orthotropic paperboard materials is proposed, based on an
anisotropic, multi-surface elastoplastic model describing the in-plane behavior of paperboard. A variational
statement for the finite-step elastoplastic problem is extended to include the variational description of Griffith-
type brittle fracture by a phase-field gradient term. The interaction between plastic and fracture dissipation
mechanisms is modeled by introducing a scalar modulation function, assuming plasticity driven damage
growth. This function depends on a scalar measure of the plastic strain components in the material orthotropy
frame. It modifies the fracture activation criterion in a non-variational fashion, resulting in a direction-
dependent material strength against crack propagation. The model performance is assessed by comparing
numerical simulations and experimental tests conducted in a climate-controlled laboratory.
1. Introduction

Paper and paperboard are easily recyclable artificial materials that
can be produced at a low cost in huge amounts. For these reasons,
the field of their possible applications is expanding, though the main
application remains packaging. The global carton packaging market is
rapidly growing, driven by increasing online transactions and the ensu-
ing demand for recyclable packages. To reduce waste, carton packaging
manufacturers have to use thinner and lighter weight grades of carton
board, without compromising the safety and quality of the packaging.
During the package forming process, the package undergoes converting
and filling procedures that severely stress the material. The combina-
tion of growing competition and more severe regulations is forcing
the packaging companies to fully exploit the mechanical properties of
paperboard, which is the material providing the mechanical strength to
the final product, minimizing manufacturing defects.

Paperboard is a multi-scale material, composed of wood-fibers that
are mainly arranged into planes stacked one onto the other. The man-
ufacturing process of the blank paperboard sheet induces an in-plane
preferential orientation of the fibers. Two in-plane material directions
can be recognized: the Machine Direction (MD) and the Cross ma-
chine Direction (CD). The presence of multiple plies of fibers entails
a high degree of anisotropy between the in-plane and the out-of-
plane (ZD) directions of the paper sheet. As a result, paperboard is an
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orthotropic material, with relatively mild in-plane anisotropy in MD
and CD and strong anisotropy in out-of-plane ZD (Mäkelä and Östlund,
2003; Borgqvist et al., 2014, 2015).

A recent review of state-of-the-art approaches for paper modeling
can be found in Simon (2021), where models addressing the multi-
scale and multi-physics nature of paperboard have been extensively
reviewed. Paper models at the fiber scale can be further subdivided
into models focusing on the single fiber behavior, on the fiber–fiber
bonds and on the fiber network scale (Simon, 2021). In the present
work, the focus is on paperboard behavior at the sheet scale, where
paperboard can be considered a homogeneous, orthotropic material,
whose behavior can be described by means of continuum mechanics
models. In most paperboard models at this scale (Borgqvist et al.,
2015, 2016), the hypothesis of decoupled in-plane and out-of-plane
behavior is assumed. This is justified by the experimental evidence
that the out-of-plane Poisson ratio is nearly zero (Stenberg and Fellers,
2002). Paperboard shows a highly nonlinear response already under
small loading. Furthermore, under loading–unloading cycles in the
nonlinear regime it exhibits evident non-recoverable strains, revealing
the elastoplastic nature of its pre-failure behavior and motivating the
use of elastoplastic models for its description (Harrysson and Ristinmaa,
2008).
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The possibility of obtaining acceptable, first-hand simulations of
paperboard response during converting procedures, using only fea-
tures already available in a commercial code, has been investigated,
e.g., in Domaneschi et al. (2017). An elastoplastic model, with cohesive
interfaces through the thickness, has been first proposed in Nygårds
et al. (2005) and Nygårds et al. (2009) to simulate delamination.
Addressing the problem of large-scale forming simulations, an interface
crease element, accounting for elasto-plasticity and damage, has been
interposed between shell elements of the Mindlin–Reissner type (Gi-
ampieri et al., 2011). An in-plane orthotropic elastoplastic model of
paperboard with multiple yield modes has been proposed by Xia et al.
(2002). It is able to distinguish between yielding in tension and com-
pression along the different material directions, while the out-of-plane
response is treated as elastic. An application to non-isotropic hard-
ening plasticity has been presented in Borgqvist et al. (2014), where
the different in-plane yield mechanisms present a coupled hardening
behavior. Xia’s formulation has been subsequently extended includ-
ing a description of the nonlinear out-of-plane behavior to capture
the material response during converting to package material. Then,
the yield criterion has been enhanced to include the additional yield
mechanisms characterizing the out-of-plane response (Borgqvist et al.,
2015, 2016; Robertsson et al., 2018). These latter models, however,
did not account for material degradation and crack nucleation and
propagation. The importance of nonlocal damage modeling in random
fiber networks has been addressed in Isaksson and Hägglund (2009),
while the damage localization bandwidth has been shown to be related
to the fiber average length in Niskanen et al. (2001). Experimental
tests to characterize damage onset and propagation in isotropic paper
sheets have been presented in Isaksson et al. (2006), suggesting that
a nonlocal isotropic scalar damage model has to be used in the anal-
ysis, due to the presence of high stress gradients generated when the
main damage mechanism is fiber bonds failure. A nonlocal anisotropic
elastoplastic damage model with two damage variables, for orthotropic
paperboard has been proposed in Isaksson et al. (2004), where three
scalar internal variables have been introduced to capture material
failure in the directions of orthotropy MD, CD, and ZD. Here, damage
irreversibility has been enforced, a unique internal length parameter
governs the nonlocal model and only the elastic free energy is degraded
by damage. The idea of a damage variable associated with each set
of fibers in a fiber network can also be found in Chen and Silberstein
(2019).

A phase-field modeling of brittle fracture has been proposed in Bour-
din et al. (2000) as the topological regularization of the sharp crack
variational formulation of Griffith-type fracture (Francfort and Marigo,
1998). The regularization of the sharp topology requires the introduc-
tion of a regularization parameter, i.e., an internal length, measuring
the portion of the solid domain where the crack has been smeared.
The scalar phase-field 𝑑 is employed as an order parameter and, from

mechanical standpoint, it can be interpreted as a damage variable
ince it is interpolating the unbroken (𝑑 = 0) and the fully-broken

(𝑑 = 1) material states. Likewise, the internal length can be interpreted
as a measure of the damage localization bandwidth. The solution to
a boundary value problem in terms of displacements and phase-field
variables is obtained from a constrained minimization principle, where
the constraint on the phase-field growth derives from the irreversibility
of the crack evolution process. The issue of irreversibility has been
addressed with various approaches, either variationally non-consistent,
like the history variable (Miehe et al., 2010), or variationally consistent,
ike the penalty method (Gerasimov and De Lorenzis, 2019) and the
rojected Successive Over-Relaxation (Marengo et al., 2021), allowing
or a rigorous enforcement of the constraint.

The extension of the phase-field formulation to ductile media is less
traightforward, since a variational formulation of ductile fracture is
issing (Ambati et al., 2015). A review of different approaches can be

ound in Alessi et al. (2018a) and Marengo and Perego (2023a). In the
2

urrent work, the attention is focused on the effective stress approach
(see, e.g., Ulloa et al. (2016), Miehe et al. (2017), Choo and Sun
(2018), Huang and Gao (2019), Wambacq et al. (2021) and Marengo
and Perego (2023b)), combined with an AT1 (Ambrosio and Tortorelli,
1990) phase-field dissipation model (see, e.g., Alessi et al. (2018b),
Samaniego et al. (2021), Hu et al. (2021), Talamini et al. (2021),
Wambacq et al. (2021) and Marengo and Perego (2023b)). The effective
stress is defined as the true stress acting on the continuous part of
the damaged material. The main consequence of this approach is the
material continuing to yield after damage initiation. The AT1 formu-
lation implies the presence of a threshold in the damage activation
criterion, allowing for a purely elastic or elastoplastic regime before
crack initiation.

The orthotropic nature of paperboard also requires to be taken into
account in the phase-field formulation, since orthotropy affects both
the elastoplastic behavior and the fracture evolution. An orthotropic
finite elasticity model has been coupled with a phase-field brittle
model in Raina and Miehe (2016), to model crack propagation in
biological tissues, with an isotropic fracture dissipation and a driving
force modified in a non-variational fashion. A principal stress activation
criterion has been postulated where only positive principal stresses are
assumed to contribute to crack propagation, and a structural tensor
to account for material orientation in the damage activation criterion.
A structural tensor is usually introduced in the phase-field gradient
term (see, e.g., Teichtmeister et al. (2017), Quintanas-Corominas et al.
(2019), Li and Maurini (2019) and Dean et al. (2020)) to make the
fracture dissipation dependent on orthotropy directions, to induce an
orientation dependent toughness. An orthotropic elastic energy is also
generally employed (see, e.g., Teichtmeister et al. (2017), Quintanas-
Corominas et al. (2019) and Dean et al. (2020)). The energy split to
allow for the promotion of crack onset and propagation only in tensile-
dominated portions of the domain is addressed in Teichtmeister et al.
(2017) by means of an energetic approach, using the complementary
energy, or a stress criterion (see also Raina and Miehe (2016)). Both
approaches rely on the spectral decomposition of the effective stress
tensor. A different approach consists of postulating the existence of
multiple failure mechanisms associated with multiple damage vari-
ables (Bleyer and Alessi, 2018). An extension of orthotropic phase-field
fracture to elastoplastic materials has been proposed in Dean et al.
(2020), where the orthotropic behavior is considered in the elastic
energy, in the volumetric-dependent yield criterion, and in the fracture
energy via a structural tensor approach.

The phase-field approach to fracture brings several important the-
oretical advantages. It is based on a rigorous variational formulation,
exhibiting features, among others, that allow discussing the existence
of solutions and studying the asymptotic 𝛤 -convergence behavior of
the dissipated energy. From the computational point of view, the varia-
tional nature of phase-field formulations naturally suggests a staggered,
alternate minimization algorithm for the problem solution. This has
the advantage that the momentum balance equation can be solved
using the standard Newton–Raphson algorithm with the elastoplastic
tangent, which does not need to be modified with respect to the
elastoplastic problem without damage. All these properties give rise
to solution algorithms that have proven to be extremely robust and
computationally effective over the years.

The present work uses a unique scalar damage variable to model
the in-plane crack evolution based on the fiber-debonding nature of
fracture initiation (see Isaksson et al. (2006)), and, in this respect, it
is simpler than other nonlocal anisotropic damage models that make
use of two damage variables to model anisotropy (see, e.g. Isaksson
et al. (2004)). To account for the anisotropic development of damage,
a plasticity-driven damage activation criterion is formulated, whereby
damage can initiate only when a suitable amount of plastic dissipation
has been achieved. In this way, the anisotropic damage evolution is
a consequence of the anisotropic plasticity model, and scalar damage
can be used to model degradation in the different material direc-

tions. The complex interaction between ductile and brittle dissipation
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mechanisms is modeled by considering a non-variational modification
of the brittle fracture dissipation term, in line with what has been
proposed by several other authors (see Huang and Gao (2019), Yin and
Kaliske (2020), Hu et al. (2021) and Marengo and Perego (2023b)).
Following Ortiz and Martin (1989), Simo and Honein (1990), Comi
et al. (1992), Corigliano (1994) and Comi and Perego (1995), a finite-
step variational formulation of the elastoplastic problem is considered,
and the fracture behavior is accounted for by including the brittle
fracture dissipation energy in the elastoplastic finite-step energy func-
tional. This new term is then modified in a non-variational fashion
to capture the competition between the plastic and brittle dissipation
mechanisms (Huang and Gao, 2019; Yin and Kaliske, 2020; Hu et al.,
2021; Marengo and Perego, 2023b), allowing damage to evolve only
after enough plastic dissipation has taken place. Following Marengo
and Perego (2023b), the modification consists of enriching the critical
energy release rate functional by a scalar coupling term, named mod-
ulation function, which models the plasticity-driven crack nucleation
and propagation by modulating the material toughness. To account for
the material anisotropy, the modulation function is made to depend
upon a directional scalar measure of the plastic deformation 𝜉. When
𝜉 reaches a prescribed limit value, the modulation function vanishes
and the original variational structure of the problem is recovered in
the final stage of failure. A directional activation criterion for damage
is introduced in the plastic strain space, similar to Raina and Miehe
(2016) but using Xia’s yield function (Xia et al., 2002) as the yield
criterion. The plastic strain measure 𝜉 defines the distance of the current
plastic deformation state from the limit surface for damage activation
in the plastic strain space.

This work is intended to model crack propagation in 2D boards,
typically promoted by tensile stress states. Since no crack propagation
is expected in 2D compression, the model does not consider damage
propagation in compression. On the other hand, compression states
may produce damage in localized bands and delamination, which,
however, is an out-of-plane mechanism not considered in this work
(see, e.g., Borgqvist et al. (2016)). To prevent damage evolution in
compression, the definition of the directional plastic strain measure 𝜉
considers only the positive part of normal plastic strain components
in the material orthotropy directions, and the energy split, usually
introduced to avoid damage propagation under prevailing compression
states, becomes unnecessary.

Section 2 outlines a finite-step variational formulation that applies
to general orthotropic ductile materials. In Section 3, the fracture
activation criterion is modified by introducing the modulation function
and its plastic strain measure. Section 4 presents the finite element
discretization of the governing equations and the solution strategy
based on a staggered algorithm is outlined. In Section 5 the results of
numerical simulations and experimental tests are compared to assess
the predictive capability of the model. Finally, conclusions are drawn
in Section 6.

2. Phase-field ductile fracture of orthotropic materials

2.1. Nominal & effective responses

Let 𝛺 ⊂ R𝑛𝑑𝑖𝑚 be the undeformed and undamaged domain, 𝑛𝑑𝑖𝑚
being the problem dimension. It is subject to Dirichlet boundary condi-
tions on 𝜕𝛺𝐷 and Neumann boundary conditions on 𝜕𝛺𝑁 , with 𝜕𝛺𝐷 ∪
𝜕𝛺𝑁 = 𝜕𝛺 and 𝜕𝛺𝐷 ∩ 𝜕𝛺𝑁 = ∅. The vector displacement field 𝐮 is
subject to 𝐮 = 𝐮𝐷 on 𝜕𝛺𝐷. The scalar phase-field (damage-like) variable
𝑑 ranges from 0 to 1, interpolating the unbroken and fully broken state
of the material, respectively. The material degradation function 𝜔(𝑑)
accounts for the presence of damage in the material bulk and it has the
properties 𝜔(0) = 1, 𝜔(1) = 0 and 𝜔′(𝑑) < 0. In the damaged state,
𝑑𝛺 defines the infinitesimal nominal volume, equal to the original
undamaged volume, while 𝑑𝛺 = 𝜔 𝑑𝛺 is the current effective volume,
i.e., the nominal volume minus a measure of the volume of micro-voids
3

d

due to damage. In what follows, 𝛺 denotes the nominal volume and
𝛺 the effective one. The effective quantities, denoted by a superposed
tilde (̃⋅), represent the damaged volume. In contrast, quantities without

tilde are nominal quantities and refer to the reference volume. The
ointwise transformation from effective to nominal quantity reads:

(̃⋅)
⏟⏟⏟
𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒

𝑑𝛺
⏟⏟⏟
𝑒𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒

= (̃⋅)
⏟⏟⏟
𝑒𝑓𝑓𝑒𝑐𝑡𝑖𝑣𝑒

𝜔 𝑑𝛺
⏟⏟⏟
𝑛𝑜𝑚𝑖𝑛𝑎𝑙

= (⋅)
⏟⏟⏟
𝑛𝑜𝑚𝑖𝑛𝑎𝑙

𝑑𝛺
⏟⏟⏟
𝑛𝑜𝑚𝑖𝑛𝑎𝑙

(1)

.2. State variables & evolution laws

Making reference to an elastoplastic material, belonging to the class
f generalized standard materials (Halphen and Son, 1975), i.e. endowed
ith convex free energy density and yield function with associative
volution of plastic strains and kinematic internal variables, the con-
idered state variables are the total strain tensor 𝜺 ∶= 𝛁𝑠𝐮, where 𝛁𝑠(⋅)
epresents the symmetric gradient operator, the plastic strain tensor
𝑝, a set of hardening internal variables of kinematic nature cast in
he vector 𝜷, and the damage-like phase field 𝑑. The nominal free
nergy density 𝜓 is assumed to be additively decomposed into its elastic
reversible) part 𝜔 𝜓̃𝑒(𝜺𝑒), 𝜺𝑒 = 𝜺− 𝜺𝑝 denoting the elastic strain tensor,
nd hardening (unrecoverable) 𝜔 𝜓̃𝑝(𝜷) part, the latter associated with
he internal elastic energy stored in the material because of irreversible
eformations of the microstructure. The energies 𝜓̃𝑒(𝜺𝑒) and 𝜓̃𝑝(𝜷),
ssumed to be convex functions of their arguments, are the undamaged
r effective elastic and hardening free energy densities. The nominal and
ffective free energies are defined as:

∶= 𝜔 𝜓̃ , 𝜓̃ ∶= 𝜓̃𝑒 + 𝜓̃𝑝 (2)

ccording to the Clausius–Duhem dissipation inequality, the nominal
pecific dissipation rate 𝜙̇ must be non-decreasing in any transforma-
ion, i.e. 𝜙̇ ∶= 𝝈 ∶ 𝜺̇ − 𝜓̇ ≥ 0, where 𝝈 is the Cauchy stress tensor, 𝜺̇
s the total strain rate, and 𝜓̇ is the free energy rate. Introducing the
xpression (2) into the dissipation inequality gives:

̇ ∶= 𝝈 ∶ 𝜺̇ − 𝜓̇ =
(

𝝈 − 𝜔𝜕𝜺𝑒 𝜓̃𝑒
)

∶ 𝜺̇𝑒
⎵⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⎵

𝑒𝑙𝑎𝑠𝑡𝑖𝑐

+𝝈 ∶ 𝜺̇𝑝 − 𝜔𝜕𝜷 𝜓̃𝑝 ⋅ 𝜷̇
⎵⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⎵

𝑝𝑙𝑎𝑠𝑡𝑖𝑐

−𝜔′ 𝜓̃ 𝑑̇
⎵⏞⏞⏞⏞⎵
𝑓𝑟𝑎𝑐𝑡𝑢𝑟𝑒

≥ 0

(3)

sing standard arguments, the nominal and effective elastic evolution
aws

= 𝜔𝝈 , 𝝈 ∶= 𝜕𝜺𝑒 𝜓̃
𝑒 (4)

nd the nominal and effective dissipation rate due to plasticity only, 𝜙̇𝑝
nd ̇̃𝜙𝑝

̇𝑝 = 𝜔 ̇̃𝜙𝑝 , ̇̃𝜙𝑝 ∶= 𝝈 ∶ 𝜺̇𝑝 − 𝝌 ⋅ 𝜷̇ ≥ 0 (5)

re obtained from the dissipation inequality, 𝝌 being the vector of ef-
ective hardening variables gathering the thermodynamic forces work-
onjugated to the internal variables 𝜷. From (3), 𝝌 and 𝝌 turn out to
e defined as:

= 𝜔𝝌 , 𝝌 ∶= 𝜕𝜷 𝜓̃
𝑝 (6)

ffective stresses and static hardening parameters (𝝈,𝝌) have to satisfy
he yield condition

𝑦(𝝈,𝝌) ≤ 0 (7)

here 𝑓𝑦 is the yield function, convex in the space of stress and
tatic internal variables. Since only the effective part of the volume
xperiences plastic deformations, the yield criterion is expressed in
erms of effective stresses and static internal variables. The effective
lastoplastic evolution laws are derived from the stationarity conditions
or the effective principle of maximum dissipation. Accordingly, the

issipation in (3) is maximized with respect to admissible effective
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stresses 𝝈 and static hardening parameters 𝝌 , i.e., under the constraints
given by condition (7):

𝜺̇𝑝 = 𝜆̇ 𝜕𝝈𝑓𝑦 , 𝜷̇ = −𝜆̇ 𝜕𝝌𝑓𝑦 , 𝜆̇ ≥ 0 , 𝑓𝑦 ≤ 0 , 𝜆̇ 𝑓𝑦 = 0 (8)

where 𝜆̇ is the non-negative rate of a scalar plastic multiplier. Finally,
from (3) the specific effective dissipation rate 𝜙̇ is rewritten as:

𝜙̇ ∶= 𝜔 ̇̃𝜙𝑝 + 𝜙̇𝑓 , 𝜙̇𝑓 ∶= 𝐺 𝑑̇ , 𝐺 ∶= −𝜔′ 𝜓̃ (9)

here 𝜙̇𝑓 is the specific brittle fracture dissipation rate. 𝐺 is the strain
nergy release rate, i.e., the specific free energy released upon a unit
amage growth.

.3. Variational formulation of the finite-step problem

.3.1. Phase-field finite-step variational formulation of ductile fracture
A finite time-step increment is considered. The initial and final times

f the step are 𝑡𝑛 and 𝑡𝑛+1, respectively. Therefore, the time increment
n the current step is 𝛥𝑡 = 𝑡𝑛+1 − 𝑡𝑛. The increment of a generic
uantity is denoted by 𝛥(⋅) = (⋅) − (⋅)𝑛, where (⋅) represents quantities
valuated at time 𝑡𝑛+1 and (⋅)𝑛 represents quantities evaluated at time
𝑡𝑛. For notation convenience, the 𝑛+ 1 exponent will be omitted for all
quantities evaluated at 𝑡𝑛+1. An Euler backward return mapping scheme
is assumed for the time integration of the elastoplastic law in rate form.
The solution of the finite-step problem is expressed in terms of the
following set of independent fields

 ∶= (𝐮, 𝜺, 𝛥𝜺𝑝,𝝈,𝝈𝑝,𝝌 , 𝛥𝜷, 𝛥𝜆, 𝛥𝑑) (10)

The stress field 𝝈 in  now plays the role of a Lagrange multiplier used
for the weak enforcement of compatibility, while the effective stress 𝝈
in the plastic dissipation increment (5) and in the yield condition (7) is
denoted by 𝝈𝑝 in the equation below. Following classical variational
formulations of the finite-step elastoplastic problem (see, e.g., Simo
and Honein (1990) and Comi and Perego (1995)), the solution can
be given a variational characterization by showing that the equations
governing the ductile–brittle finite-step problem coincide with the sta-
tionarity conditions of the following Lagrangian functional (Marengo
and Perego, 2023b)

𝑛() ∶= ∫𝛺
𝜔(𝑑)

[

𝜓̃𝑒(𝜺 − 𝜺𝑝 𝑛 − 𝛥𝜺𝑝) + 𝜓̃𝑝(𝜷𝑛 + 𝛥𝜷)
]

d𝛺
⎵⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⎵

𝑠𝑡𝑜𝑟𝑒𝑑 𝑖𝑛𝑡𝑒𝑟𝑛𝑎𝑙 𝑒𝑛𝑒𝑟𝑔𝑦

− ∫𝛺
𝐛 ⋅ 𝐮d𝛺 − ∫𝜕𝛺𝑁

𝐭 ⋅ 𝐮d𝛤
⎵⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⎵

𝑒𝑥𝑡𝑒𝑟𝑛𝑎𝑙 𝑤𝑜𝑟𝑘

+ ∫𝛺
𝜔(𝑑)

(

𝝈𝑝 ∶ 𝛥𝜺𝑝 − 𝝌 ⋅ 𝛥𝜷
)

d𝛺
⎵⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⎵

𝑝𝑙𝑎𝑠𝑡𝑖𝑐 𝑑𝑖𝑠𝑠𝑖𝑝𝑎𝑡𝑖𝑜𝑛 𝑖𝑛𝑐𝑟𝑒𝑚𝑒𝑛𝑡

+∫𝛺
𝜙𝑓 (𝑑,𝛁𝑑) d𝛺

⎵⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⎵
𝑓𝑟𝑎𝑐𝑡𝑢𝑟𝑒 𝑒𝑛𝑒𝑟𝑔𝑦

+ ∫𝛺

𝜂𝑓
2𝛥𝑡

(

𝛥𝑑
)2 d𝛺

⎵⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⎵
𝑣𝑖𝑠𝑐𝑜𝑢𝑠 𝑒𝑛𝑒𝑟𝑔𝑦

+ ∫𝛺
𝜔(𝑑)𝝈 ∶ (𝛁𝑠𝐮 − 𝜺)d𝛺

⎵⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⎵
𝑐𝑜𝑚𝑝𝑎𝑡𝑖𝑏𝑖𝑙𝑖𝑡𝑦 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡

−∫𝛺
𝜔(𝑑) 𝛥𝜆 𝑓𝑦(𝝈

𝑝,𝝌)d𝛺
⎵⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⎵

𝑝𝑙𝑎𝑠𝑡𝑖𝑐 𝑎𝑑𝑚𝑖𝑠𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑦

(11)

subject to

𝛥𝜆 ≥ 0, 𝛥𝑑 ≥ 0, 𝐮 = 𝐮𝐷 on 𝜕𝛺𝐷 (12)

where the superscript 𝑛 of 𝑛() implies that the irreversible quantities
𝜺𝑝 𝑛, 𝜷𝑛 and 𝑑𝑛 at the end of the previous time step are fixed parameters
in the optimization procedure.

While the fracture energy and the external work are defined on the
reference nominal volume 𝛺, the other integrals in (11) are defined on
the effective portion 𝛺 of the material volume. These integrals are then
transformed in (11) into integrals over the nominal volume by using
∫ ̃ ̃ ∫ ̃
4

𝛺 (⋅)d𝛺 = 𝛺 𝜔 (⋅)d𝛺. The vectors 𝐛 and 𝐭 are the body forces and the
surface tractions, respectively. In the standard phase-field formulation,
one has

𝜙𝑓 (𝑑,𝛁𝑑) = 𝑤(𝑑) + 1∕2 𝑐𝑑 𝛁𝑑 ⋅ 𝛁𝑑 (13)

here 𝑤(𝑑) is the local part of the phase-field specific dissipation. The
onstant parameter 𝑐𝑑 measures the damage diffusion bandwidth and is
elated to the fracture internal length 𝑙0𝑑 . The viscous coefficient 𝜂𝑓 in

(11) introduces a pseudo-time measure of the crack propagation rate.
This dissipative term is introduced for algorithmic reasons, to facilitate
convergence in the softening branch of the response curve, when this
is particularly brittle. The equations and inequalities governing the
considered finite-step ductile fracture boundary value problem are
obtained as stationarity conditions of 𝑛() with respect to variations
of the fields in , in the sense of variational inequalities, due to the
inequality constraints on 𝛥𝜆 and 𝛥𝑑 (see Marengo and Perego (2023a)
for details).

2.3.2. Governing equations of the non-local problem
As in standard compatible finite elements, the compatibility condi-

tion is satisfied in strong form by assuming 𝜺 = 𝛁𝑠𝐮. The weak form
of the momentum balance equation, expressed in terms of nominal
quantities, reads:

∫𝛺
𝜔𝝈 ∶ 𝛿𝜺d𝛺 = ∫𝛺

𝐛 ⋅ 𝛿𝐮d𝛺 + ∫𝜕𝛺𝑁
𝐭 ⋅ 𝛿𝐮d𝛤 (14)

he effective state equations and elastoplastic finite-step evolution laws
re given by:

̃ = 𝜕𝜺𝜓̃
𝑒 , 𝝌 = 𝜕𝜷 𝜓̃

𝑝 , 𝛥𝜺𝑝 = 𝛥𝜆 𝜕𝝈𝑓𝑦 , 𝛥𝜷 = −𝛥𝜆 𝜕𝝌𝑓𝑦 (15)

where the derivatives of 𝜓̃𝑒, 𝜓̃𝑝 and 𝑓𝑦 are evaluated at the final instant
of the time step.

The variational inequalities arising from constrained variations of
𝛥𝜆 can be cast in the form of Kuhn–Tucker conditions:

𝛥𝜆 ≥ 0 , 𝑓𝑦(𝝈,𝝌) ≤ 0 , 𝑓𝑦(𝝈,𝝌)𝛥𝜆 = 0 (16)

efining the driving energy density ̂̃𝜓 ,

̂̃ (𝜺, 𝜺𝑝,𝝈,𝝌 , 𝜷) ∶= 𝜓̃(𝜺, 𝜺𝑝, 𝜷) + 𝛥𝜙𝑝(𝜺𝑝,𝝈,𝝌 , 𝜷) (17)

nd the energy release rate  and the critical energy release rate 𝑐
unctionals,

(𝜺, 𝜺𝑝, 𝜷, 𝑑)[𝛿𝑑] ∶= −∫𝛺
𝜔′(𝑑) ̂̃𝜓(𝜺, 𝜺𝑝, 𝜷) 𝛿𝑑 d𝛺 (18a)

𝑐 (𝑑)[𝛿𝑑] ∶= ∫𝛺

{[

𝑤′(𝑑) +
𝜂𝑓
𝛥𝑡
𝛥𝑑

]

𝛿𝑑 + 𝑐𝑑 𝛁𝑑 ⋅ 𝛁𝛿𝑑
}

d𝛺

(18b)

he non-local damage activation conditions for elastoplastic fracture
rising from constrained variations of 𝛥𝑑 are written in equivalent
uhn–Tucker form as:

𝑑 ≥ 0 , 𝑑 (𝜺, 𝜺𝑝, 𝜷, 𝑑) ≤ 0 , 𝑑 (𝜺, 𝜺𝑝, 𝜷, 𝑑)[𝛥𝑑] = 0 (19)

where 𝑑 is a non-local fracture activation functional defined as:

𝑑 (𝜺, 𝜺𝑝, 𝜷, 𝑑)[𝛿𝑑] ∶=
(

(𝜺, 𝜺𝑝, 𝜷, 𝑑) − 𝑐 (𝑑)
)

[𝛿𝑑] (20)

2.4. Constitutive assumptions

For the implementation considered in this work, the general frame-
work described so far is restricted to the in-plane behavior of pa-
perboard. An orthotropic elastoplastic behavior is assumed. The two
in-plane material directions are the Machine-Direction (MD) and Cross
machine-Direction (CD), and they will be denoted with the subscripts
1 and 2 respectively.
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2.4.1. In-plane orthotropic elastoplasticity for paperboard
The elastic free energy is expressed in the form:

𝜓̃𝑒(𝜺 − 𝜺𝑝) ∶= 1
2
(𝜺 − 𝜺𝑝) ∶ D̃ ∶ (𝜺 − 𝜺𝑝) (21)

where D̃ is the tensor of effective orthotropic elastic moduli. Among the
several available in-plane elastoplastic models for paperboard (see Si-
mon (2021) for a recent review), the material has been assumed to obey
the Xia yield criterion (Xia et al., 2002):

𝑓𝑦(𝝈,𝝌) =
6
∑

𝑠=1

⎡

⎢

⎢

⎣

(

⟨𝜎(𝑠)𝑛 (𝝈)⟩+
𝜎(𝑠)𝑦 (𝝌)

)2𝑘
⎤

⎥

⎥

⎦

− 1 (22)

here 𝑠 denotes the 𝑠th yield mechanism. The possible yield mecha-
isms are MD tension (𝑠 = 1), CD tension (𝑠 = 2), positive shear (𝑠 = 3),
D compression (𝑠 = 4), CD compression (𝑠 = 5), and negative shear
𝑠 = 6). For each mechanism, the normal stress 𝜎(𝑠)𝑛 (𝝈) ∶= 𝝈 ∶ n(𝑠) is
efined as the projection of the stress tensor along the 𝑠th unit normal
(𝑠) to the yield surface and n(𝑠) = 𝐧(𝑠) ⊗ 𝐧(𝑠). The normal vectors
(𝑠) are material parameters. The 𝑠th mechanism contributes to the

summation in the yield function only if 𝜎(𝑠)𝑛 > 0 thanks to the positive
Macaulay bracket ⟨𝜎(𝑠)𝑛 ⟩+. The hardening mechanisms are assumed to
be uncoupled and the effective yield stress reads 𝜎(𝑠)𝑦 (𝝌) = 𝜎̄(𝑠)𝑦 + 𝜒 (𝑠),
where 𝜎̄(𝑠)𝑦 is the initial effective yield stress. Finally, the exponent 𝑘
governs the degree of interaction between the different mechanisms.
For 𝑘 → ∞, the yields surface is a polyhedron in stress space, while
for 𝑘 = 1 it becomes an ellipsoid in the space of the three independent
stress components. The static hardening variables 𝜒 (𝑠) evolve according
to the logarithmic law (Borgqvist et al., 2014, 2015):

̃(𝑠)(𝛽(𝑠)) = 𝑘(𝑠)1 log
(

𝑘(𝑠)2 𝛽(𝑠) + 1
)

(23)

here 𝑘(𝑠)1 and 𝑘(𝑠)2 are material parameters to be determined experi-
entally. The integration of the static hardening variables evolution

aw provides the hardening energy:

̃𝑝(𝜷) ∶=
6
∑

𝑠=1
∫

𝛽(𝑠)

0
𝜒 (𝑠) (𝛽

)

d𝛽

=
6
∑

𝑠=1

{

𝑘(𝑠)1

𝑘(𝑠)2

(

𝑘(𝑠)2 𝛽(𝑠) + 1
)

[

log
(

𝑘(𝑠)2 𝛽(𝑠) + 1
)

− 1
]

+ 1

}

(24)

2.4.2. Brittle fracture
An AT1 form, where AT stands for Ambrosio and Tortorelli (1990),

of the phase-field specific dissipation 𝑤(𝑑) in (13) is assumed, which
implies that damage cannot develop until a critical value of the dam-
age driving force has been achieved. Based on this assumption, the
phase-field functions 𝜔(𝑑) and 𝑤(𝑑) are defined as

𝜔(𝑑) = (1 − 𝑑)2, 𝑤(𝑑) =
3𝐺𝑐
8𝑙0𝑑

𝑑 (25)

where 𝐺𝑐 is the material toughness and 𝑙0𝑑 the phase-field internal
length. The AT1 fracture diffusion coefficient 𝑐𝑑 is defined as 𝑐𝑑 =
3∕4𝐺𝑐 𝑙0𝑑 , and the viscous coefficient 𝜂𝑓 in (11) as 𝜂𝑓 = 𝜂̄

(

𝐺𝑐∕𝑙0𝑑
)

.
To avoid the promotion of crack propagation by predominantly

compressive stress states, different ways to split the energy in the dam-
age driving force have been proposed in the literature (see, e.g., Comi
and Perego (2001), Amor et al. (2009) and Miehe et al. (2010)). In the
current model, the entire energy ̂̃𝜓 will be considered in the fracturing
process, while the damage activation criterion will be suitably modified
to avoid damage growth under compression states (see Section 3.1).

3. Interaction between ductile and brittle dissipation mechanisms

In the variational elastoplastic-brittle-fracture model resulting from
the stationarity of the functional 𝑛() in (11), the only coupling
between the plastic and fracture dissipation mechanisms appears in
the fracture driving force  in (18), through the energy term ̂̃𝜓 , while
5

the fracture dissipation 𝑐 is the same as the one of the purely brittle
case. As discussed in several works on ductile phase-field fracture (see,
e.g., Ambati et al. (2015), Huang and Gao (2019), Yin and Kaliske
(2020), Hu et al. (2021) and Marengo and Perego (2023b)), numerical
tests have shown that this weak coupling is not flexible enough to accu-
rately describe the wide spectrum of ductile–brittle behaviors exhibited
by different materials. Inspired by what was proposed in Marengo and
Perego (2023b), the approach to plasticity-driven phase-field fracture
evolution in paperboard, proposed here, relies on the definition of a
scalar function 𝑓 (𝜉) of a suitable directional measure 𝜉 of the plastic
strains 𝜺𝑝, hereafter referred to as modulation function. Its purpose is
to modulate the evolution of the critical fracture energy, based on
the evolution of the plastic process zone. To this purpose, a new,
non-variational interaction term is introduced in the expression of the
critical energy release rate functional 𝑐 (18b):

𝑝𝑐 (𝜉, 𝑑)[𝛿𝑑] ∶= ∫𝛺0

𝑓 (𝜉)𝑤′(𝑑) 𝛿𝑑 d𝛺0

⎵⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⎵
𝑖𝑛𝑡𝑒𝑟𝑎𝑐𝑡𝑖𝑜𝑛 𝑡𝑒𝑟𝑚

+ ∫𝛺0

{[

𝑤′(𝑑) +
𝜂𝑓
𝛥𝑡
𝛥𝑑

]

𝛿𝑑 + 𝑐𝑑 𝛁𝑑 ⋅ 𝛁𝛿𝑑
}

d𝛺0

⎵⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⎵
𝑐 (𝑑)[𝛿𝑑]

(26)

here the superscript 𝑝 of 𝑝𝑐 underlines that the expression in (26)
ontains a new ductile–brittle interaction term. As it will be discussed
n the next Section, the effect of the new interaction term is that
amage, measured by the phase-field order parameter 𝑑, can only grow
hen the plastic process zone in a stress concentration region has fully
eveloped, as measured by the directional plastic strain measure 𝜉.

As in Marengo and Perego (2023b), the definition of the modulation
unction 𝑓 (𝜉) in (26) is obtained based on the study of the one-
imensional homogeneous case. However, while an isotropic material
as considered in Marengo and Perego (2023b) and 𝜉 = 𝛼 was assumed

or the definition of the plastic strain measure, 𝛼 being the equivalent
lastic strain, a different definition of 𝜉 has to be considered in the
resent anisotropic context.

Following Marengo and Perego (2023b), the modulation function
s chosen such that damage is zero until a critical value 𝜉𝑐𝑟 of the
lastic strain measure 𝜉 is achieved. Furthermore, to take into account
he irreversible nature of the plastic dissipation process, the plastic
easure 𝜉 satisfies the condition 𝛥𝜉 ≥ 0 in the finite step during every

volution process. The following form of the modulation function 𝑓 (𝜉),
eplicates the form proposed in Marengo and Perego (2023b), however
ow controlled by 𝜉, and satisfies the above conditions:

+ 1 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

̃
𝑔̄

if 𝜉 ≤ 𝜉𝑐𝑟

(

1 − 𝑑
) ̃
𝑔̄

+ 𝑑 if 𝜉𝑐𝑟 < 𝜉 < 𝜉𝑐𝑟 + 𝛥𝜉𝑐𝑟

1 if 𝜉 ≥ 𝜉𝑐𝑟 + 𝛥𝜉𝑐𝑟

(27)

ith 𝛥𝜉𝑐𝑟 defining the increment of 𝜉 > 𝜉𝑐𝑟 beyond which 𝑓 (𝜉) achieves
ts minimum constant value 𝑓𝑚𝑖𝑛 = 0, corresponding to the purely brittle
ortion of 𝑝𝑐 , in the sense specified before. The history function ̃ is
efined as:

̃ ∶=  + 𝜓̃𝑝 + 𝛥𝜙𝑝 (28)

hile , inspired to the history variable introduced in Miehe et al.
2010), is taken to be:

= max
(

𝜓̃𝑒,𝑛
)

(29)

his last condition ensures that in the case of elastic unloading, i.e., 𝜓̃𝑒
𝜓̃𝑒 𝑛, the modulation function cannot decrease, 𝑛 being the time step

umber. Finally, the function 𝑑(𝜉) in (27) has been defined in Marengo
nd Perego (2023b) ans is such that 𝑑 = 0 for 𝜉 < 𝜉𝑐𝑟 + 𝛥𝜉𝑐𝑟 and 𝑑 = 1
for 𝜉 ≥ 𝜉𝑐𝑟 + 𝛥𝜉𝑐𝑟.
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As discussed in Marengo and Perego (2023b), the interaction be-
tween the ductile and brittle dissipation mechanisms can be fully
controlled by the two, easily identifiable parameters 𝜉𝑐𝑟 and 𝛥𝜉𝑐𝑟. 𝜉𝑐𝑟 has
the purpose to delay the onset of damage and, therefore, the beginning
of the softening branch in the load–displacement curve, while 𝛥𝜉𝑐𝑟
controls its slope (see Marengo and Perego (2023b) for a more detailed
discussion on the role of these two parameters).

3.1. Plastic strain measure

In the case of an isotropic material with a single hardening mech-
anism and obeying von-Mises criterion, as in Marengo and Perego
(2023b), the equivalent plastic strain 𝛼 = ∫ 𝑡0

√

2∕3 𝜺̇𝑝 ∶ 𝜺̇𝑝 d𝜏 plays the
role of a scalar measure of the plastic deformation at a point. Then, it
is enough to define a critical value 𝛼𝑐𝑟, corresponding to the onset of
damage and a second value 𝛥𝛼𝑐𝑟, such that for 𝛼 ≥ 𝛼𝑐𝑟+𝛥𝛼𝑐𝑟 continuing
plasticity does not affect the critical energy release functional 𝑝𝑐 in
(26). In the isotropic case, the plastic strain measure 𝜉, appearing in the
modulation function 𝑓 (𝜉), can then be simply defined as 𝜉𝑖𝑠𝑜 ∶= 𝛼∕𝛼𝑐𝑟,
with a critical value 𝜉𝑖𝑠𝑜𝑐𝑟 = 1. For 𝜉𝑖𝑠𝑜 < 1 no damage occurs, while
at 𝜉𝑖𝑠𝑜 = 1 damage starts to grow and for 𝜉𝑖𝑠𝑜 ≥ 1 + 𝛥𝜉𝑖𝑠𝑜𝑐𝑟 , with
𝛥𝜉𝑖𝑠𝑜𝑐𝑟 = 𝛥𝛼𝑐𝑟∕𝛼𝑐𝑟, one has 𝑑 = 1, 𝑓 (𝜉𝑖𝑠𝑜) = 0, and the fracture process
is fully active.

In the case of anisotropic materials, the crucial point is to introduce
a suitable measure 𝜉 of the plastic deformation accounting for the
fact that plastic strains in different anisotropic material directions
must have a different effect on damage growth and therefore must be
measured by 𝜉 in a different way. To this purpose, a critical value is
defined for each plastic strain component (𝜀𝑝1, 𝜀

𝑝
2, 𝛾

𝑝
12) in the material

reference frame (i.e., for each material direction a different critical
value is defined, 𝜖𝑐𝑟1 , 𝜖𝑐𝑟2 , 𝛾𝑐𝑟12). Then, inspired by the expression of the
yield criterion in the stress space (22), a directional criterion for the
onset of damage is formulated in terms of the plastic strain components
with respect to the material orthotropy axes, as follows:
(

⟨𝜀𝑝1⟩+
𝜖𝑐𝑟1

)2𝑘𝑝

+

(

⟨𝜀𝑝2⟩+
𝜖𝑐𝑟2

)2𝑘𝑝

+
⎛

⎜

⎜

⎝

|

|

|

𝛾𝑝12
|

|

|

𝛾𝑐𝑟12

⎞

⎟

⎟

⎠

2𝑘𝑝

− 1 = 0 (30)

where the exponent 𝑘𝑝 controls the interaction between the different
modes. The Macaulay brackets ⟨⋅⟩+ in the first two terms prevent dam-
age growth in compression-dominated states, while only the absolute
value of the shear strain plays a role. The presence of the Macaulay
brackets ⟨⋅⟩+ avoids introducing a strain energy split, usually based on a
different consideration of volumetric and deviatoric energy components
or of positive and negative principal strains. Besides allowing for sig-
nificant computational simplifications, the split in (30) also avoids the
inconsistencies deriving from the combined adoption of an energy split
together with an effective stress approach, as highlighted in Marengo
and Perego (2023b).

As in the isotropic case, a scalar plastic strain measure 𝜉, providing
the distance of the current plastic deformation state from the limit
activation condition (30), is introduced. The activation criterion is then
homothetically scaled by the factor 𝜉 as follows:
(

⟨𝜀𝑝1⟩+
𝜉 𝜖𝑐𝑟1

)2𝑘𝑝

+

(

⟨𝜀𝑝2⟩+
𝜉 𝜖𝑐𝑟2

)2𝑘𝑝

+
⎛

⎜

⎜

⎝

|

|

|

𝛾𝑝12
|

|

|

𝜉 𝛾𝑐𝑟12

⎞

⎟

⎟

⎠

2𝑘𝑝

− 1 = 0 (31)

so that the critical condition in (30) is achieved when 𝜉 = 𝜉𝑐𝑟 = 1.
Eq. (31) can be solved with respect to 𝜉,

𝜉(𝜺𝑝) =
⎡

⎢

⎢

⎢

⎣

(

⟨𝜀𝑝1⟩+
𝜖𝑐𝑟1

)2𝑘𝑝

+

(

⟨𝜀𝑝2⟩+
𝜖𝑐𝑟2

)2𝑘𝑝

+
⎛

⎜

⎜

⎝

|

|

|

𝛾𝑝12
|

|

|

𝛾𝑐𝑟12

⎞

⎟

⎟

⎠

2𝑘𝑝⎤
⎥

⎥

⎥

⎦

1∕2𝑘𝑝

(32)

providing the sought anisotropic measure of the distance from the
critical state of damage activation. In Fig. 1, the homothetic surfaces
at constant 𝜉 are shown in the space of the scaled components of the
6

Fig. 1. Loci of constant plastic strain measure 𝜉 in the in-plane plastic strain space
(material reference frame), with 𝑘𝑝 = 1 and 𝛥𝜉𝑐𝑟 = 0.5. The distance between two loci
is 𝛥𝜉 = 0.5. The solid line corresponds to the limit surface of damage activation (30),
and the dashed line to the fracture onset criterion, 𝜉 = 1 + 𝛥𝜉𝑐𝑟.

plastic strain tensor, expressed in the reference frame of the anisotropic
material directions. Scaled components mean that each plastic strain
component is divided by its critical value. In this space, for the inter-
action exponent 𝑘𝑝 = 1, for each constant value of 𝜉 Eq. (31) defines
one eighth of a sphere and (32) defines a radial distance.

The condition 𝜉(𝜺𝑝) < 1 in Fig. 1 denotes the undamaged state,
while 𝜉(𝜺𝑝) = 1 (solid line) corresponds to the critical surface, i.e., to
the onset of damage. Finally, for 𝜉(𝜺𝑝) ≥ 1 + 𝛥𝜉𝑐𝑟 the fracture process
is fully active. A final important remark concerns the role of the
Macaulay operator in the criterion (30). As already mentioned, the
proposed model does not include any energy split to prevent the crack
propagation in compressive-dominated states. Instead, the proposed
plasticity-driven activation criterion (stated in the material reference
frame) assumes that only the positive part of the normal plastic strain
components can contribute to the crack evolution, while the shear
component contributes independently of its sign. The new damage
activation criterion (30) requires the calibration of five additional
material parameters, i.e. 𝜖𝑐𝑟1 , 𝜖𝑐𝑟2 , 𝛾𝑐𝑟12, the exponent 𝑘𝑝 and 𝛥𝜉𝑐𝑟.

It should be noted that when 𝜉 ≥ 𝜉𝑐𝑟 + Δ𝜉𝑐𝑟, one has 𝑓 (𝜉) =
0, the effect of the modulation function vanishes, and the activation
condition (20) holds, where 𝐺𝑐 is used rather than 𝐺𝑝𝑐 , as in (26).
At this point, the original phase-field variationally consistent structure
is recovered. This has the beneficial effect that the 𝛤 -convergence
property of the variational phase-field model is recovered in the final
stage of material failure. On the other hand, one should also notice that
only one value of the fracture energy is defined in this way, so that the
energy needed to generate new fracture surfaces in this final stage is the
same in all directions as for an isotropic material. This is a limitation
of the model, which however has little impact since experimental
evidence shows that MD and CD fracture energies are in general not so
different (see, e.g. Alzweighi et al. (2023)) and the amount of fracture
energy dissipated in the final phase, when 𝑓 (𝜉) = 0, is limited. It should
also be noted that, for the considered ductile material, the dissipated
anisotropic plastic energy is dominant with respect to the fracture
energy. Since damage activation and propagation are controlled by the
anisotropic plastic measure 𝜉, the material anisotropic response can be
accurately reproduced by the proposed model, as it will be shown by
the numerical simulation of experimental fracture tests on paperboard.
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4. Implementation

4.1. Discretization

The discretized version of the 2D problem is obtained by modeling
the unknown fields 𝐮, 𝑑 and their gradients 𝜺 (expressed in Voigt
notation. The same symbol is used for tensor and Voigt quantities with
abuse of notation) and 𝛁𝑑 over each element 𝑒 as follows:

𝐮 = 𝐍u 𝐮̂𝑒 , 𝑑 = 𝐍d 𝐝𝑒 (33a)

𝜺 = 𝐁u 𝐮̂𝑒 , 𝛁𝑑 = 𝐁d 𝐝𝑒 (33b)

where 𝐮̂𝑒 is the vector of nodal displacements, 𝐍u is the matrix of
displacement shape functions, 𝐁u is the matrix of displacement com-
patibility, 𝐝𝑒 is the vector of nodal phase-field values and 𝐁d the matrix
of the gradients of the phase-field shape functions. The global assembly
is formally performed with the boolean connectivity matrices 𝐂𝑒,u, and
𝐂𝑒,d such that:

𝐮̂𝑒 = 𝐂𝑒,u 𝐮̂ , 𝐝𝑒 = 𝐂𝑒,d 𝐝̂ (34)

and the symbols without the element subscript 𝑒 denote assembled
global vectors.

4.2. Balance equations

All the material quantities are expressed in the material reference
frame where indices 1,2 refer to the MD and CD directions, respectively.
In Voigt notation, the in-plane effective stress and strain vectors are
𝝈 = (𝜎1, 𝜎2, 𝜏12)T and 𝜺 = (𝜀1, 𝜀2, 𝛾12)T. The linear elastic law is written
as 𝝈 = 𝐃̃(𝜺−𝜺𝑝), where the matrix of effective elastic moduli, expressed
in the material frame, reads

𝐃̃ = 1
1 − 𝜈12𝜈21

⎡

⎢

⎢

⎣

𝐸1 𝜈21𝐸1 0
𝜈12𝐸2 𝐸2 0
0 0 𝐺12

(

1 − 𝜈12𝜈21
)

⎤

⎥

⎥

⎦

(35)

here 𝐸1 and 𝐸2 are the elastic moduli in the material directions, 𝜈12
nd 𝜈21 are the Poisson ratios and 𝐺12 the in-plane shear modulus. In
he Xia’s yield function (22), the normal stress 𝜎(𝑠)𝑛 is obtained from
(𝑠)
𝑛 (𝝈) = n(𝑠)T𝝈, where n(𝑠) = [(𝑛(𝑠)1 )2, (𝑛(𝑠)2 )2, 2𝑛(𝑠)1 𝑛

(𝑠)
2 ]T and 𝑛(𝑠)𝑖 are the

omponents of the unit normal 𝐧(𝑠) to the 𝑠th mechanism in the stress
space. The components of each normal are material parameters to be
determined experimentally (Borgqvist et al., 2015), or using analytical
relations (Borgqvist et al., 2014). The components always refer to the
material reference frame.

The weak form of the equilibrium equation (14) and the com-
plementarity equations in the fracture activation criterion (19)3 are
spatially discretized as follows:

𝛿𝐮̂T
[ 𝑛𝑒𝑙
∑

𝑒=1
𝐂T
𝑒,u

(

∫𝛺𝑒
𝐁T

u 𝜔𝝈 d𝛺𝑒 − ∫𝛺𝑒
𝐍T

u 𝐛d𝛺𝑒 − ∫𝜕𝛺𝑒
𝐍T

u 𝐭 d𝛤𝑒

) ]

= 0

(36)

𝛥𝐝̂T
[ 𝑛𝑒𝑙
∑

𝑒=1
𝐂T
𝑒,d

(

∫𝛺𝑒

{

𝐍T
d

[

𝜔′ ̂̃𝜓 + (𝑓 + 1)𝑤′ +
𝜂𝑓
𝛥𝑡
𝛥𝑑

]

+ 𝑐𝑑 𝐁T
d 𝛁𝑑

}

× d𝛺𝑒

) ]

= 0 (37)

he element integrals are evaluated over the element nominal volume
𝑒. The element internal force vector 𝐅I,𝑒, the external force vector 𝐅E,𝑒,
nd the fracture activation vector 𝐟D,𝑒 are defined as:

I,𝑒 ∶= ∫𝛺𝑒
𝐁T

u 𝜔 𝝈 d𝛺𝑒 (38a)

E,𝑒 ∶= 𝐍T
u 𝐛d𝛺𝑒 + 𝐍T

u 𝐭 d𝛤𝑒 (38b)
7

∫𝛺𝑒 ∫𝜕𝛺𝑒
D,𝑒 ∶= −∫𝛺𝑒

{

𝐍T
d

[

𝜔′ ̂̃𝜓 + (𝑓 + 1)𝑤′ +
𝜂𝑓
𝛥𝑡
𝛥𝑑

]

+ 𝑐𝑑 𝐁T
d 𝛁𝑑

}

d𝛺𝑒 (38c)

he spatial discretization of the governing equations can be written
s

𝐅I − 𝐅E = 𝟎 (39a)

𝐝̂ ≥ 𝟎 , 𝐟D ≤ 𝟎 , 𝛥𝐝̂T 𝐟D = 0 (39b)

he internal force vector 𝐅I incorporates the nonlinear elastoplastic
tress–strain dependence governed by the local complementarity prob-
em (16), to be solved locally at each Gauss integration point. Since the
lastoplastic law (16) is expressed in terms of effective quantities 𝝈,𝝌 ,
amage does not enter into the solution of the elastoplastic problem
nd the classical return mapping algorithms and consistent tangent
atrices can be used.

.3. Staggered scheme

The set of governing equations (39) is solved by means of the
lternate minimization scheme illustrated in Algorithm 1. At each time
tep from 𝑡𝑛 to 𝑡𝑛+1, the input is the nodal solution (𝐮̂, 𝐝̂)𝑛 and the plastic
trains and state variables (𝜺𝑝, 𝜷)𝑛 at Gauss points at the end of the
revious step, the new increment of displacement Dirichlet boundary
onditions 𝛥𝐮̂D and the increment of external forces 𝛥𝐅E. The staggered
cheme is solved with an iterative procedure, where 𝑖 denotes the
taggered iteration counter. First, the elastoplastic problem (39a) is
olved for fixed phase-field 𝛥𝐝̂𝑖−1. Then, the equilibrium solution 𝐮̂𝑘
s used to solve the phase-field problem for frozen displacements and
lastic strains. Finally, the residual 𝚛𝚎𝚜𝑆𝑇𝐴𝐺 of the staggered scheme is
omputed. It measures again the nodal out-of-balance forces, but with
he updated damage. The complementarity problem (39b) is solved
sing the Mangasarian (1977) Projected Successive Over-Relaxation
lgorithm (PSOR), following the approach proposed in Marengo et al.
2021).

. Numerical simulations

The model capabilities are assessed by comparing the results of
umerical simulations and experimental tests carried out in climate
ontrolled laboratory (see Section 5.2). The simulations are performed
ssuming plane stress conditions and using linear triangular elements
ith a single integration point, except for the first example, where
single quadrilateral element with four Gauss points is used. The

onsidered paperboard thickness is 𝑡 = 0.41 mm. The elastic parameters
and the exponent 𝑘 of Xia’s yield function (22) are reported in Table 1.

The six in-plane yield mechanisms have already been discussed in
Section 2.4. The adopted values of initial yield stresses 𝜎̄(𝑠)𝑦 , hardening
parameters 𝑘1, 𝑘2 (see (23)) and a description of each mechanism are
listed in Table 2. Hardening is assumed to occur only in tension and
shear, while the same material properties are used for positive and
negative shear.

The brittle fracture material properties are the toughness 𝐺𝑐 =
6N/mm and the internal length scale parameter 𝑙0𝑑 = 2 mm (see,
.g., Niskanen et al. (2001)). The viscous coefficient is 𝜂̄ = 10−2 s−1. The

simulations are carried out under tensile loading conditions for differ-
ent relative orientations 𝜃 between the material direction CD and the
load direction. The material layouts that have been tested are tension
along the CD direction, i.e. 𝜃 = 0◦, tension along the MD direction,
i.e. 𝜃 = 90◦, and some intermediate directions 𝜃 = 22.5◦, 45◦, 67.5◦. The
ductile fracture parameters for paperboard are listed in Table 3.
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Algorithm 1: Minimization scheme

input (𝐮̂, 𝐝̂)𝑛 , (𝜺𝑝, 𝜷)𝑛 , 𝛥𝐮̂D , 𝛥𝐅E
initialize (𝐮̂, 𝐝̂)𝑖 = (𝐮̂, 𝐝̂)𝑛

while
(

res𝑆𝑇𝐴𝐺 > TOL𝑆𝑇𝐴𝐺
)

do
update 𝑖 = 𝑖 + 1
solve 𝐅I(𝛥𝐮̂, 𝛥𝐝̂𝑖−1) − 𝐅E = 𝟎 → 𝛥𝐮̂𝑖
solve 𝛥𝐝̂ ≥ 𝟎 , 𝐟D(𝛥𝐮̂𝑖, 𝛥𝐝̂) ≤ 𝟎 , 𝛥𝐝̂T 𝐟D(𝛥𝐮̂𝑖, 𝛥𝐝̂) = 0 → 𝛥𝐝̂𝑖
assemble 𝐑u = 𝐅I(𝛥𝐮̂𝑖, 𝛥𝐝̂𝑖) − 𝐅E
compute res𝑆𝑇𝐴𝐺 = 𝐑T

u 𝐑u

end
output (𝐮̂, 𝐝̂)𝑛 = (𝐮̂, 𝐝̂)𝑖 , (𝜺𝑝, 𝜷)𝑛 = (𝜺𝑝, 𝜷)𝑖
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Table 1
Elastoplastic material properties.
𝐸1 𝐸2 𝜈12 𝐺12 𝑘

5.310 2.203 0.396 1.370 3

GPa GPa – GPa –

Table 2
Yield limit and hardening parameters of each yield mechanism.

Yield mechanism Description 𝜎̄𝑦 𝑘1 𝑘2
1 Tension MD 15.00 12.00 300.00
2 Tension CD 8.00 4.50 230.00
3 Positive shear 5.00 6.00 150.00
4 Compression MD 22.06 – –
5 Compression CD 16.70 – –
6 Negative shear 5.00 6.00 150.00

GPa – –

Table 3
Ductile fracture parameters for tested paperboard material.
𝜖𝑐𝑟1 𝜖𝑐𝑟2 𝛾𝑐𝑟12 𝑘𝑝 𝛥𝜉𝑐𝑟
0.035 0.087 0.11 0.75 0.2

5.1. Single element

A single element is used to highlight the main features of the
modulation function. The geometry of the element square shape of
size 𝐿 = 1 mm, the boundary conditions and material orientation 𝜃
re shown in Fig. 2. Specifically, 𝜃 represents the orientation between
he vertical load direction and the CD direction (axis 2 in Fig. 2) or,
lternatively, the angle between the horizontal direction and the MD
irection (axis 1 in Fig. 2). A constant vertical displacement increment
𝑢 = 0.001 mm is imposed at each step, with a total number of steps
𝑠𝑡𝑒𝑝 = 200. For this test only, the viscous coefficient is 𝜂̄ = 0 s−1. The
aterial properties of paperboard listed in Tables 1–3 have been used

lso for this single element test. For the boundary conditions prescribed
n Fig. 2, the stress and strain fields are uniform in the element (i.e., the
esponse is the same at the four Gauss points).

The engineering strain is computed as 𝜀 = 𝑢∕𝐿. The reaction force 𝑅
s measured at the top nodes in the vertical direction. The engineering
tress is then 𝜎 = 𝑅∕(𝐿 𝑡), where the thickness 𝑡 is defined at the
eginning of this Section. In Fig. 3(a), the plot of the engineering stress
ersus strain is shown for the different orientations 𝜃. In all layouts,
s long as the plastic deformation measure is 𝜉 < 1, the response is
urely elastoplastic without damage, confirming the correct effect of
he modulation function 𝑓 (𝜉) in modulating the competition between

the plastic and fracture dissipation mechanisms.
In the subsequent figures, the evolution of the modulation function

𝑓 , of the fictitious phase-field history 𝑑, and of the plastic strains 𝜺𝑝
8

are shown in the material plastic strain space for one of the four Gauss
Fig. 2. Single quadrilateral element geometry, boundary conditions and material
orientation 𝜃.

points of the element in Fig. 2. The modulation function and fictitious
phase-field history are depicted versus the plastic strain measure 𝜉 in
Fig. 3(b). The evolution of 𝑑 is the same for all material orientations
since it is defined as a function of 𝜉 only, whereas the modulation
function changes with the orientation. From these curves, the effect of
the definition of 𝑓 given in (27) can be appreciated. 𝑓 is defined as
the product of a user-defined part (1 − 𝑑) and of a problem-dependent
part ̃∕𝑔̄, which is defined by the problem response, depending on
geometry, boundary conditions, and material orientation. This second
contribution is responsible for the different 𝑓 curves in Fig. 3(b).
However, all 𝑓 curves share the same peak at 𝜉 = 1 and minimum value
𝑓 = 0 at 𝜉 = 1+𝛥𝜉𝑐𝑟 = 1.5. The fact that the MD and CD curves lie below
hose of the other orientations is justified by the fact that several plastic
echanisms are activated for the intermediate layouts. This leads to a
igher value of the term ̃∕𝑔̄. In Fig. 3(c), the element deformed shapes
or different material orientations are represented with a four-times
mplification factor of displacements.

The damage activation criterion defined in (30) with 𝑘𝑝 = 1 is
hown in Fig. 3(d) in the material plastic strain space

(

𝜀𝑝1, 𝜀
𝑝
2, 𝛾

2
12

)

. The
olored lines departing from the origin describe the evolution of the
lastic strain components

(

⟨𝜀𝑝1⟩+, ⟨𝜀
𝑝
2⟩+,

|

|

|

𝛾𝑝12
|

|

|

)

for different orientations.
he solid black line denotes the intersection of the surface 𝜉 = 1, cor-
esponding to the damage activation condition, with the three planes
𝑝
1 = 0, 𝜀𝑝2 = 0, 𝛾𝑝12 = 0. As in Fig. 3(b), the dashed line corresponds to
he surface 𝜉 = 1.5 (i.e., when 𝑑 = 1) intersecting the same planes.

.2. Experimental setup

Experimental tensile tests on paperboard strips have been carried
ut in a climate controlled laboratory with conditions in compliance
ith ISO 187 guidelines, with a humidity range of 50% ± 2% and a
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Fig. 3. Single quadrilateral element. Element response for different material orientations.
temperature range of 23 ◦C ± 1 ◦C. For all experimental investigations,
use is made of a single-ply, bleached, and clay-coated paperboard with
a nominal basis weight of 315 g/m2. Paperboard strips of two different
lengths and with different orientations with respect to the loading
direction have been tested to calibrate the model parameters (Sec-
tion 5.3). The number of tested specimens for each material orientation
is 3 (CD), 9 (22.5◦), 8 (45◦), 11 (67.5◦), and 9 (MD) for the short span
specimens, while it is 2 (CD), 5 (22.5◦), 6 (45◦), 5 (67.5◦) and 5 (MD) for
the long span specimens. Several tests in CD direction have been carried
out also on specimens with width different from the reference. Since
no significant difference (i.e., within the standard scatter observed for
the tests on specimens of the reference width and also for other tests
on material belonging to the same batch, see Alzweighi et al. (2023)
where 2.14% (long-span) and 3.85% (short-span) standard deviation
9

with respect to the mean value was obtained) related to the width has
been observed, no other tests have been conducted in CD, and only the
2 tests in CD on the long-span specimens of the reference width have
been used for the numerical simulations.

Then, strips containing a central circular hole, again of two different
lengths and with different orientations regarding the loading direction,
have been tested using the same material parameters previously identi-
fied to assess the model predictive capability (Section 5.4). In this latter
case, the number of tested specimens is 5 for each of the three tested
material orientations (MD, 45◦, and CD) for both short and long span
specimens.

Material parameters in (22) defining the plastic behavior have been
taken from the literature and manually refined to reproduce the exper-
imental tests accurately. Limit values of plastic strain components 𝜖𝑐𝑟,
1
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Fig. 4. Tensile test on paperboard strip. Geometry, boundary conditions and material
orientation 𝜃.

𝜖𝑐𝑟2 in (30) have been obtained from uniaxial tests in material anisotropy
directions based on the specimens peak response. 𝜖𝑐𝑟12 has been defined
using the same technique described in Xia et al. (2002) and Borgqvist
et al. (2014) for the definition of the yield surface. Due to lack of
experimental data the exponent is taken as 𝑘𝑝 = 1. The fracture energy
𝐺𝑐 has been defined based on literature values for the considered type
of paperboard.

The boundary conditions enforced by the clamps in the experi-
mental setup constrain the displacement field in all directions. The
bottom constraint works as a fixed clamp, while the top one prevents
all horizontal displacements and enforces a vertical displacement. The
specimen length 𝐿, to be defined in Sections 5.3 and 5.4, measures the
distance between the two constraints. In the experimental campaign,
all specimens failed far from the clamps and have therefore been
considered reliable. This condition of rupture far from the clamps is
rather difficult to obtain in the numerical simulations, since there
is no information on possible material heterogeneity and thickness
variability, which are, therefore, not accounted for in the numerical
model. Hence, to avoid specimen failure near the clamps, for the short
strip case, where the influence of the constraints is more significant,
the finite elements in a small central region 2 mm high have been
weakened by 20% in terms of initial yield stresses 𝜎̄(𝑠)𝑦 and material
toughness. This does not significantly affect the global response in
terms of reaction force, yet it drastically changes the crack location and
pattern that otherwise might not resemble the experimental evidence.

5.3. Tensile test on paperboard strip

The model is used first to simulate the tests on paperboard strips
without the hole, of two different lengths and varying material orien-
tation with respect to the loading direction. The geometry, boundary
conditions, and material orientation 𝜃 are shown in Fig. 4. The speci-
mens have a rectangular shape with width 𝑊 = 15 mm and two lengths
𝐿 = 25 and 90 mm. The specimens with 𝐿 = 25 mm are called short-
span, while the specimens with 𝐿 = 90 mm are called long-span. The
paperboard strip is fully clamped on one of the short sides, while on the
opposite side, a clamp enforces a displacement along the longitudinal
direction. In the numerical simulations, a non-uniform increment of
the Dirichlet boundary conditions 𝛥𝑢 is applied at each time step, with
smaller increments used during the damage localization phase.

The material properties defining the anisotropic plastic model are
shown in Table 3 for Material II. These parameters have been calibrated
to match the response of both the short and long-span strips. The
minimum element size is ℎ𝑒 = 0.5 mm, and the resolution of the
phase-field internal length is 𝑙0𝑑∕ℎ𝑒 = 4.

The mesh for the short-span specimen is shown in Fig. 5. The
same mesh has been used in the localization zone of the domain also
for the long-span specimen, while the element size remains coarser
outside this region. For both the short and long-span tests, the initial
yield stresses 𝜎̄(𝑠)𝑦 and the material toughness 𝐺𝑐 have been reduced
to promote damage onset and crack formation in the central part of
the specimen. Otherwise, a systematic failure near the clamps would
occur. In Fig. 6, the reaction force 𝑅 in the same direction as the
enforced displacement 𝑢 is shown for the different material layouts
𝜃 and both specimens families. The simulation results (thick lines)
are shown together with the experimental results (thin lines). For the
10
Fig. 5. Tensile test on paperboard strip. Short-span strip mesh (horizontal loading
direction).

experimental curves, only the maximum and minimum envelopes of
experimental points are depicted.

The simulations show the model capability, thanks to the modu-
lation function 𝑓 (𝜉), to properly capture the initiation of the damage
process with subsequent crack propagation, and the orthotropic mate-
rial response for varying orientation, thanks to the anisotropic plastic
strain measure 𝜉 and to the used activation criterion (30). Furthermore,
the results in Fig. 6a and b, obtained with the same set of parameters,
show that the size-effect is well described, with notable embrittlement
of the softening response for the long-span specimen. However, it
should be noted that the curves for the 22.5◦, 45◦, and 67.5◦ short spec-
imens exhibit a final stage of the softening curve that is significantly
more brittle than the corresponding experimental enclosing (the curves
for the 0◦ and 90◦ short specimen are instead acceptably accurate also
in this range). This may be due to the fact that in the final part of the
test, the modulation function vanishes, and the fracture energy becomes
isotropic, i.e., it does not change with the material orientation. It is also
possible that the discrepancy be due to other dissipation mechanisms,
activated only in the final stage of paper rupture, such as frictional
sliding between fibers, that are not included in the model and therefore
cannot be reproduced.

The comparison in terms of crack patterns between numerical simu-
lations and experimental tests is shown in Fig. 7 for the short-span case
and in Fig. 8 for the long-span one. The finite elements with 𝑑 ≥ 0.95 are
plotted in white to render a realistic view of the crack pattern. While
the force–displacement curves are generally accurately reproduced, it
should be noted that the numerical crack patterns are qualitatively
correct for the 0◦ and 90◦ material orientations, whereas they do not
reproduce well the corresponding experimental path in the other cases,
especially for the short-span case, showing a limited sensitivity to the
material orientation with respect to the loading direction. This may be
due to a limitation of the model that does not incorporate variations of
the fracture energy with material orientation, or to the artificial initial
weakening introduced in a thin central region of all numerical models
with the purpose of promoting crack propagation far from the clamps.
It should also be considered that the crack patterns in specimens of
the same type exhibit a large scattering (see, e.g., the comparison in
Fig. 9 of the crack pattern in two long-span specimens with 45◦ material
orientation with respect to the loading direction), probably dependent
on the intrinsic heterogeneity of the paperboard strip and/or other
possible imperfections, such as an irregular strip thickness, which may
induce a failure mode as the one in the 𝜃 = 67.5◦ case in Fig. 7(b),
where the fracture plane is not orthogonal to the plane of the strip.
The experimental results shown in Figs. 7(b) and 8(b) are therefore
only indicative, since other specimens of the same type and orientations
showed a significantly different crack path.

5.4. Tensile test on paperboard holed strip

The tensile strip tests in Section 5.3 have been used to calibrate
the material parameters. The subsequent step is to assess the model
predictability on a more complex boundary value problem, using the
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Fig. 6. Tensile test on paperboard strip. Reaction vs. displacement curves. Experimental tests envelopes (thin lines) and numerical results (thick lines).

Fig. 7. Tensile test on paperboard strip. Short-strip. Phase-field profile and experimental specimens at failure. Finite elements with 𝑑 ≥ 0.95 are shown in white.
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Fig. 8. Tensile test on paperboard strip. Long-strip. Phase-field profile and experimental specimens at failure. Finite elements with 𝑑 ≥ 0.95 are shown in white.
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Fig. 9. Tensile test on long-span paperboard strip. Comparison of crack patterns
between two specimens with 45◦ material orientation with respect to loading direction.

Fig. 10. Tensile test on paperboard holed strip. Geometry, boundary conditions and
material orientation 𝜃.

Fig. 11. Tensile test on paperboard holed strip. Short-span holed strip mesh (horizontal
loading direction).

same set of parameters for material specimens of paperboard from the
same material batch. The holed strip geometry, boundary conditions,
and material orientation 𝜃 are shown in Fig. 10. The tests are restricted
to the material orientations 𝜃 = 0◦, 45◦, 90◦. The specimen has a
rectangular shape with fixed width 𝑊 = 15 mm and two lengths 𝐿 = 25
and 90 mm, with a central hole of diameter 𝛷 = 5 mm. The boundary
conditions and the load steps are the same as those used for the strip
without hole.

In this case, the material plastic properties are those in Table 3
for Material II. The minimum element size is ℎ𝑒 = 0.5 mm, and the
resolution of the phase-field internal length is 𝑙0𝑑∕ℎ𝑒 = 4.

The mesh for the short-span specimen is shown in Fig. 11. The same
mesh has been used in the localization zone also for the long-span
specimen, while the element size remains coarser outside this region.
The reaction force 𝑅 in the same direction as the enforced displacement
𝑢 is shown in Fig. 12 for the different material layouts 𝜃 and for both the
short and long-span specimens. The numerical results (thick lines) are
reported with the experimental results (thin lines). For the experimental
curves, only the maximum and minimum envelopes of experimental
points are shown.
13
The curves in Fig. 9 confirm the good predictive capabilities of the
model, with a realistic reproduction of the size effect. Good accuracy
in terms of peak reaction and displacement values is obtained for the
non-holed specimens and the holed long-span specimens. In the holed
short-span case, while the peak reaction force is predicted with good
accuracy for all material directions, the prediction in terms of displace-
ment at peak reaction force underestimates the experimental results. In
this case, the effects of the constraints do not decay sufficiently since
the clamps are close to the hole edges. These effects are visible already
in the elastoplastic pre-peak regime. The effects of the specimen size
and the clamps in the case of short-span specimens have been discussed,
e.g., in Hagman and Nygårds (2012) and Hägglund et al. (2004).

The numerical and experimental crack patterns are shown in Fig. 13
for the short-span case and in Fig. 14 for the long-span one. The com-
ments relative to the non-holed specimens, at the end of the previous
Subsection, also apply to the holed specimens, evidencing a limited
sensitivity of the numerical crack direction to changes in material
orientation.

6. Conclusions

A variational formulation of 2D small strain ductile fracture in or-
thotropic materials has been presented, with application to paperboard.
The main features of the proposed model can be summarized as follows.

• A mixed, finite-step variational statement of small strain ductile
fracture, with local plasticity and nonlocal phase-field has been
presented, inspired by the work in Marengo and Perego (2023b)
for small strain gradient plasticity with phase-field fracture. The
variational statement applies to a rather general class of asso-
ciative elastoplastic material models with damage, obeying the
maximum dissipation principle, leading to a thermodynamically
consistent set of constitutive relations. The resulting framework
allows for elastoplastic models with multiple yield mechanisms
and internal variables and can be conveniently adapted to model
orthotropic materials.

• As in Marengo and Perego (2023b), the effective stress has been
used in the yield function to ensure that yielding occurs only in
the effective part of the damaged volume. Consequently, plasticity
continues to develop until the final stage of material failure.
Besides the physical motivations behind this choice, the use of
an effective stress approach simplifies the implementation of the
orthotropic elastoplastic model and the computation of its consis-
tent tangent matrix. An AT1 brittle fracture dissipation approach
has been adopted to guarantee the existence of a purely elasto-
plastic response before the onset of damage. Irreversibility of the
phase-field dissipation has been rigorously enforced by solving
the global linear complementarity problem associated with the
fracture activation criterion through the explicit Projected Succes-
sive Over-Relaxation (PSOR) algorithm (Mangasarian, 1977), as
proposed in Comi and Perego (1996) and Marengo et al. (2021).
The elastoplastic in-plane behavior has been modeled according
to Xia’s orthotropic multi-surface yield criterion (Xia et al., 2002).

• Following recent publications, (e.g., Huang and Gao (2019), Yin
and Kaliske (2020), Hu et al. (2021) and Marengo and Perego
(2023b)), the variationally consistent plasticity-driven damage
activation criterion has been modified into a non-variational form
by introducing an additional term containing a modulation func-
tion. This function mediates the interaction and competition be-
tween plastic and brittle dissipation mechanisms. For the or-
thotropic material under consideration, the modulation function
depends on a suitable directional measure of the plastic deforma-
tion. Different limit values of plastic strains in different material
directions are defined and a corresponding plasticity-driven dam-
age activation criterion is implemented. As a result, the variability
in material toughness across distinct material directions is cap-
tured without considering additional damage fields or introducing
a structural tensor in the gradient phase-field term.
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Fig. 12. Tensile test on paperboard holed strip. Reactions vs. displacements. Experimental tests envelopes (thin lines) and numerical results (thick lines).
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• The introduction in the variational statement of the term con-
taining the modulation function makes the formulation non-
variational. However, the modulation function vanishes when the
anisotropic plastic strain measure reaches the limit value 𝜉 ≥
𝜉𝑐𝑟 + Δ𝜉𝑐𝑟. At this point, the variational structure of the problem
is recovered along with its Γ-convergence property.

• Rather than introducing a split of the released energy in the
damage driving force, crack propagation under prevailing com-
pression stress states has been prevented by considering only
positive normal plastic strain components in the plasticity-driven
damage activation criterion (30).

• The model capabilities have been assessed by comparing numeri-
cal simulations with experimental tests conducted on plain and
holed strips of varying lengths under uniaxial tensile loading.
The experimental results from the plain strips of different lengths
have been used to calibrate the model constitutive parameters.
This set of constitutive parameters has then been used to pre-
dict the response of the holed strips. A comparison between the
model predictions and the experimental results has demonstrated,
in most cases, a satisfactory accuracy regarding the reaction-
displacement response curves, reflecting the dependence of the
overall response on the relative orientation between material and
loading directions. For the short-span specimens, the numerical
curves for the 22.5◦, 45◦, and 67,5◦ material orientations resulted
in a more brittle response than the corresponding experimental
curves in the final part, close to specimen failure (good accuracy
is obtained instead for the 0◦ and 90◦ orientations). On the
other hand, the model has effectively captured the size effect,
showing evident embrittlement in the case of long spans. A lower
accuracy in predicting the displacement at the peak reaction force
has been obtained in the case of the holed short-span specimen
due to the increasing influence of the clamps when the length
is decreased. As for the crack propagation path, the model has
accurately reproduced the physical crack only for the 0◦ and 90◦

orientations, showing a limited sensitivity to the orientation with
respect to the loading direction in the other cases. A factor that
may possibly have introduced a bias in the crack propagation
path is the artificial weakening that has been introduced in a thin
central region of all specimens to trigger crack propagation far
from the clamps.

• A limitation of the model is that only one value of fracture energy,
the same in all material directions, can be defined. Since this
14

P

affects only the final part of the response curve and experimental
evidence shows that MD and CD fracture energies are, in general,
rather similar, this does not affect the overall material response,
dominated by the anisotropic plastic behavior. This may however
have had an effect on the low sensitivity to material orientation
of the crack propagation direction. An improvement of the model,
aimed at overcoming this aspect, will be the object of future
developments.

The proposed model does not cover the out-of-plane deformation
f the board. This type of deformation is of great importance for the
imulation of creasing and folding, which are key operations in the
aperboard converting process. Since the anisotropy in the thickness
irection is much higher than in the plane of the board, the extension
f the proposed model is not straightforward and will be the object of
uture research.
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Fig. 13. Tensile test on paperboard holed strip. Short-span holed strip. Phase-field profile and experimental specimens at failure. Finite elements with 𝑑 ≥ 0.95 are shown in white.
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Fig. 14. Tensile test on paperboard holed strip. Long-span holed strip. Phase-field profile and experimental specimens at failure. Finite elements with 𝑑 ≥ 0.95 are shown in white.
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