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Abstract. When checking the correctness of software systems, games
on graphs have emerged as a viable alternative or supplementary tool
to other more renowned and well-established techniques, such as model
checking. In this PhD research, the application of games on graphs (and
game theory in general) to formal verification and testing of software sys-
tems is studied from a theoretical and practical perspective. An extensive
review of the existing literature has identified a significant connection
between a particular class of games, known as parity games, and the
domain of formal verification. This observation underpins the relevance
and potential impact of further exploring this area. Given that this PhD
research is still in its early stages, this paper aims to present the find-
ings related to parity games that have been discovered thus far, adding
insights and preliminary directions on how the research will proceed.
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1 Motivations and Goal

Modern software systems offer exceptional and highly advanced functionalities.
Our society and our life is nowadays entirely based on digital devices and, for this
reason, the behavioral correctness of these systems must be guaranteed in every
phase of their development. Numerous automated techniques, such as software
testing [19] and model checking [6], have been developed to achieve this goal.
It may not be widely known that the correctness of software systems can be veri-
fied through games. The term games here should not be intended in its broadest
sense; rather, the types of games leveraged in this context are mathematical
constructs that intersect with automata theory and logic.
This PhD research aims at enhancing the current State of the Art of games used
in formal verification and testing of software systems. This involves reviewing
the current and past literature and finding possible pitfalls or ways to enhance
the most recent findings.
Since, at the current time of writing, this PhD research is still in its early stages,
the following sections will provide only a description of what has been discovered
thus far, along with some hints on how the work will proceed.

2 Groundings

Games used in formal verification and software testing have strong theoretical
foundations in mathematics, logic, and automata theory [11]. In particular, these
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games differ from those in classical game theory since they are played on a
graph acting as an arena between two players. During a play, both players move
a fictitious token between different vertexes of the arena. Based on particular
winning conditions, the main goal is to determine who is going to be the winner
given an initial starting vertex of the arena.
An exhaustive and recent classification of the most common classes of games on
graphs can be found in [10], e.g., reachability games, parity games, games with
payoffs, stochastic games, and timed games.
The most intriguing and worth investigating class of games identified to date
seems to be parity games. They have a deep connection with modal µ-calculus
[7] and, for this reason, are tightly connected to the formal verification domain.

Concerning some practical applications, it has been proven that solving parity
games is polynomial-time equivalent to µ-calculus model checking [9] and to the
emptiness problem for nondeterministic automata on infinite trees with parity
acceptance conditions. It has also been proven that parity games can be trans-
formed in polynomial time into different classes of games, e.g., into mean-payoff
games or simple stochastic games. Whether transformations in the opposite di-
rection exist is currently not known.
Furthermore, parity games have also been used in the synthesis of controllers for
discrete event systems [5], and for automatically extracting temporal interface
specifications for Java classes [4].

From a more theoretical perspective, solving parity games is one of the few known
problems to be both in NP ∩ coNP [9] and UP ∩ coUP [12]. Despite belonging
to these complexity classes, the existence of a polynomial-time algorithm for
solving parity games is believed to be feasible. Still, none has been found after
decades of research.
Several algorithms have been developed to solve parity games. Oink [1] is a
C++ tool implementing a wide range of algorithms for solving parity games.
Experimental results on time and resources used by these implementations are
summarized in [8]. It turns out that Zielonka’s algorithm [20], despite having
an exponential theoretical complexity, outperforms other quasi-polynomial time
algorithms, being the fastest in practice. For this reason, it is one of the most
studied and enhanced algorithms for solving parity games (please refer to [16],
[17], and [3] for some examples).
As of our best knowledge, the only other relevant tool for solving parity games
is PGSolver [2]. To be precise, PGSolver is not properly a tool but a library
written in OCaml collecting algorithms for solving parity games.

Of course, parity games and games on graphs are not the only examples of
game theory application to formal verification and testing. For instance, [15]
presents an incomplete framework for transforming mutation testing into a so-
called mutation game and solving it by finding mixed-strategy Nash equilibria.
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3 Contribution

The contribution of this PhD research will consider all the findings reported in
the previous section and the ones yet to be discovered. Due to the popularity of
parity games, it looks promising to start from this class of games.

Modern computing infrastructures now rely on heterogeneous architectures. From
a performance perspective, the energy efficiency wall has been reached, making
Moore’s law practically ineffective [18]. Consequently, to achieve performance
improvements, parallel and multi-core solutions must be employed.
The main theme of this PhD research will be the study and implementation of
current (and potentially new) games on graphs algorithms using modern paral-
lel programming paradigms and architectures, with a particular focus on par-
ity games. As viable parallel programming candidates, it is worth mentioning
pthread, openMP, MPI (Message Passing Interface), and GPU (Graphics Pro-
cessing Unit) computing, e.g., as it has been done in [3].
Since parity games also have practical applications, it would be interesting to
discover new domains in which they can be beneficial. Another (albeit ambitious)
goal could be to refine the complexity class in which parity games belong.
Artifacts would also be produced during this PhD research. A new tool (or
framework) for solving parity games will certainly be developed. This tool will
feature detailed and coherent documentation, along with a user-friendly interface
to ensure ease of use.
This PhD research will not solely focus on parity games or games in general.
Other problems that may arise or will be discovered in the formal verification or
testing domain could also be tackled.

As a final note, this PhD research aims at maximizing engagement and interest
of future readers. Contribution to (completely) unrelated domains from formal
verification and testing could also be pursued. Talking about real games, this
could entail achieving outcomes akin to those proven in [13] and [14], where the
classical Windows game Minesweeper has been proven to be both NP-complete
and Turing-complete.

4 Research Plan Status

At the current time of writing, this PhD research is focusing on a literature
review of automata theory, logic, software testing, formal verification, and games
on graphs. The next step will be the analysis of suitable parallel programming
paradigms and architectures on which to implement algorithms for solving parity
games. The following is a tentative definition of the whole PhD research plan.
The first year will be devoted to reviewing existing literature, possibly finding
new algorithms for solving parity games (or other games on graphs), and finding
suitable architectures for implementing such algorithms. An initial development
of the tool or framework could also be initiated.
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The second year will encompass the development of a parity games solver or a
framework for solving parity games using parallel programming paradigms and
architectures. A comprehensive literature review will also be conducted to ensure
up-to-date findings are integrated and to gather innovative ideas.
The third year will focus on completing the aforementioned tool or framework
(or even some more theoretical results) while completing the thesis writing.
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