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PHASE FIELD MODEL FOR MULTI-MATERIAL SHAPE
OPTIMIZATION OF INEXTENSIBLE RODS

PATRICK DONDL'®, ALBERTO MAIONE?*® AND STEVE WOLFF-VORBECK?®

Abstract. We derive a model for the optimization of the bending and torsional rigidities of non-
homogeneous elastic rods. This is achieved by studying a sharp interface shape optimization problem
with perimeter penalization, that treats both rigidities as objectives. We then formulate a phase field
approximation of the optimization problem and show the convergence to the aforementioned sharp
interface model via I'-convergence. In the final part of this work we numerically approximate minimizers
of the phase field problem by using a steepest descent approach and relate the resulting optimal shapes
to the development of the morphology of plant stems.
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1. INTRODUCTION

Tailoring resistance of a rod against bending and torsional deformations is a decisive factor in several fields of
civil engineering and bioengineering, as well as in the development of plant morphology [1-6]. In particular, in
the construction of building components, it is necessary to optimize certain responses of rods subject to bending
and torsional moments. A well-known way to achieve this is to optimize their bending and torsional rigidities
[2, 7], which are appropriate measures of resistance to bending and torsional deformations.

A historical challenge is to find a rigorous mathematical formulation of these rigidities from a one-dimensional
rod model, that can be seen as the limit of three-dimensional elastic energies, as the thickness of the rod tends to
zero. Classical methods in such derivation have a long history and are based on the so-called dimension reduction
method. For a comprehensive introduction on the topic, we refer the interested reader to the monographs of
Antman [8, 9] and to [10, 11], for further discussions about the history of the subject.

In 2002, Mora and Miiller [12] were the first to rigorously answer this question. They showed that the
nonlinear bending-torsion theory can be obtained from the three-dimensional nonlinear elasticity, by studying
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the asymptotic behaviour (as h tends to zero) of the sequence of energies

/W(Vv(a:))dx, v e Wh2(0: RY), (1.1)
Qp

by means of the De Giorgi and Franzoni I'-convergence [13].

In this model, the rod is a three-dimensional set Q;, = (0, L) x hS, where L > 0, S is the cross-section of the
rod, that is a two-dimensional open, bounded and connected set with Lipschitz boundary, and A € RY is a small
positive scaling parameter, that we refer to as the thickness of the rod. In the subcase of isotropic materials,
which is what we are concerned with below, the stored energy function W: M3*3 — [0, +00] is required to
satisfy the following standard assumptions:

1. W e COM3*3) and W is of class C? in a neighbourhood of SO(3);
2. W is frame-indifferent, i.e. W(A)=W (RA) for all A € M3*3 and for all R € SO(3);
3. W(A)=0if Ae SO(3) and there exists a constant C' > 0 such that

W(A) > Cdist*(4,50(3)) for any A € M3*3;

4. W(A) = W(AR) for all A € M3*3 and for all R € SO(3).

M3*3 and SO(3) denote, respectively, the space of matrices of dimension 3 and the group of all rotations about
the origin of the three-dimensional Euclidean space R under the operation of composition. As pointed out in
[14], the energies (1.1) scaled by h? correspond to stretching and shearing deformations, leading to a string
theory. In contrast, the energies (1.1) scaled by h* correspond to bending and torsional deformations, which
leave the domain unextended and, thus, lead to a rod theory.

We emphasize that the authors of [12] only took into account the case of inextensible homogeneous rods, where
the cross-sections S contains only one single material. This model has been later generalized by Neukamm [15] to
the case of non-homogeneous rods, meaning that the stored energy function W may also depend on the position
of the point = in 2. Neukamm also takes into account the vertically and periodic distributed heterogeneities
of the material, represented by a small parameter €, which leads W = W, (z, Vu(z)) to depend also on €, and
the nonlinear elastic energy to depend on the two scaling parameters h and e.

The model presented in this paper is a special case on the one considered in [15], which concerns non-
oscillatory isotropic materials in the homogenized bending-torsion theory. In what follows, we briefly describe
the main ideas on how to derive the mathematical model.

In the theories of pure bending and the Saint-Venant’s theory of pure torsion for isotropic non-homogeneous
rods, the bending rigidity and the torsional rigidity each depend on a single material constant (see e.g. [1, 16, 17]).
These are, respectively, the space-dependent shear modulus u(xs, x3) and the space-dependent Young’s modulus
E(ZIZQ,IE:;), with (1’2,1173) eSs.

In our model, we consider 2, fixed at 1 = 0 and that the bending of €2 is due to bending moments M,
and M,,, while the torsion to a torsional moment T" at ;1 = L, see Figure 1. Then, the torsional rigidity Dr,
that is, the coefficient relating the squared torsion (per unit length) of a rod to it’s elastic energy (per unit
length), can be determined by

Dr = /u(xg, 23) (23 + 23 — 1205, w + 1305, w) dzodrs,
S

where w is the torsion function associated with the cross-section S, see (2.3). This torsion function describes
the equilibrium out-of plane displacement of a twisted rod cross-section, see e.g. [18], Chapter 9.
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FIGURE 1. Inextensible rod subject to bending moments M,,, M,, and torsional moment 7.

Moreover, by using the second moments of inertia and the product of inertia, respectively given by
D,, = /E(xg,xg)xg dzadzs, Dy, = /E(l’g,l’g)iﬂ% dzodas,
S s

DJEQl‘g = /E($2,$3>$2£L‘3 dl‘gd!)ﬁg7
S

we can determine the maximum bending and minimum bending rigidities Dpax and Dy, along the principal
axes, as

D D,. D,, — D,..,)?
Dmax/min: xZ;— acjj:\/( 2 4 xd) +(D£C2£C3)2 =! Dpean £ RM.

We note that the values Dy ax/min are simply the two eigenvalues of the 2 x 2 symmetric matrix with D,, D,
on the diagonal and D,,,, on the off diagonal entries. This matrix relates the applied bending moment with
the curvature of a rod, see (2.6). The eigenvalues and eigenvectors of this matrix thus yield the maximal and
minimal bending stiffness and the corresponding axes.

To allow the presence of multi-materials inside S, we describe the space-dependent material constants p and
E in terms of a scalar density function u : S — [0, 1], which is assumed to be bounded from below by a positive
constant ¢, that is

u(ze,x3) > ¢ >0 for any (z2,23) € S. (1.2)

By normalizing with respect to the moduli pinerm and Eporm of the stiffest material, we then replace u and F,
respectively, with the quantities

(22, 23) := pnormu(z2, z3) and E(xg,arg) = Enormu (22, 23).

An optimization of the bending and torsional rigidities of the rod therefore consists of determining the optimal
distributions and shapes of the different (competing) materials inside S.

The problem of finding optimal shapes and optimal topologies in structural mechanics has a long history.
Without aiming for completeness, we refer the interested reader to [19-23], for an introduction on the subject,
and to [24-26], for recent approaches involving phase field methods, that are the ones that motivated the
development of this work.
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FIGURE 2. Cross-sections of liana Condylocarpon Guianense in the non-self-supporting old
ontogenetic stage after attachment to a support. The secondary xylem is marked with (1) and
the cortex is marked with (2). © Plant Biomechanics Group Freiburg, annotated and used
with permission.

Here, we are interested in determining the arrangements of two different materials inside the cross-section .5,
where the first material is softer and the other stiffer, in a way such that the bending and torsional rigidities of
the rod are optimal.

This study is justified by observations on the morphology of plant stems, where the mechanical behaviour
of the stem, subjected to bending and torsional loads, is mainly determined by two competing mechanically
decisive materials distributed inside the stem cross-section [6, 27, 28]. In Figure 2, as an explanatory model, the
cross-section of a liana of the type Condylocarpon Guianense, including the stiffer secondary xylem (1) and the
softer cortex (2), is illustrated.

As pointed out in [3, 5], from an evolutionary point of view, plants are not inclined by a maximization
of rigidity, but rather by an optimization of both strength and flexibility. In general, a high ratio between
the minimal bending rigidity Dy, and the torsional rigidity D can be observed. This ratio is known in the
literature as twist-to-bend ratio [3, 4], and a high ratio means high bending rigidity, compared to a lower torsional
rigidity.

With this in mind, the shape optimization problem we will address consists of minimizing the following
functional

Enorm (Uleean(u) + UQRM(U)) + O—BNnormDT (U) + v PGI‘({U = 1}),

where the objectives are the mean bending rigidity Dpean, the non-symmetric part RM, and the torsional
rigidity Dp. The competing regularizing term Per({u = 1}) represents instead the perimeter of the regions
inside the cross-section S in which only the stiffer material is present, and the constants o1,02,03,7 € R are
weighting factors depending on the physical problem. In the last section of the paper, we show some possible
choices of 01,029,035 and +, in order to numerically compute the solutions of the optimization problem wvia a
phase field approach.

The paper is organized as follows: in Section 2, we present an alternative approach, compared to Neukamm
[15], to derive the bending and torsional rigidities of an isotropic non-homogeneous elastic rod following the
ideas of Mora and Miiller [12], which consists in studying the asymptotic behaviour of a sequence of appropriate
nonlinear elastic energies via I'-convergence.

In Section 3, we study the above optimization problem and provide, in Theorem 3.4, a sharp interface
asymptotic of the phase field approach via I'-convergence. In Corollary 3.5, through the standard technique
derived from Modica and Mortola theory for phase transitions [29], we then recover the existence of solutions to
the sharp interface optimization problem, by studying the limiting behaviour of solutions of the diffuse interface
problems.

We conclude by studying, in Section 4, the time discrete L?-gradient flows of the approximating energies
and, through a steepest descent approach, we present numerical results concerning the optimal distribution of
the two materials inside S. We then consider different optimization problems arising from different choices of



PHASE FIELD MODEL FOR MULTI-MATERIAL SHAPE OPTIMIZATION OF INEXTENSIBLE RODS 5

the relative weightings factors and finally compare the results to the development of different morphologies in
plant stems. A graphical overview of the results is given in Figure 4.

NOTATION

Through the paper we will use the following notation:

. Mg’;n?l’ and M:kxe‘jv denote, respectively, subspaces of M?*3 of symmetric and skew-symmetric matrices.

e For any w € W12(Q), y € WH2(Q;R?) and A = (A;|Az|A3) € M3*3 we denote

0
Op, w = 8:: for any ¢ € {1, 2,3},
Vi = (02,1, 02,92, 0z,y3) for any i € {1,2,3},
1 1
Viwy = (y,1 7Y:2 hy,3> for any h € R™,

Ay = (A1, Az, Azi) for any i € {1,2,3}.

2. THE MATHEMATICAL MODEL OF NON-HOMOGENEOUS ELASTIC RODS

2.1. Nonlinear bending-torsion theory and dimension reduction

To study the bending and torsional rigidities of non-homogeneous rods we consider the following rescaled
version of the u-dependent elastic energy (1.1)

1) (y) = / w(ws, 23)W (Vay(z))dz = % / u (32, 2) W(o(z)d.
Q Qp

Here, to overcome the dependence of the rod €y, := (0, L) x hS on the scaling parameter h € RT, we introduced
the change of variables

Z9 Z3

(z1,29,23) := (zl, 7 ﬁ) for any (21, 22, 23) € Qp,

and denoted the new domain of integration by Q := (0, L) x S. Moreover, we replaced v and w, respectively,
with y € W12(Q; R?) and a not relabelled u € L®°(S), defined by

y(z) = v(z(z))

(g, x3) = u(z2(x), 23(x))

for any = € Q. In what follows, we assume the following centering condition

/u(xg,xg)xg daxodry = /u(xg,xg)xg daxodxs =0,
s S

which is satisfied by a proper choice of the coordinate system and is therefore not restrictive.

As mentioned in the Introduction, the bending and torsional rigidities can be determined by an one-
dimensional limit model, resulting from the study of the asymptotic behaviour, as h goes to 0, of a rescaled
version of I through the process of dimension reduction. The mathematical tool that allows this study is
the so-called De Giorgi and Franzoni I'-convergence [13]. A review of the literature on I'-convergence is beyond
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the scope of this article. We refer the interested reader to the in-depth monograph [30] for a comprehensive
introduction and deep analysis of the topic.

The I'-convergence result that motivates and justifies the first part of this section is the following adaptation,
to the case of multi-materials, of [12], Theorem 3.1 (which is also a special subcase of [15], Thm. 3.1). It is based
on the geometric rigidity result by Friesecke, James and Miiller [31], which is essential to prove compactness. A
detailed proof of the Theorem 2.2 can be found in [32], Section 6.

We first define the following subset of isometric deformations of (0, L).

Definition 2.1. Let (y,ds,d3) € W22(Q;R3) x WH2(Q; R3) x WH2(Q; R?). We say that (y,dz, d3) belongs to
the class A if at the same time the following three conditions hold:

e y, do and ds do not depend on x5 and x3,
o [ya] = |dof = [ds| =1,
e yi-dy=y1-ds=dy-d3=0.

We then define the following matrix-valued function
R = (y,1 |d2| d3) c W2u2((O’L);M3x3)'

Notice that R is independent of x5 and z3, it belongs to the set SO(3) and RTR ; € M23X3 | being

skew?

(RTR 1)1, =0 for any k € {1,2,3},
(RTR1)ir = —(RT"R1)g1 =y -dry for any k € {2,3},
(RTR1)o3 = —(R*R1)3a = dy - d3 1.

We remark that the second relation above is related to the curvature caused by the bending moments, while
the third one is related to the torsion of the rod, caused by torsional moments.

Theorem 2.2. Assume that the stored energy W satisfies hypotheses 1.,2.,3. given in the Introduction, let Q3
be twice the quadratic form of linearized elasticity

2
Q3(G) : il

= o7 (Id)(G,G)  for any G € M3%3

sym ?

and denote Qo : M3X3 — [0,4+00) the quadratic form defined through the minimization problem

skew

0
A) = ' , A ‘ ‘ daad 2.1
S L e Y R (2.)

for any A € M2X3 where the density function u € L>=(S) satisfies (1.2).

skew’

Then, there exists I : W12(;R3) x L?(Q;R3) x L2(;R?) — RU {+oo} such that, up to subsequences,

1
<h2[(h)> I'-converges to I, as h — 0,
h



PHASE FIELD MODEL FOR MULTI-MATERIAL SHAPE OPTIMIZATION OF INEXTENSIBLE RODS 7

in the strong and weak topologies of W2(Q; R?) x L?(Q; R3) x L2(2;R?), and the functional I can be represented
by

L

1 T ;
I(y7d2,d3) _ 3 OfQQ(R Ryl) dxz, Zf (y,dg,dg) eA
400 elsewhere

for any (y,da,ds) € WH2(Q;R?) x L?(Q;R3) x L2(;R3).

Note that the representation of the I'-limit energy I is well-posed, having the minimum problem (2.1) a
unique solution a, module a constant, which can be equivalently computed on the class of functions

V= {a e Wh2(S;R?) : / uo drodrs = / uVa drodrs = O} .
s s

The existence of such a solution can be obtained by the direct method in the calculus of variations, noting that
the functional we want to minimize is lower semicontinuous, with respect to the weak topology of W12(S;R?),
and that the compactness is guaranteed by the fact that Q3 is strictly positive definite on Mg’;rr?; As for the
uniqueness of the solution, it follows naturally from the strict convexity of @3 on Mg’;n?;, which is guaranteed by
the Assumption 3 on the stored energy function W.

2.2. The case of isotropic materials

We now consider an application of Theorem 2.2 to the case of isotropic materials and derive the bending
and torsional rigidities of non-homogeneous elastic rods, following the path of [12]. We then assume that the
stored energy function W also satisfies the additional isotropic assumption 4. given in the Introduction, so that
(3 takes the well-known form

2
+ Mtrace(G))? for any G € M3X3 (2.2)

sym

G+GT

Qu(6) = 20|

where p and A are the so-called Lame’s constants.

. . _ 3x3
For any fixed skew-symmetric matrix A = [a;;]; j=1,2,3 € M7

0 a2 @13

A= | —ar2 0 a2
—a13 —azz3 0

one can show, by the standard theory of PDEs, that the solution o = (aj, a9, a3) € W12(S;R3) of the
minimization problem (2.1) satisfies, in the distributional sense, the following Euler-Lagrange equation

{div (u [3x2a1 + ag3x3, Op 001 — aggzg]) =0 in S,

Opay = —ag3(x3, —2) - 0 on 058,
for what concerns the component oy, and the following system of Euler-Lagrange equations

div(ul(2u 4+ AN)Op,an + A(Opy s + a12w2 + a13x3), (u0z, v + 10z, 3)]) =0
div(u](p0zs o + 10z, a3), (200 + A)Opzaz + A0z, 2 + a1323 + a1222)]) =0
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in .S, with boundary conditions

(21 + X) Dy + MOy, i3, 10, 002 + 10y, 003] - 0 = —N(a1222 + ar3x3) - b2
[(,u@mag =+ uﬁmag), (QM + )\)6153043 =+ )\812052] -0 = —/\(algl‘g + 0,13.233) - 03

on 95, where § = (02,03) € R? is the outer unit normal for the boundary S and 9y denotes the normal
derivative.

Remark 2.3. In the case of homogeneous materials, i.e. when the density u is constant, the previous Euler-
Lagrange equations lead to [12], equations (3.19)—(3.20), as expected.

The solution to the previous Euler-Lagrange equations, belonging to the space V, is provided by «a =
(a1, a, a3), whose components are

O[l(ﬂjQ, ) = a23W (IQ,Z‘E}),
O[Q(.TQ, QS‘3) = 7% >\>\ ((112.%% — (112{13% —+ 2[113%21’3),
0[3(.%2, 1’3) = %ﬁ(—algfﬁg —+ algxg + 2&12$21’3),

where w : S — R is the torsion function on the non-homogeneous cross-section S, i.e. the function solving the
Neumann problem

{div (u[@m2w+x3,5‘m3w—x2]) =0 inS, (2.3)

Opw = —(x3, —x2) - 0 on 0S.

By computing the value of the functional at these minimum points, we get that the corresponding value in
Q2(A) is determined by

pGBA+2p) [

Q2(A) = N a12/u($2,$3)$§d$2d$3 + a3, /u(xg,xg)xgdxgdxg

s (2.4)

32 +2

u a12a13/u(xQ,xg,)xQ:cgdedxg + ,uDTagg,
A
s
where the torsional rigidity Dr is defined as

Dp = Drp(5) = /u(xg,xg)(xg + 2% — 2905, w + 1305, w)dzodrs. (2.5)

S

By considering the curvatures a1z and aj3 in (2.4), we obtain the well-known moment curvature relation in

bending theory (see e.g. [18])
<M$2> _ M(3)\+2M) ( Du D;‘WUS a2 (2 6)
M, A p Dﬁﬂa Dz, aiz)’ '
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where M, and M,, denote the bending moments applied at the end of the rod (x; = L) and the u-dependent

moments of inertia Dy, and Dy, as well as the product of inertia Dy ., are respectively given by

Dy, = /u(xg,xg)xg dzodzs,

S
2
Dy, = /u(xg,:cg)z3 dzodxs,
S
Dy, = /u(xg,xg)ngrg dzodxs.
S

Remark 2.4. The maximum bending rigidity Dyax and the minimum bending rigidity Dy, along the principal
axes are determined by the maximal and minimal eigenvalues of the matrix in (2.6), leading to

Dmax/min(u) = Dean(u) = RM (u). (2.7)
Here,
DY DY
Dinean(u) = M7
2
(D, — Dg,)?
RM(U) = \/2 4 2 + (Dg2m3)2'

2.3. Derivation of the torsional rigidity by stress functions

The aim of the last part of this section is to obtain an equivalent formulation for the torsional rigidity
Dy (2.5) by means of the Prandtl’s stress function. It is a common trick in the literature, and allows three
unknown stresses to be reduced to a single unknown stress function.

In this formulation, the shear stress components 7,4, and 74, ., of the Cauchy stress tensor are described by
the derivatives of the auxiliary (scalar) function ® : S — R, through

Ta;lazz = aw3¢(x27x3)7 7—1113 = —8$2q)($2,$3),

meaning that the Prandtl’s stress function ® is determined by the conditions

1
angq)(m,x?)) = Og,w (T2, 23) + 3,

1
Eaqu)(vaxii) = _(8I3w(x2?$3) - .’132),

where w is the torsion function introduced in (2.3).

The following representation via Prandtl’s stress functions will be a key point in the following sections. It
allows the Neumann boundary value problem (2.3) to be transformed into the equivalent problem with Dirichlet
boundary conditions (2.9), which is much easier to handle numerically.

We assume that the cross-section S has an outer boundary I'y and finitely many (connected) inner boundary
components I';, 7 € {1, ..., J}, such that
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Fix ¢ € {1,...,J}. Then, by parametrizing any boundary component I'; with s — (x2(s),z3(s)), the corre-
sponding components of the outer unit normal ¢ = ((2,(3) € R? for the boundary curve I'; can be expressed
as

d333 _ dmg

CQ = Ev C3 = %a

and, by the boundary condition on the Neumann problem (2.3) and by (2.8), we get

d® 9P duy 0P dus

D o ds Tomds 0 9%

Therefore, for any connected component I'; of the boundary 95, there exists a constant ®; € R such that & = ®;
on I';.

By the transformation (2.8), the Neumann boundary value problem (2.3) can be reformulated as the Dirichlet
boundary value problem

{— div (LVe) =2 in S, (2.9)

P = ‘I)z on Fi-
Remark 2.5. Note that we have assumed that S is connected, as this is quite natural when working with rods.

For simply connected domains S, we also assume that ® must be zero on 95 while, for multiply connected
domains, that the value of ® can be set to zero only on the outer boundary I'y of S.

In [18], it has been pointed out that, in the inner boundaries T';, the constants ®, are determined by the
following condition

1

/fagfb ds =2|S;| for any i€ J, (2.10)
u

Ty

where 6 is the outer unit normal for S and S; are the sets enclosed by T';.
Therefore, the torsional rigidity Dr (2.5) can be equivalently obtained by integrating the Prandtl’s stress
function @ in S, leading to

J
S i=1

For more details about the representation (2.11), we refer the interested reader to [18].

To derive a distributional formulation of the equation in (2.9), we define the set S as the set enclosed by the
outer boundary 'y of the cross-section S (i.e. S with any hole filled in, in case S was not simply connected),
and consider the space of admissible functions

H={we Wy?S): Vw=0in S\ S}.

By multiplying the equation in (2.9) by a test function w € H and integrating over S, we obtain by partial

integration
. 1
2/w dzodrs = —/le (uv¢> w daodxs
S

S



PHASE FIELD MODEL FOR MULTI-MATERIAL SHAPE OPTIMIZATION OF INEXTENSIBLE RODS 11

J

= /%V@ -Vw drodas — Z (/ (i@g@)w d5>7
r;

S i=1

and, applying Gauss’s theorem (with respect to S;) on the last term on the r.h.s. above, and recalling that

Vw =0on S\ S, we find by (2.10)
1
/ <789<I>)w ds = 2w;| S|
u

r;

for constants w;, satisfying w = w; a.e. in .S;.
Therefore, the distributional formulation of (2.9) reads

1
/*Vfb -Vw dzodrs = 2/w dzodzs for all w € H. (2.12)
u
S S
By Riesz’s representation theorem, equation (2.12) admits a unique solution in # and the previous represen-

tation (2.11) of the torsional rigidity Dp can be written in a more compact way, by means of the larger set S,
as

N
Dr = 2/@(.%2,1‘3) dzodrs + QZ(I)Z|SZ| = 2/‘1’(.232,%‘3) dxodes. (2.13)
S =1 g

In the following Section 3, we will frequently use in our phase field approach this last representation of Dyp.

3. OPTIMIZATION OF THE BENDING AND TORSIONAL RIGIDITIES

Inspired by the recent phase field approaches for structural topology optimization [24, 25], we now study
shape optimization problems for bending and torsion of inextensible non-homogeneous elastic rods involving
two different isotropic materials, a stiffer and a softer, within a fixed cross-section S.

In what follows, the distribution of the materials inside S is described by a function ¢ belonging to the class

U= {g@ € BV(S;{0,1}): /(p(l‘g,dfg) dzodzs = mq|S|, with m; € (0, 1)},
S

where the volume constraint mq|S| is given by means of the mass of the stiffer material m;.
An equivalent description of such distribution is possible by considering the one-to-one corresponding function
u¥ € BV (S;{c,1}), defined by

u?(xe,x3) = @(x2,23)(1 —¢) + ¢ for any (z2,z3) € S, (3.1)

for a given positive constant c. This last representation is intended to make the notation more familiar, linking
it to what was introduced in the previous section.
The set {u® = 1}, or equivalently {¢ = 1}, then describes regions where only the stiffer material is present
(up to Lebesgue measure zero sets), while the set {u¥ = ¢} represents regions containing only the softer material.
If ¢ =1, we are in the special case of a single homogeneous material and

u¥(z9,73) =1 for any (z9,x3) € S.
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Denote pinorm and Aporm the Lamé constants of the stiffer material. Then, for any (zs,z3) € S, the Lamé
constants p and A become

[L(£E27 1'3) - ﬂnormutp (1'27 SC3),

)\(.’,Eg, 933) == Anormuw (x27 1'3)-
For ease of reading, this section is divided into three parts: in Section 3.1, we introduce the perimeter penalized
shape optimization problem (3.2). We are interested in proving the existence of solutions for (3.2), by studying

a sharp interface limit in the sense of Modica and Mortola [29] (see Sect. 3.3). This is done via T'-convergence
[13], applied to the sequence of approximating problems (3.8), which will be introduced in Section 3.2.

3.1. Perimeter penalized shape optimization

We aim to show the existence of solutions to the following minimization problem

inJ, 3.2
min o(e), (3.2)

where the functional Jy: U — R U {400} is defined by

Jo(¢) = 01 Dmean (@) + 02 RM (¢) + 03/tnorm D1 ()

+7(Per({p =1}) —|—/<p|as du'). (3.3)
a8

The first two objectives in the optimization problem (3.2) are the average bending rigidity

Diean (<P)

,unorm(3>\norm + 2,unorm) D;:LSD + D;:LSO
= A %_/L 2 2 2 (3'4)

and the non-symmetric part

_ ﬂnorm(3>\norm + 2,LLnorm) \/(ng B D:;L:)Z

RM
(¢» Anonn +-MHOHH 4

+ (D, )2, (3.5)

T2X3

The remaining objective in the optimization problem (3.2) is the torsional rigidity D represented, as in (2.13),
via Prandtl’s stress functions.

The last terms that appear in the definition of Jy (3.3) are the regularizing term Per({¢x = 1}), which is the
perimeter of the regions inside S where only the stiffer material is present, the trace of ¢ in the sense of [33],
Theorem 3.87, |4, and 01,02,03,7 € R, which are weighting factors.

With different choices of o1 and o9, we can optimize the minimum bending rigidity D, (when o7 = —039), or
the maximum bending rigidity Dyax (when o1 = 02). We refer to Section 4 for further examples of optimizations.

The moments of inertia and the product of inertia introduced in (3.4) and (3.5), namely

T2T3

4 ~ ® ~ ® ~ A
Dy, = /u‘%‘% dxodrs, Dy, = /u“"x% drodas, DY == /u“ﬂxgxg dxodas,
S S S
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refer to the following proper choice of the coordinate system (25, Z3)

Ju?zy daoxs Jufzs daows

Tg =29 — T3 =13

s s
J u¥ dwodas [ u¥ dwodas
S S

In fact, unlike Section 2 where the coordinate system was (z2,23) = (#2,23), in this case we have to work
with (arbitrary) coordinate systems, which involve additional terms resulting from the nature of the shape
optimization problem.

From a pure mathematical point of view, solutions to problem (3.2) are equivalent to minimizers of the
extended functional Jp : L*(S) — R U {+00}, defined by

) Jo(w) inl,
Jole) = {+oo in L'(S) \ U. (36)

In the last result of this section, Corollary 3.5, we will show that the existence of solutions to problem (3.2) can
be obtained as an application of the fundamental theorem of I'-convergence [30], Theorem 7.8. Similar to the
original case of Modica and Mortola [29], it will be crucial the presence of the regularizing term

Per({p = 1}) +/%S dH . (3.7)
oS

The reason for this will be clarified in the next two subsections.

3.2. The phase field approach

To solve numerically problem (3.2) (see Sect. 4 for details), it is convenient to replace and approximate both
the set U and the solutions ¢, respectively, with the Sobolev space

Upg = {w € W01’2(S): 0<w< 1,/w(:172,x3) dzodxs = m1|S|},
s

with my € (0, 1), which is the set of admissible functions in the phase field approach, and the solutions (depending
on ¢) of the approximating problems

in J.(¢), 0, 3.8
Join (), €> (3.8)

where J¢: Upg — RU {400} is defined by
J(2) = 01 Dmean () + 02 RM(9) + 03 ptnormDr(p) + —Ec(p). (3.9)

Co

In (3.9), the regularizing term (3.7) of problem (3.2), is approximated by a sequence of Ginzburg-Landau energies
Ec : Unpg — R U {400}, defined by

Be) = [ (§|W|2+1F<so>) dapdas, (3.10)

S
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where a prototype of the double obstacle potential F' : Uyq — Rg‘ U {+oo} is

1
F(p) = 79*(1—¢)® for any ¢ € Usa. (3.11)

Remark 3.1. In accordance with the classical literature (see e.g. [29]), the presence of the normalizing constant
¢o in (3.9) is intended to retrieve a normalized version of the regularizing term, passing to the limit.

As in the previous case, the solutions to (3.8) are critical points (minimizers) for the sequence of extended
functionals 7, : L*(S) — R U {+oc}, defined by

Te(p) =

{Js(w) in Usygq, (3.12)

+oo in LY(S) \ Uaa.

The first step in the phase field approach is to prove the regularity of the objectives in the optimization
problem (3.8) in the right topology, i.e. the continuity of Dyean, RM and Dr in the strong topology of L(S).
Later, in Theorem 3.3, we will show the existence of a solution to any minimization problem (3.8).

Lemma 3.2. Let Dy, Dpean and RM be the objectives in problem (3.2), defined respectively in (2.13), (3.4)
and (3.5). Then, the functional

Uleean((P) + U2RM((P) + /J/normUSDT(SO)

for any ¢ € {w € LYS): we [0,1] a.e. in S} is continuous in the strong topology of L*(S), for any possible
choice of 01,029,035 € R.

Proof. We first notice that the continuity of

Uleean((P) + O'ZRM(QD)

in the strong topology of L'(S) directly follows from the boundedness of the cross-section S, for any possible
choice of the constants o1 and o3. We then just focus on the torsional rigidity term D and the Prandtl’s stress
function ® € H, associated to it in the sense of (2.13).

Let us fix ¢ and g in L'(S) (and the corresponding functions u#* and u¢) and assume that the sequence
(o1 )k strongly converges to g in L(S), as k — co. Moreover, for any k € N denote ®;, € H the Prandtl’s stress
function associated with ¢y, in the sense of (2.12) (with u = u®*).

To conclude, we show the existence of a limit Prandtl’s stress function ®y, which is still a solution of (2.12)
(with = u#°) and to which the sequence (®);, strongly converges in L'(S).

By the Poincaré inequality, the sequence (®); is bounded in Wy *(S) and, by reflexivity, there exist a
subsequence of (), denoted by (P, )x;, and a limit & € W,%(S) such that ®4,, weakly converges to ®¢ in
W, 2(S).

Note that also the sequence (ﬁq)kj)k is bounded in WO1 2(S*) and, up to a further (not-relabeled)
subsequence, the dominated convergence theojrem ensures that

1 1
/7V(I>k] -V d:L‘Qd.’IJS - / ?V(I)o -V d$2d$3
(%

u‘/’kj

S S

y

1

1
w¥ki PO

V&g, - Vu| dzodas
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1
+ / — |(V®r, = V&) - Vo[ dwaday — 0

s

as k; — oo, for any v € H. Thus, @ is a solution to problem (2.12) (with u = u#°), and belongs to the set #.
By applying the previous argument to any subsequence of the starting sequence (®y )k, we find that every
subsequence of (P ) has a subsequence weakly convergent in H to the unique solution of (2.12).
Then, we get the weak convergence of the whole sequence (®y), in H and, by Rellich theorem, the strong
convergence to ®g in L'(S) and the thesis readily follows. O

With Lemma 3.2 in hand, we are now in a position to prove the main result of this section, which ensures
the existence of solutions to each problem (3.8).

Theorem 3.3. There exists at least a solution to (3.8), for any ¢ > 0.

Proof. The existence of minimizers is shown by means of the direct method in the calculus of variations.

Fix € > 0 and 01, 02,03 € R, consider the functional J, introduced in (3.9) and, for any ¢ € Uaq, let & € H
be the Prandtl’s stress function associated with ¢, in the sense of (2.12). Then, ¢ is bounded on U,q and, by
the boundedness of S, there exist positive constants C1, Ca, only depending on S, 01,09 and o3, such that

01 Dmean () £ 0o RM (p) > —C7  and
o3Dr(p) > —Cs for any ¢ € Uyg.

Therefore, since F is a double obstacle potential, there is a control from below on J. by means of e||<p||W01,2 (5)7
which yields the coercivity of J. in L1(S).

Let (pg)x be a minimizing sequence of J., meaning that (J(pg))r converges to the infimum of J, in Uyg, as
k goes to oo. Then, sup, J.(pr) < oo and so

sup [Vl L2(s) < oo,
keN

that is, (o )x is bounded in W, ?(5S).

Therefore, by reflexivity, there exists ¢y € VVO1 ’2(5) such that, up to a not relabelled subsequence, (k)
converges to ¢o weakly in W,?(5), strongly in L?(S) and a.e. in S (this last convergence is actually pointwise,
being (¢k)r a minimizing sequence). By the pointwise convergence, ¢g € [0, 1] and, as a consequence of the
L2—convergence, o satisfies the mass constraint

/900(552@3) daodzs = mylS|,
5

so that pg € Uaq-

Moreover, by the continuity of F' and the lower semicontinuity of the norm || - ||W(},2( s) the Ginzburg-Landau
energy F. is sequentially lower semicontinuous and, by Lemma 3.2, the functional J, is lower semicontinuous
too.

The thesis then follows as a consequence of the Weierstrass Theorem (direct method in the calculus of
variations, see e.g. [30], Thm. 1.15). O
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3.3. Sharp interface limit

We conclude this section by showing that the sequence of functionals ¢, defined in (3.12), I'-converges to the
functional Jy, introduced in (3.6), in the strong topology of L(S). As a consequence of our Modica-Mortola-
type Theorem 3.4, we will finally show in Corollary 3.5 the existence of a solution for the minimization problem
(3.2), as a consequence of the fundamental theorem of I'-convergence [30], Theorem 7.8.

Having defined the set of admissible functions U,q by imposing homogeneous Dirichlet boundary conditions
on the phase field variable, we follow the ideas of [34] in order to prove the I'-convergence Theorem 3.4. They
consist of constructing the recovery sequence in the spirit of Modica-Mortola [29] and Sternberg [35], and by
using an additional cut-off procedure, as in [25].

Note that the corresponding construction of the recovery sequences in [34] represents a special case of the
fundamental procedure derived in [36] for more general Dirichlet boundary conditions imposed on the phase
field variables.

Theorem 3.4. Let J.,Jo : L'(S) = RU {+o00}, € > 0, be the functionals defined in (3.12) and in (3.6),
respectively. Then,

(J.)e T-converges to Jy

in the strong topology of L'(S), as € goes to 0.

Proof. Denote 14 the indicator function of any set A C L(S), that is,

1a(z) = {0 ifx e A,

+o00  otherwise.

Then, we can rewrite any functional 7. in (3.12) as
J(¢) = Dr(¢) + ClEe(go) +1g for any p € L*(S) and € > 0,
0

where
Dr(@) = Uleean(Sﬁ) + O'QRM((P) + USNnormDT(@) for any o S uadv

K = {<p e L'(9): /(p(xg,xg) dzodzs = m1|5|}.

S

By [34], Theorem 3.17 and [36], Theorem 2.1, the sequence of energies & : L*(S) — R U {+oc}, defined by

E(p)  in Wy(S;(0,1)),

Eelp) = Eele) + Ly s,y = {+oo in LL(S)\ WE2(S;[0,1]),

[-converges in the strong topology of L'(S), as € — 0, to the limit functional & : L'(S) — R U {+oc}, which
can be represented by

o Per({p =1}) + J Pl aH') in BV({0,1}),
+00 in L1(S5) \ BV ({0,1}).

Eolp) =
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Up to a further subsequence, the constructions by [37], Theorem 4.8 and [34], Theorem 3.18, guarantee that

(Vge(cp) + ]lK> I-converges to Y& + 1k, ase—0,

Co e

and the assertion then follows by Lemma 3.2 and [30], Proposition 6.21. O

As a consequence of the previous result, we finally show that any sequence of minimizers (@) of (Je)e
strongly converges in L'(S) to a solution of the sharp interface problem (3.2), as € goes to 0.

Corollary 3.5. Let ¢, be a minimizer of J., for any € > 0. Then, there exists p € U, minimizer of Jy, such
that, up to subsequences

lim [[pe = @llris) =0 and  lim Je(pe) = To(e)-
e—0 e—0
Proof. Since the sequence (¢¢)e is a sequence of minimizers, then

sup Je(pe) < 00
e>0

and, in particular,

sup & () < 0.
e>0

Then, arguing as in the proof of [29], Proposition 3, the sequence of Ginzburg-Landau energies (&), is
equicoercive in L!(S), and the thesis then follows as an application of Theorem 3.4 and the fundamental
theorem of T'-convergence [30], Theorem 7.8. O

4. NUMERICAL IMPLEMENTATION

We assume in what follows that the reference cross-section S is a simply connected domain.

To find minimizers for the rigidity optimization problem (3.8), that involve the weighting factors 7,071, 09
and o3 introduced in the previous sections, we use a steepest descent approach, as in [7], Appendix. It consists
of computing a time-discrete L2-gradient flow of the functional J., introduced in (3.9), until a stationary state
has been reached. We then discretize the domain S by P1 triangular finite elements and apply a forward
discretization in time, for time step 7, and for integer iteration steps m > 1. This leads to an artificial time
variable t = 7 - n, also called pseudo time.

The implementation of the gradient flow method (C++-code) can be found in [38].

4.1. Gradient flow dynamics

If we denote by (-,-) the scalar product in the Hilbert space L?, by t the artificial time variable, and by
%[U] the first variation of J. in ¢ in the direction v, then the choice of a gradient flow dynamic leads to the

pseudo-time stepping approach, given by

_5JEH
dp v

_ 6Dmean[]+ 6RM[]+ 6DTH+ 5E€H
= 017580 v 025901) 03580U 7&0@

€(0rp, V) 12(5)
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for any € > 0 and for all v € W01’2(S), where Dp, Dyean, RM and E. are respectively defined in (2.13), (3.4),
(3.5) and (3.10). We note that the variation of the perimeter term produces the well-known Allen-Cahn equation.
To solve equation (4.1) by a finite element method, we need to compute the first variations of D, Dmean
and RM in ¢.
The variations of Dyean and RM can be obtained by direct calculations, recalling that

5D,

50 [v]=(1-¢) (/itgv dzodzs — 2 /(cp(l —c) 4 c)bida dmgdx3>,

S S

%[U] = (1 - C) (/jgv dx2d$3 -2 /((P(l — C) + C)bg.f?g d$2d$3>,

dp
S S
6DI2$3 PN
7[1}] =(1-¢) (/xga;gv dxodas
s
- /(@(1 —c)+e)(hidz + 523?"2)d332d933> :
s

where
1 1
by = — /va dzodxs and by = — /mgv dzadzs.
m m

Thus, we get

0D, 6D,
5Dmean [’U] o Nnorm(3>\norm + 2Nnorm) 6@2 [U] + 6@3 [”U]

6@ )\norm + ,unorm 2

and

ORM o ﬂnorm(?’)\norm + Q,Llfnorm)
B )\norm + Hnorm

5D, 5D, 6D
(Das = Dag) (552 [0] = 255 [0]) + 4D "5 o]
2\/(Dwz _Dw3)2+4D2 '

X

2T3

Regarding the regularization near the root RM (p) = 0, we introduce a parameter 0 < #; < 1, and approximate
SRM
%5 [v] as

6D, 6D,. 0Dy
SRMy | _ (Pea = Des) (252210] - 2222 [0]) + 4Dssa, 252 0]
v = .
%) 2\/(Dy, — Dg,)2 +4D2, . + 01

For what concerns instead the first variation of D, we consider its distributional formulation (2.12) which,
for simply connected cross-section S, reduces to

1
v =2 4.2
/ Nnorm(@(l - C) + C)v Vv daodrs S/’U dzodas ( )
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for all test functions v € Wy?(S) and ® = 0 on IS.
Since the variation of Dp(¢) depends on the Prandtl’s stress function & associated to ¢ and given in
equation (4.2),we apply a Lagrangian approach (see e.g. in [39]), by introducing the adjoint variable p: S — R.
We can then formulate the Lagrangian as

L((P7 (b7p) = Ee(‘p) + 2/@ dzodxs
S

1
— P . 5 .
/ ﬂnorm(‘ﬂ(l — C) + C) v Vp drodrs + S/p dzodas

Looking for stationary states (¢, ®,p) of L, we find that if the first variation for (¢, ®,p) vanishes, both ® and
p solve equation (4.2).
Moreover, since equation (4.2) is uniquely solvable, we can conclude that ® = p and that

5L SE. 1—¢
—\v] = Vo -V drodxs.
6()0 [U] 550 [U] + S/ Nnorm(@(l — C) + 6)2 ( (b) U dr2drs3

This finally leads to the L?-gradient flow

5Drnin 6Dmax 5DT 5Es
(0o, v)L2(s) = —<01 5o [v] + o2 50 [v] + o3 5o [v] + 5o [U}>a
with
6Dt / 1—c
—\| = Vo(p) VO dzod
590 [U] ,U/norm(@(]- —C) —|—C)2( (30) (30))1) T2dT3

and where ® is the unique solution of (4.2).

4.2. P1-finite element approximation

In the following, let

fleo) = %(2<p3 - 30>+ ¢)

denote the first derivative of the double well potential F(¢) in (3.11), with respect to phase field variable ¢.
In order to solve equation (4.1) by the finite element method, we choose the discrete subspace S10(T;,) C
W, %(S), which is given by

SY(Tn) = {on € C°(S) : (v))r € PY(T),vp, =0 0n S for all T € Ty}

Furthermore, we choose a finite difference quotient to discretize the time derivative.
By using an explicit treatment of the appearing nonlinear terms in equation (4.1), and an implicit treatment
of the Laplacian, we obtain the semi-implicit time stepping

I \ n+l _  n
/GM% dzodas

T
S
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= —/EWVILh(SD”“) Vo, + %f(Il,h(SO"))%‘ dzadws

S
. 5Dmean(11,h(90n)) . 5RM(Il,h(<p"))
1 56, 2 56,
_ g3 / 1—c V(I)(I ( n))vq)(l- ( n))(bd(E da-
Inorm (Zyn(e™)(1 —¢) +¢)? 1,h(¥P 1,h (P jdxodrs,

with inner nodal basis points z; € Nj, and j = 1, ..., |Np|.
The nodal interpolant Z; j,(v) of a function v € C°(S) is given by

L= Y ¢jv(x;),

JENR

and the mass constraint is imposed by incorporating the additional condition

/ILh(gp") dzdy — m = 0.
5

In every time step t we thus solve the problem

(g o) vt=F (43)

where S = M + 7yK € R™™ and B = L. Here, the mass matrix M, the stiffness matrix K and the diagonal
lumped mass matrix L € R"*™ are, respectively, given by

M;; = /¢j¢i dwodxs, Kjj = /V¢j -V¢; drodxs, Li = /¢i dwzodzs.
5 5 5

The right hand side F in (4.3) is determined by

Fj — sz+(M'Un)j for j=1,...,N,
FN+1=m,

where

Fj=

o 12

[ 1@, daadas

s

5Dmean (Il,h(@n))
dpn

SRM(Zy,n(¢"))
Spn

— o1 [0j] — 02 (9]

Hnorm )(1 - C) + C)
S

S /(L’hwl_c V(T (")) - VO(T1 (9™))dwadas.
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To achieve an energy stability in the way that for all n > 1 we have

(,YEE + Uleean + U2RM + O-BDT)((JOW’)
S (’YEe + Ulecan + UQRM + UBDT)(wnil)a

it is necessary to demand 7 € O(€3). In the following numerical simulations we set € = 0.003.

4.3. Numerical experiments

In this last part of the paper, inspired by multi-material composites found in the morphology of plant
stems [27, 28, 40], we study the optimal distribution of two materials inside a cross-section S, in the case in
which the ratio between the Lamé parameters of the two materials is of order O(1071).

In the following, this ratio is modeled within the density function u¥, by using the phase field variable ¢ and
setting

u¥ (22, 23) = p(x2,23)(1 —¢) + ¢

with ¢ = 0.1, while the Lamé parameters finorm and Anorm are set to
Mnorm = 26,
Anorm = 70.57.

We consider different values of the weighting factors o1, 09,03 and -y, that correspond to different terms
of optimization, i.e. maximization or minimization of the torsional and bending rigidities. The results of the
numerical simulations are represented in Figures 3, 4 and in Table 1.

The reference cross-section S is chosen as a circle of radius r = 0.7 and the initial condition ¢° corresponds
to a circle of radius r = 0.5.

The discretization of S is made up of approximately 1.6 - 10° P1 triangle elements. The choice to start with
a circular initial condition is justified by observations in the morphology of plant stems, where circular domains
are often observed in young ontogenetic states, see for instance [7, 27].

Since our goal is to optimize the overall bending rigidity of a rod with circular reference cross-section, in
what follows we fix o2 = 0 and consider only the torsional rigidity Dz (2.13) and the mean bending rigidity
Dinean (3.4). Depending on the weighting factors, we observe different stationary states of the gradient flow:
in the case of a maximization of rigidities (07 = —1, 03 = —3) and a sole minimization of torsional rigidity
(03 = 3), we obtain a symmetric circular tube and an I-beam like structure, see (a) and (b) in Figure 4. These
are well-known rigidity optimizers in the case of homogeneous rods (see, for instance, [2]).

From the point of view of plant stem morphology, as noted in [3, 5] and emphasised in the Introduction,

plants are not inclined by a maximization of rigidity but more by an optimization of both strength and flexibility.
In general one observes a high twist-to-bend ratio

Dmean (U<p)
DT (’Ufp) ’

that implies high bending rigidity on the one hand and a comparatively low torsional rigidity on the other hand.
In our model, this can be achieved by a maximization of the bending rigidity and a minimization of the
torsional rigidity (o1 = —3, o3 = 3), and leads to a reinforcement by fibre strands, which are formed by the
stiffer material and are uniformly distributed along the boundary of S, see Figure 4(d), (e).
For a smaller weighting factor of the perimeter v a higher number of fibre strands occurs, see (e) in Figure 4.
This leads to a slight increase of the twist-to-bend ratio, which is mainly driven by a decrease of the torsional
rigidity, see (c) in Figure 3 and Table 1.
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F1GURE 3. Convergence history of the rigidities Dy and Dyean with respect to pseudo-time ¢
during a gradient descent.

Finally, we consider the minimization of both the bending an the torsional rigidities (o7 = 1.5, o3 = 3), that
treats the case of achieving maximum flexibility. This case is of particular interest for the study of vines, such
as the liana in Figure 2, with a trailing or shaking growth habit, where flexibility in both bending and torsion
is crucial.

Minimizing both the rigidities leads to structures with deep-grooves, see (f) and (g) in Figure 4. As in the
experiments (d) and (e), a lower weighting of the perimeter functional has an influence on the shape of the
minimizers. In this case, a lower weighting of the perimeter term causes the stiffer material to form a deep
groove shape with additional branched fingers, see (g) in Figure 4.

The results in Figure 4(d) and (e) can be compared to the arrangement of fibre strands in several plant stems.
For instance, fibre-reinforced structures, as in (d) and (e), are found in the morphology of Carex Pendula and
Caladium Bicolor, where reinforcing by sclerenchymatous and collenchymatous stiffening tissues, respectively,
results in a particularly high twist-to-bend ratio (see, for instance, [6, 28, 40]).

On the other hand, the result in Figure 4(f) can be compared to the arrangement of a non-dense flexible
secondary xylem with wide-diameter vessels and broad wood rays, as well as a flexible cortex during the ontogeny
of a liana plant of the species Condylocarpon Guianense, see Figure 2. During its ontogeny, this plant is inclined
to increasing its flexibility by a rearrangement of the main load bearing element, the secondary xylem. This is
achieved by decreasing the bending and torsional rigidities of its plant stem by forming a structure with deep
grooves and branched fingers. For a detailed description of the evolution of the secondary xylem during the
ontogeny of Condylocarpon Guianense we refer the interested reader to [7, 27]. In particular, the transition from
juvenile self-supporting liana stems with circular material arrangements to the non-self-supporting adult plants
with deep groves in the tissue arrangement is striking.
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(a) Initial condition

(f) g1 = 1.5,0’3 = 3. (g) g1 = 1.5,0’3 = 3.

FIGURE 4. Local solutions of (3.8) for different weighting factors o1, 03,7 corresponding to a
maximization of rigidities in (b), a sole minimization of torsional rigidity in (c¢), a minimization
of torsional and a maximization of bending rigidity in (d) and (e) and a minimization of both
bending and torsional rigidity in (f) and (g). In experiments (b), (¢) and (f), the weighting
factor « for the perimeter penalization is set to v = 0.5, where in (e) and (g) the weighting
factor is v = 0.25. In experiment (d), the weighting factor is set to v = 1.0. The stiffer material
(u=1) is depicted in red where the softer material (u = 0.1) is depicted in blue.
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TABLE 1. Values of torsional and bending rigidities and the twist-to-bend ratio for stationary
states in experiments (b)-(g) and initial condition (a).

Experiment Dyean(t) Dp(u)  Dmean(u)/Dr(u)

(a) 3.54 2.75 1.29
(b) 10.71 7.9 1.35
(c) 471 2.08 2.26
(d) 8.96 2.86 3.13
(e) 8.88 2.74 3.24
(f) 3.79 2.31 1.64
(8) 3.69 2.17 1.7

5. CONCLUSIONS

Inspired by the bending-torsion theory of non-homogeneous elastic rods, we derived a model for the optimiza-
tion of the bending and torsional rigidities. It is done by studying a sharp interface shape optimization problem
with perimeter penalization, that treats the torsional and bending rigidities as objectives. We then adopted a
diffuse interface approach, for which we proved the existence of solutions to the optimization problem.

As a consequence of the I'-convergence Theorem 3.4, we have showed that the sequence of minimizers of the
diffuse interface approach converges to the minimizer of the sharp interface problem, with respect to the strong
topology of L'(S), as the thickness of the interface tends to zero.

In the second part of the paper, we implemented a numerical method which approximates the solutions of
the phase field problems, by using a steepest descent approach. In particular, we studied four different cases of
optimization: a maximization of both rigidities, a sole minimization of the torsional rigidity, a minimization of
the torsional rigidity and a maximization of the bending rigidity, and, finally, the minimization of both rigidities.

The two latter cases were inspired by observations in plant morphology that showed that plants are more
inclined to produce a high flexibility, especially in torsion, instead of a high stiffness of their stems. A numer-
ical approximation of minimizers in these two cases resulted in characteristic shapes and distributions of two
materials inside a circular cross-section S.

The appearing distributions of the materials exhibit a qualitative agreement with the tissue arrangements
in the morphology of different plant stems. This study thus supports conjectures from biology stating that the
optimization of certain mechanical properties, in particular the bending and torsional rigidities, are a driving
force in the development of plant morphology [4, 5].
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