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Abstract

In the context of Variational Quantum Algorithms (VQAs), selecting an appropriate ansatz is crucial for efficient problem-
solving. Hamiltonian expressibility has been introduced as a metric to quantify a circuit’s ability to uniformly explore the
energy landscape associated with a Hamiltonian ground state search problem. However, its influence on solution quality
remains largely unexplored. In this work, we estimate the Hamiltonian expressibility of a well-defined set of circuits
applied to various Hamiltonians using a Monte Carlo-based approach. We analyse how ansatz depth influences express-
ibility and identify the most and least expressive circuits across different problem types. We then train each ansatz using
the Variational Quantum Eigensolver (VQE) and analyse the correlation between solution quality and expressibility. Our
results indicate that, under ideal or low-noise conditions and particularly for small-scale problems, ansitze with high Ham-
iltonian expressibility yield better solution quality for problems with non-diagonal Hamiltonians and superposition state
solutions. Conversely, circuits with low expressibility are more effective for problems whose solutions are basis states,
including those defined by diagonal Hamiltonians. Under noisy conditions, low-expressibility circuits remain preferable
for problems with solutions in a computational basis state, while intermediate expressibility yields better results for some
problems involving superposition state solutions.

Keywords Variational quantum algorithms - Expressibility - Ansatz - Correlation analysis

1 Introduction

In the field of quantum computing, hybrid classical-quan-
tum algorithms have emerged as a practical solution to the
limitations of current Noisy Intermediate-Scale Quantum
(NISQ) devices (Preskill 2018). Among these, Variational
Quantum Algorithms (VQAs) (Cerezo et al. 2021) represent
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a prominent class that leverages classical optimization to
tune the parameters of a quantum circuit, referred to as an
ansatz, with the goal of minimizing a problem-specific cost
function. One notable example is the Variational Quantum
Eigensolver (VQE) (Peruzzo et al. 2014), which optimizes
the ansatz parameters to prepare a quantum state that mini-
mizes the expectation value of a given Hamiltonian.

One of the major challenges within these algorithms
is the choice of the ansatz, since it significantly affects
both trainability and solution quality. Problem-inspired
designs (Blekos et al. 2024; Fedorov et al. 2022) can
achieve high accuracy but are often difficult to implement
on quantum hardware. In contrast, hardware-efficient ansé-
tze (Kandala et al. 2017) are easier to implement due to their
reduced depth and lower resource requirements, although
they typically do not exploit problem-specific features, such
as symmetries (Meyer et al. 2023), which could help guide
the optimization process more effectively. Various strategies
have been proposed to construct ansétze that incorporate
problem knowledge while remaining compatible with hard-
ware constraints. These include adaptive algorithms (Turati
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et al. 2023; Claudino et al. 2020) and reinforcement learn-
ing approaches (Fodera et al. 2024). However, such meth-
ods often rely on heuristics and require a large number of
executions and optimizations of candidate circuits.

Given the limitations of these techniques, part of the
research has focused on analyzing circuit-based metrics (Sim
etal. 2019; Ortiz Marrero et al. 2021; Fontana et al. 2021) as
a means to support the selection of suitable ansidtze. Among
these, the notion of expressibility has received consider-
able attention in the literature (Sim et al. 2019; Funcke et al.
2021; Du et al. 2022b; Wu et al. 2021; Holmes et al. 2022).
This metric quantifies a circuit’s ability to explore either the
full space of quantum states or the energy landscape defined
by a specific problem. The underlying idea is that greater
exploration capability should increase the likelihood that
the optimal solution lies within the region explored by the
circuit, but it can also make the identification of high-qual-
ity solutions challenging. As a result, determining the opti-
mal level of expressibility and whether it can meaningfully
inform circuit selection remains an open research question.

In this work, we analyse the definition of expressibility
introduced by Holmes et al. (2022), which characterises a
circuit’s ability to explore the energy landscape induced by
a target Hamiltonian. We refer to this metric as Hamiltonian
expressibility. The utility of this metric has not been thor-
oughly investigated in the literature, and we argue that ana-
lyzing its properties and its potential contribution to ansatz
selection is of particular interest due to its problem-specific
nature. Its direct relationship with the structure of the energy
landscape distinguishes it from other commonly used met-
rics, which are typically problem-agnostic, and suggests
that it may serve as a more tailored indicator for the solution
of specific target problems. Using a set of well-established
ansatz templates and Hamiltonian problem instances, we
develop and apply a Monte Carlo method to estimate this
metric on systems of 4 and 8 qubits.

Our analysis first investigates the relationship between
Hamiltonian expressibility and ansatz depth, revealing that
expressibility generally increases with depth, until it reaches
a saturation point. We then highlight the problem-dependent
character of Hamiltonian expressibility by identifying, for
each problem class, the most and least Hamiltonian-expres-
sive circuits, and determining, for each circuit, the problem
classes in which it is most and least expressive. Further-
more, we observe that all considered ansitze achieve higher
levels of Hamiltonian expressibility on problems defined by
diagonal Hamiltonians.

To evaluate the practical usefulness of these metrics
for ansatz selection, we train each circuit on all problem
instances using the VQE algorithm, under both ideal (noise-
less) and noisy simulation settings, and analyse the correla-
tion between solution quality and expressibility.

@ Springer

Our results suggest that Hamiltonian expressibility can
provide valuable guidance for ansatz selection in small-
scale problems. Specifically, under ideal or low-noise con-
ditions, for problems defined by non-diagonal Hamiltonians
with superposition state solutions, selecting circuits with
high Hamiltonian expressibility leads to higher-quality solu-
tions. Conversely, for problems whose solutions are basis
states, such as those associated with diagonal Hamiltonians,
including instances derived from Quadratic Unconstrained
Binary Optimization (QUBO) problems, ansétze with low
expressibility tend to yield superior results.

However, as the number of qubits increases, the corre-
lation between expressibility and solution quality tends to
weaken. This observation is consistent with theoretical find-
ings that associate high expressibility with the emergence
of barren plateaus, a phenomenon in which the gradient
magnitude vanishes as the system size increases, leading
to trainability issues in variational algorithms, regardless of
whether gradient-based or gradient-free optimization meth-
ods are used.

Under noisy conditions, the relationship between Ham-
iltonian expressibility and solution accuracy changes sig-
nificantly. Highly expressive circuits are typically the most
affected by noise due to their increased complexity and
circuit depth. As a result, for problems with basis state
solutions and some problems with superposition state solu-
tions, low-expressibility is advantageous, while for some
problems with superposition state solutions, such as those
involving the Heisenberg XXZ model, circuits with inter-
mediate levels of expressibility tend to yield the best solu-
tion quality. This behaviour likely arises from the need to
balance exploration capability with resilience to noise.

Overall, our findings highlight the potential of Ham-
iltonian expressibility as a practical metric for evaluating
ansatz suitability in VQE, under both ideal and noisy condi-
tions, especially in small-scale scenarios. This work lays the
groundwork for further integration of expressibility-based
metrics into circuit design strategies, including adaptive
algorithms and machine learning-based techniques.

The remainder of this paper is structured as follows. In
Section 2, we provide the necessary theoretical background,
including an overview of Variational Quantum Algorithms,
the barren plateau phenomenon, and different notions of
ansatz expressibility. Section 3 details the experimental
methodology, describing the circuits and Hamiltonians used
in the experiments, the procedure for estimating Hamilto-
nian expressibility, the VQE implementation setup, and
the approach adopted for the correlation analysis. In Sec-
tion 4, we present and discuss the main results, focusing
on the characteristics of Hamiltonian expressibility and its
correlation with solution quality under both ideal and noisy
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conditions. Finally, Section 5 concludes the paper and out-
lines potential directions for future work.

2 Background

In this section, we briefly present the theoretical background
underlying our work. We begin by introducing the class of
Variational Quantum Algorithms (VQAs), focusing on two
fundamental challenges: the barren plateau phenomenon
and the ansatz selection problem. We then introduce the
concept of circuit expressibility, which constitutes the main
subject of this paper.

2.1 Variational quantum algorithms

Variational Quantum Algorithms (VQAs) (Cerezo et al.
2021) are a class of hybrid quantum-classical algorithms
designed to mitigate the limitations of currently available
noisy quantum hardware. These algorithms rely on a param-
etrized quantum circuit whose parameters are iteratively
optimized by a classical routine to minimize a problem-spe-
cific cost function. Once the optimal parameters are found,
the quantum circuit can be executed to generate a solution
to the target problem. Although VQAs do not necessarily
guarantee a quantum advantage, they provide a practical
framework for exploring the potential of near-term quantum
devices and represent a viable approach for quantum com-
putation in the NISQ era.

2.1.1 Variational quantum eigensolver

The Variational Quantum Eigensolver (VQE) (Peruzzo et al.
2014; Tilly et al. 2022) is one of the most widely adopted
VQAs. It is designed to compute the ground state of a Ham-
iltonian operator H, i.e., the eigenvector corresponding to its
minimum eigenvalue.

VQE operates by using an ansatz circuit for preparing a
parametrized quantum state |¢(0)), where 6 is a vector of
tunable parameters. The objective is to minimize the expec-
tation value (¢(6)|H|y(0)), i.e., the energy of the final
quantum state, using a variational optimization procedure.
For brevity, we denote this expectation value as (H).

On real quantum hardware, (H) is not directly accessi-
ble. Instead, an estimate (H)* can be obtained by executing
the circuit ngpots times and averaging the resulting measure-
ment outcomes 0y

1 Mshots
HY* = Of. 1
< > Tlshots ’; ()

VQE has been primarily applied in quantum chemistry (Cao
et al. 2019; McClean et al. 2016), where it is used to esti-
mate the ground-state energy of molecular systems. How-
ever, the algorithm is sufficiently general to be employed in
a broader range of domains, including combinatorial opti-
mization, where problems can be reformulated as ground-
state searches of suitably constructed Hamiltonians.

2.1.2 Barren plateaus

A key challenge in the optimization of variational quantum
circuits is the phenomenon of barren plateaus (Mcclean
et al. 2018; Arrasmith et al. 2021, 2022; Cerezo and Coles
2021; Holmes et al. 2022; Larocca et al. 2022; Volkoff
and Coles 2021). This effect occurs when the gradients of
the cost function vanish exponentially with the number of
qubits, resulting in flat regions in the optimization land-
scape. In such cases, classical optimizers struggle to iden-
tify meaningful parameter updates, thereby hindering the
convergence of the algorithm.

Formally, acostfunction C'(¢), with = (01,...,6,) € ©
, 1s said to exhibit a barren plateau if, forall: = 1, ..., p, the
following conditions hold:

o Eq[0,0(0)] =0,

o Vary[0,C(9)] < F(n), with F(n) € O (bi"> for somed > 1,

where 0;C(6) denotes the partial derivative of the cost func-
tion with respect to parameter 6;, and # is the number of
qubits.

To understand the practical implications of barren pla-
teaus, we recall Chebyshev’s inequality:

P(10C(6) - B0,C(0)] = 0) <~ 0O,

When the variance decays exponentially with n, the prob-
ability that any partial derivative 9;C(6) deviates sig-
nificantly from zero becomes vanishingly small. As a
consequence, optimization algorithms receive little to no
useful information about the parameter update direction,
significantly reducing their effectiveness, particularly as the
system size increases.

2.1.3 Ansatz choice problem
Another central challenge in the design of VQAs lies in
selecting a suitable parametrized quantum circuit, or ansatz,

for a given problem (Sim et al. 2019; Qin 2023; Wurtz and
Love 2021; Du et al. 2020).

@ Springer
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An effective ansatz should satisfy several criteria: it
should minimize circuit depth to reduce the impact of noise
and decoherence, leverage the native gate set of the hard-
ware to simplify implementation, and exhibit robustness
against the barren plateau phenomenon.

Crucially, the ansatz should also possess sufficient expres-
sive power to explore the relevant portion of the solution
space and identify high-quality solutions. This expressive
capacity, referred to as expressibility, has been the subject
of extensive research, which has introduced various metrics
to quantify it. A detailed investigation of expressibility con-
stitutes the main focus of this work.

Commonly adopted ansétze can be broadly categorized
into two families:

e Hardware-efficient ansdtze (Kandala et al. 2017), which
prioritize compatibility with current quantum devices by
minimizing resource requirements.

e Problem-inspired ansétze (Peruzzo et al. 2014; Farhi et
al. 2014), which incorporate domain knowledge to tailor
the circuit structure to the problem at hand.

While hardware-efficient ansétze offer practical feasibility,
they may lack sufficient structure to yield high-quality solu-
tions in complex problems. Conversely, problem-inspired
ansétze tend to achieve better results due to their alignment
with the problem structure, but are more difficult to imple-
ment and may still suffer from barren plateaus if not care-
fully designed.

To address this trade-off, several adaptive approaches
have been proposed. These include adaptive variational
algorithms, which dynamically construct the ansatz during
training by iteratively adding or removing gates (Turati et
al. 2023; Grimsley et al. 2019; Tang et al. 2021; Yordanov
et al. 2021; Feniou et al. 2023; Zhu et al. 2022; Rattew et
al. 2020; Chivilikhin et al. 2020; Heras et al. 2016; Cincio
et al. 2018; Du et al. 2022a; Bilkis et al. 2023; Ostaszewski
et al. 2021a), as well as reinforcement learning-based tech-
niques (Kuo et al. 2021; Zhu and Hou 2023; Giordano and
Martin-Delgado 2022; Pirhooshyaran and Terlaky 2021;
Ostaszewski et al. 2021b; Fodera et al. 2024).

Despite the progress achieved through hardware-effi-
cient, problem-inspired, and adaptive strategies, the ansatz
selection problem remains an open challenge. Design-
ing ansidtze that simultaneously optimize expressibility,
trainability, and hardware compatibility is still an active
area of investigation. In this work, we contribute to this
ongoing research by investigating the role of Hamiltonian
expressibility in guiding the selection of suitable ansitze
for solving specific problems using variational quantum
algorithms.

@ Springer

2.2 Expressibility

Ansatz expressibility is a fundamental concept in quantum
computing that describes the ability of a parametrized quan-
tum circuit to explore the space of quantum states or the
associated energy landscape.

The underlying intuition is that a highly expressive cir-
cuit is more likely to capture the optimal solution to a given
problem, as it can explore a broader portion of the solution
space. However, circuits with high expressibility have been
shown to be more susceptible to the barren plateau phenom-
enon (Holmes et al. 2022), which leads to vanishing gra-
dients and training difficulties, especially as the number of
qubits increases. Thus, understanding expressibility is cru-
cial for guiding ansatz design, allowing to balance expres-
sive power with trainability.

Several notions of expressibility have been proposed in
the literature (Wu et al. 2021; Funcke et al. 2021; Du et al.
2022b; Ghosh et al. 2023). In this work, we adopt a defini-
tion based on the ability of an ansatz to generate quantum
states or associated energies uniformly over the entire solu-
tion space (Sim et al. 2019; Holmes et al. 2022).

2.2.1 Haar measure and expressibility

Following prior studies, we quantify the uniformity
in exploring the solution space using the Haar mea-
sure (Meckes 2019; Collins and Sniady 2006; Simon 1996),
which induces a uniform probability distribution over the
unitary group U (d), consisting of all d X d unitary matri-
ces (Mele 2024). Sampling d-dimensional unitary operators
from the Haar measure ensures that each element of U (d) is
selected with equal probability.

In quantum computing, applying a unitary operator
sampled from the Haar measure to a fixed reference state
(typically |0)) produces a quantum state that is itself Haar-
distributed. Consequently, the Haar measure induces a uni-
form distribution over quantum states in the Hilbert space.
The expressibility of a parametrized quantum circuit can
therefore be assessed by comparing the distribution of its
output states to this Haar-induced distribution. The closer
the match, the higher the expressibility of the circuit.

This approach was originally introduced in a problem-
independent setting by Sim et al. (2019), and later extended
to a problem-dependent formulation by Holmes et al.
(2022). To clarify the connection, we begin by present-
ing the general formulation in Holmes et al. (2022), from
which two specific cases are derived. The first corresponds
to the original, problem-independent definition in Sim et al.
(2019), while the second introduces a problem-dependent
metric that constitutes the primary focus of this work.
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Given a parametrized ansatz with associated unitary
matrix U, we denote by C(U) the set of unitary operators
generated by varying its parameters, i.e.,,

C(U) = {U(0) ] 0 € O).

To quantify the deviation of the distribution induced by
C(U) from Haar uniformity, Holmes et al. (2022) intro-
duced the following superoperator:

AD() =

®t(\ (/& _
[ VO /

AWW® () (WT)®",
o) ()W, )

where Vis a generic element of the unitary group U (d), with
d = 2" for a system of n qubits. The symbol pz denotes
the Haar measure over U(d), while W is a generic circuit
sampled from the ensemble C(U), and dW represents the
measure induced by uniform sampling from the ansatz-

generated ensemble C(U). If Ag)(~) = 0, then averaging

over elements of C(U) agrees with averaging over elements

of the Haar distribution over ¢(d) up to the t-th moment.

For our purposes it is sufficient to consider the behaviour

of Ag’) (+), for t = 2. Henceforth, we drop the t-superscript,

ie, Ay(-) = AP,

By evaluating the superoperator Ay (-) on specific input
operators and computing its 2-norm, we obtain different
notions of expressibility. Two commonly used choices are
p®2, where p :=|0)(0|, and H®?2, where H is the problem
Hamiltonian. These choices lead to two distinct metrics,
referred to as state expressibility and Hamiltonian express-
ibility, defined as follows:

o State expressibility: °(U):= ||Ay(p®?)]|,. This
metric is obtained by applying Eq. 2 to p®2 = |0)(0|®?
and measures how uniformly the ansatz explores the
Hilbert space of quantum states, which corresponds to
the original formulation in Sim et al. (2019).

e Hamiltonian expressibility:
e (U, H) := || Ay (H®?)||,,. This metric is obtained by
applying Eq. 2 to H®? and quantifies how uniformly
the ansatz explores the energy landscape defined by the
problem Hamiltonian H. This metric is the primary fo-
cus of the present work.

2.2.2 Frame potential formulation

Hamiltonian expressibility can also be formulated in terms
of frame potentials (Roberts and Yoshida 2017), which pro-
vide a convenient way to quantify how closely a distribution
of unitaries approximates the Haar measure.

To this purpose, we define the ansatz-Hamiltonian frame
potential as:

FU,H) = /O ' /@ T [HUT (@)U (6" HU (0")U(0')]* d6'd6", 3)

where Tr(-) denotes the trace operator.
The corresponding Haar-Hamiltonian frame potential is
given by:

Fitaar(H) 1= / / B[HWTVHVTW]Zd/z,H(W)dp,H(V), 4)
U(d) Ju(d)

where the integrals are taken over the Haar measure pf on
the unitary group U(d).

Using these definitions, Hamiltonian expressibility can
be expressed as:

MU, H) = /F(U,H) — Fitaar(H). (5)

In particular, for an n-qubit system, the Haar-Hamiltonian
frame potential admits a closed-form expression (Holmes et
al. 2022):

Tr[H]* + Tr[H?)? B 2Tr[H2|Tr[H)?

FHaar(H) = 22n _ 1 271(2271 _ 1)

(6)

By definition, F(U, H) > Figaar(H), with equality if and
only if the ansatz is maximally Hamiltonian-expressive for
H. Accordingly, a smaller value of ¢ (U, H ) indicates higher
Hamiltonian expressibility, with e (U, H) = 0 correspond-
ing to the case of an ansatz with maximal expressibility.

Hamiltonian expressibility ratio Frame potentials can also
be used to define an alternative expressibility-related metric
that reduces sensitivity to the magnitude of the Hamiltonian
norm. Following Holmes et al. (2022), we adopt the Hamil-
tonian expressibility ratio, defined as:

F(U,H
YU H) == ]_-Hiar(H)) (7

This ratio satisfies v (U, H) > 1, with equality if and only
if the ansatz ensemble exactly matches the Haar distribution
in terms of its frame potential. Lower values of v* thus
indicate higher Hamiltonian expressibility.

2.2.3 Expressibility and barren plateaus

Theoretical studies (Holmes et al. 2022) have established
a direct connection between circuit expressibility and the
variance of the cost function gradient in variational quan-
tum algorithms. Specifically, under certain conditions, this
variance is upper-bounded by both state and Hamiltonian
expressibility, up to a constant factor. As a result, circuits
with low expressibility values (i.e., highly expressive

@ Springer
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ansétze) tend to exhibit vanishing gradients, thereby hinder-
ing their trainability.

This observation highlights a critical trade-off: high
expressibility enhances the circuit’s ability to explore the
solution space effectively, but simultaneously increases the
risk of barren plateaus. Consequently, achieving optimal
results requires a careful balance between exploration capa-
bility and trainability.

Determining when high expressibility is beneficial and
when it hinders training remains an open research question.
While existing studies suggest that limiting expressibility
can help mitigate barren plateaus and improve trainability,
the optimal trade-off between exploration capability and
result quality appears to be highly problem-dependent and
is not yet fully understood. In this work, we aim to con-
tribute to this understanding by empirically investigating
the relationship between Hamiltonian expressibility and the
effectiveness of variational quantum algorithms.

3 Methods

In this section, we present the experimental methodology
employed in our study. We begin by describing the quan-
tum circuits and problem instances under consideration.
Subsequently, we detail the Monte Carlo procedure used
to estimate the Hamiltonian expressibility and the Hamil-
tonian expressibility ratio of a given ansatz with respect to
each problem Hamiltonian. Finally, we describe the specific
choices for the implementation of the VQE algorithm and
the approach used for correlation analysis.

3.1 Circuits and Hamiltonians

In this section, we describe the circuits utilized in our analy-
sis and offer a comprehensive overview of the Hamiltonian
operators selected to ensure a diversified dataset for our
study.

3.1.1 Circuits

We adopt the set of parametrized circuits originally intro-
duced in Sim et al. (2019), which are inspired by earlier
works, including Sousa and Ramos (2006), Romero et al.
(2017), Johnson et al. (2017), Wilson et al. (2019), Kan-
dala et al. (2017), Geller (2018), and Schuld et al. (2020). In
particular, some of these circuits were originally proposed
for applications such as quantum autoencoders, quantum
error correction, and quantum classification algorithms,
indicating that they cover a wide variety of applications.
Each circuit in the set operates on 4 qubits, with the number
of layers ranging from 1 to 5. Given that the set comprises

@ Springer

19 distinct circuit architectures, this yields a total of 95
circuit instances evaluated and trained at the 4-qubit level.
All circuits are built with one- and two-qubit gates, both
parametric and non-parametric. The parametric gates con-
sist of single-qubit rotations (Rx, Ry, Rz) and controlled
rotations. A detailed description of the circuit structures is
provided in Appendix A.

To investigate expressibility at larger system sizes, we
extend these circuits to 8 qubits by appropriately modify-
ing their structure while preserving their original design
principles. Specifically, the same structural patterns are
maintained: for example, if a 4-qubit circuit includes a layer
of single-qubit X gates (one per qubit), the correspond-
ing 8-qubit circuit features the same pattern applied to all
qubits. Similarly, if the original circuit contains controlled
rotations arranged in a ring topology, this structure is con-
sistently mapped onto the 8-qubit system. For this setting,
we retain only a single layer per circuit in order to limit
circuit depth and computational cost. This extension results
in an additional 19 circuits.

3.1.2 Problem Hamiltonians

Our dataset of Hamiltonian matrices includes approximately
equal numbers of diagonal and non-diagonal instances,
enabling us to explore potential differences between the two
categories.

Diagonal Hamiltonians are characterized by having opti-
mal solutions that are always basis states. In contrast, non-
diagonal Hamiltonians generally admit ground states that
are superpositions, although this is not guaranteed; some
non-diagonal Hamiltonians may still have basis states as
their minimum-energy eigenvectors.

This distinction allows us to further classify Hamiltoni-
ans based on the nature of their ground states: we refer to
those with basis state solutions as basis state Hamiltonians,
and those whose ground states are superpositions as super-
position state Hamiltonians. Although this classification is
determined a posteriori, since the nature of the ground state
for non-diagonal Hamiltonians is not known in advance, it
nonetheless offers a valuable perspective for interpreting the
results of our analysis.

Within the diagonal category, we include well-known
QUBO problems such as Maximum Cut, Minimum Vertex
Cover, and Maximum Clique. The non-diagonal category
features Hamiltonians derived from the Heisenberg XXZ
model, the Transverse Field Ising model, and the Adiabatic
problem. The detailed descriptions and theoretical formula-
tions of these problems are provided in Appendix B.

In addition to these well-established Hamiltonians, we
also generate random Hamiltonians, both diagonal and non-
diagonal. This inclusion allows us to analyse a wider class of
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Table 1 Composition of the set of Hamiltonian matrices used for the

experiments in the 4-qubit case

Table 2 Composition of the set of Hamiltonian matrices used for the

experiments in the 8-qubit case

Problem Class #
Instances

Implementation Details

Maximum Cut 10
Minimum Vertex 10
Cover

Maximum Clique 10

Random 60
Diagonal

Heisenberg XXZ 23

Transverse Field 24

Ising
Adiabatic 36
Random 60

Non-Diagonal

Underlying graphs covering all pos-
sible 4-node topologies.

Penalty p = 8, covering all possible
4-node topologies

Underlying graphs covering all pos-
sible 4-node topologies.

20 with elements sampled uni-
formly from the interval [—10, 10]

, 20 with elements sampled from a
normal distribution (© = 0, 0 = 4
), truncated to the interval [—10, 10]
, 20 with elements sampled from a
log-uniform distribution over [a, b],
where a and b are chosen such that
the final values lie within [—10, 10].

Anisotropy parameter

A e {-1.5,-1,-0.5,0.5,1,1.5}
and coupling strengths g deter-
mined by g. = 2(1 + A): specifi-
Cally7 g€ {_gCa _96/27 96/27 gC}
when g. # 0,and g € {—1,0,1}
when g. =0

Interaction strengths
Je{-1,-0.5,0.5,1}

and transverse fields

g€ {-15,-1,-0.5,0.5,1,1.5}
Derived from the three previously
mentioned QUBO problems, fol-
lowing the D-Wave schedule@ and
adopting 4 graph topologies (4
nodes with 3, 4, 5, and 6 edges).
Formed as linear combinations

of Pauli string matrices with real
coefficients. 20 with coefficients
sampled uniformly from the inter-
val [—10, 10], 20 with coefficients
sampled from a normal distribution
(e =0, 0 = 4), truncated to the
interval [—10, 10], 20 with coef-
ficients sampled from a log-uniform
distribution over [a, b], where a
and b are chosen such that the final
values lie within [—10, 10].

aSee the D-Wave schedule at https:/docs.dwavequantum.com/en/

latest/index.html

problem instances and to investigate expressibility-related
phenomena in greater generality. Construction details and
design rationale for these Hamiltonians are also provided in

Appendix B.

The complete set of 4-qubit Hamiltonians used in our
experiments is listed in Table 1, while Table 2 presents the
corresponding 8-qubit instances.

Problem Class # Instances

Implementation Details

Maximum Cut 20

Minimum Vertex 20

Cover

Maximum Clique 20

Random Diagonal 60

Heisenberg XXZ 23

Transverse Field 24

Ising
Adiabatic 36
Random 60

Non-Diagonal

Built from four distinct 8-node
topologies: 10 Erdés-Rényi

graphs with edge probability

p € {0.3,0.7}, 5 3-regular graphs,
and 5 Barabasi—Albert graphs with
m=2

Penalty p = 8, built from four dis-
tinct 8-node topologies: 10 Erdds-
Rényi graphs with edge probability
p € {0.3,0.7}, 5 3-regular graphs,
and 5 Barabasi—Albert graphs with
m =2

Built from four distinct 8-node
topologies: 10 Erd6s-Rényi

graphs with edge probability

p € {0.3,0.7}, 5 3-regular graphs,
and 5 Barabasi—Albert graphs with
m=2

20 with elements sampled uni-
formly from the interval [—10, 10]
, 20 with elements sampled from

a normal distribution (¢ = 0,

o = 4), truncated to the inter-

val [—10, 10], 20 with elements
sampled from a log-uniform
distribution over [a, b], where a
and b are chosen such that the final
values lie within [—10, 10].
Anisotropy parameter

A€ {-1.5,-1,-0.5,0.5,1,1.5}
and coupling strengths g deter-
mined by g. = 2(1 + A): specifi-
Cally’ g€ {_gc7 _gﬁ/za gc/27 gC}
when g # 0,and g € {—1,0,1}
when g. =0

Interaction strengths
Je{-1,-0.5,0.5,1}

and transverse fields

g€ {-15,-1,-0.5,0.5,1,1.5}
Derived from the three previously
mentioned QUBO problem, fol-
lowing the D-Wave schedule and
adopting 4 graph topologies (4
nodes with 3, 4, 5, and 6 edges).
Formed as linear combinations

of Pauli string matrices with real
coefficients. 20 with coefficients
sampled uniformly from the inter-
val [—10, 10], 20 with coefficients
sampled from a normal distribution
(u =0, 0 = 4), truncated to the
interval [—10, 10], 20 with coeffi-
cients sampled from a log-uniform
distribution over [a, b], where a
and b are chosen such that the final
values lie within [—10, 10].

@ Springer


https://docs.dwavequantum.com/en/latest/index.html
https://docs.dwavequantum.com/en/latest/index.html

76 Page 8 of 35

Quantum Machine Intelligence (2026) 8:76

3.2 Expressibility estimation

To estimate the Hamiltonian expressibility and the Hamil-
tonian expressibility ratio, we adopt a Monte Carlo method
inspired by Sim et al. (2019), originally developed for com-
puting state expressibility.

Both quantities rely on the ansatz-Hamiltonian frame
potential 7% (U, H) and the Haar frame potential F7f,, (H)
, defined in Egs. 5 and 7, respectively. Since a closed-form
expression exists for Fi£, . (H) (see Eq. 6), it is sufficient to
estimate F7¢(U, H) in order to compute both metrics.

We employ a Monte Carlo sampling strategy with sample
size k. To account for the inherent statistical uncertainty of
the method, we also report confidence intervals for the esti-
mated quantities.

Given a parametrized circuit U (¢) and a fixed Hamilto-
nian H, the procedure is as follows:

1. Sampling and Circuit Generation: Generate 2k ran-
dom parameter sets:

{6%,6%,....6%

and construct the corresponding unitaries:
{U@)|i=1,...,2k}.

2. Trace Evaluation: Construct k& independent pairs
(67, 0%+%) and evaluate:

Trace; = (Tx [HUT (6" U (05T HU (0"+)U (6)])

3. Frame Potential and Uncertainty Estimation: Esti-
mate the ansatz-Hamiltonian frame potential by averag-
ing the trace values, compute the corresponding standard
deviation, and compute an estimate of the width of the
confidence interval for the frame potential, necessary for
a control on the quality of the estimate':

k
FU,H) = % ZTraceZ-,

o=

k
%Z (Trace; — F(U, H))

t7(0.995) - &

! We choose a [ = 0.99 confidence level for F*(U, H), using the
t-distribution with k£ — 1 degrees of freedom. ¢* () denotes the criti-
cal t-value at significance level o = 2 (1 + ﬁ) for k — 1 degrees of
freedom.
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4. Metric Estimation: Estimate Hamiltonian expressibil-
ity and Hamiltonian expressibility ratio, and provide the
respective confidence intervals.

e Hamiltonian Expressibility’:

(U, H) i= | F(U, H) = Futaar(H), ®)

{\/ max { F (U, H) — ert, Fitaar(H) } — Fitaar (H),

)
\/]:—(U, H) + err — ]:Haar(H):| .
e Hamiltonian Expressibility Ratio’:
\/T'.Haar( )7
max {]}(U’ H) - errfoaar(H)} ﬁ(U, H) + err
aar H ’ aar H ’
Fitaar(H) Fitaar(H) (an

The choice of the sample size £ is critical and discussed in
Appendix C.

3.2.1 Thresholds for maximal expressibility

Due to the finite nature of sampling, a statistical bias is
inherently introduced and must be accounted for. In par-
ticular, even when unitary operators are sampled from the
Haar distribution, the empirical estimates &%, (H) and
A3 ... (H) may deviate from their theoretical values of 0 and
1, respectively.

To mitigate this issue, we adopt a thresholding approach:
any circuit for which é*(U, H) < &}, (H) or, equiva-
lently, 47 (U,H) <&}, (H) is considered maximally
expressive. Further justification for this procedure is pro-
vided in Appendix D.

In rare cases, sampling fluctuations may lead to
FH(U,H) < .7-'H€m( ), resulting in an undefined value for
(U, H) andin 7" (U, H) < 1, which is theoretically inad-
missible. To address these anomalies, we introduce minor
adjustments to both metrics, as detailed in Appendix D.

2 The use of the max function in the confidence interval computation
ensures the lower bound is non-negative when subtracting the error
term.

3 The use of the max function in the confidence interval computation
ensures the lower bound does not fall below the theoretical minimum
value of 1.
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Fig. 1 Topologies selected for the VQE simulations in the 4-qubit case (left) and 8-qubit case (right)

3.3 VQE execution

This section presents the implementation details and meth-
odological choices adopted for executing the VQE algo-
rithm to solve the optimization problems associated with
the Hamiltonians described in Section 3.1.

To assess the practical relevance of Hamiltonian
expressibility in realistic scenarios, we implement the
VQE algorithm using a hypothetical quantum hardware
model that reflects constraints typically encountered in
commercially available quantum devices. Specifically, we
limit the set of available quantum gates and adopt a non—
fully connected qubit topology inspired by existing hard-
ware architectures.

Our analysis comprises two distinct scenarios. The first
assumes an ideal, noise-free environment, while the sec-
ond incorporates realistic quantum noise sources, including
decoherence effects due to limited qubit coherence times,
single- and two-qubit gate error rates, and measurement
errors.

The hardware topology and supported gate set, along
with specifications common to both scenarios, are described
in Section 3.3.1. Additional considerations specific to the
noisy setting are provided in Section 3.3.2.

3.3.1 Execution specifics
The VQE algorithm is executed in both noiseless and noisy

simulation environments. In both cases, ngnots = 1000 are
used to estimate the expectation value of each final circuit

state*. Each ansatz from the dataset introduced in Sec-
tion 3.1 is evaluated on all the problem instances described
in the same section. For each ansatz—problem pair, we per-
form 50 independent optimization runs to account for sto-
chastic variability in the training process.

In order to rule out potential dependencies or biases aris-
ing from the choice of a specific optimizer and to obtain
more robust results, we employed five different optimizers.
In particular, we used three gradient-free optimizers: COB-
YLA (Powell 1994), Powell (1964), and Nelder and Mead
(1965); and two gradient-based optimizers: SLSQP (Kraft
1988), and L-BFGS-B (Byrd et al. 1995). All optimizers are
used to minimize the expectation value of the target Ham-
iltonian. The results obtained from different optimizers are
then aggregated following a procedure described later in
this section.

To better reflect the impact of realistic hardware con-
straints, we adopt non—fully connected qubit topologies for
both the 4- and 8-qubit configurations, as shown in Fig. 1.
These topologies are inspired by the architecture of com-
mercially available quantum processors and account for the
limited qubit connectivity that characterizes current NISQ
devices. In addition, we restrict the available gate set to the
default basis gates defined by Qiskit, namely Id, R., V' X,
X, and CX. This choice ensures compatibility with typical
hardware-native gate sets and facilitates comparisons under
realistic constraints.

* The VQE implementation is based on the qiskit algorithms library:
https://github.com/qiskit-community/qiskit-algorithms

@ Springer


https://github.com/qiskit-community/qiskit-algorithms
https://github.com/qiskit-community/qiskit-algorithms

76 Page 10 of 35

Quantum Machine Intelligence (2026) 8:76

Approximation ratio To assess solution quality, we adopt
the normalized approximation ratio A.R., defined by:

L <H>* - <H>max
AR o <H>min - <I{>max7 (12)

where (H)pin and (H ) pax are the minimum and maximum
achievable expectation values of the Hamiltonian, respec-
tively, and (H)* is the estimated expectation value defined
in Eq. 1, obtained from circuit sampling.

This metric approaches 1 when (H)* is close to (H )min
, indicating that the circuit is effectively sampling states
with near-optimal energies. To ensure that the ratio is well-
defined and bounded within the interval [0, 1], the quan-
tity (H)max 1s subtracted from both the numerator and the
denominator. Notably, in the specific case of the Maximum
Cut problem, we have (H)pax = 0.

We emphasize that this metric is used exclusively for bench-
marking purposes, as it requires prior knowledge of both the
exact minimum and maximum values of the objective func-
tion, which are generally unavailable in practical applications.

For each circuit—problem pair (U, H), each of the 5 opti-
mizers is used to perform 10 independent optimization runs,
corresponding to a total of 50 optimizations per circuit—prob-
lem pair. Out of these 50 runs, we first discard the 10 with
the worst normalized approximation ratio, in order to discard
unsuccessful optimization runs due to bad initializations, and
then report the average normalized approximation ratio across
the remaining 40 optimization runs, denoted A.R.(U, H),
together with the corresponding standard deviation.

3.3.2 Noisy setting specifics

In the noisy setting, the analysis is restricted to 4-qubit sys-
tems. We employ a Qiskit noise model designed to emulate
a generic quantum backend, incorporating realistic noise
sources such as qubit decoherence, gate infidelities, and read-
out errors. Specifically, the noise level is controlled by four
parameters: the relaxation time 71, the dephasing time 7%, the
error rate of single-qubit gates and measurements erry , and the
error rate of two-qubit gates errq. For simplicity, we assume
Ty =T5 in all simulations and impose erre = 25 X erry
. Both assumptions are realistic and commonly observed in
current quantum hardware (Loschnauer et al. 2024; Shi 2022;
AbuGhanem 2025; Evered et al. 2023). In our main analy-
sis, we set the noise parameters as follows: 77 = 200us,
Ty = 200us, err; = 1.6 x 1074, erry = 4 x 1073,

Error rate metric Each of the parameters mentioned above
affects the level of noise present during the execution of the
VQE algorithm and, consequently, introduces a certain amount
of error into the final results. By adjusting these four parameters
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together, it is possible to simulate different noise levels, each of
which impacts the simulation outcomes in distinct ways. To
effectively characterize and control the overall noise in the sys-
tem, it is useful to define a single, unified metric that reflects
the backend’s error rate and depends on these parameters. By
calculating the value of this metric, we can then estimate the
amount of noise introduced during execution, and tune the
parameters accordingly in order to gradually add in noise.

In our case, the error rate is determined by the default noise
model generated by the GenericBackendV2 class in Qiskit.
When creating the backend, we can specify the noise param-
eters, T, Ts, erry, and erre, which are used to construct
a noise model based on their values. In the following, we
describe how Qiskit builds this noise model in order to derive
a single, representative metric for the backend’s error rate.

First, for each type of gate g supported by the backend,
the noise model specifies the corresponding type of noise
to be applied during circuit execution. Two scenarios are
possible:

e The gate is deterministically affected by a quantum
noise channel, represented by a set of Kraus operators.
In this case, the effective operation is a fixed noisy ver-
sion of the gate.

e Alternatively, the gate is randomly sampled from a finite
set of noisy variants according to a probability distribu-
tion. This set includes the ideal gate g, and some per-
turbed versions.

This choice, deterministic or probabilistic, is fixed for each gate
g and remains the same every time the gate is applied within
a given execution. However, the specific Kraus operators and
distribution of noisy gates depend on the qubits the gate acts
upon, meaning that the same logical gate may exhibit different
noise models if applied to different target qubits. It follows that,
if g is a single-qubit gate, a different noise profile, whether rep-
resented by a set of Kraus operators or by a probability distri-
bution over noisy variants, is defined for every possible target
qubit g;. Likewise, if g is a two-qubit gate, the noise model,
either Kraus-based or probabilistic, varies depending on the
specific qubit pair (i, j) g acts upon. We note that, since many
of the gates used in our circuits are controlled two-qubit gates,
the noise model also depends on which qubit has the role of
control and which has the role of target. This means that a two-
qubit gate g will have different noise models when applied as
9(gi, q;) compared to when applied as g(g;, ¢;).

From now on we will denote with g (g, ¢;) the Kraus ver-
sion of the theoretical single-qubit gate g acting on qubit g;
and with P(g, g;) the probability of sampling and implement-
ing the ideal gate g, out of the set of noisy versions. Similarly,
we will denote with gx(g, ¢;, g;) the Kraus version of the
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theoretical two-qubit gate g acting on qubits ¢; and g;, and
with P(g, ¢;, g;) the probability of sampling and implement-
ing the ideal gate g, out of the set of noisy versions.

Based on this information, we can then define a quantity
that describes the accuracy of the generic single-qubit gate
g when applied to qubit g;.

\._J F(g9,9x(9,4:)) if Kraus-induced noise, 13
m(g, ai) = { P(g,qi otherwise, (13)
And similarly, the accuracy of the generic two-qubit gate g
when applied to qubits g¢;, g;.

- \v._ J F(9,91(g9,4i,q;)) if Kraus-induced noise, (14
12(9, (43, 45)) '*{P(g,qi,qj) D) s (14)

where F'(-,-) denotes the average gate fidelity (Bowdrey et
al. 2002), in our case between the ideal gates g' or g% and
their Kraus noisy implementation.

At this point, we can define the average gate accuracy.
Denoting by N the total number of gates applicable on the
backend, which depends on the set of available gates and the
topology, with G; and G5 the sets of available single and
two-qubit gates respectively, with n the number of qubits
and E the set of edges in the topology, it is defined as:

S an_:m(g,q, + 3> mio@ng)) |, (1D
N

geG, i=0 9€Ga (i,j)EE

In addition to gate noise, each qubit’s measurement is sub-
ject to readout error. This is modelled by a set of condi-
tional probabilities describing the likelihood of observing
each possible measurement outcome, given the actual state
of each qubit g;

P(M(qi) =01qi=|0))
|

P(M(q;) =01q = 1)),
P(M(g:) =114 = I1)-

0)), P(M(g:)=1]gq =11))

Through these values, the definition of conditional probabil-
ity, and assuming for simplicity that over all measurements
in each execution we have P(q; = |0)) = P(q; = |1)) = 5
for each qubit ¢;, we can define 4, which denotes the aver-
age measurement accuracy across the n qubits:

=115 > PM(a)=Fk|a=Ik) (16)

i=1" ke{0,1}

DN | =

At this point, we combine the information on gate fidelity
and measurement accuracy to define a metric for the aver-
age error rate Err of a simulated backend configured with
parameters 11, 15, erry, and erry as:

Err:=1— (n x9), 17

This metric enables us, during the simulation phase, to anal-
yse how the results of the correlation analysis discussed in
Section 3.4 evolve as the average error rate Err increases.
In particular, it allows us to investigate whether and how the
correlation coefficients change as noise is gradually intro-
duced, transitioning from the ideal case to the noisy setting
described at the beginning of this section.

3.4 Correlation analysis

To investigate potential relationships between Hamiltonian
expressibility (or Hamiltonian expressibility ratio) and the
quality of the solutions obtained using the VQE algorithm
described in Section 3.3, we compute a set of correlation
coefficients and mutual information scores.

3.4.1 Measures of correlation and mutual information

We briefly review the statistical measures employed, each
defined for a pair of general metrics evaluated over a data-
set. The sets of values corresponding to each metric across
the dataset are denoted by the vectors x and y.

e Pearson correlation coefficient (Pearson 1896),
denoted 7,(z,y), quantifies the strength and direc-
tion of linear relationships. Values range from 1
(perfect positive linear correlation) to —1 (perfect
negative linear correlation), with 0 indicating no lin-
ear dependence.

e Spearman correlation coefficient (Spearman 1904),
denoted r4(x,y), captures monotonic relationships
by computing the Pearson coefficient on ranked vari-
ables. A value of 1 indicates a strictly increasing
monotonic trend, —1 indicates a strictly decreasing
trend, and 0 suggests the absence of any monotonic
relationship.

e Kendall’s Tau (Kendall 1938), denoted 7(z,y), also
evaluates monotonic associations but is based on the
count of concordant and discordant pairs® Kendall’s Tau
is generally considered more robust to ties and outliers
compared to Spearman’s coefficient.

e Mutual information (Cover and Thomas 2006), de-
noted I(x, y), measures the amount of shared informa-
tion between two variables. It is always non-negative

5 A pair of observations (z;,v;) and (x;,y;) is said to be concordant
if the orderings of both x and y agree, i.e., if (x; — z;)(y; —vi) >0
. Conversely, the pair is discordant if the orderings disagree, i.e., if
(75 —2:)(y; —yi) <O.
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and unbounded above. A mutual information value close
to zero implies near independence, while larger values
indicate stronger dependence.

3.4.2 Correlation analysis specifics

For each ansatz U(f) and each problem Hamiltonian H
from the datasets described in Section 3.1, we compute
the Pearson, Spearman, and Kendall Tau correlation coef-
ficients between:

e the Hamiltonian expressibility ¢” (U, H) and the aver-
age normalized approximation ratio A.R.(U, H),

e the Hamiltonian expressibility ratio v*(U, H) and
AR.(UH).

The results are aggregated across problem instances belong-
ing to the same problem class by reporting the mean and
standard deviation of each correlation coefficient. The prob-
lem classes, as introduced in Section 3.1, include Maximum
Cut, Minimum Vertex Cover, Maximum Clique, Random
Diagonal, Heisenberg XXZ, Transverse Ising Field, Adia-
batic, and Random Non-Diagonal.

To facilitate a higher-level interpretation of the results,
we further group the Hamiltonians according to two broad
criteria:

e Diagonal vs. non-diagonal: this criterion distin-
guishes between Hamiltonians that are diagonal in the
computational basis (e.g., Maximum Cut, Minimum
Vertex Cover, Maximum Clique, Random Diago-
nal) and those that are not diagonal (e.g., Heisenberg
XXZ, Transverse Ising Field, Adiabatic, Random
Non-Diagonal).

e Basis state vs. superposition ground states: this classi-
fication depends on whether the ground state is expected
to be a basis state (as is always the case for diagonal
Hamiltonians and some instances of Heisenberg XXZ)
or a superposition state (non-diagonal Hamiltonians, ex-
cluding specific Heisenberg instances).

Lastly, we compute mutual information scores between
(U, H) (or y*(U, H)) and A.R.(U, H) to quantify the
amount of information each expressibility metric provides
about VQE results. This complementary analysis captures
non-linear and non-monotonic dependencies and offers an
additional perspective on the predictive relevance of each
expressibility measure.
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4 Results and discussion

In this section, we present our findings. The experiments
were split into two stages. In the first stage, the Hamiltonian
expressibility and the Hamiltonian expressibility ratio were
estimated for each 4- and 8-qubit circuit across all Hamilto-
nians in our dataset.

In the second stage, the VQE algorithm was executed on the
same set of circuits and Hamiltonians under different settings.
In the ideal setting, 95 circuits with 4 qubits and 19 circuits
with 8 qubits were optimized over 233 and 263 different Ham-
iltonians, respectively, using the VQE algorithm. As described
in Section 3.3, each optimization involved 10 independent runs
with 5 different optimizers. Overall, the ideal setting required
more than 1.3 million VQE simulations. In the noisy setting, 95
circuits with 4 qubits were optimized over 233 different Hamil-
tonians using the VQE algorithm. In total, this setting required
more than 1.1 million VQE noisy simulations.

Section 4.1 discusses the estimates of Hamiltonian
expressibility and Hamiltonian expressibility ratio, while
Section 4.2 examines the correlations between these met-
rics, introduced in Section 2.2, and the average normalized
approximation ratio defined in Section 3.3.

4.1 Hamiltonian expressibility analysis

This section presents our findings on the estimation of the
expressibility metrics for all circuits and problem classes
from Section 3.1, focusing on layer dependence and circuit
expressiveness per problem class.

4.1.1 Relationship with depth

Firstly, we observe that the Hamiltonian expressibility of a
circuit improves as the number of layers increases. Specifi-
cally, as partially shown in Fig. 2, we note that the Hamilto-
nian expressibility values for all circuits of 4 qubits decrease
with the increase of the number of layers. However, this
decrease may plateau before reaching the minimum (as seen
in Circuit 1 in Fig. 2), around the threshold (Circuit 2), or
immediately after exceeding the maximum expressibility
threshold (Circuit 5) which is derived from sampling Haar
uniform unitaries, as described in Section 3.2 and Appen-
dix D. Circuit 3 may require additional layers, but it is
expected to eventually reach saturation. Although the graph
presents results for a specific instance of the Adiabatic prob-
lem, similar trends of decreasing Hamiltonian expressibility
are observed for all Hamiltonians in the dataset presented in
Section 3.1.



Quantum Machine Intelligence (2026) 8:76

Page 13 0f35 76

Circuit 1 on a Adiabatic instance

Circuit 2 on a Adiabatic instance

15 A

10

Hamiltonian Expressibility

204

15 A

104

Hamiltonian Expressibility

f

1 2 3 4 5
#Layers

Circuit 3 on a Adiabatic instance

w4

3 4
#Layers

-
[NE

Circuit 5 on a Adiabatic instance

14

12 1

o
o

©

Hamiltonian Expressibility

3.0 1
251

2.0

154 T

Hamiltonian Expressibility

0.5

0.0

T T T T T
1 2 3 4 5
#Layers

Max Expressive Threshold

Fig. 2 Hamiltonian expressibility values for some of the circuits with 4
qubits on a specific instance of the Adiabatic problem, with respect to
the number of layers. Each value is plotted along with its corresponding

In some cases, increasing the number of layers does not
enhance Hamiltonian expressibility. For example, in Circuit 5,
the expressibility value appears to increase and not decrease,
after 3 layers. However, by examining the confidence interval
plotted in the graphs, it can be inferred that this behaviour is
likely due to precision errors in the expressibility, which stem
from the limited sample size. This phenomenon typically
occurs once the Hamiltonian expressibility has passed the
aforementioned threshold, indicating that the corresponding
ansatz can be considered maximally expressive. In such cases,
adding more layers becomes unnecessary, and the Hamiltonian
expressibility value starts to oscillate within the “maximally
expressive zone”, which lies between 0 and the threshold.

Similar observations apply to the Hamiltonian express-
ibility ratio. As the number of layers increases, the met-
ric value decreases (indicating improved expressibility),
approaches the theoretical minimum of 1, and saturates
before or right after the maximally expressive thresholds
(where it can potentially exhibit an oscillating behaviour).

Finally, it is noteworthy that, when the problem is either
an instance of a QUBO or Random Diagonal problem, and

T T
3 4
#Layers

-
[N
w4

—— Max Expressive

confidence interval. The orange dashed line indicates the value of Hamil-
tonian expressibility below which a circuit can be considered maximally
expressive, while the green line represents the theoretical minimum of 0

therefore when the Hamiltonian is diagonal, all circuits
achieve a high level of Hamiltonian expressibility and Ham-
iltonian expressibility ratio more quickly. In particular, the
thresholds are easily reached or even passed with fewer lay-
ers compared to scenarios with a non-diagonal Hamiltonian,
as shown in Fig. 3 for a specific instance of the MaxCut class.

4.1.2 Circuits with highest Hamiltonian expressibility for a
given problem class

Figure 4 shows the average Hamiltonian expressibility and
expressibility ratio for all 19 circuits of 4 qubits with a sin-
gle layer across all problem classes.

It is noteworthy that, while the most expressive cir-
cuits are often the same across all problem classes, there
are some instances where an ansatz may be more expres-
sive than another circuit for a particular problem class, and
less expressive than the same circuit for a different prob-
lem category. For instance, for the MaxCut class, Circuit
11 is more Hamiltonian-expressive than Circuit 10 (i.e., it
has a lower Hamiltonian expressibility value). However, for
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Fig. 3 Hamiltonian expressibility values of some of the circuits of 4
qubits on a specific instance of the MaxCut class, with respect to the
number of layers. Each value is plotted along with its corresponding
confidence interval. The orange dashed line indicates the value of

the MinVertex class, Circuit 10 is the most Hamiltonian-
expressive circuit, as Circuit 11 has a higher Hamiltonian
expressibility value.

Additionally, our results reveal that all 19 circuits achieve
better expressibility, both in terms of Hamiltonian express-
ibility and Hamiltonian expressibility ratio, when applied
to problems with a diagonal Hamiltonian. In contrast, cir-
cuits are less Hamiltonian-expressive on problems with a
non-diagonal Hamiltonian. From this, we can conclude that
diagonal problems are more easily “explorable”, meaning
that most circuits reach a level of expressibility sufficient
to explore the system’s energy space exhaustively. This is
likely due to the fact that diagonal problems are guaranteed
to have the solution in one of the basis states, making the
energy space inherently narrower and easier to navigate.
This distinction will be crucial for interpreting relationships
between expressibility and solution quality, as shown in the
next sections.
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Hamiltonian expressibility below which a circuit can be considered
maximally expressive, while the green line represents the theoretical
minimum of 0

4.2 Relationship with approximation ratio

In this section, we present the results of our correlation anal-
ysis, which aims to draw conclusions about the relationship
between a circuit’s Hamiltonian expressibility and its final
accuracy in the VQE algorithm. Section 4.2.1 analyses the
results obtained in the ideal setting, while Section 4.2.2 deals
with the noisy setting. In both scenarios, we decided to focus
on the Spearman correlation coefficient between Hamilto-
nian expressibility and the average normalized approxima-
tion ratio for all problem classes, because it was the most
effective correlation metric. The results of the Kendall-
Tau correlation are very similar to Spearman, and Pearson
proved to be very sensitive to outliers, hence the results of
these two coefficients are left in Appendix E. Similarly, we
focus on Hamiltonian expressibility and leave the results
of Hamiltonian expressibility ratio in Appendix F because
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Fig. 4 Average Hamiltonian expressibility and Hamiltonian express-
ibility ratio of all circuits of 4 qubits and with 1 layer, for all the
problem classes. Blue indicates high expressibility (i.e., Hamiltonian
expressibility near 0 or Hamiltonian expressibility ratio near 1), and
red indicates low expressibility. In the Hamiltonian expressibility heat-
map (left panel), the colour scale is normalized from 0 to the maximum

it led to similar results. Next, we focus on the differences
between problems with diagonal versus non-diagonal Ham-
iltonians, as well as between problems whose ground states
are basis states versus those requiring superposition states.
Finally, we examine the mutual information between Ham-
iltonian expressibility and solution accuracy, while that of

Average Hamiltonian Expressibility Ratio - n=4, 1 Layer
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value in each column, enabling relative comparisons within each Ham-
iltonian class. For Hamiltonian expressibility ratio (right panel), the
colour scale is normalized globally, from 1 to the overall maximum,
allowing absolute comparisons across all classes. The first four classes
have diagonal Hamiltonians, while the others have non-diagonal
Hamiltonians

Hamiltonian expressibility ratio can be found in Appendix
F. The results obtained using Hamiltonian expressibility
are also compared with those obtained using two simpler,
strictly problem-agnostic metrics: the number of parameters
of a circuit and its Parameter Dimension (Haug et al. 2021).
The results of this comparison are reported in Appendix G.
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Spearman coefficient between £”(U, H) and A.R. (U, H) - n=4, Noiseless
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Fig. 5 Average Spearman correlation coefficient between Hamilto-
nian expressibility and average normalized approximation ratio, when
adopting a noiseless setting for the VQE. The values are obtained for
circuits and problems of 4 qubits. Colouring in shades of red indi-
cates problem classes with diagonal Hamiltonians or with a basis state
solution, while blue colours represent problem classes based on non-
diagonal Hamiltonians with a superposition state solution

4.2.1 Results in the noiseless setting

In this section, we present the results of the correlation
analysis performed when the VQE algorithm was executed
under ideal conditions, as described in Section 3.3.1. The
results are reported for the 4- and 8-qubit circuits and prob-
lems introduced in Section 3.1.

Correlation coefficients in the 4-qubit case Figure 5 pres-
ents, for all problem classes considered and presented in
Section 3.1, the results of the computation of the Spearman
correlation coefficient as detailed in Section 3.4, for circuits
of 4 qubits. Note that the Heisenberg XXZ class was further
split into two subclasses, one for instances where the solu-
tion is a basis state, and the other for instances where the
solution is a superposition state.

It is important to recall that all coefficients were com-
puted between the expressibility metrics, where low val-
ues indicate good expressibility, and average normalized
approximation ratio, where high values indicate a high
accuracy. Therefore, any negative value of the coefficient
suggests a monotonically decreasing (Spearman, Kendall
Tau) or linearly decreasing (Pearson) relationship between
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the expressibility metric considered and accuracy in the
VQE algorithm. In this case, lower values of the metric
(better expressibility) correlate with a higher normalized
approximation ratio (better accuracy). Conversely, positive
correlation coefficients suggest the opposite: less expressive
circuits will result in higher solution accuracy.

As shown in Fig. 5, different problem classes exhibit vary-
ing levels of correlation between expressibility and accuracy.
Furthermore, we observe a substantial difference in the val-
ues of the Spearman coefficient between the problem classes
based on a diagonal Hamiltonian, or more generally those
whose solutions lie in a computational basis state (the first
five coloured bars in shades of red), and the problem classes
described by a non-diagonal Hamiltonian with solutions in
a superposition state (the last four, in shades of blue and
violet).

Specifically, we observe how non-diagonal problem
classes such as Ising, Heisenberg Superposition State and
Random Non-Diagonal, each of which has a superposition
state solution, show moderately or highly negative Spear-
man coefficients, reaching —0.85 in some cases. Recall that
the Spearman coefficient is designed to capture monotonic
relationships, these results imply the presence of a decreas-
ing monotonic correlation for these classes. Based on our
previous considerations, this suggests that selecting highly
Hamiltonian-expressive circuits could be beneficial for solv-
ing problems whose solutions lie in a superposition state.
The only exception is the Adiabatic class, which shows a
Spearman coefficient close to 0.

In contrast, for classes with a diagonal Hamiltonian or a
basis state solution, we observe low or moderately positive
Spearman values. In particular, there is little to no monotonic
correlation for the Random Diagonal class, and weak to mod-
erate increasing monotonic correlations for the MaxCut, Min-
Vertex, MaxClique and Heisenberg Basis State classes. This
suggests that highly Hamiltonian-expressive circuits are not
necessary for solving problems whose solutions lie in a basis
state; instead, they may even be counterproductive. In some
of these cases, in fact, it could be preferable to select circuits
with low Hamiltonian expressibility.

Trend analysis of approximation ratio vs Hamiltonian express-
ibility in the 4 qubits case To better illustrate the relationship
between Hamiltonian expressibility and the average nor-
malized approximation ratio, we report these two quantities
for all 4-qubit circuits under ideal (noiseless) conditions in
Figs. 6 and 7, for a specific instance of the Heisenberg Super-
position State class and of the MaxCut class, respectively.
Based on these sets of data, one per instance, the statistics of
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Fig. 6 Average normalized approximation ratio as a function of Ham-
iltonian expressibility of all 4-qubit circuits over a specific instance of
the Heisenberg Superposition State class, in the ideal case. Colours
indicate the base circuit pattern from which each ansatz is derived.
Ansitze built by varying the number of layers from the same pattern
share the same colour

the correlation coefficients presented in Fig. 5 are derived for
each class.

In the Heisenberg Superposition State case (Fig. 6), a
clear decreasing trend can be observed, as captured by the
Spearman correlation coefficient. It is evident that the more
Hamiltonian-expressive circuits, those on the left side of
the x-axis, achieve higher normalized approximation ratios
compared to the less expressive ones on the right.

Figure 7 shows the results for an instance of the Max-
Cut problem and is useful to explain a discrepancy observed
in basis state or diagonal problems between the Spearman
and Kendall Tau coefficients (which are close to zero or

All Circuits, MaxCut - n=4, Ideal

moderately positive) and the Pearson coefficient (which is
weakly or moderately negative, see Fig. 18 in Appendix E).

Indeed, in the full plot on the left, we clearly see a strong
outlier in the lower-right corner: a circuit with relatively
low Hamiltonian expressibility and very low approximation
ratio. This outlier heavily influences the Pearson coefficient,
which is sensitive to such points. However, the zoomed-in
plot on the right shows that most data points follow a mild
increasing trend, suggesting a positive monotonic relation-
ship. This supports the interpretation given by the Spear-
man coefficient and shows that the Pearson coefficient is
misleading in this case. We observed similar behaviour in
other diagonal or basis state problem instances, reinforcing
the conclusion that the Pearson coefficient is less useful in
such settings.

Correlation coefficients in the 8-qubit case Figure 8 shows
the results of the Spearman correlation coefficient obtained
under ideal conditions, considering 8-qubit circuits and
problems with only one layer.

Firstly, we observe that the contrast between problem
classes with basis state solutions and those with superpo-
sition state solutions, previously evident in the Spearman
and Kendall Tau coefficients, appears to diminish. Specifi-
cally, diagonal and basis state problems now show Spear-
man values closer to 0, while problems with superposition
state solutions, which had strongly negative coefficients in
the 4-qubit case, now exhibit mostly moderately negative
values. For example, the Heisenberg Superposition State
and Ising classes, which previously had Spearman values
around —0.85 and —0.45, now decrease to approximately
—0.65 and —0.3, respectively. An exception is the Random

All Circuits, MaxCut - n=4, Ideal
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Fig. 7 Average normalized approximation ratio as a function of Ham-
iltonian expressibility of all 4-qubit circuits over a specific instance of
the MaxCut class, in the ideal case. The graph on the right is a zoomed
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tern from which each ansatz is derived. Ansitze built by varying the
number of layers from the same pattern share the same colour
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Spearman coefficient between £*(U, H) and A.R. (U, H) - n=8, Noiseless
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Fig. 8 Average Spearman correlation coefficient between Hamilto-
nian expressibility and average normalized approximation ratio, when
adopting a noiseless setting for the VQE. The values are obtained for
circuits and problems of 8 qubits. Colouring in shades of red indi-
cates problem classes with diagonal Hamiltonians or with a basis state
solution, while blue colours represent problem classes based on non-
diagonal Hamiltonians with a superposition state solution

Non-Diagonal class, which retains correlation values simi-
lar to the 4-qubit case.

These results, which show a slight weakening of the
relationship between high expressibility and good results in
most superposition state problem classes, lead us to hypoth-
esize the emergence of barren plateaus (see Section 2.2),
which are well-known to be associated with high express-
ibility and can severely hinder trainability.

Consequently, for problems where low-expressibility
ansétze perform better (such as those with diagonal Ham-
iltonians or basis state solutions), it is reasonable to expect
low-expressive ansitze to remain the most useful, as the
number of qubits increases. In contrast, for problems where
high-expressibility circuits are beneficial (problems with
non-diagonal Hamiltonians or superposition state solu-
tions), the ability of such ansétze to produce better results
will likely diminish as the system size grows due to train-
ability issues induced by the possible presence of barren
plateaus.

Mutual information We now present the results, for all
problem classes considered and presented in Section 3.1, of
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the mutual information between Hamiltonian expressibility
and average normalized approximation ratio in Fig. 9.

Firstly, we observe a clear distinction between the values
for 4-qubit and 8-qubit circuits, with the former showing
much higher mutual information values. This aligns with
our previous findings on the correlation coefficients, where
we noted that Hamiltonian expressibility and Hamiltonian
expressibility ratio are more informative and useful to select
the most suitable ansétze primarily in smaller problems.

In the 4-qubit case, the distinction between diagonal
classes (or those with solutions in basis states) and non-
diagonal classes with superposition state solutions remains
clear. Specifically, we observe low mutual information
values for the former across both expressibility metrics,
suggesting that Hamiltonian expressibility carries limited
predictive power for such problems. In contrast, significantly
higher mutual information values are found for classes with
superposition state solutions. Notably, the Ising class shows
mutual information around 0.5, the Random Non-Diagonal
class reaches approximately 0.8 and the Heisenberg Super-
position State class achieves a value of 1.1. These results
further support the relevance of expressibility-based metrics
for this class of problems and highlight the potential utility
of such metrics in particular for the Heisenberg Superposi-
tion State class.

In any case, the relatively low Pearson, Spearman, and
Kendall Tau correlation coefficients observed for our met-
rics may indicate the presence of a stronger underlying
relationship between expressibility and accuracy, which
is neither linear nor monotonic. This suggests that future
research could be conducted to identify possible non-linear
dependencies, which may better capture the connection
between expressibility and results.

Basis state solution vs superposition state solution A clear
difference emerges from the results in the relationship
between Hamiltonian expressibility (and the Hamiltonian
expressibility ratio) and the quality of the final solution,
measured by the normalized approximation ratio, when
comparing problems with solutions in computational basis
states to those with solutions in superposition states. In par-
ticular, when a problem is described by a diagonal Ham-
iltonian, or by a non-diagonal one whose ground state is
still a computational basis state, circuits with Hamiltonian
expressibility close to zero, i.e., nearly maximally expres-
sive, tend to perform worse than less expressive circuits.
Conversely, when the Hamiltonian is non-diagonal and the
ground state is a more complex superposition, circuits that
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Fig. 9 Average mutual information between Hamiltonian express-
ibility and average normalized approximation ratio, when adopting a
noiseless setting for the VQE. The values are obtained for circuits and
problems of 4 and 8 qubits. Colouring in shades of red indicates prob-

are closer to being maximally expressive tend to achieve
better solution quality.

Although our results are based on a purely empirical
study, and establishing a formal theoretical link between
Hamiltonian expressibility and the average normalized
approximation ratio is a complex task which goes beyond
the scope of this work, we believe that this behaviour could
be intuitively justified by the structural differences in the
solution spaces of the two types of problems. In practice, the
exploration capability provided by a significant Hamiltonian
expressibility may be beneficial only for complex and large
solution spaces, as for problems described by non-diagonal
Hamiltonians. More specifically, Hamiltonian expressibility
appears to be related to the complexity of the final solution.
When the solution is a computational basis state, a higher
exploration capability is not only unnecessary but can even
be harmful.

lem classes with diagonal Hamiltonians or with a basis state solution,
while blue colours represent problem classes based on non-diagonal
Hamiltonians with a superposition state solution

Several further considerations can be made on this point.
First, as shown in Section 4.1.2, for problems described
by diagonal Hamiltonians, all circuits exhibit very similar
numerical values of expressibility, especially in terms of
Hamiltonian expressibility ratio and these values are typi-
cally close to 1, the theoretical minimum of such metric.
This indicates that all circuits explore the energy landscape
of the problem in a similar manner, closely replicating the
Haar-induced uniformity, and that leads to the conclusion
that such problems are more easily “explorable”. Second,
as observed in Section 4.1.1, circuits with a better Hamilto-
nian expressibility are generally deeper, and therefore have
a higher number of gates and parameters.

This explains the observed results: for problems with
simple solution spaces, such as those with diagonal Ham-
iltonians or solutions in computational basis states, highly
expressive circuits perform worse because their advan-
tage in exploration is small, while their higher complexity
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makes optimization harder. Conversely, in problems with
superposition state solutions, circuits show a wider range
of expressibility (see Section 4.1.2), and often the deeper
ones are significantly more expressive. Consequently, when
these circuits are employed to explore such a larger solution
space in search of a more complex solution, the explora-
tion advantage of more expressive (and thus deeper) circuits
is likely to outweigh the potential disadvantage associated
with a hard trainability.

In this regard, the unusual behaviour of the Adiabatic
class could still be justified. Despite involving a non-diago-
nal Hamiltonian with a superposition ground state, it shows
a weaker Spearman correlation compared to similar cases.
However, this can still be consistent with our interpretation.
As detailed in Appendix B its Hamiltonian can be seen as a
weighted combination of a diagonal Hamiltonian (from the
underlying QUBO problem) and a non-diagonal one with a
superposition solution (a Pauli-X string). This makes it an
intermediate case between “simple” and “complex” prob-
lems. By varying the coefficients, the problem shifts between
these two regimes, which explains why its Spearman coef-
ficient lies roughly between the ones of the two categories.

4.2.2 Results in the noisy setting

In this section, we present the results of the correlation
analysis performed when the VQE algorithm was executed
under noisy conditions, as described in Section 3.3.2. The
analysis is conducted on the 4-qubit circuits and problem
instances introduced in Section 3.1. Specifically, we first
compare the noisy-setting correlation coefficients with
those obtained in the ideal case, focusing on the Spearman
coefficient between Hamiltonian expressibility and the aver-
age normalized approximation ratio. Details on the other
coefficients and on the correlations involving Hamiltonian
expressibility ratio are presented in Appendices E and F.
Then, we illustrate the observed relationship between Ham-
iltonian expressibility and the average normalized approxi-
mation ratio through selected examples. Finally, using the
average error rate metric defined in Eq. 17, we investigate
how the correlation coefficients evolve as the level of noise
increases.

Correlation coefficients Figure 10 reports the Spearman
correlation coefficient computed as described in Section 3.4
for the 4-qubit circuits under the noisy conditions defined in
Section 3.3.2. The graph shows a significant deviation from
the ideal case, clearly illustrating how the introduction of
noise radically changes the situation.

Most notably, the clear distinction observed in the ideal
case between diagonal classes (or those with ground-state
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Fig. 10 Average Spearman correlation coefficient between Hamilto-
nian expressibility and average normalized approximation ratio, when
adopting a noisy setting for the VQE. The values are obtained for cir-
cuits and problems of 4 qubits. Colouring in shades of red indicates
problem classes with diagonal Hamiltonians or with a basis state solu-
tion, while blue colours represent problem classes based on non-diag-
onal Hamiltonians with a superposition state solution

solutions, shown in shades of red) and classes with super-
position state solutions (shown in shades of blue and violet)
seems to disappear under noisy conditions. Compared to
the ideal setting, we observe a strengthening of the positive
monotonic correlation in the diagonal problem classes. The
Spearman coefficients are significantly higher, indicating
that in these cases, the use of highly Hamiltonian-expressive
circuits should be avoided. In contrast, for non-diagonal
classes, the Spearman coefficients, previously moderately
or strongly negative under ideal conditions, now exhibit
low or even moderately positive values. The decreasing
monotonic correlation observed in the ideal case, which led
us to recommend the use of highly expressive circuits for
such problems, now appears significantly weaker or even
reversed.

Trend analysis of approximation ratio vs Hamiltonian express-
ibility To better understand the effects of noise on the rela-
tionship between Hamiltonian expressibility and the average
normalized approximation ratio, Fig. 11 reports these quan-
tities for a representative instance of the MinVertex class,
while Fig. 12 reports them for representative instances of the
Ising and Heisenberg Superposition State classes.

For the MinVertex class, which is representative of all
the diagonal problem classes, Fig. 11 shows a generally
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Fig. 11 Average normalized approximation ratio as a function of Ham-
iltonian expressibility of all 4-qubit circuits over a specific instance of
the MinVertex class, in the noisy case. Colours indicate the base circuit
pattern from which each ansatz is derived. Ansétze built by varying the
number of layers from the same pattern share the same colour

increasing trend, apart from a few outliers, with a steep ini-
tial rise that gradually levels off.

For the non-diagonal classes, we observe two distinct
trends: one shared by the Ising and Adiabatic classes, and
another characteristic of the Heisenberg Superposition State
and Random Non-Diagonal classes. Figure 12 illustrates
examples of both of these patterns.

For the Ising class, the trend closely resembles that
observed in diagonal problems: a steep initial increase in
A.R. as expressibility improves, followed by a plateau.
In contrast, the Heisenberg class exhibits a different pat-
tern. Here, the A.R. increases rapidly with expressibility,
reaches a peak at an intermediate expressibility level, and
then declines. Since lower numerical values of Hamiltonian
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Fig. 12 Average normalized approximation ratio as a function of Ham-
iltonian expressibility of all 4-qubit circuits over a specific instance of
the Ising class (left panel) and over a specific instance of the Heisen-
berg Superposition State class (right panel), in the noisy case. Colours

expressibility correspond to higher expressibility, this sug-
gests that increasing expressibility is beneficial initially, but
then becomes less so when circuits are too expressive. A
similar bell-shaped behaviour, with varying sharpness, is
observed across all instances of the Heisenberg Superposi-
tion State and Random Non-Diagonal classes.

The origin of this bell-shaped trend is likely due to the
greater A.R. degradation experienced by highly expressive
circuits under noisy conditions. These circuits are gener-
ally more complex, involving deeper structures and a larger
number of two-qubit gates, making them more susceptible
to noise. In contrast, weakly expressive circuits tend to be
simpler and shallower, and are therefore less affected by
noise.

In any case, it is evident that there exists an optimal range
of Hamiltonian expressibility which allows one to achieve
good A.R. on these types of problems. The ideal circuit
should be sufficiently complex to be expressive enough and
able to explore the relevant solution space, but at the same
time not too complex as it would suffer significant degra-
dation due to noise. Determining where this optimal range
lies, whether it depends on individual problem instances or
more broadly on the problem class, and, more generally,
understanding the precise relationship between Hamilto-
nian expressibility and the average normalized approxima-
tion ratio underlying these bell-shaped trends, are important
directions for future research.

Overall, these findings highlight the relevance of the
Hamiltonian expressibility metric for the Heisenberg Super-
position State and Random Non-Diagonal classes even in
noisy scenarios. However, unlike in the ideal setting, its
practical application here is not as straightforward as in the
ideal case.
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indicate the base circuit pattern from which each ansatz is derived.
Ansitze built by varying the number of layers from the same pattern
share the same colour
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Fig. 13 Trend of all correlation coefficients between average normal-
ized approximation ratio and Hamiltonian expressibility, as a function
of the average error rate of the backend adopted. All coefficients are
evaluated on a specific instance of the Heisenberg Superposition State
class, with all circuits of 4 qubits. Darker coloured points represent the
values of the ideal case

Evolution of correlation coefficients with increasing
noise To investigate how the transition from ideal to noisy
conditions affects the relationship between expressibility
and A.R. (as expressed by the correlation coefficients), we
employ the error rate metric defined in Eq. 17 to analyse
how these coefficients evolve as the level of noise increases.

Figure 13 shows the evolution of Pearson, Spearman, and
Kendall Tau coefficients as the average hardware-induced
error rate increases, on a specific instance of the Heisenberg
Superposition State class. Note that the rightmost data point
corresponds to the previously analysed noisy case with
noise parameters 17 = T5 = 200us, err; = 1.6 X 1074
, and erry = 4 x 1073, yielding an average error rate of
approximately 3.3 x 1073,

From this graph, we observe that as the error rate
increases, the correlation coefficients transition from mod-
erately negative values to approximately +0.1, following a
nearly linear and gradual trend. In the ideal case, for the
Heisenberg Superposition State class (as for most problems
whose solutions lie in superposition states), we previously
observed a decreasing trend between the average normalized
approximation ratio and Hamiltonian expressibility (Fig. 6).
In contrast, the noisy case revealed a bell-shaped relation-
ship (Fig. 12). These results suggest that the emergence of
the bell-shaped trend occurs gradually as noise increases.

This hypothesis is supported by Fig. 14, which shows the
same relationship for all circuits applied to a Heisenberg
Superposition State instance under intermediate noise con-
ditions. In this case, the average error rate is approximately
1.5 x 1073, lower than that used in the previously analysed
noisy setting. Under these conditions, the bell-shaped curve
remains visible, but is less pronounced.
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Fig. 14 Average normalized approximation ratio as a function of Ham-
iltonian expressibility of all 4-qubit circuits over a specific instance of
the Heisenberg Superposition State class, with an intermediate level of
noise. Colours indicate the base circuit pattern from which each ansatz
is derived. Ansitze built by varying the number of layers from the
same pattern share the same colour. The average error rate is approxi-
mately 1.3 x 1073, given by noise parameters T} = T5 = 40045
serry =4 x 1075, anderry =1 x 1073

Based on these results, we conclude that the findings
presented in Section 4.2.1, which support the use of highly
Hamiltonian-expressive circuits for problems with non-
diagonal Hamiltonians or superposition state solutions,
remain valid in scenarios with very low (though not neces-
sarily ideal) noise levels. Specifically, Fig. 13 shows that
when the average error rate falls below 0.5 x 1073, the cor-
relation coefficients already closely resemble those observed
in the ideal case. In practice, our simulations achieve a com-
parable average error rate using the following noise param-
eters: 17 = 1500us, Ty = 1500us, erry = 8 x 1079, and
errg = 2 x 1074,

Mutual information We now present the results of our analy-
sis of the mutual information between Hamiltonian express-
ibility and the average normalized approximation ratio under
noisy conditions. Figure 15 shows, for each problem class,
the mutual information values in the 4-qubit setting.

When comparing these results to the ideal (noise-free)
scenario, we first observe a notable uniformity across all
problem classes. This suggests that the informational power
of Hamiltonian expressibility remains consistent regard-
less of problem type. Indeed, recalling the trends illustrated
in Figs. 11 and 12, we note that although the relationship
between Hamiltonian expressibility and normalized approx-
imation ratio is different (some curves exhibit a monotonic
increase while others show a decline), they appear to encode
comparable levels of information content.

Furthermore, we observe a notable reduction in infor-
mational power for those problem classes whose solutions
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Fig. 15 Average mutual information between Hamiltonian express-
ibility and average normalized approximation ratio, when adopting a
noisy setting for the VQE. The values are obtained for circuits and
problems of 4 qubits. Colouring in shades of red indicates problem
classes with diagonal Hamiltonians or with a basis state solution, while
blue colours represent problem classes based on non-diagonal Hamil-
tonians with a superposition state solution

lie in superposition states, with mutual information values
now ranging between 0.3 and 0.6. This finding aligns with
our earlier conclusions regarding the increased difficulty of
extracting useful insights from Hamiltonian expressibility
metrics in noisy conditions for this problem category. Nev-
ertheless, the fact that mutual information does not vanish
entirely, combined with the trend observations discussed in
previous sections, leaves open potential avenues for future
research into the precise nature of the relationship between
expressibility and approximation ratio.

5 Conclusions

In this work, we analysed the role of Hamiltonian express-
ibility and Hamiltonian expressibility ratio in selecting the
most suitable parametric quantum circuit within the context
of Variational Quantum Algorithms. To achieve this, we
developed an experimental protocol to estimate such met-
rics for a given circuit on a given problem described by a
Hamiltonian matrix. We then picked a set of representative
circuits of 4 and 8 qubits, designed a set of notable problem
Hamiltonians, and computed the expressibility metrics for
all circuits across all problems.

Upon analysing the results, we found that Hamilto-
nian expressibility improves when the depth of the circuit
increases, eventually saturating either before or shortly
after reaching a maximal expressive threshold, which corre-
sponds to the sampling from the Haar uniform distribution.
Furthermore, we discovered that Hamiltonian expressibility

is actually a problem-oriented metric and can distinguish
the ability of different circuits to explore the energy spaces
of various types of problems. Notably, we observed how the
energy spaces of problems encapsulated by a diagonal Ham-
iltonian are easier to explore in a manner similar to the Haar
distribution. In these cases, circuits consistently achieve
higher levels of expressibility compared to problems with
non-diagonal Hamiltonians.

Most importantly, we trained each circuit to solve all
problem instances using the VQE algorithm, under both
ideal and noisy conditions. We measured the solution accu-
racy by averaging the normalized approximation ratios over
multiple runs and investigated its relationship with Hamil-
tonian expressibility-based metrics. To this end, we com-
puted the Pearson, Spearman, and Kendall Tau correlation
coefficients, as well as the mutual information coefficient,
between the accuracy metric and each expressibility mea-
sure. From this correlation analysis, we derived our main
contributions, which can be summarized as follows.

In ideal or minimally disturbed settings:

e For small-scale problems with diagonal Hamiltonians
or basis state solutions, low Hamiltonian expressibility
is preferable. Conversely, high expressibility proves ad-
vantageous for problems characterized by non-diagonal
Hamiltonians or superposition state solutions.

e The correlation between Hamiltonian expressibility and
VQE effectiveness tends to weaken as the number of qu-
bits increases. This observation aligns with theoretical
results linking high expressibility to the occurrence of
barren plateaus and associated trainability issues.

This behaviour could be intuitively motivated by the struc-
ture of the underlying solution spaces. In particular, diago-
nal Hamiltonians or problems with basis state solutions
correspond to simpler and more constrained landscapes,
where increased exploration capability is largely unneces-
sary and may even be detrimental due to increased circuit
complexity. In contrast, non-diagonal Hamiltonians with
superposition ground states define richer and more complex
energy landscapes, where higher expressibility becomes
beneficial as it enables more effective exploration of the
solution space.
Furthermore, in a noisy and small-scale scenario:

e For problems with diagonal Hamiltonians or basis state
solutions, low Hamiltonian expressibility becomes even
more advantageous than in the noiseless case.

e For problems with non-diagonal Hamiltonians and
superposition state solutions, circuits with low Ham-
iltonian expressibility perform better. However,
for certain superposition state problems, such as
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instances of the Heisenberg XXZ model where the
ground state is a superposition, it is preferable to
select circuits with intermediate levels of Hamilto-
nian expressibility. In such cases, circuits with low
expressibility may fail to sufficiently explore the
energy landscape, while highly expressive circuits,
typically deeper and more complex, are more prone
to noise-induced errors.

Our results suggest that the Hamiltonian expressibility met-
ric can serve as a useful tool for guiding ansatz selection,
albeit primarily for small-scale problems, in both ideal and
noisy settings. In particular, problems with more complex
solutions tend to benefit from circuit selection strategies
informed by expressibility metrics.

Moreover, there is considerable potential for further
investigation into the relationship between Hamiltonian
expressibility and effectiveness within the VQE algorithm,
especially in noisy environments. In particular, a dedicated
study could be conducted to better understand the underly-
ing factors behind the emergence of optimal expressibility
ranges in specific settings, and to determine where such
ranges lie for different problem instances or classes. Such
insights could enable more targeted and effective ansatz
selection strategies.

Finally, novel metrics based on Hamiltonian express-
ibility, accounting more directly for the problem struc-
ture and the impact of noise, could be developed and may
prove even more effective in guiding the choice of quan-
tum circuits for VQAs. These metrics could also be inte-
grated into circuit design frameworks based on adaptive
strategies or machine learning techniques, further enhanc-
ing their effectiveness.

Appendix A: Circuit specifics

In this appendix, we present the structures of all circuits
used in our experiments. Figure 16 shows the 19 circuit tem-
plates on 4 qubits. As shown, all circuits are composed of
one- and two-qubit gates. Single-qubit gates are either non-
parametric (Hadamard gates) or parametric (rotations Rx,
Ry, and Rz). Two-qubit gates can also be non-parametric
(controlled-X and controlled-Z gates) or parametric (con-
trolled rotations CRx, C Ry, and C Rz). In each circuit, a
specific set of gates constitutes one layer, which is repeated
up to five times in our experiments.

This circuit set was originally presented by Sim et al.
(2019) and consists of notable circuit patterns from past
studies. For instance, Circuits 5 and 6 were developed as
programmable quantum circuits (Sousa and Ramos 2006)
and were applied to train the quantum autoencoder (Romero

@ Springer

et al. 2017). Circuits 7 and 8 were used for the QVECTOR
algorithm (Johnson et al. 2017). Circuit 9 was considered in
Wilson et al. (2019), and Circuit 10 followed the hardware-
efficient circuit architecture from Kandala et al. (2017).
Circuits 11 and 12 were Josephson sampler circuits from
Geller (2018). Circuits 13-15 and 18-19 were used for data
classification (Schuld et al. 2020).

When adapting this set to the 8-qubit case, we preserve
the original structural design while extending it to a larger
number of qubits. For instance, Circuit 1 on 8 qubits con-
sists of a first layer of Rx gates applied to all qubits, fol-
lowed by a layer of Ry gates applied to all qubits. As a
more complex example, Circuits 5 and 6 include a layer of
controlled rotations in which each qubit acts as a control for
the others. The same structural pattern is extended to the
8-qubit case.

Appendix B: Formulation of notable
optimization problems

In this appendix, we detail the optimization problems used
in our experiments, providing their mathematical formu-
lation and the corresponding Hamiltonian representation
based on their mathematical definitions. We start by intro-
ducing the three QUBO problems analysed in our work,
namely Maximum Cut, Maximum Clique, and Minimum
Vertex Cover, followed by the Heisenberg XXZ problem,
the Transverse Field Ising model, and the Adiabatic Opti-
mization problem.

B.1: Quadratic unconstrained binary optimization
problems

In this section, we present the QUBO problems Maximum
Cut, Maximum Clique, and Minimum Vertex Cover.

An important preliminary note is that the Hamiltonians
corresponding to these problems are diagonal matrices.
As a result, their ground states always correspond to com-
putational basis states. This behaviour is expected, as the
cost functions of these problems are defined over binary
variables, typically representing a node in a graph. Conse-
quently, the solution space consists of the finite set of all
possible bit-strings of length n, and the optimal solution is
one of such bit-strings. This bit-string can then be directly
mapped to a computational basis state.

B.1.1: Maximum cut problem
Given an undirected graph G = (V, E), where V is the set

of n vertices and E is the set of edges, the Maximum Cut
problem seeks a partition of the vertices into two disjoint
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Fig. 16 The employed circuits. Rotation gates are parametric. Each circuit, from start to finish, consists of one layer that can be repeated. For
Circuit 10, the layer starts from the red dashed line
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Fig. 16 The employed circuits (continued)

subsets that maximizes the number of edges connecting ver-

tices across the partition.
The Hamiltonian formulation of this problem for a graph
with n vertices is given by:
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where Z; denotes the unitary matrix corresponding to the
Pauli Z operator applied to qubit i in a register of n qubits.

B.1.2: Minimum vertex cover problem

Given an undirected graph G = (V, E), the Minimum Ver-
tex Cover problem aims to find the smallest subset S C V
such that every edge in E has at least one endpoint in S.

The Hamiltonian formulation for this problem for a graph
with n vertices is:

> Ud+Zit 2+ 2.2)),
(i,))eE

H:Z%(Id—ziﬂ— (B2)

where p is a penalty hyper-parameter, and Z; is the Pauli Z
operator acting on qubit i.

B.1.3: Maximum clique problem

Given an undirected graph G = (V, E), the Maximum
Clique problem aims to identify the largest clique in the
graph. A clique is a subset of fully connected vertices.
More formally, a subset S C V is a clique if the subgraph
G' = (S,E'), where E' ={(i,j) € E | i,j € S}, isafully
connected graph.

The Hamiltonian formulation for this problem for a graph
with n vertices is:

n 1 1

H= Z —5Ud—2Z;) + Zj(m ~Zi~Z;+7.Z), (B3)
i=1 (i,j)€EE

where E denotes the set of non-edges (i.e., pairs of vertices

not connected in G), and Z; is the Pauli Z operator applied

to qubit i.
B.2: Heisenberg XXZ problem

The Heisenberg XXZ model (Gopalakrishnan and Vasseur
2019) is a quantum spin chain model that describes inter-
actions between spins on a one-dimensional lattice in the
presence of a transverse magnetic field. It is a generaliza-
tion of the standard Heisenberg model and is widely stud-
ied in condensed matter physics, particularly in the contexts
of quantum magnetism, spin liquids, and quantum phase
transitions.
Its Hamiltonian for » qubits is given by:

H=

n
1=

(XiXoy1 +YiYop1 + AZiZi 1) + g Z Zi,  (B4)
1 i=1

where A is the anisotropy parameter, g is the relative
strength of the external magnetic field, and X;, Y;, and Z;
are the 2"-dimensional unitary matrices corresponding to
the application of the Pauli X, Pauli Y, and Pauli Z opera-
tors, respectively, to qubit ;. We assume periodic boundary
conditions, such thatn + 1 = 1.

B.3: Transverse field Ising problem

The Transverse Field Ising model (Pfeuty 1970) is a quan-
tum spin system widely used in condensed matter physics to
investigate quantum phase transitions and critical phenom-
ena. It extends the classical Ising model, which describes
spins interacting on a lattice, by introducing a transverse
magnetic field that induces quantum fluctuations.

Its Hamiltonian formulation for n qubits is the following:

n n
H = —JZXiXi-f—l — QZ Zi, (BS)
i=1 i=1

where J indicates the interaction strength, g is the magni-
tude of the transverse magnetic field, and X;, Z; are the 2"
-dimensional unitary matrices corresponding to the applica-
tion of the Pauli X and Pauli Z gates, respectively, to qubit
i. Again, periodic boundary conditions are assumed, and
therefore n + 1 = 1.

B.4: Adiabatic problem

The adiabatic problem in quantum computing refers to the
use of adiabatic quantum computation (Albash and Lidar
2018), a computational paradigm that exploits quantum
mechanical principles to solve optimization problems by
gradually evolving a quantum system from an initial easy-
to-prepare ground state to a final state that encodes the solu-
tion to the problem.

Essentially, the adiabatic problem involves finding the
ground state of a Hamiltonian that encodes a specific opti-
mization problem. If the system begins in the ground state
of an initial Hamiltonian and is evolved slowly enough, the
adiabatic theorem ensures that it will remain in the ground
state, a process known as adiabatic evolution.

The general Hamiltonian formulation for an adiabatic
problem is:

H(s) = _Al) ETL:Xi + %‘S)Hw (B6)
i=1

2
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where A(s) and B(s) are schedule functions that depend on
the normalized time parameter s € [0,1], H, is the prob-
lem Hamiltonian encoding the objective function, and X
denotes the Pauli X operator acting on the qubit 7.

Appendix C: Sample size

We now provide a justification for the choice of the sample size
kused in the Monte Carlo estimation of Hamiltonian express-
ibility and Hamiltonian expressibility ratio. To ensure a rela-
tive accuracy of approximately 0.5%, we set the sample size
to k = 250,000. This value was determined by evaluating and
analysing the relative standard deviation across five indepen-
dent estimates of Fi,. (H) for different problem instances,
when sampling unitaries directly from the Haar distribution.
The analysis revealed that the relative standard deviation
decreases rapidly as the sample size & increases, eventually pla-
teauing for sufficiently large sample sizes. In all tested cases,
convergence to the desired accuracy occurred for k£ < 250,000
, consistently achieving a relative error below 0.5%. This
behaviour is illustrated in Fig. 17, which shows a representa-
tive example based on the Heisenberg problem class.

Appendix D: Thresholds computation

In this section, we describe the implementation details and
rationale behind the concept of maximum expressibility
thresholds for the Hamiltonian expressibility and Hamilto-
nian expressibility ratio metrics.

As discussed in Section 3.2, the use of finite sample sizes
in the Monte Carlo procedure introduces a systematic bias in
the estimation of frame potentials. This bias affects the com-
puted values of Hamiltonian expressibility and expressibility
ratio. This issue is particularly significant for two reasons.

Firstly, it becomes essential to establish a benchmark for
the maximum Hamiltonian expressibility that accounts for
this limitation. Specifically, circuits that perfectly replicate
the Haar unitary distribution and thus satisfy the unitary
2-design condition, should achieve a Hamiltonian express-
ibility of 0 and a Hamiltonian expressibility ratio of 1. How-
ever, in practice, these ideal values are unattainable due to
the inherent limitations of finite sampling.

Secondly, as shown in Egs. 8 and 10 in Section 3.2, if
FH(U,H) < Flt,.(H) due to this statistical noise, the
resulting expressibility may become ill-defined, yielding
a negative value under the square root (for Hamiltonian

Heisenberg

1.6% -

1.4% -

1.2% -

1.0% -

0.8% -

Average Relative STD Size

0.6%-

0.4% -

0.2%-

Q ’f’\é (.)Q\‘“ \QQ\# \6@#

B

# Samples

Fig. 17 Average relative standard deviation for five estimates of Fi,.., (H) across all instances of the Heisenberg problem class, with respect to

the sample size k&
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expressibility) or dropping below the theoretical lower
bound of 1 (for Hamiltonian expressibility ratio).

It is therefore necessary to define empirical thresholds for
determining when a circuit can be considered to replicate
the Haar distribution and to help mitigate precision-related
errors, ensuring that the definition of expressibility remains
well defined under all sampling conditions.

To achieve this, for a given Hamiltonian H, we employ
the same experimental protocol used to estimate Hamilto-
nian expressibility, but, instead of using circuit-generated
unitaries, we sample unitaries directly from the Haar dis-
tribution. These thresholds, denoted by &, (H) and
A8 .. (H), are defined as follows:

Haar (H) =\ | Fltoe (H) — il (1),
~H L |ﬁI?I{aar(H)7‘FI7‘I{aar(H)|
’YHaar(H) =1+ flfil_taar(H)

Here, 77, (H) denotes the estimated ansatz-Hamiltonian
frame potential computed using unitaries sampled from the
Haar distribution. The use of the absolute value ensures that
both thresholds are strictly greater than 0 and 1, respec-
tively, regardless of sampling variability.

Now we can refine the estimates of Hamiltonian express-
ibility and Hamiltonian expressibility ratio by incorporating
the thresholds &, (H) and A/, (H), thereby ensuring

the validity of the computed values. The modified estima-
tors are defined as follows:

U H)
FULH) — Flo ) AU 2 FGB). (DY)
- miu{ |F(U,H) - Fio (H)‘,éﬁaar(H)} otherwise.
(U, H)
FUH o
BE U N IR ALD (DY)
min {1 + W.i&m(lﬂ} otherwise.

These definitions ensure that the expressibility metrics
remain well-defined and physically meaningful, even in
cases where the estimated ansatz-Hamiltonian frame poten-
tial, F(U, H) falls below the Haar-Hamiltonian frame
potential /. (H), a scenario that is theoretically inad-
missible. By taking the absolute value of the difference of
frame potentials, we guarantee that Eq. D7 always yields a
non-negative value and Eq. D8 remains strictly greater than
1, consistent with the theoretical bounds on these metrics.
Furthermore, the incorporation of the min function
ensures that expressibility estimates do not exceed their
respective maximum expressibility thresholds. This refine-
ment is especially pertinent when F(U, H) < Fi..(H),

and the left-hand terms in the minima of Egs. D7 and D8 sur-
pass the corresponding maximal expressibility thresholds. In

such instances, the expressibility is effectively clipped at the
threshold, indicating that the circuit is maximally expressive.

Appendix E: Pearson and Kendall Tau
correlation results

In this appendix, we report the Pearson and Kendall Tau cor-
relation coefficients between Hamiltonian expressibility and
the average normalized approximation ratio for the 4-qubit
and 8-qubit ideal settings and for the 4-qubit noisy setting.
For the 4-qubit ideal case (Fig. 18, top panel), we observe
relatively low Pearson correlation coefficient values for the

Correlations between £/(U, H) and A.R. (U, H) - n=4, Noiseless

0.04 - I
-0.4

Pearson

Kendall Tau

Correlations between (U, H) and A.R. (U, H) - n=8, Noiseless

02 B I
0.0

-0.2 4
—0.4 4
-0.6

Pearson

Kendall Tau

Correlations between €’/(U, H) and A.R. (U,H) - n=4, Noisy

0.44
- ‘
0.0

Pearson Kendall Tau

mmm MaxCut Random Diagonal B Ising
Emm MinVertex B Heisenberg Basis State mmm Adiabatic
B MaxClique W Heisenberg Superposition State EEE Random Non Diagonal

Fig.18 Average Pearson and Kendall Tau correlation coefficients between
Hamiltonian expressibility and the average normalized approximation
ratio in a 4-qubit noiseless setting (top panel), an 8-qubit noiseless setting
(middle panel), and a 4-qubit noisy setting (bottom panel). Colouring in
shades of red indicates problem classes with diagonal Hamiltonians or
with basis state solutions, while blue colours represent problem classes
based on non-diagonal Hamiltonians with superposition state solutions
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MinVertex, MaxClique, Heisenberg Basis State, Ising, and
Adiabatic classes, which suggests a weak linear correlation
for these classes of problems. The MaxCut and Random
Diagonal classes exhibit moderately negative Pearson cor-
relation coefficients, suggesting the possible presence of
a mild negative linear correlation between the considered
quantities. Furthermore, the Heisenberg Superposition State
and Random Non-Diagonal classes show stronger nega-
tive correlations, with coefficients as low as —0.65, provid-
ing evidence of a stronger decreasing linear relationship
between the variables under consideration.

As for the Kendall Tau correlation coefficient in the 4-qubit
ideal setting, we observe a similar behaviour to the one exhib-
ited by the Spearman coefficient (Fig. 5 in Section 4.2.1):
moderately or highly negative coefficients for non-diagonal
problem classes such as Adiabatic, Heisenberg Superposi-
tion State and Random Non-Diagonal (up to —0.7), and low
to moderately positive coefficients for classes with a diagonal
Hamiltonian or a basis state solution (up to 0.55). Indeed, also
Kendall Tau is designed to capture potential monotonic rela-
tionships, and so the same conclusions can be made: picking
highly Hamiltonian-expressive circuits can be beneficial for
problems with solutions in a superposition state, and detrimen-
tal for problems with solutions in computational basis states.

In the 8-qubit ideal case (Fig. 18, middle panel), the Pearson
coefficient ranges from slightly to moderately negative. How-
ever, many of these values are affected by outliers, like the one
shown in Fig. 7 for the 4-qubit case. Once again, the Kend-
all Tau results follow the same pattern as the Spearman coef-
ficient: a weakening in the contrast between problem classes
with basis state solutions and those with superposition state
solutions, possibly due to the onset of barren plateaus or simi-
lar trainability issues in complex and highly expressive circuits.

Finally, for the 4-qubit noisy case (Fig. 18, bottom panel),
we observe consistently low Pearson correlation coefficients
across all problem classes: this indicates a lack of linear cor-
relation between these metrics and the average normalized
approximation ratio in the noisy setting. On the other hand,
the Kendall Tau coefficient undergoes the same changes as the
Spearman coefficient. The distinction observed in the ideal
case between diagonal classes (or those with ground-state
solutions, shown in shades of red) and classes with super-
position state solutions (shown in shades of blue and violet)
seems to disappear under noisy conditions. Most importantly,
for non-diagonal classes, the Kendall Tau coefficients, previ-
ously moderately or strongly negative under ideal conditions,
now exhibit low or even moderately positive values. This can
be interpreted in the same way as for the Spearman coeffi-
cient, by analysing the trends between Hamiltonian express-
ibility and average normalized approximation ratio in Fig. 12,
where in some cases highly expressive circuits are heavily
penalized by noise, while in others an intermediate level of
expressibility can be beneficial.
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Appendix F: Hamiltonian expressibility ratio
results

In this appendix, we report all correlation coefficients and
the mutual information between Hamiltonian expressibility
ratio and the average normalized approximation ratio for the
4-qubit and 8-qubit ideal settings and for the 4-qubit noisy
setting.

Figure 19 reports the obtained values of all correlation
coefficients in all the considered settings. As shown, the
results closely resemble those obtained with Hamiltonian
expressibility (see Section 4, and Appendix E), and so the
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Fig. 19 Average Pearson, Spearman, and Kendall Tau correlation coef-
ficients between Hamiltonian expressibility ratio and the average nor-
malized approximation ratio in a 4-qubit noiseless setting (top panel),
an 8-qubit noiseless setting (middle panel), and a 4-qubit noisy setting
(bottom panel). Colouring in shades of red indicates problem classes
with diagonal Hamiltonians or with a basis state solution, while blue
colours represent problem classes based on non-diagonal Hamiltoni-
ans with a superposition state solution
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Fig. 20 Average mutual information between Hamiltonian express-
ibility ratio and the average normalized approximation ratio for the
ideal (left panel) and noisy (right panel) VQE settings. The values are
obtained for circuits and problems with 4 and 8 qubits. Colouring in

same considerations apply. Similarly, Fig. 20 reports the
mutual information values in all considered settings. Again,
the results closely resemble those obtained with Hamilto-
nian expressibility (see Section 4), so the same consider-
ations apply.

Appendix G: Correlation with number of
parameters and parameter dimension

In this appendix, we compare the correlation results
obtained using the Hamiltonian expressibility metric with
those obtained from two additional quantities: the number
of parameters of the ansatz U (6), denoted by P(U), and its
Parameter Dimension, denoted by D(U).

Let |©(0)) be the output state of the parametrized ansatz
U (). The Parameter Dimension (Haug et al. 2021) is a met-
ric that quantifies the total number of independent param-
eters that the quantum state can effectively express. In order
to define it, we first introduce the Quantum Fisher Infor-
mation (QFI) matrix (Yamamoto 2019; Stokes et al. 2020),
which naturally arises in gradient-based VQE optimization
algorithms such as the Quantum Natural Gradient (QNG)
method (Yamamoto 2019; Stokes et al. 2020). In the QNG
framework, the parameters 6 are updated according to:

OFE(0
Opt1 = 0r — Uf_l(e)ﬁ7

a0 ()

shades of red indicates problem classes with diagonal Hamiltonians
or with a basis state solution, while blue colours represent problem
classes based on non-diagonal Hamiltonians with a superposition state
solution

where 7) is a small learning rate, OE(6)/00 is the gradient
of the cost function, and F(0) is the QFI matrix, defined as:

Fij (0) := Re((8i0|0;0) — (Diple) (0l Dip), (G10)

where |9;¢) := 0|p(0))/00; denotes the partial derivative

of |¢(6)).

The QFI matrix is a local, positive semi-definite matrix
that captures the sensitivity of the state with respect to
parameter variations. Its dimension is given by the num-
ber of parameters of the circuit P(U), and its entries can
be computed via second-order derivatives of the fidelity.
In practice, the QFI can be efficiently estimated using the
parameter-shift rule (Wierichs et al. 2022):

Fi(0) = = [eO)lp(0 + (ei + ;)m/2))
— (e (O)lp(0+ (e: = e;)m/2)
+ — (Ol p(0 + (—ei + e)m/2)
e O)lp(0 — (e + e5)m/2) ),

(G11)

where e; denotes the unit vector along the i-th parameter
direction.

We then define the Effective Quantum Dimension Q (U ())
(Haug et al. 2021) of a parametrized circuit U () as:

Q(U(9)) :=rank(F(6)) (G12)
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The Parameter Dimension D(U) is then defined by Haug et
al. (2021), for sufficiently random parameter configurations

erandom , as:

D(U) =~ Q(U(grandom))v (G13)
We evaluate both the number of parameters P(U) and the
Parameter Dimension D(U) for all considered circuits (see
Section 3.1 and Appendix A), and compute their correlation
coefficients and mutual information with the average nor-
malized approximation ratio. The results are summarized in
Tables 3, and 4.

Table 3 reports the average Spearman correlation coef-
ficients between Hamiltonian expressibility, number of
parameters, and Parameter Dimension, with respect to the
average normalized approximation ratio, across all consid-
ered problem classes.

We observe that, for most problem classes, Hamiltonian
expressibility exhibits a stronger correlation than both P(U)
and D(U), particularly for non-diagonal problem classes and
problems whose solutions lie in superposition states. This

further supports our conclusion regarding the usefulness of
Hamiltonian expressibility in ideal settings for such a class
of problems. The Adiabatic class represents an exception;
however, none of the considered metrics shows a signifi-
cant correlation for such a class, a behaviour which can be
attributed to the hybrid nature of this class, as discussed in
Section 4.2.1.

Additionally, we note that the correlations associated
with P(U) and D(U) consistently exhibit the opposite sign
compared to those of ¢* (U, H). This can be explained by
the “lower-is-better” nature of the Hamiltonian express-
ibility metric and its relationship with circuit depth and
complexity. As discussed in Section 4.1.1, Hamiltonian
expressibility approaches zero as the number of layers, and
hence the number of parameters, increases. Consequently,
more expressive circuits (with lower numerical values of
Hamiltonian expressibility) typically correspond to higher
values of P(U) and D(U), leading to correlations of opposite
sign.

Regarding the mutual information results (Table 4),
Hamiltonian expressibility again appears to be the most

Table 3 Average Spearman correlation coefficient between Hamiltonian expressibility (first column), number of parameters (second column),
and Parameter Dimension (third column), with respect to the average normalized approximation ratio. The values are obtained for circuits and
problems of 4 qubits, when adopting a noiseless setting for the VQE. Each value is reported along with its standard deviation. Bold text indicates

the strongest correlation of each class

Problem class

Hamiltonian Expressibility e* (U, H)

Number of parameters P(U) Parameter Dimension D(U)

MaxCut 0.64 +0.12
MinVertex 0.58 £ 0.28
MaxClique 0.38 £0.44
Random Diagonal 0.12+0.42
Heisenberg Basis State 0.64 = 0.16
Heisenberg Superposition State —0.83 £ 0.05
Ising —0.44 £0.43
Adiabatic 0.07+0.42
Random Non Diagonal —0.59 £0.16

—0.75+0.11 —0.76 £0.10
—0.58 £0.22 —0.58 £0.22
—0.43 £0.36 0.42+0.38
—0.20 £ 0.36 —-0.19+0.36
—0.59 £0.17 —0.60 £0.15
0.70 £ 0.03 0.72+0.01
0.39 £0.37 0.39 £ 0.40
—0.08 £0.43 —0.09 £0.44
0.51 £ 0.16 0.54 £ 0.16

Table 4 Average mutual information between Hamiltonian expressibility (first column), number of parameters (second column), and Parameter
Dimension (third column), with respect to the average normalized approximation ratio. The values are obtained for circuits and problems of 4
qubits, when adopting a noiseless setting for the VQE. Each value is reported along with its standard deviation. Bold text indicates the highest

value of each class

Problem class

Hamiltonian Expressibility " (U, H)

Number of parameters P(U) Parameter Dimension D(U)

MaxCut 0.10 £ 0.077
MinVertex 0.28 £ 0.09
MaxClique 0.31 £0.12
Random Diagonal 0.33 +0.15
Heisenberg Basis State 0.38 £0.06
Heisenberg Superposition State 1.124+0.14
Ising 0.49£0.16
Adiabatic 0.29£0.12
Random Non Diagonal 0.81 4+ 0.24

0.50 £ 0.097 0.53 + 0.06
0.33 £0.16 0.41 £ 0.11
0.41 £0.09 0.50 &+ 0.09
0.25+£0.13 0.37 £ 0.13
0.34 £0.08 0.45 + 0.07
0.49 £ 0.09 0.94 +0.09

0.40£0.14 0.72 + 0.20
0.28 £0.10 0.50 £ 0.12
0.37 £ 0.09 0.81 + 0.15
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informative metric for the Heisenberg superposition state
and Random Non-Diagonal classes, which can be regarded
as representative of problems with superposition state solu-
tions. In these cases, it achieves the highest absolute mutual
information values 1.12 and 0.81, respectively. On the other
hand, Parameter Dimension proves to be more informative
for problem classes with solutions in the computational
basis, albeit with relatively modest mutual information val-
ues, and also for the Ising and Adiabatic classes.

Overall, these results confirm that Hamiltonian express-
ibility is particularly well-suited for problems whose
solutions lie in superposition states. Moreover, its problem-
dependent nature, arising from its explicit dependence on
the structure of the Hamiltonian, provides a stronger justifi-
cation for its use and for the observed variation in its behav-
iour across different problem classes, compared to P(U) and
D(U), which are entirely problem-agnostic.
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