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This article describes the implementation and linearization of free-vortex wake models in state-variable form as applied to
rotary- and flapping-wing vehicles. More specifically, the wake models are implemented and tested for a UH-60 rotor in
forward flight and for a hovering insect representative of a hawk moth. A periodic solution to each wake model is found
by time marching the coupled rotor/wing and vortex wake dynamics. Next, linearized harmonic decomposition models are
obtained and validated against nonlinear simulations. Order reduction methods are explored to guide the development of
linearized wake models that provide increased runtime performance compared to the nonlinear and linearized harmonic
decomposition wake models while guaranteeing satisfactory prediction of the periodic response of the wake. This constitutes
a first attempt to extend free-vortex wake methods in state-variable form, originally developed for rotary-wing applications,
to flapping-wing flight.

Introduction

Simulations of rotorcraft flight dynamics have advanced significantly
over the past decade. To provide rapid simulations of generalized ma-
neuvering flight, flight dynamic models were once restricted to relatively
low-fidelity aeromechanics models, for example, finite-state inflow, rigid
blade element models. On the other hand, comprehensive aeromechan-
ics simulations historically used much higher fidelity aeromechanics,
for example, free vortex–wake modeling or even computational fluid dy-
namics (CFD) coupled with structural dynamics, at the cost of longer run
times with analysis restricted to trim or very simple maneuvers. But in
recent years, increasingly higher fidelity aeromechanics are making their
way into flight dynamics simulations, and even real-time pilote d simu-
lations. Real-time time-accurate free wake modeling was implemented
in the General Helicopter (GenHel) (Ref. 1) simulation and demon-
strated using the CHARM Wake Module (Ref. 2) in the early 2000s. The
CHARM Wake Module was subsequently implemented in Navy training
simulators coupled with ship airwake effects (Ref. 3). FLIGHTLAB has
the capability to use viscous vortex particle models (VVPM) (Ref. 4).
Both free wake and VVPM models have the capability to predict rotor
inflow and rotor wake interference effects in generalized maneuvering
flight, moving beyond simplified models and empirical models that have
been historically used in flight simulations. In 2017, Ref. 5 even inves-
tigated the feasibility of using Euler-based CFD methods in real-time
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simulation models. While those results indicated that such an approach
is theoretically possible, the CFD would need to be greatly simplified
and rely on massively parallelized computations. In any case, the gap
between the fidelity of rotorcraft flight simulation models and rotorcraft
comprehensive models is steadily closing.

In the meantime, new configurations have become more complex.
Future vertical lift and urban air mobility (UAM) configurations feature
multiple rotors, high levels of aerodynamic interactions, and in the case
of UAM, high RPM/variable speed rotors. These features drive the need
for advanced aeromechanics models while at the same time making real-
time simulation (or even sufficiently fast execution speeds for routine
design) much more difficult. For example, time steps in rotor models
are driven by the minimum blade sweep per time step, so computational
cost goes up with smaller, higher RPM rotors. Modeling aerodynamic
interactions requires larger amounts of wake to be computed, and rigid
rotor systems require more costly structural dynamics models of the
blades. Thus, while more advanced aeromechanics models are feasible,
it is likely that in many cases, execution speeds required for real-time
simulations or routine design applications will remain elusive.

With regard to biological flyers (insects and birds), and their man-
made counterparts, flapping-wing micro aerial vehicles (FWMAVs), their
flight dynamics is typically challenging to both model and analyze. Chal-
lenges emanate from their multibody, nonlinear, and time-varying nature
of such dynamical systems. In fact, the dynamics of flapping flight is
described by nonlinear time-periodic (NLTP) systems of the coupled
rigid-body and complex interactional aerodynamics between the wings,
body, and the self-induced wake. To be representative of the coupled
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rigid-body and complex interactional aerodynamics between the wings,
body, and the self-induced wake and at the same time being suited to
time-periodic systems analysis, simulations of flapping-wing vehicles
will require high-fidelity aerodynamics models that are also in state-
space form. While flight dynamics models that included state-space
representations of the unsteady flapping aerodynamics exist and were
derived both from physics-based models (see, e.g., Refs. 6, 7) or using
data-driven approaches (see, e.g., Refs. 8), these models are very low
order and do not account for the wake geometry and its interaction with
itself and the insect body. On the other hand, high-fidelity aeromechanics
models do exist for flapping-wing flight (see, e.g., Refs. 9–13) but are
either not expressed in, or suited for, state-space formulation and thus
cannot be used to derive self-contained coupled linearized models of the
flight dynamics and interactional wing-body-wake aerodynamics for use
in stability analysis and control design.

It is therefore critical for both rotary- and flapping-wing applications
that high-fidelity aeromechanics models are formulated in such a way that
they can be readily linearized and/or simplified to extract more tractable
and less expensive models. Linearized state-space models are particularly
attractive from the control designers perspectives. Not only are linearized
models used in a majority of practical control design methodologies,
but linear model analysis provides many physical insights into system
dynamics. To this end, a first-order state variable implementation of the
aeromechanics (or state-space implementation) that can be efficiently
linearized is a highly desirable feature for future advanced simulations.

There have been some recent efforts to extract linearized state-space
models from free-wake and VVPM models using system identification
methods (Refs. 14,15). These approaches perform frequency sweep exci-
tations on the rotor wake model, then perform frequency domain system
identification to extract a low-order linearized model. These are in the
form of finite-state inflow models and thus can be readily employed in
simulation models. The method has the advantage that it can be applied
to almost any wake model, and the wake model does not need to be in
state variable form. However, it is not a self-contained or automated pro-
cess. Frequency sweeps need to be generated across the range of flight
conditions of interest, and the system identification process needs to be
performed and checked for each of these flight conditions.

In Ref. 16, a state-space free-wake model is introduced in which the
method of lines is used to express the partial differential equations (PDEs)
constituting the University Maryland Free Wake Model (Refs. 17,18) into
the first-order state variable form. The formulation of the Maryland Free
Wake model is well-suited for state space implementation due to the
introduction of the wake age parameter, such that a particular wake state
represents the position of a free wake node of a given age. The wake age
is an angular distance measured along the vortex starting from the vortex
release point on the wing/blade trailing edge. The underlying PDEs are
governed by the Biot–Savart law, which is the most expensive part of
the free-wake computation. These PDEs are discretized with respect
to the wake age using a fourth-order five-point biased upwind (5PBU4)
scheme. The discretized system becomes a set of first-order ODEs in time
(i.e., a state-space system) which can be accurately integrated forward in
time and linearized. This wake model consisted of only the wake node
positions. The vortex strength was not considered in the systems state so
presumably vortex strength is constant along the filament.

There are two major challenges to linearizing wake models: (i) the
wake states are inherently periodic in equilibrium and (ii) the number
of wake states can be quite large (in the order of several thousands of
states) such that numerical perturbations of all states become expensive.
One approach is to average the effect of perturbations over a single rev-
olution/wing beat cycle (Refs. 19–27), but a more rigorous approach
is to generate a linear time-periodic (LTP) model by generating linear
models across a range of azimuth/flapping angle positions. One then has

Fig. 1. Illustration of the two main approaches to stability analy-
sis of NLTP systems: averaging methods (left), Floquet theory, and
harmonic decomposition (right).

the option to extract an LTP model, convert this LTP model to linear
time-invariant (LTI) through averaging, or extract a harmonic decompo-
sition model (Refs. 28,29). These two main approaches to NLTP system
stability analysis are shown qualitatively in Fig. 1. Recently, the har-
monic decomposition method (Ref. 28) was adopted to represent LTP
systems with higher order LTI models for use in prediction of loads
and vibration in a control design framework (Ref. 30–32). While har-
monic decomposition originated from within the rotorcraft community,
it was also recently extended to flapping-wing flight (Ref. 33). The major
advantage of harmonic decomposition is that, unlike previous methods
such as the Lyapunov–Floquet method (Ref. 34) and frequency lifting
methods (Ref. 35), it does not rely on state transition matrices. In fact,
state transition matrices constitute a particular challenge in that their
computation can be time-intensive and/or numerically very sensitive.
Additionally, when coupled with a harmonic balance scheme, harmonic
decomposition can also be used to compute: (i) periodic solutions to
the system dynamics, and open- and closed-loop control laws to abate
arbitrary state/output harmonics (Ref. 36). Still, the cost of linearization
also needs to be addressed. For example, in Ref. 37, a VVPM model was
linearized within the rotorcraft comprehensive analysis system (RCAS)
framework, which formulates dynamics as second-order implicit state
equations. The authors noted that the cost of running the implicit equa-
tions to a steady state for each numerical perturbation was very high.
Instead, they applied simplified numerical perturbations in the form of a
finite-state inflow to extract reduced order linear models.

As such, the objectives of the proposed investigation are threefold.
The first objective is to develop a state variable implementation of a
free-vortex wake model that is suitable for both rotary- and flapping-
wing applications. Additionally, this model will have to be self-contained
and inherently linearizable and thus does not require external process-
ing to generate approximate linear models. The second objective is to
demonstrate the linearization of this high-fidelity aeromechanics model.
The third objective is to investigate model-order reduction methods to
guide the development of simplified models with increased runtime per-
formance while still capturing the underlying physics of the original
dynamics.

The article begins with a discussion of the mathematical background
behind NLTP systems and the corresponding linearization and model-
order reduction methods. State-space free vortex wake models are pre-
sented in the context of rotary-wing and flapping-wing vehicles. This
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is followed by results on the implementation and validation of the
free-vortex wake model as applied to a blade element representation
of a UH-60 rotor in forward flight and to a hovering insect representa-
tive of a hawk moth. Next, linearized models of the coupled rotor/wing
and free-vortex wake dynamics are obtained and tested against nonlinear
simulations. Reduced-order models are also investigated. Final remarks
summarize the overall findings of the study.

Methodology

Mathematical background

Consider an NLTP system in the first-order form representative of the
free-vortex wake dynamics of rotary- or flapping-wing vehicles:

ẋxx = fff (xxx,uuu, t) (1a)

yyy = ggg (xxx,uuu, t) (1b)

where xxx ∈ R
n is the state vector, uuu ∈ R

m is the control input vector,
yyy ∈ R

l is the output vector, and t is the dimensional time in seconds.
The nonlinear functions fff and ggg are T -periodic in time such that

fff (xxx,uuu, t) = fff (xxx,uuu, t + T ) (2a)

ggg(xxx,uuu, t) = ggg(xxx,uuu, t + T ) (2b)

Note that the fundamental period of the system is T = 2π
ω

seconds, where
ω is either the angular speed of the main rotor or the flapping frequency,
depending on the vehicle, in radians/second. Letxxx∗(t) anduuu∗(t) represent
a periodic solution of the system such that xxx∗(t) = xxx∗(t +T ) and uuu∗(t) =
uuu∗(t + T ). Then, the NLTP system can be linearized about the periodic
solution. Consider the case of small disturbances:

xxx = xxx∗ + ΔxΔxΔx (3a)

uuu = uuu∗ + ΔuΔuΔu (3b)

where ΔxΔxΔx and ΔuΔuΔu are the state and control perturbation vectors from the
candidate periodic solution. A Taylor series expansion is performed on
the state derivative and output vectors. Neglecting terms higher than first
order results in the following equations:

fff (xxx∗ + ΔxΔxΔx,uuu∗ + ΔuΔuΔu, t) = fff (xxx∗,uuu∗, t) + FFF (t)ΔxΔxΔx + GGG(t)ΔuΔuΔu (4a)

ggg(xxx∗ + ΔxΔxΔx,uuu∗ + ΔuΔuΔu, t) = ggg(xxx∗,uuu∗, t) + PPP (t)ΔxΔxΔx + QQQ(t)ΔuΔuΔu (4b)

where

FFF (t) = ∂fff (xxx,uuu)

∂xxx

∣∣∣∣
xxx∗,uuu∗

, GGG(t) = ∂fff (xxx,uuu)

∂uuu

∣∣∣∣
xxx∗,uuu∗

(5a-b)

PPP (t) = ∂ggg (xxx,uuu)

∂xxx

∣∣∣∣
xxx∗,uuu∗

, QQQ(t) = ∂ggg (xxx,uuu)

∂uuu

∣∣∣∣
xxx∗,uuu∗

(5c-d)

Note that the state-space matrices in Eq. (5) have T -periodic coefficients
such that

FFF (t) = FFF (t + T ), GGG(t) = GGG(t + T ) (6a-b)

PPP (t) = PPP (t + T ), QQQ(t) = QQQ(t + T ) (6c-d)

Equations (4a) and (4b) yield an LTP approximation of the NLTP system
of Eq. (34) as follows:

ΔΔΔẋxx = FFF (t)ΔxΔxΔx + GGG(t)ΔuΔuΔu (7a)

ΔΔΔyyy = PPP (t)ΔxΔxΔx + QQQ(t)ΔuΔuΔu (7b)

Hereafter, the notation is simplified by dropping the Δ in front of the
linearized perturbation state and control vectors while keeping in mind
that these vectors represent perturbations from a periodic equilibrium.

Next, the state, input, and output vectors of the LTP systems are decom-
posed into a finite number of harmonics of the fundamental period via
Fourier analysis:

xxx = xxx0 +
N∑

i=1

xxxic cos

(
2πit

T

)
+ xxxis sin

(
2πit

T

)
(8a)

uuu = uuu0 +
M∑

j=1

uuujc cos

(
2πjt

T

)
+ uuujs sin

(
2πjt

T

)
(8b)

yyy = yyy0 +
L∑

k=1

yyykc cos

(
2πkt

T

)
+ yyyks sin

(
2πkt

T

)
(8c)

As shown in Ref. 28, the harmonic decomposition methodology can be
used to transform the LTP model into an approximate higher order LTI
model in the first-order form:

ẊXX = AAAXXX + BBBUUU (9a)

YYY = CCCXXX + DDDUUU (9b)

where the augmented state, control, and output vectors XXX ∈ R
n(2N+1),

UUU ∈ R
m(2M+1), and YYY ∈ R

l(2L+1), respectively, are given by:

XXXT = [
xxxT

0 xxxT
1c xxxT

1s . . . xxxT
Nc xxxT

Ns

]
(10a)

UUUT = [
uuuT

0 uuuT
1c uuuT

1s . . . uuuT
Mc uuuT

Ms

]
(10b)

YYY T = [
yyyT

0 yyyT
1c yyyT

1s . . . yyyT
Lc yyyT

Ls

]
(10c)

with AAA ∈ R
n(2N+1) × n(2N+1), BBB ∈ R

n(2N+1) × m(2M+1), CCC ∈
R

l(2L+1) × n(2N+1), and DDD ∈ R
l(2L+1) × m(2M+1). Closed-form expressions

for these matrices can be found in Ref. 28. It is worth noting that harmonic
decomposition does not rely on state transition matrices, which makes
the methodology more computationally efficient and less numerically
sensitive than other approaches such as the Lyapunov–Floquet method
(Ref. 34) and frequency lifting methods (Ref. 35).

Model-order reduction

Because the harmonic decomposition models described above may
become of very high order depending on the number of states and num-
ber of state harmonics retained, they can result in runtime performance
significantly slower than real-time. To improve the runtime performance,
it is desired to obtain reduced-order models. Not only do reduced-order
models yield decreased simulation time, but they also remove the need
to measure or estimate the higher harmonic states, which may be chal-
lenging or impractical when performing control system design. Ideally,
these reduced-order models do not include the higher harmonic states but
still retain part of the higher harmonic response characteristics. This can
be achieved through residualization, a portion of singular perturbation
theory that pertains to LTI systems (Ref. 38). Assuming that one or more
states of the system have stable dynamics which are faster than that of
the remaining states, the state vector in Eq. (10a) can be partitioned into
fast and slow components:

XXXT = [
XXXT

s XXXT
f

]
(11)

Then, the system in Eq. (9a) can be rewritten as[
ẊXXs

ẊXXf

]
=

[
AAAs AAAsf

AAAfs AAAf

] [
XXXs

XXXf

]
+

[
BBBs

BBB f

]
UUU (12)

By neglecting the dynamics of the fast states (i.e., ẊXXf = 0) and perform-
ing a few algebraic manipulations, the equations for a reduced-order
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system with the state vector composed of the slow states may be found:

ẊXXs = ÂAAXXXs + B̂BBUUU (13)

where

ÂAA = AAAs − AAAsfAAAf
−1AAAfs (14a)

B̂BB = BBBs − AAAsfAAAf
−1BBB f (14b)

Note that Af must be invertible. This is guaranteed if Af is asymptotically
stable, that is, all eigenvalues have their real part that is strictly negative.
In this study, the slow states are chosen as the zeroth harmonic states,
whereas the fast states are taken as the higher harmonics:

XXXs = xxx0 (15a)

XXXT
f = [

xxxT
1c xxxT

1s . . . xxxT
Nc xxxT

Ns

]
(15b)

For the residualized model to retain information of the influence or
the residualized dynamics on not only the zeroth harmonics of the output
but also on its higher output harmonics, consider partitioning the output
equations in Eq. (9b) as

YYY = [CCCs CCCf ]

[
XXXs

XXXf

]
+ DDDUUU (16)

Then, it can be shown that the residualized output equations are

ẎYY = ĈCCXXXs + D̂DDUUU (17)

where

ĈCC = CCCs − CCCfAAAf
−1AAAfs (18a)

D̂DD = DDD − CCCfAAAf
−1BBB f (18b)

If now the augmented output vector is selected to coincide with the
augmented state vector, such that

YYY T = [
xxxT

0 xxxT
1c xxxT

1s . . . xxxT
Nc xxxT

Ns

]
(19)

then, the residualized model will be able to predict the influence of the
residualized dynamics on the zeroth and higher harmonic states.

Modeling of Rotary and Flapping Wings

Rotor model

The rotor of the PSUHeloSim flight simulation code (Ref. 39) is
used as a base for the implementation of the state-space free-vortex
wake model. This rotor is representative of the rotor of a notional utility
helicopter similar to the UH-60 and is based on Ref. 1. The model
contains rigid flap and lead–lag rotor blade dynamics, a three-state Pitt–
Peters inflow model (Ref. 40), and nonlinear aerodynamic lookup tables
for the rotor blades. The rotor state vector is

xxxT
R = [β0 β1c β1s β0D β̇0 β̇1c β̇1s β̇0D ζ0 ζ1c ζ1s ζ0D

ζ̇0 ζ̇1c ζ̇1s ζ̇0D λ0 λ1c λ1s ψ] (20)

where β0, β1c, β1s , β0D are the flapping angles in multi-blade coordi-
nates, ζ0, ζ1c, ζ1s , ζ0D are the lead–lag angles in multiblade coordinates,
λ0, λ1c, λ1s , are the main rotor induced inflow ratio harmonics, and ψ

is the azimuth angle of a reference blade. Note that when the rotor
is two-way coupled with the free-vortex wake, the Pitt–Peters inflow
states are bypassed and the induced velocities at each blade element as
predicted by the free-vortex wake are used instead. The rotor control

input vector is

uuuT
R = [θ1c θ1s θ0 u v w p q r u̇ v̇ ẇ ṗ q̇ ṙ � �̇] (21)

where θ1c, θ1s , θ0 are lateral and longitudinal cyclic, and collective rotor
inputs, u, v, w are the longitudinal, lateral, and vertical velocities in
the body-fixed frame, p, q, r are the roll, pitch, and yaw rates in the
body-fixed frame, and � and �̇ are, respectively, the main rotor angular
speed and acceleration.

Note that u, v, w, p, q, r are the states of the rigid-body (or fuselage)
dynamics. However, because the fuselage dynamics is not included in
this study, these variables are treated as inputs to the rotor module. No
powerplant dynamics is included either, such that the angular speed and
acceleration of the rotor are control inputs as well.

Flapping wing kinematics and aerodynamics

Consider the wing kinematics of a flapping-wing vehicle at hover as
shown in Fig. 2. A triangular waveform is used for the flapping motion
for simplicity:

φ(t) =
{


0 + 4

T

(
t − T

4

)
0 ≤ t < T

2


0 − 4

T

(
t − 3T

4

)
T
2 ≤ t < T

(22)

where 
0 is an offset angle and 
 is the amplitude of the flapping motion.
The wing pitching motion is assumed piecewise constant and is given by

η(t) =
{

αd 0 ≤ t < T
2

π − αu
T
2 ≤ t < T

(23)

where αd and αu are, respectively, the downstroke and upstroke angles of
attack. In general, these two moments generated over the downstroke and
upstroke are different and will generate a net pitching moment if there
is an offset between the center of gravity (CG) and the hinge line of the
wings (i.e., xh �= 0). In this preliminary study, it is assumed that xh = 0
and αd = αu = αm (i.e., symmetric pitching motion). As a result, the
pitching moment necessary for equilibrium will be generated by other
mechanisms. For instance, setting 
0 �= 0 introduces an asymmetric
flapping motion such that an offset, typically known as wing bias, is
created between the wing center of pressure averaged over one period
and the CG, thus generating a pitching moment (Refs. 41–43). As such,

0 is used to introduce a change in pitching attitude or horizontal velocity
of the FWMAV, analogously to cyclic pitch in a helicopter rotor. A similar
analogy can be made between the flapping amplitude 
 and the collective
pitch of a helicopter, which are both used to control the heave motion
(Ref. 44). The periodic equilibrium of the FWMAV both at hover and
in translational motion can, therefore, be found by determining suitable
values for 
0 and 
.

A wing element model is used to calculate the time-varying aerody-
namic coefficients of the wings. At each time step, the velocity induced
by the free-vortex wake is calculated at any given wing cross-sectional
element. The components of the induced velocity, vix (r), viy (r), and
viz (r), where r ∈ [0, R] is the spanwise coordinate of the wing, are sub-
sequently used to compute the tangential and perpendicular velocities at
each spanwise wing element section:

uT (r) = 4


T
(φ̇) − vix (r) cos φ + sviy (r) sin φ (24a)

uP (r) = viz (r) (24b)

where

s =
{

1 Right Wing

−1 Left Wing
(25)
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Fig. 2. Schematic diagram of a hovering FWMAV (recreated from
Ref. 48).

The angle of attack of each blade element is given by

α(r) = αm − tan−1

(
uP

|uT |
)

(26)

The lift distribution on the wing can be then found as

L(r) = 1
4 ρ

[
u2

T (r) + u2
P (r)

]
c(r)ra0 sin (2α(r)) (27)

where c(r) is the chord of each wing element, a0 is the sectional lift curve
slope, and ρ is the air density. The chord distribution is calculated using
the following equation from Ref. 45:

c(r) = Bic̄r
c1 (1 − r)c2 (28)

where Bi is the e ratio of the maximum nondimensional chord length
for the actual insect wing to the maximum nondimensional chord length
and c1 and c2 are coefficients unique to the insect in consideration. The
bound circulation at the wing element is then found based on the lift
distribution:

�B(r) = L(y)

ρ
√

u2
T (r) + u2

P (r)
(29)

Finally, the circulation strength of the tip vortex is taken to be the maxi-
mum value of the bound circulation of the wing (Refs. 46, 47):

� = sign(φ̇) max [�B(r)] (30)

Note that the sign of the circulation changes with upstroke/downstroke
and with the wing in consideration. The parameters used in this study are
representative of a hawk moth and are taken from Refs. 20 and 45. These
parameters are provided in Table 1. Because prescribed wing kinematics
are assumed in this work, no dynamics, and thus no states, are associated
with the wing motion. As a result, the state vector of the wing dynamics
is null.

State-Space Free-Vortex Wake

Rotary-wing version

A state-space free-vortex wake model is implemented into the PSUH-
eloSim flight simulation code following the model of Refs. 17 and 18.

Table 1. Longitudinal dynamics parameters of an
FWMAV representative of a hawk moth (Refs. 6,45)

Parameter Numerical Value Units

R 5.19×10−4 m
c̄ 1.83×10−4 m
a0 2π 1/rad
m 1.648×10−6 kg
g 9.80665 m/s2

rh 0 m
� 165.2478 rad/s
αm 26.75 deg
Bi 1.7462 –
p 0.125 –
q 0.5 –

In PDE form, trajectory of a wake node at nondimensional time ψ and
wake age ζ is governed by

∂rrr(ψ, ζ )

∂ψ
+ ∂rrr(ψ, ζ )

∂ζ
= 1

�
VVV (rrr(ψ, ζ )) (31)

where the right-hand side is governed by the Biot–Savart law, which is the
most expensive part of the free-wake computation. The wake model was
implemented in state-variable form generally following the approach of
Ref. 16, with some updates. Specifically, the model includes states to de-
fine vortex strength at each of the free wake nodes, allowing for varying
vortex strength along the filament. The model assumes linearly varying
vortex strength along each linear vortex line segment, following the for-
mulation of Ref. 49. The vortex strength state of the youngest node is
defined as the peak circulation on the blade from which filament origi-
nates. This same vortex strength then propagates along the filament as
the age of the segment increases. Assuming vortex strength is conserved,
the PDE representation is simply

∂�(ψ, ζ )

∂ψ
+ ∂�(ψ, ζ )

∂ζ
= 0 (32)

This expression can then be converted to first-order ordinary differential
equations (ODE) from using the same approach as in Ref. 16. Age-
dependent terms can also be added to account for decay and core growth
(although not currently featured in this preliminary implementation). In
practice, to avoid algebraic loop due to the feedback of the induced
velocities at the rotor blades, vvvi , the induced velocities at the rotor blades
are added to the system of ODE as states. Their dynamics are governed
by a first-order filter with a time constant of τvvvi

= 0.005 s. The resulting
system of ODE expressed in dimensional time is:

ṙrr = −�AAAζrrr + VVV (rrr(t, ζ )) (33a)

�̇�� = −�AAAζ��� (33b)

v̇vvi = 1

τvvvi

[VVV (rrrB(t, ζ )) − vvvi] (33c)

where AAAζ is the finite difference matrix corresponding to the 5PBU4
scheme from Ref. 16 and rrrB is the position of the rotor blade elements.

As such, the coupled rotor and free-vortex wake dynamics is formu-
lated as an NLTP system in the first-order form:

ẋxx = fff (xxx,uuu, t) (34a)

yyy = ggg (xxx,uuu, t) (34b)

where xxx ∈ R
n is the state vector, uuu ∈ R

m is the control input vector,
yyy ∈ R

l is the output vector, and t is the dimensional time in seconds.
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The nonlinear functions fff and ggg are T -periodic in t such that

fff (xxx,uuu, t) = fff (xxx,uuu, t + T ) (35a)

ggg(xxx,uuu, t) = ggg(xxx,uuu, t + T ) (35b)

It is convenient to note that dimensional time can be related to the azimuth
angle ψ of a reference blade, also known as nondimensional time, via
the following relation: ψ = �t , where � the main rotor angular speed
in rad/s. It follows that the fundamental period of the system is T =
2π
�

seconds, which corresponds to 2π radians or one rotor revolution.
The state vector is constituted by the rotor states and the free-wake
states such that xxxT = [xxxT

R xxxT
W], where xxxR is the rotor state vector and

xxxT
W = [rrrT ���T vvvT

i ] is the rotor wake state vector. The control input vector
is assumed equal to the rotor control input vector such that uuu = uuuR.
The output vector comprises the state vector, the induced velocities at
the blade elements, and the rotor forces and moments such that yyyT =
[xxxT

R xxxT
W vvvT

i XR YR ZR LR MR NR].

Flapping-wing version

Because in flapping-wing vehicles the flapping-wing speed may not
coincide with nondimensional time|in fact, this is the case when 
 �= 90
deg|the state-space formulation needs modifications to account for this.
In the PDE form, trajectory of a wake node at flapping angle φ and wake
age ζ is governed by

φ̇
∂rrr(φ, ζ )

∂φ
+ �

∂rrr(φ, ζ )

∂ζ
= VVV (rrr(φ, ζ )) (36)

where φ̇ is the wing flapping speed and � is the fundamental frequency
of the system, both expressed in rad/s. The right-hand side is governed
by the Biot–Savart law, which is the most expensive part of the free-
wake computation. The flapping speed and fundamental frequency are
related by φ̇ = 2

π

�, where 
 is the amplitude of the flapping motion.

The fundamental frequency of the system is given by � = 2π
T

, where
T is the period of a full wing beat. The wake model was implemented
in state-variable form generally following the approach of Ref. 16, with
significant updates. By applying the same approach as before, and as in
Ref. 16, the resulting system of ODE expressed in dimensional time is

ṙrr = −�

φ̇
AAAζrrr + 1

φ̇
VVV (rrr(t, ζ )) (37a)

�̇�� = −�

φ̇
AAAζ��� (37b)

v̇vvi = 1

τvi

[VVV (rrrB(t, ζ )) − vvvi] (37c)

where AAAζ is the finite difference matrix corresponding to the 5PBU4
scheme from Ref. 16 and rrrB is the position of the wing elements. A
static viscous core decay model is implemented based on Refs. 50 and
51, where the vortex core radius is a function of wake age

rc(ζ ) =
√

rc0 + 4αδνζ

�
(38)

where ν is the air viscosity, α = 1.25643, and δ = 1. Additionally,
rc0 = 0.25c̄ as suggested in Ref. 52.

As such, the free-vortex wake dynamics is formulated as an NLTP
system in the first-order form like that in Eq. (34). The fundamental
period in this case corresponds to 2π radians or one wing beat. The state
vector is constituted by free-wake states such that

xxxT = [
rrrT ���T vvvT

i

]
(39)

is the wake state vector. The control input vector uuu includes the ampli-
tude of the flapping motion and the wing bias such that uuuT = [
 
0].
The output vector comprises the state vector and the induced veloci-
ties at the wing elements such that yyyT = [xxxT vvvT

i ]. Because the wake
model is effectively expressed as an NLTP system, periodic solutions,
and approximate higher order LTI models can be found with the mod-
ified harmonic balance method of Ref. 36. With the method described
above, the approach in Ref. 16 is effectively extended from rotary-wing
applications to flapping-wing flight. This constitutes one of the major
novelties introduced by this article.

Results

Rotary-wing vehicle

Implementation and validation. The coupled rotor and state-space free-
vortex wake model is implemented in MATLAB R©/Simulink using a 10-
deg time step and three revolutions of rotor wake. The resulting NLTP
system has a state vector with dimension n = 1872 (20 rotor states and
1852 wake states), a control vector with dimension m = 17, and an output
vector of dimension l = 1918. Figure 3(a) shows a representation of a
computed wake at an advance ratio of 0.1. Note that the wake position
states are inherently periodic (e.g., in equilibrium the lateral position of
a wake node of a certain age oscillates at 1/rev, with amplitude equal to
the width of the wake at that location). Figure 3(b) shows the position for
a wake state in the simulation shown previously, with four different wake
ages 270 deg apart. The 1/rev oscillation and expected phasing are clearly
seen, with higher harmonic distortions increasing as the wake ages. These
kinds of waveforms are readily approximated by a truncated Fourier
series. This allows the periodic wake dynamics to be approximated as
time invariant through the harmonic decomposition method.

Linearized models. A first step towards the linearization of the system
involves solving for the periodic equilibrium x∗(t) and u∗(t). Because
both the rotor and wake dynamics are stable, such that the coupled
system is stable, the periodic equilibrium is found by time marching the
system until it reaches its periodic equilibrium. The initial rotor states
and control inputs are found by trimming the coupled fuselage (not
included in this study) and rotor dynamics without free wake at a 0.1
advance ratio. This was done to have control inputs representative of the
full vehicle trim for the flight condition in consideration. The control
inputs are then frozen, and the coupled rotor and wake dynamics are
time-marched until convergence. In practice, this requires approximately
four rotor revolutions. Then, the system is linearized about the periodic
equilibrium thus found at incremental time steps over one rotor revolution
to yield a set of LTI systems that together constitute an LTP system. In a
subsequent step, harmonic decomposition is applied to approximate the
LTP system with a higher order LTI model by retaining up to the fourth
state and output harmonics (i.e., N = L = 4). Only the zeroth harmonic
of the input is retained as this study only considers control inputs with a
frequency considerably lower than the rotor angular speed (i.e., M = 0).
This translates into being able to only predict the influence of low-
frequency control inputs (i.e., primary flight controls) on the averaged
and higher harmonic content of the response. Note that one would have
to retain control input harmonics higher than the zeroth (i.e., M > 0)
in the case of higher harmonic control . The resulting LTI system has
16,848 states, 17 control inputs, and 17,262 outputs. The eigenvalues of
the high-order, residualized, and averaged dynamics are shown in Fig. 4.
Notably, all eigenvalues of the high-order LTI model are strictly negative,
such that the use of residualization is justified.

To assess the accuracy of the harmonic decomposition model thus
obtained, the response of the high-order LTI dynamics is compared to
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(a) Three-dimensional visualization of the free-vortex wake
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Fig. 4. Eigenvalues of the coupled rotor and wake dynamics.

that of the nonlinear dynamics. Figure 11 shows some responses of the
nonlinear, high-order LTI, and averaged LTI dynamics to a 3-deg dou-
blet in the collective control input. Figure 5(a) shows the perturbation of
one of the wake vortex nodes from the periodic equilibrium. In this fig-
ure, the response of the harmonic decomposition model (high-order LTI
model) nearly overlaps the response of the nonlinear system, indicating
the validity of the proposed method. On the other hand, as expected, the
averaged LTI dynamics is not able to capture the oscillatory behavior of
the rotor wake states. This figure also shows the response of the resid-
ualized LTI model. The model was obtained by residualizing the states
corresponding to the higher harmonics while retaining all state harmon-
ics as part of the output. Note that each output perturbation response
from this model is reconstructed from that output harmonic coefficients
time history using Eq. (8c). Likewise, each state perturbation response

from the high-order LTI model is reconstructed from that state harmonic
coefficient time history using Eq. (8a). Although the residualized model
is the same order as the averaged dynamics, it is capable of predicting
the higher harmonic content, nearly overlapping both high-order LTI and
NLTP model responses. In Fig. 5(b), the induced velocity at one of the
blade elements (approximately located at 76% radius) is shown. The
high-order LTI model better captures the oscillatory velocity profile of
the nonlinear model compared to the averaged LTI model. Indeed, the
averaged model is not expected to capture any peaks; it just captures the
averaged response, not the oscillations. The residulized model gives a
very similar response to the high-order LTI model.

Similar trends are observed in Fig. 6. This figure shows the contour
plot of induced velocities over one revolution at different sample time
periods for the response to a 3-deg doublet in collective pitch described
above. The left column shows the inflow contours during the initial pe-
riodic equilibrium. The results show the expected longitudinal inflow
gradient in forward flight trim, and the contours are nearly identical for
all models. This is expected since the periodic equilibrium from the non-
linear model is superimposed on the perturbation solution of the linear
model, and at that stage there are no perturbations from equilibrium. The
next two columns show contours for rotor revolutions shortly after the
positive collective input and the negative collective steps, respectively.
The expected increase and then reduction in inflow velocities are seen
for all models. However, the averaged LTI model significantly under-
predicts the positive inflow perturbation, notably on the aft retreating
quadrant of the rotor. The high-order and reduced-order LTI models do a
better job of capturing the inflow distribution for the positive collective
step. However, the LTI models do have some characteristic differences
compared with the NLTP model. The NLTP model seems to indicate that
there is more left/right symmetry in induced inflow (Fig. 6(b)) compared
to the LTI models where the advancing side generates more induced
inflow (Figs. 6(e) and 6(h)). This may indicate that there is roll-due-to-
collective coupling in the LTI models that is stronger compared to the
NLTP model. This is further substantiated by the roll moment response
shown in Fig. 7. The contours after the negative collective step show a
reasonable correlation, although the LTI models show more distortion in
the inflow on the front retreating quadrant.
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Fig. 5. Time history of some periodic states following a 3-deg doublet in collective pitch.

Runtime performance. The runtime performance is assessed for each
of the simulation models and compared. Using a MATLAB R© R2022a
implementation and the fourth-order Runge–Kutta solver on a 2021
MacBook Pro computer equipped with an Apple M1 Max processor,
simulation of the NLTP model runs approximately 89× slower than real-
time. The high-order LTI model reduces slightly the runtime to 76×
slower than real-time. On the other hand, the residualized LTI model
runs 1.4× slower than real-time while providing very similar predictions
to those of the NLTP and high-order LTI models. This is approximately a
64× runtime improvement with respect to the NLTP simulation. It is
speculated that by increasing the simulation time step, by further reduc-
ing the order of the system, and/or by performing the simulation on a
faster machine, real-time prediction simulation may be possible. It is
also worth noting these models are available in Simulink and could be
autocoded to C for faster executions. Lastly, the averaged dynamics of
the coupled rotor and vortex wake runs approximately 1.6× faster than
real-time. However, it does not retain information on the higher harmon-
ics of the system. These results are reported in Table 2, along with the
time associated with the computation of a time step for each simulation
strategy.

Flapping-wing vehicle

Implementation and validation. The state-space free-vortex wake model
is integrated with the flapping-wing model described above and tested
for hover conditions and simple control inputs. Note that the triangular
waveform gives piecewise constant flapping speed (i.e., |φ̇| = const.).
The model is implemented in MATLAB R©/Simulink using a 10-deg time

step and three wing beat cycles of wake. The resulting NLTP system
has a state vector with dimension n = 924 (all of which wake states), a
control vector with dimension m = 2, and an output vector of dimension
l = 944. Figure 8 shows a representation of the wake computed at
hover. In this figure, the state-space free-vortex wake is shown to capture
important aerodynamic phenomena related to flapping-wing flight and
that are found in the literature (see, e.g., Refs. 9, 13, 53, 54), which are
described as follows. First, it is clear that the reciprocating wing flapping
motion, combined with the inducted flow through the wing, creates a
series of folded surfaces of trailed vorticity. Layers (sheets) of vorticity of
opposing sign that are convected below, and roughly parallel to, the stroke
plane (Fig. 8(b)). Second, a large flow recirculation region is generated
in the plane of flapping and centered around the wing tips (Fig. 8(a)).
Third, recirculation of the flow is also visible where the vortex sheets
merge and roll up into more concentrated regions of vorticity (Fig. 8(b)).
Fourth, the wake appears to contract below the stroke plane because of
the acceleration of the air (Fig. 8(a)), in accordance with momentum
theory (Ref. 45). The induced velocity at the stroke plane is in line with
those observed in the literature. However, as expected, the model does not
capture the typical leading-edge vortex originating from the separated
flow on the outboard regions of the wing (Ref. 53). This is because the
current free-wake model assumes that the entire circulation of the wing
is convected into a single tip vortex. Note that the wake position states
are inherently periodic (e.g., in equilibrium the lateral position of a wake
node of a certain age oscillates with amplitude equal to the width of the
wake at that location). Figure 9 shows the position for a wake state in the
simulation shown previously, with four different wake ages 270 deg apart.
The one-per-cycle (i.e., 1/cycle) and 2/cycle oscillations and expected

Table 2. Runtime performance with a time step of �ψ = �ζ= 10 deg and three rotor wake revolutions

Simulation Type 1 Time Step (s) × Real Time Number of States Number of Outputs

NLTP 5.8e−1 89 1,872 1,918
High-order LTI 4.9e−1 76 16,848 17,262
Residualized LTI 9.3e−3 1.4 1,872 17,262
Averaged LTI 3.9e−3 0.6 1,872 1,918
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Fig. 6. Contour plot of induced velocities over one revolution at different sample time periods following a 3-deg doublet in collective pitch.
Free-stream air velocity is moving from top to bottom; advancing side is y/R > 0, retreating side is y/R < 0.
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phasing is clearly seen, with higher harmonic distortions increasing as
the wake ages. These kinds of waveforms are readily approximated by
a truncated Fourier series. This allows the periodic wake dynamics to
be approximated as time invariant through the harmonic decomposition
method (Refs. 28, 29).

Linearized models. A first step towards the linearization of the system
involves solving for the periodic equilibrium x∗(t) and u∗(t). Because
the wake dynamics may be unstable, time marching the wake dynamics
may not result in a convergence to the periodic equilibrium. As such,
the modified harmonic balance of Ref. 36 is used to solve for the
periodic equilibrium. Then, the system is linearized about the periodic
equilibrium thus found at incremental time steps over one wing beat to
yield a set of LTI systems that together constitute an LTP system. In a
subsequent step, harmonic decomposition is applied to approximate the
LTP system with a higher order LTI model by retaining up to the fourth
state and output harmonics (i.e., N = L = 4). Only the zeroth har-
monic of the input is retained as this study only considers control inputs
with frequency considerably lower than the fundamental frequency (i.e.,
M = 0). This translates into being able to only predict the influence of
low-frequency control inputs on the averaged and higher harmonic con-
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Fig. 9. Vortex node position over a single wing beat and for varying
wake age.

tent of the response. The resulting LTI system has a total of 8316 states,
two control inputs, and 8496 outputs. The eigenvalues of the high-order,
residualized, and averaged dynamics are shown in Fig. 10. Notably, a
relatively low number of eigenvalues of the high-order LTI model lies
in the right-hand side of the complex plane, but close to the origin. This
violates the assumptions of residualization. It is not clear whether this
is a numerical instability or an instability related to the physics of the
wake. Because the number of eigenvalues is very low compared to the
order of the system, and because these eigenvalues are close to the imag-
inary axis, residualization is still applied to the high-order LTI model.
The eigenvalues of the residualized dynamics are also shown in Fig. 10
and show a similar qualitative distribution to those of the coupled rotor
and wake dynamics analyzed earlier (Fig. 4). In any case, other order-
reduction methods should be considered in the future that do not require
asymptotical stability.

To assess the accuracy of the harmonic decomposition model thus
obtained, the response of the high-order LTI dynamics is compared to
that of the nonlinear dynamics. Figure 11 shows some responses of the
nonlinear, high-order LTI, and averaged LTI dynamics to a 10-deg dou-
blet in the flapping motion amplitude 
. Figure 11(a) shows the perturba-
tion of one of the wake vortex nodes from the periodic equilibrium. In this
figure, the response of the harmonic decomposition model (high-order

−0.08 −0.06 −0.04 −0.02 0 0.02 0.04 0.06 0.08

y (m)

−0.04

−0.02

0

−0.08 −0.06 −0.04 −0.02
−0.04

−0.02

0

0.02

0.04

0.06

0.08

h 
(m

)

−0.5

0

0.5

1

1.5

In
uc

ed
 v

er
tic

al
 s

pe
ed

, v
 (

m
/s

)

(a) Frontal visualization of the state-space free-vortex wake
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Fig. 8. State-space free-vortex wake model as applied to a hawk moth.
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Fig. 10. Eigenvalues of the flapping-wing wake dynamics.

LTI model) nearly overlaps the response of the nonlinear system, in-
dicating the validity of the proposed method. On the other hand, as
expected, the averaged LTI dynamics does not capture the oscillatory
behavior of the wake states. In Fig. 11(b), the induced velocity at one
of the blade elements (approximately located at 76% radius) is shown.

Note that each output response from this model is reconstructed from
that output harmonic coefficients time history using Eq. (8c). Although
the residualized model is the same order as the averaged dynamics, the
residualized model is capable of predicting the higher harmonic content,
nearly overlapping both high-order LTI and NLTP model responses. The
averaged LTI model only predicts the average behavior of the response.
It is concluded that it is possible to derive linearized harmonic decompo-
sition models of the free-vortex wake that provide accurate predictions
of the nonlinear wake dynamics.

Runtime performance. The runtime performance is assessed for each
of the simulation models and compared using the same computer and
integration scheme as in the previous example. Based on this setup,
simulations of the NLTP model run approximately 144 times slower than
real time. The high-order LTI model increased the runtime to 211 times
slower than real time. On the other hand, the residualized LTI model runs
three times slower than real-time while providing very similar predictions
to those of the NLTP and high-order LTI models. This is approximately
a 48× runtime improvement with respect to the NLTP simulation. It is
speculated that by reducing the simulation time step, by further reducing
the order of the system via, for instance, balanced realization, and/or
by performing the simulation on a faster machine, real-time prediction
simulation may indeed be possible. Lastly, the averaged dynamics of
the free-vortex wake runs approximately 1.4 times slower than real-
time. However, it does not retain information on the higher harmonics
of the system. These results are reported in Table 3, along with the
time associated with the computation of a time step for each simulation
strategy.
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Fig. 11. Time history of some periodic states following a 10-deg doublet in the flapping motion amplitude.

Table 3. Runtime performance with a 10-deg time step and three wing beat cycles
of wake

Simulation Type 1 Time Step (s) × Real Time Number of States Number of Outputs

NLTP 1.5e−1 144 924 944
High-order LTI 2.0e−1 211 8316 8496
Residualized LTI 3.1e−3 3 924 8496
Averaged LTI 1.4e−3 1.4 924 944
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Conclusions

This article describes the implementation and linearization of free-
vortex wake models in state-variable form as applied to rotary- and
flapping-wing vehicles. Free-vortex wake models were implemented and
tested for a UH-60 rotor in forward flight and for a hovering insect
representative of a hawk moth. A periodic solution to each wake model
was found by time marching the coupled rotor/wing and vortex wake dy-
namics. Next, linearized harmonic decomposition models were obtained
and validated against nonlinear simulations. Order reduction methods
were explored to guide the development of linearized wake models that
provide increased runtime performance compared to the nonlinear and
linearized harmonic decomposition wake models while guaranteeing sat-
isfactory prediction of the periodic response of the wake. To the best
knowledge of the authors, this effort constituted a very first attempt to
extend free-vortex wake methods in state-variable form, originally de-
veloped for rotary-wing applications, to flapping-wing flight. Based on
the current work, the following conclusions can be reached:

1) The free-vortex wake model in state variable form originally pro-
posed for rotary-wing applications is qualitatively shown to capture im-
portant aerodynamic phenomena related to flapping-wing flight. More
definitive conclusions will require a quantitative validation against results
in the literature. Modifications to the model were necessary to account for
the difference between wing flapping speed and fundamental frequency
of the system. In rotary-wing vehicles, where the flapping motion of the
wing is equivalent to the blade angular speed, blade angular speed and
fundamental frequency of the system are equal.

2) Linearized harmonic decomposition models are shown to predict
accurately the nonlinear wake response for the cases shown and for
relatively small amplitude control inputs. More study is required to un-
derstand over what amplitude range the linear models will be accurate.
While these harmonic decomposition models do not necessarily result
in increased runtime performance when compared to the nonlinear dy-
namics, their order can be conveniently reduced with LTI model-order
reduction methods.

3) Reduced-order models obtained by residualizing the linearized
harmonic decomposition models are shown to provide an accurate pre-
diction of the nonlinear wake dynamics at a fraction of the computational
cost. Notably, for the rotary-wing test case shown, runtime of these mod-
els approach real-time.

4) Averaged models provide the most reduction in simulation run-
time, resulting in real-time performance for rotary-wing vehicles but do
not predict the higher harmonics of the wake dynamics. In fact, these
models only predict the averaged, or zeroth harmonic, response.
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