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1 Global Solutions of Semilinear

Parabolic Equations with Drift Term

on Riemannian Manifolds

Fabio Punzo∗

Abstract

We study existence and non-existence of global solutions to the semilinear

heat equation with a drift term and a power-like source term up, on Cartan-

Hadamard manifolds. Under suitable assumptions on Ricci and sectional cur-

vatures, we show that, for any p > 1, global solutions cannot exists if the

initial datum is large enough. Furthermore, under appropriate conditions on

the drift term, global existence is obtained for any p > 1, if the initial datum

is sufficiently small. We also deal with Riemannian manifolds whose Ricci

curvature tends to zero at infinity sufficiently fast. We show that for any non

trivial initial datum, for certain p depending on the Ricci curvature’s bound,

global solutions cannot exist. On the other hand, for determined values of p,

depending on the vector field b, global solutions exist, for sufficiently small

initial data.

2010 Mathematics Subject Classification: 35B51, 35B44, 35K08, 35K58, 35R01.

Keywords: Global existence; Ricci curvature, sectional curvatures, sub– supersolutions;

comparison principles .

1 Introduction

We investigate existence and non-existence of nonnegative global solutions of Cauchy
problems for semilinear parabolic equations of the following form:







∂tu = ∆u + 〈b(x),∇u〉+ up in M × (0, T )

u = u0 in M × {0} ;
(1.1)

here M is a Cartan-Hadamard manifold of dimension n, endowed with a metric
tensor g, ∆ and ∇ denote the Laplace-Beltrami operator and, respectively, the
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gradient with respect to g, p > 1, b is a vector field defined on M , u0 is a given
nonnegative bounded initial datum. For all vector fields X,Y belonging to the
tangent bundle of M , we set

〈X,Y 〉 := g(X,Y ) .

Here T > 0 is the maximal existence time; when T = +∞, we say that the solution
is global. Problem (1.1) can be regarded as a model for a reaction-diffusion process,
which takes place on a Riemannian manifold, where u stands for the temperature,
up is a nonlinear source term and the drift 〈b,∇u〉 can be determined by an external
flow field.

Problem (1.1) with b ≡ 0 has been widely studied in the literature, both in the
Euclidean space (see, e.g. [7], [13], [16], [17]) and on Riemannian manifolds (see,
e.g., [12], [14], [10], [11], [20], [21], [22], [23]). In particular, in [3] the hyperbolic
space is considered. Some results of [3] have been generalized to Cartan-Hadamard
manifolds with strictly negative sectional curvature in [20], [21]. It is showed that
for any p > 1, if u0 is small enough, then problem (1.1) with b ≡ 0 admits a global
nonnegative bounded solution.

Problem (1.1) with M = R
n has been investigated, e.g., in [1, 4]. In particular,

in [4] it is proved that for any p > 1, for sufficiently large initial conditions, global
solutions cannot exist. On the other hand, if, for some ν > −n,

〈b(x), x〉 ≥ ν for all x ∈ R
n,

and

p > 1 +
2

n+ ν
,

then problem (1.1) has a global solution (see [4, Theorem 3.3.3]. In [4] also more
general operators are considered and many other results are established.

In the present paper, we consider: (j) Cartan-Hadamard manifolds with radial
Ricci curvature bounded from below and strictly negative sectional curvature; (jj)
Cartan-Hadamardmanifolds whose radial Ricci curvature can be negative, but tends
to 0 at infinity fast enough.

Consider the case (j). We prove that, under suitable assumptions on b, if the
initial data u0 is big enough, then for any p > 1 global solutions to problem (1.1)
cannot exist. To prove this result, we use a modification of the method exploited in
[15] (see also [4]). Note that the curvature assumptions give certain bounds on the
volume’s growth of geodesics balls, which are essential to employ this method on a
complete non-compact Riemannian manifold. Moreover, we will construct and use
a function ϕ ∈ C2(M \ ∂BR0) ∩ C1(M) satisfying

∆ϕ− 〈b(x),∇ϕ〉 +
[

λ− div b(x)
]

ϕ ≥ 0 for all x ∈M \ ∂BR0 , (1.2)

for some R0 > 0, λ > 0. The non-existence theorem for large initial data also applies
for b = 0. Hence it is a complementary result with respect to those given in [3, 20, 21]
for b = 0.
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On the other hand, under suitable assumptions on the vector field b, we show
that, for any p > 1, there exists a global solution to problem (1.1), if the initial
datum is small enough. A crucial point in the proof of this result is the construction
of a (weak) supersolution to equation

∆w + 〈b(x),∇w〉 + λw = 0 in M , (1.3)

for suitable λ > 0. Observe that differently from the Euclidean case, any p > 1 is
included. Note that such result applies in particular when b ≡ 0. In this case, it is
in agreement with the results in [20], [21].

Consider now the case (jj). We show that for any p > 1, if u0 is big enough,
then problem (1.1) does not admit global solutions. Moreover, we obtain that, for
some p > 1 depending on the Ricci curvature’s bound, for every 1 < p < p, for
any initial datum u0 6≡ 0, problem (1.1) cannot have global solutions. In addition,
under suitable assumptions on b, for some p̄ > 1 depending on b, for every p > p̄,
problem (1.1) has global solutions, for initial data u0 small enough.

The paper is organized as follows. In section 2 we recall some useful preliminary
notions from Riemannian Geometry and we made the main assumptions. Cartan-
Hadamard manifolds of type (j) are treated in Section 3, for non-existence of global
solutions, and in Section 4, for existence of global solutions. Moreover, Cartan-
Hadamard manifolds of type (jj) are treated in Section 5, for non-existence of
global solutions, and in Section 6, for existence of global solutions.

2 Mathematical framework

2.1 Preliminaries from Riemannian Geometry

In this section we recall some useful notions and results from Riemannian Geom-
etry (see e.g. [2], [8], [9]). We consider Cartan-Hadamard manifolds, i.e. simply
connected complete noncompact Riemannian manifolds with nonpositive sectional
curvatures. On a Cartan-Hadamard manifoldM , for any point o ∈M, the cut locus
of o, Cut(o), is empty. ThusM is a manifold with a pole. Thus, for any x ∈M \{o}
one can define the polar coordinates (r, θ) with respect to o, where

r ≡ r(x) := dist(x, o).

For any x0 ∈M and for any R > 0 we set

BR(x0) :=
{

x ∈M : dist(x, x0) < R
}

.

We set BR ≡ BR(o).
The Riemannian metric in M \ {o} in polar coordinates reads

g = dr2 +Aij(r, θ)dθ
idθj ,
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where (θ1, . . . , θn−1) are coordinates in Sn−1 and (Aij) is a positive definite matrix.
The Laplace-Beltrami operator in polar coordinates has the form

∆ =
∂2

∂r2
+ F(r, θ)

∂

∂r
+∆Sr

, (2.1)

where
F(r, θ) = ∆r(x) for any x ∈M \ {o},

∆Sr
is the Laplace-Beltrami operator on the submanifold Sr := ∂Br . The area

element on Sr is
dµ′|Sr

=
√
Adθ1 . . . dθn−1,

where A := det(Aij), while the volume element is

dµ = dµ′dr .

A manifold with a pole is a spherically symmetric manifold or a model, if the
Riemannian metric is given by

g = dr2 + ψ2(r)dθ2, (2.2)

where ψ ∈ A with

A :=
{

f ∈ C∞((0,∞)) ∩ C1([0,∞)) : f ′(0) = 1, f(0) = 0, f > 0 in (0,∞)
}

.

Observe that for ψ(r) = r,M = Rn, while for ψ(r) = sinh r,M is the n−dimensional
hyperbolic space Hn.

For any x ∈ M \ {o}, denote by Rico(x) the Ricci curvature at x in the radial
direction ∂

∂r .

Let ω denote any pair of tangent vectors from TxM having the form
(

∂
∂r , X

)

,

where X is a unit vector orthogonal to ∂
∂r . We denote by Kω(x) the sectional

curvature at the point x of the plane determined by ω; it is also called sectional
radial curvature.

If Mψ is a model manifold, then for any x = (r, θ) ∈Mψ \ {o}

Kω(x) = −ψ
′′(r)

ψ(r)
,

and

Rico(x) = −(n− 1)
ψ′′(r)

ψ(r)
.

2.2 Assumptions

We always assume that M is a Cartan-Hadamard manifold of dimension n ≥ 2. In
addition, we make one the following assumptions:
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{

(i) Kω(x) ≤ −h21 for some h1 > 0, for any x ∈M \ {o};
(ii) Rico(x) ≥ −(n− 1)h22 for some h2 > h1, for any x ∈M \ {o};

(A0)

or

Rico(x) ≥ −(n− 1)
β̄

1 + r2(x)
for some β̄ > 0, for any x ∈M \ {o} . (A1)

Concerning the initial datum u0 and the vector field b we always assume:

{

(i) b ∈ C1(M) ;

(ii) u0 ∈ C(M), u0 ≥ 0 .
(H)

In view of assumption (A0), by Laplace and Hessian comparison results (see,
e.g., [2], [8]),

(n− 1)h1 coth(h1r) ≤ F(r, θ) ≤ (n− 1)h2 coth(h2r) for any x ≡ (r, θ) ∈M \ {o} .
(2.3)

Moreover, there exists C0 > 0 such that

µ′(SR) ≤ C0e
(n−1)h2R for any R > 0 . (2.4)

On the other hand, in view of (A1), again by Laplace and Hessian comparison
results (see, e.g., [5, Lemma 5.4] and remarks at pages 411-412 in [19]),

(n− 1)

r
≤ F(r, θ) ≤ C1(n− 1)

r
for any x ≡ (r, θ) ∈M \ {o} , (2.5)

for some C1 > 1. Moreover, there exist 0 < C2 < C3 such that

C2R
n−1 ≤ µ′(SR) ≤ C3R

γ(n−1) for any R > 0 , (2.6)

where

γ =
1 +

√

1 + 4β̄

2
. (2.7)

3 Non-existence of global solutions under assump-

tion (A0)

Let a1 > 0, C1 > 0, a2 > 0, C2 > 0, R0 > 0. Define

ϕ̃(x) ≡ ϕ̃(r) := C1e
−a1r for all x ∈M \BR0 ;

ϕ̂(x) ≡ ϕ̂(r) := C2e
−a2r

2

for all x ∈ BR0 ;

ϕ :=

{

ϕ̃ in M \BR0

ϕ̂ in BR0 .
(3.8)
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We always take

C2 = C1e
−a1R0+a2R

2
0 ,

a2 =
a1

2
,

thus
ϕ ∈ C2(M \ ∂BR0) ∩ C1(M) .

As usual, we denote by ∂
∂r the unitary vector field in the radial direction. Con-

sider the function b :M → R defined by

b(x) :=

〈

b(x),
∂

∂r

〉

, x ∈M . (3.9)

Clearly, b(x) ∂∂r is the radial component of the vector field b(x), x ∈M .

Lemma 3.1. Assume (A0), (H). Suppose that there exist b0 ∈ R, Ĉ ≥ 0 such that

b(x) ≥ b0 for all x ∈M , (3.10)

div b(x) ≤ Ĉ for all x ∈M . (3.11)

Let λ > Ĉ and

0 < a1 ≤ min

{

λ− Ĉ

(n− 1)h2 coth(h2R0) + b−0
,

λ− Ĉ

1 +R0[(n− 1)h2 coth(h2R0) + b−0 ]

}

.

(3.12)
Then the function ϕ defined in (3.8) satisfies (1.2).

Proof. In view of (2.1), (2.3) and (3.12) we have, for all x ∈M \BR0 ,

∆ϕ− 〈b(x),∇ϕ〉 − div b(x)ϕ+ λϕ

= ϕ′′(r) + F(r, θ)ϕ′(r)− b(x)ϕ′(r) + (λ − Ĉ)ϕ(r)

≥ e−a1r
{

a21 + a1[−(n− 1)h2 coth(h2R0) + b(x)] + λ− Ĉ
}

≥ e−a1r
{

a21 + a1[−(n− 1)h2 coth(h2R0) + b0] + λ− Ĉ
}

≥ e−a1r
{

−a1[(n− 1)h2 coth(h2R0) + b−0 ] + λ− Ĉ
}

≥ 0 .

(3.13)

Furthermore, since a2 = a1
2 , again by (2.1), (2.3) and (3.12), for all x ∈ BR0 ,

∆ϕ− 〈b(x),∇ϕ〉 − div b(x)ϕ+ λϕ

= ϕ′′(r) + F(r, θ)ϕ′(r)− b(x)ϕ′(r) + (λ − Ĉ)ϕ(r)

≥ e−a2r
2
{

4a22r
2 − 2a2 + 2a2r[−(n− 1)h2 coth(h2r) + b(x)] + λ− Ĉ

}

≥ e−a2r
2
{

−2a2[1 +R0((n− 1)h2 coth(h2R0) + b−0 )] + λ− Ĉ
}

≥ 0 .

(3.14)

From (3.13) and (3.14) we get the thesis.
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Let a1 > (n− 1)h2, so ϕ ∈ L1(M). Set

c :=
1

‖ϕ‖L1(M)
. (3.15)

Theorem 3.2. Assume (A0), (H), (3.11). Let b ∈ L∞(M), λ > Ĉ and ϕ be as in
Lemma 3.1 with

a1 > (n− 1)h2 . (3.16)

Let u be a solution of problem (1.1) with u ∈ L∞
(

M × (0, τ)
)

for each 0 < τ < T

and ∂tu(t)ϕ ∈ L1(M) for every t ∈ (0, T ). Suppose that

c

∫

M

u0(x)ϕ(x)dµ > λ
1

p−1 , (3.17)

with c given by (3.15). Then problem (1.1) does not admit global solutions.

In Theorem 3.2 the solution to (1.1) is meant in the classical sense. Note that,
as it will be apparent from the proof, the same conclusion holds for supersolutions.

Proof. Consider a family {ζ̃R}R>0 ⊂ C∞
c ([0,+∞)) of cut-off functions such that,

for any R > 0,

ζ̃R =

{

1 in [0, R]

0 in [2R,+∞)
,

0 ≤ ζ̃R ≤ 1, |ζ̃′R| ≤
C

R
, |ζ̃′′R| ≤

C

R2
for any r ∈ [0,+∞) ,

for some C > 0. Set
ζ̃R(x) = ζ̃R(r(x)), x ∈M .

Therefore,

|∇ζR(x)| ≤
C

R
χB2R\BR

(x) for any x ∈M. (3.18)

Furthermore, in view of (2.1), (2.3),

|∆ζR(x)| ≤
C

R
χB2R\BR

(x) for any x ∈M. (3.19)

From (2.4) and (3.16) we can infer that ϕ ∈ L1(M). Define

ψ(t) :=

∫

M

c u(x, t)ϕ(x) dµ, t ∈ (0, T ) .

From (1.1) we obtain

∫

M

cϕζR∂tudµ =

∫

M

cϕζR∆udµ+

∫

M

cϕζR〈b,∇u〉dµ+

∫

M

cζRϕu
pdµ . (3.20)
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Let ν be the outer normal unit vector to ∂BR0 . Since ϕ ∈ C2(M \ ∂BR0)∩C1(M),
we get

∫

M

ϕζR∆udµ =

∫

BR0

ϕζR∆udµ+

∫

Bc
R0

ϕζR∆udµ

= −
∫

BR0

〈∇u,∇ϕ1〉ζRdµ+

∫

∂BR0

ϕ1ζR
∂u

∂ν
dS

−
∫

Bc
R0

〈∇u,∇ϕ2〉ζRdµ−
∫

∂BR0

ϕ2ζR
∂u

∂ν
dS

−
∫

M

〈∇u,∇ζR〉ϕdµ

=

∫

BR0

u∆ϕ1ζRdµ−
∫

∂BR0

uζR
∂ϕ1

∂ν
dS

+

∫

Bc
R0

u∆ϕ2ζRdµ+

∫

∂BR0

uζR
∂ϕ2

∂ν
dS

+ 2

∫

M

u〈∇ϕ,∇ζR〉dµ+

∫

M

uϕ∆ζRdµ

=

∫

BR0

u∆ϕ1ζRdµ+

∫

Bc
R0

u∆ϕ2ζRdµ

+ 2

∫

M

u〈∇ϕ,∇ζR〉dµ+

∫

M

uϕ∆ζRdµ

=

∫

BR0

uζR∆ϕ1dµ+

∫

Bc
R0

uζR∆ϕ2dµ

+ 2

∫

M

u〈∇ϕ,∇ζR〉dµ+

∫

M

uϕ∆ζRdµ.

(3.21)

Observe that in view of our assumptions, Lemma 3.1 can be applied. Since u ≥
0, ϕ > 0, ζR ≥ 0, from (1.2) and (3.21) we obtain

∫

M

ϕζR∆udµ ≥ −λ
∫

BR0

uϕ1ζRdµ+

∫

BR0

〈b(x),∇ϕ1〉uζRdµ

− λ

∫

Bc
R0

uϕ2ζRdµ+

∫

Bc
R0

〈b(x),∇ϕ2〉uζRdµ

+

∫

M

uϕζR div b dµ+ 2

∫

M

u〈∇ϕ,∇ζR〉dµ+

∫

M

uϕ∆ζRdµ

= −λ
∫

M

uϕζRdµ+

∫

M

〈b(x),∇ϕ〉uζRdµ+

∫

M

uϕζR div b dµ

+ 2

∫

M

u〈∇ϕ,∇ζR〉dµ+

∫

M

uϕ∆ζRdµ .

(3.22)
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Furthermore,
∫

M

ϕζR〈b,∇u〉dµ

= −
∫

M

uϕζR div b dµ−
∫

M

uζR〈b,∇ϕ〉dµ−
∫

M

uϕ〈b,∇ζR〉dµ.
(3.23)

By (3.20), (3.22) and (3.23),

∫

M

cϕζR∂tudµ ≥ −
∫

M

λuϕζRdµ+

∫

M

〈b(x),∇ϕ〉uζRdµ

+ 2

∫

M

u〈∇ϕ,∇ζR〉dµ+

∫

M

uϕ∆ζRdµ

−
∫

M

〈b(x),∇ϕ〉uζRdµ−
∫

M

〈b(x),∇ζR〉uϕdµ

+

∫

M

cζRϕu
pdµ .

Therefore,
∫

M

cϕζR∂tudµ+ λ

∫

M

uϕζRdµ ≥ 2

∫

M

u〈∇ϕ,∇ζR〉dµ

+

∫

M

uϕ∆ζRdµ−
∫

M

uϕ〈b,∇ζR〉dµ+

∫

M

cζRϕu
pdµ .

(3.24)

In view of (2.4), (6.21) and (3.16), for every t ∈ (0, T ), we get, for some C > 0,

∣

∣

∣

∣

∫

M

u(x, t)〈∇ϕ,∇ζR〉dµ
∣

∣

∣

∣

≤ ‖u(t)‖∞C
R

∫

B2R

|∇ϕ|dµ

≤ ‖u(t)‖∞C
R

∫ 2R

0

e[(n−1)h2−a1]rdr −→
R→+∞

0 .

(3.25)

From (2.4), (6.20) and (3.16), for every t ∈ (0, T ), we obtain, for some C > 0,

∣

∣

∣

∣

∫

M

uϕ∆ζRdµ

∣

∣

∣

∣

≤ ‖u(t)‖∞C
R

∫ 2R

0

e[−a1+(n−1)h2]rdr −→
R→+∞

0 . (3.26)

In view of (2.4) and (3.16), for every t ∈ (0, T ), we get, for some C > 0,

∣

∣

∣

∣

∫

M

uϕ〈b,∇ζR〉dµ
∣

∣

∣

∣

≤ ‖u(t)‖∞‖b‖∞C
R

∫ R

0

e[(n−1)h2−a1]rdr −→
R→+∞

0 . (3.27)

Since, for every t ∈ (0, T ), u(t) ∈ L∞(M) and ϕ ∈ L1(M), by the dominated
convergence theorem,

∫

M

uϕζRdµ −→
R→+∞

∫

M

cϕu dµ = ψ(t) , (3.28)
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and
∫

M

cζRϕu
pdµ −→

R→+∞

∫

M

cϕupdµ ≥ ψp(t) ; (3.29)

here use of Jensen’s inequality and (3.15) have been made. Since, for every t ∈
(0, T ), ∂tu(t)ϕ ∈ L∞(M), by the dominated convergence theorem,

∫

M

cϕζR∂tu dµ −→
R→+∞

∫

M

cϕ∂tu dµ = ψ′(t) . (3.30)

By (3.24)-(3.30) and (3.17)

ψ′(t) ≥ ψp(t)− λψ(t) , ψ(0) > λ
1

p−1 .

This easily implies that there exists T > 0 such that

lim
t→T−

ψ(t) = +∞ .

Hence the thesis follows.

4 Existence of global solutions under assumption

(A0)

Let b(x) be defined as in (3.9). Assume that

b(x) ≥ b1 > −(n− 1)h1 for all x ∈M . (4.1)

Set
σ := (n− 1)h1 + b1.

So, σ > 0. Suppose that

0 < λ <
σ2

4
. (4.2)

Hence we can find a ∈ R such that

0 < a <
σ +

√
σ2 − 4λ

2
. (4.3)

Define
w(x) ≡ w(r) := e−ar, x ∈M .

Proposition 4.1. Let assumptions (A0) and (H) be satisfied. Let conditions (4.1)-
(4.3) be fulfilled. Then w is a weak supersolution of (1.3).

Proof. In view of (2.3) and (4.3), for any x ∈M \ {o},
∆w + 〈b(x),∇w(x)〉 + λw(x)

= e−ar
[

a2 − aF(r, θ) − ab(x) + λ
]

≤ e−ar
{

a2 − a[(n− 1)h1 + b1] + λ
}

≤ 0 .

(4.4)

Since w′(0) < 0, by a Kato’s type inequality, w is a weak supersolution of equation
(1.3) in the whole M .
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Theorem 4.2. Let assumptions (A0), (H), (4.1) and (4.2) be satisfied. Let w be
defined as in Proposition 4.1. Assume that

0 ≤ u0 ≤ C̃w in M , (4.5)

where

0 < C̃ <
1

‖w‖∞
λ

1
p−1 . (4.6)

Then there exists a global solution u of problem (1.1); in addition, u ∈ L∞(M ×
(0,+∞)) .

In order to prove Theorem 4.2, we adapt to the present situation some arguments
used in [3, Theorem 3.1] (see also [21, Theorem 3.2]) . Let {Ωj}j∈IN be a sequence of
domains {Ωj}j∈IN ⊆ M such that Ω̄j ⊆ Ωj+1 for every j ∈ IN,

⋃∞
j=1 Ωj = M ,∂Ωj

is smooth for every j ∈ IN . Furthermore, for every j ∈ N let ζj ∈ C∞
c (Ωj) such

that 0 ≤ ζj ≤ 1, ζj ≡ 1 in Ωj/2.

Proof of Theorem 4.2 . For any j ∈ IN there esists a unique classical solution uj to
problem























∂tu = ∆u + 〈b(x),∇u〉+ up in Ωj × (0, T )

u = 0 in ∂Ωj × (0, T )

u = ζju0 in Ωj × {0} .

(4.7)

Take the constant C̃ > 0 given by (4.6). Let

w̃(x) := C̃w(x)
(

x ∈M
)

,

and

ξ(t) =

{

1− 1

λ
‖w̃‖p−1

∞

[

1− e−(p−1)λt
]

}− 1
p−1

(

t ∈ [0,∞)
)

.

Note that ξ is well-defined in [0,∞) due to (4.6). It is easily seen that ξ solves
problem







ξ′ = ‖w̃‖p−1
∞ e−(p−1)λtξp , t ∈ (0,∞)

ξ(0) = 1 .
(4.8)

Select any λ satisfying (4.2). Define

ū(x, t) := e−λtξ(t)w̃(x)
(

(x, t) ∈M × [0,∞)
)

. (4.9)

Due to (4.8), we have
∂tū−∆ū − 〈b(x),∇ū〉 − ūp

= −λe−λtξ(t)w̃(x) + e−λt‖w̃‖p−1
∞ e−(p−1)λtξp(t)w̃(x)
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+λe−λtξ(t)w̃(x)− e−λptξp(t)w̃p(x) ≥ 0 weakly in M × (0,∞) .

So, ū is a weak supersolution of equation

∂tu = ∆u+ 〈b(x),∇u〉+ up in M × (0,∞) . (4.10)

Moreover, due to (4.5), for any j ∈ IN , ū is a bounded weak supersolution of problem
(4.7). Obviously, for each j ∈ IN , u ≡ 0 is a subsolution of problem (4.7). Hence,
by the comparison principle, for every j ∈ IN we obtain

0 ≤ uj ≤ ū in Bj × (0, T ) . (4.11)

By standard a priori estimates (see, e.g., [6], [18]), we can infer that there exists
a subsequence {ujkh } of {ujk}, which converges in C

2,1
x,t (K × [ε, T ]) as h → +∞,

for each compact subset K ⊂ M and for each ε ∈ (0, T ), and in Cloc(M × [0, T ]),
to some function u ∈ C

2,1
x,t (M × (0, T ]) ∩ C(M × [0, T ]). Moreover, u is a classical

solution problem (1.1). Furthermore, from (4.11) we get

0 ≤ u ≤ ū in M × (0, T ) .

Hence the thesis follows.

5 Non-existence of global solutions under assump-

tion (A1)

Let a > 0. Define
η(x) ≡ η(r) := e−ar

2

for all x ∈M. (5.12)

Lemma 5.1. Assume (A1), (H). Suppose that (3.11) holds and that there exists
σ > 0 such that

b(x) ≥ − σ

r(x)
for all x ∈M \ {o} , (5.13)

with b(x) defined in (3.9). Let a > 0 and

λ ≥ 2a[1 + C1(n− 1) + σ] + Ĉ , (5.14)

with C1 given by (2.5). Then the function η defined in (5.12) satisfies (1.2).

Proof. In view of (2.1), (2.5), (5.13) and (5.14) we have, for all x ∈M \BR0 ,

∆η − 〈b(x),∇η〉 − div b(x)η + λη

≥ η′′(r) + F(r, θ)η′(r) − b(x)η′(r) + (λ− Ĉ)ϕ(r)

≥ e−ar
2

{

4a2r2 − 2a− 2ar
(n− 1)C1

r
+ 2arb(x) + λ− Ĉ

}

≥ e−ar
2
{

−2a[1 + C1(n− 1) + σ] + λ− Ĉ
}

≥ 0 .
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Due to (2.6), η ∈ L1(M). Set

k :=
1

∫

M η(x)dµ
. (5.15)

Theorem 5.2. Assume (A1), (H), (3.11), (5.13), (5.14). Let b ∈ L∞(M) and ϕ
be as in Lemma 5.1. Let u be a solution of problem (1.1) with u ∈ L∞

(

M × (0, τ)
)

for each 0 < τ < T and ∂tu(t)ϕ ∈ L1(M) for every t ∈ (0, T ). Suppose that

k

∫

M

u0(x)η(x)dµ > λ
1

p−1 , (5.16)

with k given by (5.15). Then problem (1.1) does not admit global solutions.

The proof of Theorem 5.2 is very similar to that of Theorem 3.2, and it is based
on Lemma 5.1 instead of Lemma 3.1. Therefore it is omitted.

Corollary 5.3. Assume (A1), (H), and (3.11), with Ĉ = 0. Let u0 6≡ 0, b ∈
L∞(M). Let u be a solution of problem (1.1) with u ∈ L∞

(

M × (0, τ)
)

for each
0 < τ < T and ∂tu(t)ϕ ∈ L1(M) for every t ∈ (0, T ). Suppose that

1 < p < 1 +
2

γ(n− 1) + 1
, (5.17)

with γ given by (2.7). Then problem (1.1) does not admit global solutions.

Remark 5.4. Observe that if M = R
n, then (A1) is fulfilled with β̄ = 0. So, γ = 1.

Therefore, condition (5.17) gives

1 < p < 1 +
2

n
.

This agrees with the results in [7], [13], [16]. Indeed, in R
n also the equality sign

included. However, by means of our methods we are not able to consider the equality
sign in condition (5.17).

Proof. The conclusion follows from Theorem 5.2, if we show that condition (5.16)
is fulfilled for a > 0 and

λ = 2a[1 + C1(n− 1) + σ] .

Note that, for some C̃1 > 0 (see, e.g., [4, formula (3.3.11)]), for any a > 0,

∫ ∞

0

e−ar
2

rγ(n−1)dr ≤ C̃1a
−n

2 − (γ−1)(n−1)
2 = C̃1a

−γ(n−1)+1
2 .

Hence, in view of (2.6) and (5.15), for some C̃2 > 0,

1 = k

∫

M

η(x)dµ ≤ kC̃2

∫ ∞

0

e−ar
2

rγ(n−1)dr ≤ kC̃2C̃1a
−γ(n−1)+1

2 .
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Thus

k ≥ a
γ(n−1)+1

2

C̃1C̃2

,

and

k

∫

M

η(x)u0(x)dµ ≥ a
γ(n−1)+1

2

C̃1C̃2

∫

M

η(x)u0(x)dµ . (5.18)

Hence condition (5.16) is verified, if

a
γ(n−1)+1

2

C̃1C̃2

∫

M

η(x)u0(x)dµ > a
1

p−1 [2(1 + C1(n− 1) + σ)]
1

p−1 ,

that is
∫

M

η(x)u0(x)dµ > C̃1C̃2 a
−γ(n−1)+1

2 + 1
p−1 [2(1 + C1(n− 1) + σ)]

1
p−1 . (5.19)

Since u0 6≡ 0,

lim inf
a→0+

∫

M

η(x)u0(x)dµ > 0;

furthermore, in view of (5.17), we have

lim
a→0+

a−
γ(n−1)+1

2 + 1
p−1 [2(1 + C1(n− 1) + σ)]

1
p−1 = 0 .

Hence, conditions (5.19) and (5.16) are satisfied for a > 0 sufficiently small. This
completes the proof.

6 Existence of global solutions under assumption

(A1)

Let b(x) be defined as in (3.9). For any C > 0, α > 0, t0 > 0 define

u(x, t) := C(t+ t0)
−αe

− r2

4(t+t0) for any x ∈M, t > 0 . (6.20)

Proposition 6.1. Let assumptions (A1) and (H) be satisfied. Suppose that

b(x) ≥ ν

r(x)
for all x ∈M \ {o}, (6.21)

for some −n < ν ≤ 0, and that

p > 1 +
2

n+ ν
. (6.22)

Then, for some α > 0, C > 0, the function ū, defined in (6.20), verifies

∂tū ≥ ∆ū+ 〈b,∇ū〉+ ūp in M × (0,+∞) .
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The proof of Proposition 6.1 is modelled after that of [4, Lemma 3.3.2].

Proof. From (2.1) and (2.5) we get, for every (x, t) ∈M × (0,+∞),

∂tū−∆ū− 〈b(x),∇ū〉

= Ce
− r2

4(t+t0) (t+ t0)
−α−1

{

−α+
1

2
+
r

2
F(r, θ) +

1

2
b(x)r

}

= Ce
− r2

4(t+t0) (t+ t0)
−α−1

{

−α+
1

2
+
r

2

n− 1

r
+
ν

2

}

≥ Ce
− r2

4(t+t0) (t+ t0)
−α−1n+ ν − 2α

2
=

ū

t+ t0

n+ ν − 2α

2
.

(6.23)

Due to (6.22) we can find

0 < ǫ <
n+ ν

2
− 1

p− 1
.

Fix any ǫ ∈
(

0, n+ν2
)

and choose

α =
n+ ν

2
− ǫ . (6.24)

Note that
ū(x, t) ≤ C(t+ t0)

−α for all (x, t) ∈M × (0,+∞) .

Therefore
1

t+ t0
≥

(

ū(x, t)

C

)
1
α

for all (x, t) ∈M × (0,+∞) . (6.25)

Choose
0 < C ≤ ǫ

1
α . (6.26)

From (6.23)-(6.26) we obtain

∂tū−∆ū− 〈b,∇ū〉 ≥ ū1+
1
α in M × (0,+∞) . (6.27)

In view of (6.22) and (6.24), for ǫ > 0 sufficiently small

1 +
1

α
< p ; (6.28)

in addition,
0 < ū ≤ 1 in M × (0,+∞) . (6.29)

By (6.27)-(6.29),

∂tū−∆ū− 〈b,∇ū〉 ≥ ūp in M × (0,+∞) .

The proof is complete.
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Theorem 6.2. Let assumptions (A1) and (H) be satisfied. Suppose that (6.21)
and (6.22) hold. Assume that

0 ≤ u0(x) ≤ ū(x, 0) for all x ∈M,

where ū given by Proposition 6.1. Then there exists a global solution to problem
(1.1).

Proof. The conclusion follows arguing as in the proof of Theorem 4.2 replacing the
supersolution defined in (3.15) with that provided by Proposition 6.1.

Theorem 6.2 generalizes [4, Theorem 3.3.3], where M = R
n is treated.
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