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For adverse-pressure-gradient turbulent boundary layers, the study of integral skin-friction contributions
still poses significant challenges. Beyond questions related to the integration boundaries and the derivation
procedure, which have been thoroughly investigated in the literature, an important issue is how different terms
should be aggregated. The nature of these flows, which exhibit significant in-homogeneity in the streamwise
direction, usually results in cancellation between several contributions with high absolute values. We propose
a formulation of the identity derived by Fukagata et al. (2002), which we obtained from the convective form
of the governing equations. A new skin-friction contribution is defined, considering wall-tangential convection
and pressure gradient together. This contribution is related to the evolution of the dynamic pressure in the
mean flow. The results of the decomposition are examined for a broad range of pressure-gradient conditions and
different flow-control strategies. We found that the new formulation of the identity allows to readily identify
the different regimes of near-equilibrium conditions and approaching separation. It also provides a more
effective description of control effects. A similar aggregation between convection and pressure-gradient terms
is also possible for any other decomposition where in-homogeneity contributions are considered explicitly.

1. Introduction second kind (Modesti et al., 2018). At the same time, other expressions

have been derived using similar procedures with the aim of providing a

The connection between properties of turbulent flows and gen-
eration of skin friction is a crucial topic in fluid mechanics with a
significant impact on industrial and every-day-life applications. One
possible approach to investigate this connection is to derive identities
that express the local skin friction in terms of averaged quantities
integrated on wall-normal profiles. From a historical point of view, this
is the same approach of the von Kdrman momentum integral, which is
derived in the context of the boundary-layer approximation and that
links skin friction and development of the boundary-layer thickness.

In 2002, Fukagata et al. (2002) derived the local skin-friction co-
efficient as a sum of contributions identified as integral of the non-
vanishing terms in the Reynolds-averaged Navier-Stokes equation. This
expression, now known as Fukagata-Iwamoto-Kasagi (FIK) identity,
has been used in the context of control in both internal flows and
boundary layers (Peet and Sagaut, 2009; Mehdi and White, 2011;
Kametani and Fukagata, 2011; Kametani et al., 2015; Stroh et al., 2015)
and to investigate phenomena such the secondary flow of Prandtl’s
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different perspective or more clear physical interpretation for the con-
tributions. This included relatively natural extension of the derivation
e.g. incorporating the effects of wall curvature (Monte et al., 2011), or
using the conservation of vorticity instead of momentum (Yoon et al.,
2016). In the case of turbulent boundary layers (TBLs), the impact of
the choice of the upper bound of integration has also been investigated
in the past (Mehdi et al., 2014).

In 2016, Renard and Deck (2016) proposed a new identity, denoted
as RD decomposition, based on the budget of the turbulent kinetic
energy, which improved on the FIK original formulation under two
points of view. Firstly, the integrand of the skin-friction contributions
have more intuitive scaling properties in the near-wall region and,
secondly, in the case of zero-pressure-gradient (ZPG) boundary layers,
the integration procedure does not require to establish an upper bound.
This is due to adopting a frame of reference where the wall is moving
at the free-stream velocity, so that all integrands naturally vanish in
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the far field. The RD decomposition has been recently used to study
internal flows and TBLs, including cases with pressure gradients (Wei,
2018; Fan et al., 2020c,a), compressible flows (Li et al., 2019), and
control (Fan et al., 2022). The issue of considering an upper bound
of integration, however, still remains in the case with adverse pressure
gradients (APGs), because the choice of a reference free-stream velocity
is not obvious (the aforementioned studies in these condition still rely
on a specific method to identify the boundary-layer edge Fan et al.,
2020a, 2022).

How to apply skin-friction decompositions in TBLs in the most ef-
fective and meaningful way is still an open question. Recently, Wenzel
et al. (2022) employed the FIK decomposition to study compressible
TBLs subjected to APG, using a reduced number of integrations, which
makes more straightforward the physical interpretation of contribu-
tions, and carefully considering the impact of upper bounds. They also
applied the same procedure to define contributions for the specific
heat-transfer coefficient. On the other hand, Ricco and Skote (2022),
demonstrated that the FIK identity is equivalent to the von Kirman
integral equation in the limit of infinite upper bounds of integration,
and discussed how a finite limit of integration directly affect the
decomposition to underline the fundamental challenges of applying it
to TBLs.

The aim of the present work is to discuss how cancellations between
skin-friction contributions affect the result of the FIK decomposition in
APG TBLs. In particular, we focus on the standard FIK identity derived
from the averaged momentum conservation in conservative form and
on a formulation proposed for boundary layers. In this boundary-layer
formulation, (i) the identity is derived from the momentum conserva-
tion in convective form, (ii) wall-tangential mean velocity and pressure
gradient are considered together, and (iii) the wall-normal convection
of vorticity is expressed explicitly. Note that similar cancellations has
been already proposed (Atzori et al., 2021a; Wenzel et al., 2022), but
without a systematic comparison of the contributions in different forms
and examining substantially different pressure-gradient conditions. We
consider a vast data set of TBLs subjected to APGs, including both
cases developing over a flat plate and the suction side of a NACA4412
airfoil at different Reynolds numbers and angles of attack, and we show
how different flow regimes can be identified using the skin-friction
contributions. We also consider cases with control, where the high
values of contributions in the standard FIK and RD formulation makes
it difficult to identify the most relevant control effect (Atzori et al.,
2021b).

The paper is organized as follows: in Section 2, we describe the
data set and numerical methods; in Section 3, we present the two
FIK formulations that we consider; in Section 4, we examine pressure-
gradient and control effects on the contributions, and in Section 5, we
discuss our conclusions.

2. Data set and numerical methods

We consider several data sets including high-fidelity numerical sim-
ulations of incompressible turbulent boundary layers developing both
over a flat plate and around a NACA4412 airfoil (see Fig. 1).

For the sake of simplicity, we use a common notation for both
flat-plate and airfoil data, where x and y denote the wall-tangential
and wall-normal directions, respectively, and U and V are the corre-
sponding mean-velocity components. The airfoil simulations are carried
out internally using a global Cartesian frame of reference. The proper
tensor rotation is employed for mean velocity components, fluctuations,
and derivatives to express each quantity in a local Cartesian frame of
reference for any considered wall-normal profile. In the local frame
the first and second orthogonal directions are wall-tangential and wall-
normal, respectively. Velocity fluctuations with respect to the mean are
denoted with u and v so that e.g. the Reynolds-shear stress is uv. The
mean pressure is denoted by P. The skin-friction coefficient is defined
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as ¢, = 27, /(pUez), where the wall-shear stress is 7,, = pv(dU /dy),—,
p is the fluid density, and v is the kinematic viscosity. The subscript e
indicates variables at the location of the edge of the boundary layer,
denoted by &y, so that e.g. U, = U(y = 899). The location of the edge is
identified using the method proposed by Vinuesa et al. (2016), based
on of the diagnostic scaling (Alfredsson et al., 2011; Drézdz et al.,
2015). The length scale used for viscous units is /* = v/u,, where the
friction velocity is u, = m With this notation, the friction Reynolds
number is denoted by Re, = ggu,/v. The Reynolds numbers based on
the momentum and displacement thickness are denoted by Rey = 0U, /v
and Re; = 6*U,/v, respectively, where 6 = 059" U/U,(1 - U/U,)dy,
and §* = fo&”"’(l — U/U,dy. We use the Clauser pressure-gradient
parameter (Clauser, 1956), denoted by g = 6*/7,dP/dx|,, to provide
a qualitative measure of the local pressure-gradient intensity.

The flat-plate data set consists of a zero-pressure-gradient case up
to Re, = 7600, which we denote ZPG, and five cases with differ-
ent pressure-gradient conditions. These cases are denoted Al.1, Al.6,
Al.6L, A2.8, and A4.5, where the two-digit number refers to the
maximum value of . Note that A.16L differs from A1.6 in the longer
domain size and thus range of Reynolds number. The NACA4412 data
set includes simulations at angle of attack AoA = 5° at Reynolds
numbers based on the chord length Re, = 200,000 and 400,000, and
at Re, = 400,000 with AoA = 11°, which are denoted W5(200k),
W5, and W11, respectively. Note that Re, = U c/v, where U is the
velocity of the incoming flow, and ¢ is the chord length. The range of
p and Reynolds numbers for the cases mentioned so far are reported in
Table 1.

The NACA4412 data set also includes three cases with control
applied on the suction side in region 0.25 < x/c¢ < 0.86, with uniform
blowing, uniform suction, and body-force damping. The body-force
case is a model for the effects of opposition control (Stroh et al.,
2016). These control cases are denoted by W5BL, W5SC, and W5BF,
respectively. In the two cases W5SBL and W5SC, the control intensity
is 0.1%U,, while the case with body-force damping is designed so that
the control have effects similar to that in W5BL. Hereafter, we provide
a brief summary of the numerical methods that have been employed
and of the overall flow properties in each case.

2.1. Flat plate

The flat-plate TBL simulations are well-resolved large-eddy simula-
tions (LESs) performed with the pseudo-spectral code SIMSON (Cheva-
lier et al., 2007) and using the approximate deconvolution relaxation-
term (ADM-RT) sub-grid model (Schlatter et al., 2004). The ZPG
case (Eitel-Amor et al., 2014) was validated with direct-numerical-
simulation (DNS) data (Schlatter and Orlii, 2010). The APG cases used a
similar numerical setup (Bobke et al., 2016, 2017; Pozuelo et al., 2022),
and case Al.6L was compared and validated against experimental
data (Vila et al., 2020). In these simulations, the resolution in space in
the three direction is approximately (4x*, Ay*, 4z*) < (20,0.2 — 30, 10),
where the highest Ay* is referred to the region above the boundary-
layer edge at high Reynolds number. Only a portion of the original
data set is considered in the present study due to the different statis-
tical convergence at different streamwise locations. The skin-friction
coefficient and Clauser parameter for these cases are shown in Fig. 2
as functions of Re,. This data set was created to study the influence of
history effects on the local properties of the boundary layer, i.e. how
inner-scaled profiles of velocity and turbulent fluctuations can differ
even at matching values of § and Re,. In Al.1, A1.6, A2.8, and A4.5,
increases with a similar rate up to the different maximum values, while
in A1.6L the evolution of f is slower, resulting in a different streamwise
evolution of ¢, in each case.
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Fig. 1. Overview of the NACA4412 simulation at angle-of-attack 11 and Re, = 400,000, showing instantaneous vortex clusters. The structures are identified with the 4,
criterion (Jeong and Hussain, 1995) and colored with the streamwise velocity (where dark blue denotes —0.5 and dark red 2.5). The simulation is performed with Nek5000 (Fischer
et al., 2008), using adaptive mesh refinement (Tanarro et al., 2020). The entire computational domain is shown in the insert. (For interpretation of the references to color in this

figure legend, the reader is referred to the web version of this article.)

Table 1

Range of the pressure gradient parameter (§) and Reynolds numbers based on the friction velocity, the momentum thickness, and the displacement thickness (Re,, Rey, and Re;,
respectively) for the considered cases without control. Note that for the airfoils (three last columns on the left), the values refer to the region 0.4 < x/c < 0.8.

B ZPG Al.l Al.6 Al.6L A2.8 A4.5 W5(200k) W5 W11
~0 0-4.5 0-2.8 0-1.6 0-1.6 0-1.1 0.6-5.8 0.6-4.9 1.3-48
Re, 160-2300 150-700 160-740 180-1600 160-770 160-750 160-225 240-360 260-380
Re, 340-7600 320-4000 330-3600 380-7400 330-3200 320-3100 450-1100 760-1800 1100-3000
Re; 550-10400 530-7400 530-6200 600-11 400 530-5000 520-4800 770-2100 1200-3300 1700-7700
%1073
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Fig. 2. (Left) Skin-friction coefficient, denoted by ¢, and (right) Clauser pressure-gradient parameter, denote by g, for the flat-plate cases. The circles denote the location of

maximum f.

2.2. Airfoil

The wing simulations considered in this work are well-resolved LES
carried out with the code Nek5000 (Fischer et al., 2008), which is based
on the spectral-element method (Patera, 1984) (SEM). The LES filter
is based again on the same ADM-RT sub-grid model (Schlatter et al.,
2004) as for the flat-plate simulations, which was validated for this
setup with DNS data (Hosseini et al., 2016) for the reference case at
Re, = 400,000, showing excellent agreement in mean profiles, velocity
fluctuations and terms of the turbulent-kinetic-energy budget (Vinuesa
et al.,, 2018; Negi et al., 2018), in addition to instantaneous flow
structures (Eitel-Amor et al., 2014). The cases at AoA = 5° have been
simulated using a conformal C-type mesh that extends up to a distance

of 2¢ in each direction from the airfoil surface, and at least 0.1c in the
spanwise direction (Vinuesa et al., 2018; Atzori et al., 2021b). A RANS
simulation provides boundary conditions at the inlet and upper and
lower sides, and a local-stress outflow condition is used for the rear side
of the domain (Dong et al., 2014). The mesh is designed using the wall-
shear stress of RANS simulations so that the resolution in the turbulent
region of the domain is approximately (Ax*,4y",4z%) < (18,0.64 —
11,9). Note that the case with body-force damping is examined here
for the first time, but it is analogous to a previous one with the
same control at Re, = 200,000 (Atzori et al., 2021b). The case at
AoA = 11° is also examined here for the first time and uses a different
setup, taking advantage of the recent implementation of adaptive mesh
refinement in Nek5000 (Tanarro et al., 2020). In particular, the grid
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Fig. 3. (Top, left and right) Skin-friction coefficient and Clauser pressure-gradient parameter for the suction side of the NACA4412 cases, respectively. The dashed vertical lines

denote the control region. (Bottom, left and right) Friction Reynolds number as a function of Re,, and Clauser parameter as a function of Re,, respectively. The circles in each

plot denote location x/c = 0.75.

for the production case is obtained by progressively refining an initial
mesh with h-type refinement, i.e. dividing spectral elements where it is
needed, which is determined using a spectral error indicator (Mavriplis,
1990). The resulting mesh is non-conformal with a resolution in the
turbulent region similar to that of the previous cases, allowing to use
a much larger domain size that extents for 50c, 40c and 0.6¢ in the
horizontal, vertical and spanwise directions, respectively. The larger
size of the domain reduces the impact of the boundary conditions and
allows to properly describe the large turbulent structures in separation
conditions. In all wing simulations, transition to turbulence is induced
at a distance from the leading edge of x/c = 0.1 using a random volume
force with given intensity and length and time scales, implemented to
simulate tripping devices in experiments (Schlatter and Orlii, 2012).
To provide an overview of these data sets, we show the skin friction
and Clauser parameters as functions of the distance from the leading
edge for all wing cases in Fig. 3, together with Re, as a function
of Re, and f as a function of Re, for the cases without control and
the flat-plate cases ZPG and A4.5. The local skin-friction decreases for
all cases due to the progressively stronger APG. Uniform blowing and
suction have approximately opposite effects, decreasing and increasing
¢y, respectively. The amplitude of the body-force damping is calibrated
to produce a similar skin-friction reduction in the case with uniform
blowing in the control region, but ¢, rapidly recovers further down-
stream (as previously observed on flat plate Stroh et al., 2016). The
development of g is very similar for the two cases W5(200k) and W5,
which only differ for the value of Re,. The streamwise evolution Re,
in the wing cases is significantly affected by the pressure gradient. In
internal-flow canonical cases, such as turbulent channel or pipe, and in
ZPG TBLs, Re, is an indicator of the separation that exists between
the smallest and the largest scales that are present in the turbulent
boundary layer and thus increases monotonically if the macroscopic

Reynolds number increases. This still holds true for the APG flat-plate
cases, even though Re, is reduced compared with the corresponding
ZPG TBL. For the cases examined in the wing however, Re, is still
increasing only up to a certain streamwise location, after which u,
decreases faster than the growth of 649, causing Re, to also decrease.

3. FIK identity for boundary layers

The FIK identity is derived applying a triple integration by parts
to the (partially) averaged Navier—Stokes equation (Fukagata et al.,
2002). This procedure results in a collection of terms, depending on the
symmetry of the considered case. In the case of simulations of turbulent
channel, where periodic boundary conditions are imposed in both the
streamwise and spanwise directions, the total ¢, is expressed as:

2
¢ = Il_j,, + 12/0 (1 =y)(~uv)dy, @

where Re, = U,H/v is the Reynolds number computed with bulk
velocity U, and the full channel height H. In the case of turbu-
lent boundary layers however, the flow is non-homogeneous in the
streamwise direction and terms including derivatives in that direction
do not vanish. Other identities, although derived with a different
methodology, also result in similar collections of terms. In the present
section, we summarize the terms of the FIK decomposition obtained
from the conservative form of the averaged Navier-Stokes equations,
which we referred to as “standard” formulation, and we consider a
“boundary-layer” formulation.

3.1. Standard formulation

The standard formulation of the FIK identity is derived applying
a triple integration by parts to the averaged streamwise momentum
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conservation, which reads:

AU oUV) _ 9P PU  PU\ w02
—_— = vl l—+—= ) -— - —. 2)
ox oy “ox 0y? dx2 dy ox
This procedure results in the following identity:
cf:c?+c;+cf+cf, ()]
where each contribution is defined as:
1-6%/5
5 99
=419 4
‘s Reg )
1
! = —4/ (1= miuvdy, ®)
0
1
c;? = —2/ (1 =21, dy, (6)
f = —2/ a —n)Q—dn @

The first contribution directly takes into account the evolution of the
boundary-layer thickness. The second contribution takes into account
turbulent fluctuations. The third contribution includes all terms which
would vanish in case of flows homogeneous in the streamwise direction,
and the four contributions includes explicitly the pressure gradients.
The multiplicative factors (1—#)" are a result of the integration by parts,
and 5 = y/éyy is the outer-scaled wall-normal location. When the FIK
contributions are derived from the conservative form of the governing
equations, the term I, is written as:

IX:@(_Uz)_i_a(_uz)_’—M_Laz_U. (€))

0x ox dy Res 0x?

Contributions ¢?

terms, as follows:

can thus be expressed as the sum of four additional

! AU
f = —2/0 (1= =>=dn, ©
1 6_2
2 = _z/ (1 -m*Z gy, (10)
0 Ox
1
D3 —2/ a —n)szm an
— — 2 —_———
= 2/ 1=7n) ( Re, ax2>d"' 12)

Of these four contributions, ¢! and ¢23, which are directly related

with mean-velocity components, tend to be the most relevant of the
non-homogeneous contributions.

3.2. Boundary-layer formulation

For the case of turbulent boundary layers, we propose a new for-
mulatlon following three steps. The first step is simply to combine cf !
and ¢P? using the continuity equation, which is equivalent to deriving
the FIK identity from the convective form of the governing equations.
In this case, the integrand of the non-homogeneous contribution, cf,
reads:

oU | ow?) 1 U
=U—+ V— - — N 13
ox ax T dy  Res ox2 a3

resulting in different contributions from mean convection instead of ¢ ?"

and cfps_ We denote the corresponding new contributions c;”* and cD3*
respectively:
1
eDlx = _2/ 1 =n)? vY dn, a4
! Jx
e = -2/ (1- n)ZV—dn 15)

The second step is to introduce a contribution which contains the
mean spanwise vorticity, denoted by 2, = 0V /dx — oU /dy. The new
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Table 2
Definition of skin-friction contributions in both FIK formulations.

Standard formulation
cfm = —2/01(1 —n)? —”(;/XU) dn
=2/ —n? X ay

Boundary-layer formulation

P = [l -2 L (%(U2+V2)+P)drl

f:—zfo(l—r,)”" P2 =42 [l - PV 2 dn
=4l ';/” b =410l ‘;/‘3

c}' f()l(l—ﬂ)ﬁdn c;—4f”(l— nyuvdn

=2 fla- )Zﬁdn ok =—2f0(1—;1)2‘%dn

oD = 72'4(1,”)2(7%%%)(1" f4=*2/;1](1*")2(7i%)d”

contribution related to wall-normal convection, ¢23*, is thus substituted

by two new terms in the boundary-layer formulation:

[
|

1
P2 = +2/0 (1 -V, dy, (16)

1
ov _ _ 2 (¥
et 2/0 ) (V ax)dn. a7

The third step is to consider together the streamwise-convection
term, cP'*, the new ¢P¥ term, and the pressure-gradient term, creating
the following contribution:

cP” —2/(1—;1)2 U—+V0—V+0—P>dn. 18)
Jx  Ox
This step is motivated with the following reasoning. For points along
streamlines in the inviscid flows, we can write the Bernoulli equation
as:

%p(U2+V2)+P:P0, 19

where P, denotes the total pressure, which is constant along stream-
lines, and g = 1/2[p(U? + V?)] is the dynamic pressure. The derivatives
of this expression in the wall-tangential direction in the inviscid flow
is then:

oU aVv  oP

+V—+—=0. 20
ox ox ox 20

The new contribution ¢7” is thus defined with the spirit of remov-
ing the apparent contributions to friction that are related to the
development of the irrotational flow above the boundary layer and
to acknowledge the fact that mean convection and pressure gradient
remain partially connected even in the turbulent boundary layer. We
name this new term “dynamic-pressure contribution” hereafter, as it
describes the balance between the evolution of the dynamic pressure
in the mean flow and the pressure gradient.

The relation between the boundary-layer and standard FIK formu-
lations can be summarized by the following identities between the
contributions related to mean convection and pressure gradient:

bp

1

DP _ DV _ .Dlx D!

et = 1 +cf 3¢ +cf, @1
pQ, DV _ D3 _ 1 D!

cpite =cp —2 I +cf (22)

The sum of these expressions yields ¢2? +c D T4cD3 +c , which is
a direct consequence of the fact that the standard and/ boundary layer
formulations are equivalent. The definitions of all contributions in both
formulations are reported in Table 2.

Note that Wenzel et al. (2022) used a similar approach for the
study of compressible TBLs to have better cancellations between the
contributions of FIK identity derived from a double integration by
parts. In their case, wall-tangential convection and pressure gradient
are considered together, but the different form of the Bernoulli equa-
tion for compressible flows makes the interpretation of the resulting
spatial-development term less intuitive.

The definition of the upper bound of integration has been consid-
ered a critical point in the application of the FIK decomposition and
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similar identities in the general context of the TBL (e.g. by Ricco and
Skote (2022)). These analyses have been focused on the ZPG case,
where the zero wall-normal gradient of U in the irrotational region
allows extending the integration bound in the limit of y — co. However,
in case of pressure gradients or other modifications of the free-stream
flow, the choice of a local reference U, is equivalent to a choice of
the upper limit of the boundary layer. We assume that a definition of
the boundary-layer thickness is provided and that it is consistent with
the flow development. The results shown hereafter are obtained using
899 based on the diagnostic scaling, as mentioned in Section 2. Previous
studies reported only a small dependency of the contributions for small
changes of 649, as expected from the shape of the integration pre-factor
and the properties of the flow (Atzori et al., 2021b). It is also worth
mentioning that Griffin et al. (2021) recently proposed a method to
identify 649 based on a comparison between the mean velocity in the
TBL and the expected velocity from the irrotational free-stream flow.
This method uses a condition naturally similar to the definition of ¢2”
and it yields values of 8¢y in very good agreement to the one used
in the present paper, if a consistent condition for the edge location is
used. In this context, we can then state that the FIK identity is used in
the present form to study the balance of contributions in the domain
region within the turbulent boundary layer. A different definition of the
integration bound, e.g. with a value of 1.56¢¢ or higher, will naturally
lead to different results, as a larger portion of irrotational flow is
included. We will examine the sensitivity of contributions with respect
to the choice of the upper integration bound in Section 4.2.

We also note that the same aggregation for terms related to stream-
wise development of the mean flow and pressure gradients can be
proposed for decompositions that are derived in a similar way from
the governing equations. This is for instance the case of e.g. the RD
decomposition, if the non-homogeneous contribution is expressed in
explicit form (see Appendix A). In the case of the angular-momentum
integral (AMI) equation proposed by Elnahhas and Johnson (2022),
the same approach could also be applied at least from a formal point
of view. It does not seem entirely appropriate however because the
contributions are already defined in terms of the defect profiles from
the von Karman momentum integral to distinguish between laminar
and turbulent contributions (see Appendix B).

4. Results

In this section, we examine the FIK contributions for a selected set
of pressure-gradient conditions. We focus on how the boundary-layer
formulation can improve the description of both pressure-gradient and
control effects, and on how the new dynamic-pressure contribution can
be used to identify different flow regimes.

4.1. APG effects over the flat plate

Firstly, we compare the canonical zero-pressure-gradient TBL and
the adverse-pressure-gradient TBL in case A1l.6L, which exhibits mod-
erate values of g. Fig. 4 shows the skin-friction contributions and the
relative skin-friction contributions in both cases and for both formula-
tions as functions of Re,. The values of the relative contributions for
three selected locations are reported in Table 3. The relative contribu-
tions are normalized with the total ¢, of each case, so that their sum is
1. Note that the qualitative development of relative contributions may
differ from that of absolute contributions, depending on the rate of the
change of c¢,. For example, a relative contribution will still increase
even when the corresponding absolute contribution decreases, if ¢,
decreases faster.

When compared against the ZPG case, APG TBLs exhibit a faster
decrease of ¢, as the boundary-layer develops, which is also matched by
a qualitative change in the FIK contributions. The turbulent-fluctuation
contribution, c;, which has the same expression in both FIK formula-
tions, progressively decreases in the ZPG case but it increases in the
streamwise region that approximately coincides with the increase of .
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Table 3

Relative skin-friction contributions of the FIK identity in the ZPG and Al.6L cases
at selected locations. Contributions that appear in the standard and boundary-layer
formulations are denoted with (S) and (BL), respectively. The sum is reported in the
last line (the value of 1.01 for the last case is caused by statistical uncertainty).

ZPG AL6L
] 0 0 0 1.2 16 14
Re, 2000 4000 6000 2000 4000 6000
Re, 680 1300 1800 530 850 1200
cT/e, (S & BL) 074 077 078 120 162 1.8
@ +cP?+cP)/c, (S&BL) 006 002 002 009 008 005
e, ) 048 048 045 354 38 320
2/e; () -0.28 -027 -025 -214 -235 -1.90
lfes () 0 0 0 -169 -222 -2.02
PP/, (BL) 024 024 022 008 -028 -0.42
P2 /e, (BL) -0.04 -0.03 -0.02 -037 -0.42 -0.30
/e 100 1.00 100 100 100 101

Already for the ZPG case, the contributions are significantly differ-
ent between the standard and boundary-layer formulations. In particu-
lar, in the standard formulation, both c;.) I and c}” have not-negligible
values, albeit lower than c7. In the boundary-layer formulation how-
D&

S
instead of —27% of the corresponding ¢P3. This immediately clarifies

that wall-normal convection is actually negligible in the ZPG case. The
boundary-layer formulation then shows that skin friction is generated
in ZPG TBL mainly as a combination of the turbulent fluctuations and
the dynamic-pressure contributions.

The three contributions ¢?!, ¢23, and ¢ are the more relevant ones
for the standard FIK formulation in the APG case. The streamwise-
convection contribution, c}’ !, is positive, while the wall-normal convec-
tion and pressure gradient contributions, ¢?3 and c?, respectively, are
negative. All these terms have absolute values that are relatively high.
In particular, ¢ }.’ ! reaches up to 4 times the total ¢ + in case A1.6L. These
contributions are also higher than ¢’ for the APG case at every Re,
and . The streamwise development of the standard FIK contributions
also suggests that a change of regime is occurring at a certain Re,
slightly above 2000, where the absolute values of cj?‘, c}”, and c;’
start to decrease. However, it is not immediately possible to identify
whether this change of regime modifies the balance among the various
terms. In the boundary-layer formulation, on the other hand, ¢?” and
cD€ are lower than c; and the sign of c})P immediately describes the
balance between streamwise convection and pressure gradient. In case
Al.6L, this term is initially positive but it decreases and changes sign
at Re, ~ 2500. At the same time, ¢?? is always negative, it initially
decreases up to Re, =~ 2500, and then it increases farther downstream.

Of the remaining terms, the most relevant is c2, but this contribution
is always decreasing for both ZPG and APG cases as the Reynolds
number increases. On the other hand, ¢P* is slightly increasing but
still remains very low. Overall, these terms are all progressively less
relevant at higher Reynolds number, so that the sum of the larger ones
accounts for e.g. 98% and 96% of ¢, at Re, = 6000 for ZPG and Al.6L,
respectively. This result is the same for both formulations, due to the
extremely low values of ¢2V.

We now focus on the region of rapidly increasing p before Re, »~
3000 to discuss more in detail the behavior of the new contributions ¢2?
and ¢P€, also considering the other flat-plate cases. Compared to Al1.6L,
these cases exhibit a higher rate of change of f in the aforementioned
region. For instance, case Al.6 reaches # = 1.6 at Re, = 1260 while
case Al.6L reaches the same value at Re, = 3700. The faster increase
of B results in more pronounced APG effects, as TBLs tend to be less
sensitive to pressure gradient at higher Reynolds numbers. This is firstly
illustrated by a higher ch relative contribution, which increases approx-
imately up to the location of maximum g (Fig. 5, left). However, it is

ever, ¢22 only reaches low values, e.g. —3% of ¢y at Rey = 4000
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Fig. 5. Relative contributions related to (left) turbulent fluctuations and (right) dynamic pressure and wall-normal convection for all flat-plate cases.

the behavior of ¢2” and ¢P? that exhibits more important differences
for different developments of f (Fig. 5, right). The relative contribution
of the dynamic pressure c})P /c; increases over a longer streamwise
region in the cases with faster growth of . At the same time, ¢2?/c 5
reaches a lower value in these cases than in Al.6L. In all flat-plate
cases, c;’P decreases and eventually changes sign while c}’g remains
negative but increases at higher Re, when pressure-gradient effects are
less strong. To better describe the streamwise evolution of the dynamic-
pressure and vorticity-convection contributions, we report in Table 4
two indicators of the development of g, i.e. the location of maximum
p and the location of the maximum rate of change of g, together with
the position and value of the maximum of ¢2? /¢, and the minimum of
cfl?-Q /¢ The rate of change of f is defined as dfi/dx and it is considered
here to give a qualitative indication of the streamwise evolution of f.
It appears that c/ng is particularly sensitive to the variation of
pressure-gradient conditions, as shown by the following observations.
On the one hand, for cases A1.1, A1.6, and A2.8, the location of highest

Table 4

Locations of maximum g, maximum rate of change of g, maximum c
i e

minimum ¢ /cp, and

DP
2 ler and

values of c})"/c, and c}’ﬂ/c, and the location of their

extrema.

All Al.6 A2.8 A4.5 Al.6L
Rey(max|f]) 1300 1300 1800 2600 3700
Rey(max([df/dx]) 690 710 880 1200 1400
Reg(max[c;”’/cf]) 670 770 870 930 490
maxlcf‘"'/cfl 0.32 0.37 0.35 0.35 0.29
Re, (min[c}“2 /erD) 1100 1000 1500 2200 3200
min[c}m/cf] —-0.38 —-0.55 —-0.84 -1.30 —-0.46

dp/dx is close to that of the maximum of c})P . For case A4.5, the
maximum of cj?P /¢, appears upstream than that of df/dx, and in fact
in a location similar to that of case A2.8. For case Al.6L, the location
of maximum ¢ }) P is even more upstream than the location of maximum
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Table 5

Impact of the definition of the integration upper limit on the relative skin-friction
contributions of the boundary-layer FIK formulation. Bold font denotes values obtained
if the integration limit is 6, = 699, which are the same as those reported in Table 3 for

the same cases and Re,. The sum of all relative contributions is denoted by Y, c’r‘ /es-

ZPG (f =0, Re, = 4000, Re, = 1300)

8,/ 80 (%) 100 101 105 110 125
k, /oo (%) 100 93 66 42 10

e x 10° 3.09 3.08 3.05 3.03 3.00
/e, 077 0.77 0.76 0.74 0.70
PP /e 024 0.24 0.26 0.28 0.33
P2 /e, ~0.03 -0.03 —0.04 —0.04 ~0.05
(€ + P+ P/, 0.02 0.02 0.02 0.02 0.02
/e 1.00 1.00 1.00 1.00 1.00
AL6L (f = 1.6, Re, = 4000, Re, = 850)

5,/800 (%) 100 101 105 110 125
k, koo (%) 100 90 58 33 8

¢ x 10° 228 2.28 2.26 2.25 2.25
/e 162 1.62 1.59 1.57 1.49
P /e -0.28 -0.27 —0.21 ~0.14 0.08
P2 /e, —042 -0.43 ~0.46 —0.51 —0.64
(€3 + P+ P e, 0.08 0.08 0.08 0.08 0.07
Tyl /e 1.00 1.00 1.00 1.00 1.00

dp/dx. In all cases, the change from a regime of increasing c}”’ /er
to a regime of decreasing ¢?? /¢y is thus not related with location of
maximum f, but rather with how fast § is increasing. Decreasing after
its maximum, cf” eventually becoming negative. The wall-normal con-
vection of vorticity adapts to changes in the pressure conditions more
slowly than ¢2”. This contribution is always negative and decreases up
a location which is slightly upstream that of the maximum of g, after
which increases approaching zero from below.

The results analyzed in this section show that there are different
mechanisms that lead to the faster rate at which ¢, decreases in APG
cases with respect to the ZPG TBL, as illustrated by the balance between
various skin-friction contributions. This fact is a direct consequence
of the different sensitivity of the contributions to change in pressure
conditions, in particular in the case of c}”’ and c}m .

4.2. Sensitivity related to the integration limit

We now introduce 6, to denote a generic measure of the boundary-
layer thickness that determines the upper limit of integration of the FIK
contributions. In the present section we address the impact of a change
of §,, while in both the previous and in the subsequent sections §, is
899- A key point in this analysis is to establish what the appropriate
range of values for §, is and we argue that it needs to be consistent
with the idea that the analysis is limited to the turbulent region of the
domain, ie. the “boundary edge”. We thus select five values from &gy
to 1.256¢9. We focus on two cases examined in the previous section,
i.e. ZPG and A1.6L, at the locations where Re, = 4000, and we limit
this analysis to the boundary-layer formulation. Similar results are
obtained at different locations for this data set and are thus not shown
here. The relative contributions are reported in Table 5, together with
the values of 5, expressed in percentage of §y9. To quantify how the
turbulent intensity varies at the integration bound, we also introduce
the turbulent kinetic energy at §,, denoted by k, = k(y = ,), where
k = (u? + v* + w?)/2, and the same quantity if 5, = 849, denoted by kgg.
Finally, it is worth mentioning that a change in the integration bound
also corresponds to a change of U,, which modifies the local scaling
(and thus value) for ¢ -

The first value of §, is 1% higher than 649, and results in virtually
no changes in the contributions; in particular, only ¢ }) P and c}m in case
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Al.6L are affected, and only by an amount equal to 1% of the total c,.
For the second value of §,, which is 5% higher than &y, the three most
relevant contributions are slightly modified in both the zero-pressure-
gradient and the adverse-pressure-gradient cases, but this change of 5,
still causes a discrepancy of the order of only few percentage points
of ¢,. It is important to note that, while variations of the integration
bound from 6, = 649 up to 5, = 1.05699 may appear modest, they cause
a quite significant reduction in the turbulent kinetic energy at §,. This
rapid decrease, which is in fact characteristic of the edge of turbulent
boundary layers, has often been documented and also employed to
develop tracking criteria for the instantaneous turbulent-non-turbulent
interface (TNTI) (Chauhan et al., 2014; Atzori et al., 2020). The two
larger values of §,, i.e. 1.15, and 1.256,, finally lead to differences for the

c})P contribution in case Al.6L of more than 10%c, and, at 6, = 1.255,,
cf? experiences even a change of sign.

However, the three more relevant contributions of the boundary-
layer FIK are not equally affected by the change of integration limit, and
are more sensitive in the APG case. To describe how exactly a change
in the integration bound produces a modification of the contributions,
we examine wall-normal profiles of the integrands. The integrand for a
generic contribution ¢¥ is denoted by y* and includes all scaling factors
and numerical constants. These quantities are shown premultiplied by
y* in Fig. 6. We also include in the same figure the inner-scaled mean
velocity, wall-tangential fluctuations, and Reynolds-shear stress to give
a general description of the state of the TBL. The comparison between
the turbulence statistics in the ZPG and A1.6L cases highlights the
pressure-gradient effects in the latter. In particular, it is possible to
identify the higher inner-scaled wall-tangential velocity in the wake
region of the boundary layer and the emergence of a secondary peak
in the velocity fluctuations.

The premultiplied profiles of the integrands for the various values
of §, reflect the different sensitivity of the contributions. It is important
to note that the contributions change values not just as a direct conse-
quence of the larger integration domain, but more specifically because
of the change of the weight factors (1 — #)" due to the integration by
parts. If we exclude yP% in the ZPG case, for which the corresponding
contribution is very small, yfT is the least affected for both ZPG and
Al,6L. For this integrand, the progressive increase of §, results in a
lower portion of the contribution from the region closer to the wall,
which explains the progressive reduction of ¢L. On the other hand, the
increase of 6, corresponds to an increase of yP* and of the absolute
value of yP? in the region farther from the wall. For the APG case, this
modification has the most significant consequences, because it alters
the balance between the region where y? is positive or negative,
eventually leading to the change of sign observed for §, = 1.25549.

The results shown here confirm, on the one hand, that a change of
the upper limit of integration by an amount that is higher than 10%
of 8¢y can affect the FIK contributions significantly. As the integration
limit moves farther from the wall, contributions carry progressively
more information on the free-stream flow and less information on the
turbulent boundary layer. In the limit §, - oo, all connection between
turbulence and skin friction is lost, leaving only terms related to the
streamwise development of the mean velocity — as shown by Ricco and
Skote (2022). On the other hand, the contributions are not significantly
changed if the uncertainty in the definition of the boundary-layer
thickness is of few percentage points of 6y9, which is compatible with
focusing on the turbulent region of the domain. The sharp gradients
of turbulence fluctuations generally allow to have similar or even
lower uncertainties in the definition of the boundary-layer edge. Using
this kind of criterion is necessary in the study of pressure-gradient
turbulent boundary layers for which there is no trivial way to define
U, (Vinuesa et al., 2016). We thus move forward with our analysis,
with the understanding that FIK contributions are sufficiently robust
when the integration bound is fixed by a consistent definition of the
boundary-layer edge.
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4.3. APG effects over the airfoil suction side

We now turn our attention to the TBL developing on the suction side
of the wing profile. The TBLs on the wing profiles differ significantly
from the ones analyzed so far because they eventually reach higher
values of § and because g is monotonically increasing. These particular
pressure-gradient conditions result in the entirety of the wing boundary
layer to correspond to the portion of the flat-plate cases where g is also
increasing, at least to some extent. The turbulent-fluctuation, dynamic-
pressure and vorticity-convection contributions and the corresponding
relative contributions for streamwise region 0.4 < x/c < 0.8 are shown
in Fig. 7, together with those of case A4.5, which is the flat-plate case
that reaches the highest value of .

The increasing value of § leads to an also increasing ¢! contri-
bution for all the wing cases, while the streamwise development of
the dynamic-pressure and vorticity-convection contributions is more
complex. Contrary to the flat-plate cases, ¢ }) P always remains positive,
although it initially decreases in the first portion of the wing profile.
This is a region of relatively slow rate of change of f. In the same
region, ¢ f,’g increases its value (i.e. reduces its absolute value). Further
downstream however, both ¢P* and c}m rapidly increase in absolute
values and, in case W11, eventually reach more than 10 times the value
of ¢, in the region considered here. The comparison between the three
wing cases shows how the more intense APG in case W11 corresponds
to a faster increase of the contributions than in case W5. Similarly, the
lower Reynolds number in case W5(200k) also causes APG effects to be
more pronounced than in case W5, although just slightly. Examining
these results allows to draw a more precise comparison between the
flat-plate and the wing cases. In particular, it is the second portion of
the suction side that corresponds to the first portion of the flat-plate
cases. The first portion of the suction side is instead more similar to
region in the flat plate downstream the maximum rate of change of g.
A distinction from the flat-plate cases is the fact that the streamwise
evolution of c}m is observed to immediately match that of ¢2”. This is
in contrast to what was observed before, where the evolution of cj?P
anticipated that of ch,?Q. Such a difference may be caused to the more
abrupt evolution of the pressure condition over the airfoil suction side.

To give a more precise indication of the relative values of the
contributions, we report the most-relevant terms at x/c = 0.75 in
Table 6, together with those from case A4.5 at the location with same
Rey of case W5 at x/c = 0.75. The relatively low Reynolds number

Table 6

Most-relevant skin-friction contributions for the boundary-layer formulation of the FIK
identity at selected Re, and streamwise locations on the suction side of the airfoil and
in case A4.5. The last line shows the sum of the contributions reported here, neglecting
the remaining terms.

W5(200k) w5 wil A4.5
x/c 0.75 0.75 0.75 -
B 3.8 3.2 20.0 3.4
Re, 1000 1700 2600 1700
Re, 220 360 320 350
I /es 1.81 1.66 4.79 1.97
2 /e, 0.66 0.47 7.20 0.02
P2/e, -1.66 -1.30 -11.18 -1.13
3 /e, 0.81 0.83 0.81 0.86

causes contributions ¢, c}”’ , and c}m to account for a relatively lower

portion of the total ¢, with the respect to remaining terms than in the
locations previously considered in Table 3. The streamwise develop-
ment of %, ¢P4, and ¢P?, however, follow the same general trend as
that in case Al.6L and is not shown here. The comparison between
relative contributions in cases W5 and A4.5 illustrates the difference
between the two flow regimes. At the considered locations, #, Rey, and
Re, have very similar values, and p is still increasing in both cases (the
maximum value of § in case A4.5 is at Re, = 2600). Nevertheless, cP¥
is positive and accounts for 50% of ¢, in case W5, while it is negligible
in case A4.5 at this location. At the same time, the absolute value of
c; /c; is higher in case A4.5 and that of ¢??/c, is lower. These results
constitute an additional confirmation of the relevance of history effects
in APG TBLs. The comparison between cases W5 and W11 shows that
the mechanism by which ¢, is progressively reduced in the case of
very intense APG separation is the cancellation of progressively higher
contributions, where the negative term c}m has the highest rate of
change.

4.4. Flow regimes in TBL

Our observations on the skin-friction contributions for the
boundary-layer FIK formulation can be summarized considering two
different aspects. The first one is the sign of the dynamic-pressure
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Fig. 7. (Top) Most relevant contributions for boundary-layer FIK formulation in cases W5(200k), W5, W11, and A4.5 as functions of Re, and (bottom) corresponding relative
contributions for the wing cases as functions of x/c (note that \c/"9| is shown here for clarity). Only the streamwise region 0.4 < x/c < 0.8 is shown for the wing cases and only
the region up the maximum value of f for case A4.5. The circles in each plot denote location x/c = 0.75.

contribution, cj‘?P , and the second is how the rate of change of the

contributions correlates with that of c,.

Due to its definition, ¢?” is zero in the case of an irrotational
flow, where the total pressure P, is constant, following the Bernoulli
equation. In the ZPG boundary layer, ie. dP/dx = 0, the streamwise
derivative of the dynamic pressure is negative and, due to the change
of sign in the integration, ¢?* is positive. In the APG case, dP/dx is
positive, and we observed that c})P can be both positive and negative.
A positive ¢?? is caused by |U(dU /ox)| > dP/dx, ie. a (negative)
rate of change of the dynamic pressure in the boundary layer that is
faster than that of the corresponding irrotational flow in that pressure
condition. This condition implies a decrease of the total pressure. To the
contrary, c?P < 01is cause by |U(dU /dx)| < dP/dx, i.e. a rate of change
of the dynamic pressure that is slower than that of the corresponding
irrotational flow, implying an increase of the total pressure. In the data
set considered in this work, a positive dynamic-pressure contribution
is connected with a rapidly increasing value of g, while a negative
contribution is connected with almost uniform or decreasing f.

The rate of change of the different ¢, contributions is of particular
interest for possible implications in the study of separation. In principle,
areduction of ¢/, eventually leading to mean separation (¢, = 0), could
be reached either by a progressive decrease in the absolute value of all
the different contributions, or by cancellation of terms with opposite
sign. In the first case, the rate of the change of ¢, will coincide with
that of the contribution with the lowest rate of change, and the relative
weight of the other contributions will remain approximately constant
or decrease. This is in fact what is observed in the ZPG case, where
the local ¢, progressively decreases solely per effect of the Reynolds

10

number as the boundary layer develops. In the second case (observed
in APGs), contributions of different signs may have different rates of
change, and the relative contributions will eventually diverge at ¢, = 0.
This is observed under certain pressure-gradient conditions; in fact, it
is possible to identify three different regimes in the APG data set that
we examined.

In the first regime, cj?P is positive and both ¢! and c;’P
creasing in absolute and relative values, but ¢, which is negative, is
decreasing at a higher rate, causing a rapid decrease of c,. This regime
is associated with a rapidly increasing value of g, and it is what we
observed for case W11, where separation occurs, as well as for cases
W5(200k) and W5, which have similar pressure-gradient conditions. In
the second regime, cf[?P is negative and ¢?? and ¢ are both decreasing,
while ¢2€ is increasing (i.e. its absolute value decreases). This regime
is observed at high Reynolds number in case Al.6L and it seems to
coincide with the near-equilibrium state (Bobke et al., 2017). Despite
the fact that g is still positive, the state of the boundary layer in this
regime is quite similar to that of the ZPG case, in the sense that c,
has a relatively low rate of change and cancellation between terms
play a minor role in determining its decrease. The third regime is
an intermediate state. In this regime, § can be either increasing or
decreasing, and ¢2” can be either positive or negative, but it decreases.
The qualitative behavior of the most relevant contributions for the
various regimes are summarized in Table 7 and Fig. 8.

are in-

4.5. Control effects over the airfoil suction side

Lastly, we examine the effects of uniform blowing, body-force
damping, and uniform suction on the FIK contributions for both the
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Table 7
Summary of the trends of the main skin-friction contributions for the boundary-layer
FIK formulation in the ZPG case and in the three regimes identified in APG TBLs.

c; c}”’ c}’“
ZPG Decreasing Decreasing Decreasing
APG: near equilibrium Decreasing Decreasing Increasing
APG: towards separation Increasing Increasing Decreasing
APG: intermediate Increasing Decreasing (both)

standard and boundary-layer formulations, to discuss how the latter
can improve the description of control applied to TBLs. We focus our
attention on streamwise location x/c¢ = 0.75 of the suction side of the
airfoil, which is the same considered before.

The relative control effects on the standard contributions are re-
ported in Table 8. These quantities are defined as the difference be-
tween the absolute contributions in the control and uncontrolled cases,
normalized with the total ¢, of the uncontrolled case. According to
this definition, the sum of all relative control effects is the total rel-
ative change of ¢, with respect to the uncontrolled case, which is
denoted by 4c, /cj*,. This definition allows to identify which contribu-
tion is more relevant to describe the control effect on c,. As already
discussed (Atzori et al., 2021b), control effects on the standard FIK
contributions are quite complex, which is in part a consequence of the
very high absolute values of each term already in the uncontrolled case.
Uniform blowing and uniform suction achieve skin-friction reduction
and increase, respectively, through the wall-normal contribution c/’,”.
The term c}’l however is increased by an amount that is almost as
high as the decrease of c/f’3 in uniform blowing, while the reduction
of c;’ is not negligible either (uniform suction causes similar changes

in the opposite directions). In fact, the modification of the pressure-
gradient contribution for both blowing and suction is higher than the
total change of c;, and even higher than the sum of the two mean-
convection contributions ¢2! and ¢23. This result may raise the question
of whether the modification of pressure conditions above the boundary
layer due to the control is in fact ultimately responsible for the change
of drag, rather than a modification of momentum transfer within the
boundary layer. The results for body-force damping are even more
counter-intuitive. In particular, the term closely connected with the ¢,
reduction appears to be cf I, which is reduced by more than twice the

reduction of c;. At the same time, c;” and ¢ ;’ are increased as a result

of this control by non-negligible amounts, a fact that also does not have
a clear interpretation.

The relative control effects on the contributions for the boundary-
layer formulation are reported in Table 9. In the new formulation,
contributions have a lower absolute values, which may also implicitly
reduce relative control effects. The most significant improvement with
respect to the standard formulation is a more straightforward identifi-
cation of the most relevant effects. For uniform blowing and suction,
the wall-normal convection contribution is still the most significantly
affected. The dynamic-pressure and turbulent fluctuation contributions
are increased and decreased for blowing and suction, respectively, but
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Table 8

Relative effects of the control on the skin-friction contributions in the standard FIK
formulation and at x/c = 0.75. The total skin friction of the reference case, W5, is
denoted by c}.

W5BL W5BF W5SC
A /c; +0.17 -0.24 -0.21
AcP! /e +1.70 -0.55 -1.10
AP /ey -1.79 +0.32 +1.30
Acf /e -0.32 +0.23 +0.36
(Acﬁ + Ac}’z + Ac}”)/c} -0.05 ~0 -0.03
Aes/c; -0.29 -0.24 +0.32

Table 9

Relative effects of the control on the skin-friction contributions in the boundary-layer
FIK formulation and at x/c = 0.75. The total skin friction of the reference case, W5, is
denoted by ;e

W5BL W5BF W5SC
acT [} +0.17 -0.24 -0.21
Ac}”’/c; +0.55 -0.05 -0.19
acha /e —-0.96 +0.05 +0.75
(Ac'j + Ac;’z + Ac}”) /c; —-0.05 ~0 -0.03
des/c; -0.29 -0.24 +0.32

by a relatively lower amount. These results show that the modifica-
tion of vorticity convection is indeed the main mechanism affecting
friction for wall-transpiration. In the case of body-force damping, the
modification of the dynamic-pressure and vorticity convection are now
significantly lower than that of ¢’, showing that the reduction of
turbulent fluctuations is indeed the prevalent control effect in this case.

5. Conclusions

This paper is dedicated to stress the significance of a physically
meaningful aggregation of skin-friction contributions in the study of
adverse-pressure-gradient turbulent boundary layers. We encounter
many challenges in the application of skin-friction decompositions such
as the FIK identity in the case of APG TBLs. For instance, the definition
of the upper bound of integration has received significant attention in
the literature. Yet, the skin-friction contributions remain similar if the
integration bound varies within the uncertainty of a robust definition
for the boundary-layer edge. Contributions will naturally change more
significantly when they are computed in different portions of the
domain, e.g multiple 69 lengths instead of one. This issue however
is as much related to the contributions as to the definition of a region
of interest.

We compared the contributions of the FIK decomposition derived
with the original procedure with a new formulation specifically de-
signed for boundary layers In this formulation, pressure gradient
and wall-tangential convection are considered together in a dynamic-
pressure contribution.
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We examined the results of both FIK formulations in a number of
cases and found that the new contribution allows a more effective
description of pressure-gradient effects. In cases with moderate pres-
sure gradient the dynamic-pressure contribution represents the balance
between mean-convection and pressure-gradient terms in the averaged
governing equations, highlighting the role of turbulent fluctuations.
The new contribution also enables distinguishing between different
states of turbulent boundary layers subjected to an intense pressure
gradient, changing sign in the transition between rapidly increasing and
constant or decreasing values of the Clauser parameter. It is then pos-
sible to establish a criterion to define the regimes of near-equilibrium
condition and that of approaching separation. The dynamic-pressure
contribution also improves the description of control effects. In cases
with uniform blowing and suction, skin-friction reduction or increase
are directly related to an increase or reduction, respectively, of the
wall-normal convection of vorticity. In the case of body-force damping,
control effects are limited to the turbulent-fluctuation contributions.

Finally, while we focused on the FIK identity derived using the
original triple integration by parts, the idea of considering streamwise
development of the dynamic pressure and static pressure together can
be applied to any decomposition that is also derived from integration
of the averaged governing equations. In the RD decomposition, for
example, we observe similar cancellations between contributions as in
the FIK decomposition, when the corresponding terms or groups of
terms are compared.

There are a number of important points that we did not investigate
and leave to future studies. Firstly, regardless of its impact on general
results, the crucial question of whether it actually makes sense to
impose a quantity such as 8yy as upper integration bound remains open.
We used the FIK decomposition in this paper with the idea of analyzing
contributions within the boundary layer, but the mean location of the
edge remains a somehow artificial choice. One possibility for further
development in this direction may be to use e.g an intermittency-
based criterion to restrict the analysis on statistics sampled for the
turbulent flow only. Similar strategies has been already considered for
mean profiles (Kwon et al., 2016) and coherent structures (Hwang and
Sung, 2018; Atzori et al.,, 2020). A second point is how to properly
quantify the development of the adverse pressure gradient, which our
results strongly suggest to be the defining factor for different flow
regimes. We relied solely on the Clauser parameter and our analysis
remained qualitative under this perspective. Lastly, there is the ques-
tion of whether skin-friction decompositions can aid in the study of
the onset of mean separation, which is related to both previous points.
Even though we considered one case where mean separation occurs, we
focused on a domain region well upstream of the separation point. This
is because the edge identification and the characterization of pressure-
gradient conditions become even more challenging in the proximity of
separation. Addressing these points in a more systematic way is the
prerequisite to further investigate the connection between the evolution
of skin-friction contributions and the occurrence of mean separation.
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Appendix A. Dynamic-pressure contribution in the RD decompo-
sition

The RD decomposition is derived with the aim of connecting
turbulent-kinetic-energy budget and generation of skin-friction (Renard
and Deck, 2016). With respect to the FIK decomposition, the resulting
integrands of each contribution have more intuitive scaling properties.
Nevertheless, in the APG case the total ¢ 7 is still recovered as a results
of cancellation between different terms with high absolute values (Fan
et al., 2020b; Atzori et al., 2021b). We denote the RD contributions as
follow:

¢ = c})’ + c; + (C.SU + C.SV) + c?if/ + c;:(RD) . (A.1)

The first two contributions are related to turbulent production and
dissipation, respectively, and the last term is the work exerted by the
pressure gradient. The remaining terms are due to energy transport and
are usually separated between diffusion, denoted by ¢? /7 and mean
convection. In the present case, we distinguish between convection due
to the streamwise and wall-normal mean velocity, denoted by cf” and
cCV, respectively. The definition of each term is reported below:

f
TG we o
cj. = Uig/oé99 v<(;—l;>2dy, (A.3)
= W (v ) A8
c?iff B Uig /0‘599 _w-u, <V(();lej _ %) . (A.6)
c;’(RD) _ Uig/oégg(U—Ue) <%(())_::> dy. (A.7)

In this form, the RD contributions can be compared with the FIK
contributions derived from the convective form of the Navier—Stokes
equation, e.g. cj?U corresponds to ¢P*. We can also introduce a term

SQ, and the dynamic-pressure contri-

bution, (DPRD ), following the same procedure for the boundary-layer
formulation of the FIK identity. The values of the FIK and RD contribu-
tions in both formulations are reported in Table A.10 for two location
in case Al.6L.

associated with the vorticity, ¢
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Table A.10
Relative contributions for the FIK and RD decompositions and both standard and
boundary-layer formulations at two location in case Al.6L.

FIK RD
Vi 1.2 1.4 Vi 1.2 1.4
Re, 2000 6000 Re, 2000 6000
Re, 530 1200 Re, 530 1200
T /es 1.20 1.70 P /e 0.81 1.10
/e 0.07 0.04 /ey 0.35 0.30
Pl /e, 1.80 1.60 %Y /e, 1.30 1.30
/e, -0.37 -0.30 ¥ /e, -0.29 -0.26
el -1.70 -2.00 e P /e, -1.20 -1.50
/e, 0.08 -0.42 cf””’“” /e 0.14 -0.12
P/, -0.38 -0.30 2/c, -0.29 -0.26
SxcX/es 0.99 1.00 Sx /ey 1.00 1.00

As already discussed for case W5 by Atzori et al. (2021b), the values
of RD and FIK contributions are relatively similar. In particular, for
both identities the APG results in very high values of the positive wall-
tangential convection and the negative pressure-gradient contributions.
As for the FIK decomposition, these contributions are higher than the
turbulent fluctuations one. On the other hand, in the novel boundary-
layer formulation, ¢27®P) /¢ ¢ is lower than both cPrye ; and c; /ey, and
it also exhibits a similar change of sign as for the corresponding term in
the FIK decomposition. Modification of control effects are also similar
to those in the boundary-layer FIK formulation (not shown here).

Appendix B. Dynamic-pressure contribution and AMI

The angular-momentum-integral (AMI) decomposition (Elnahhas
and Johnson, 2022) has been proposed to describe the generation of
skin friction in TBLs in terms of discrepancy with respect to the laminar
solution. With this goal, the decomposition is derived in terms of the
defect profiles from the von K&rman momentum integral, starting from
the following expression:

o, -U)U oU,-U)YV U,
We =UW WU =0V () U _
ox dy ox
) _ (B.1)
0°U = oduv
==+ 2,
0y> 9y
where the term I,, for the stationary case, is written as:
10Px—P)  PU o
[ o=4-——2 24,22 2 B.2
* p 0x v ox2  ox (B-2)

The skin-friction decomposition is then derived in terms of general-
ized momentum thickness and displacement thickness, introducing a
characteristic length scale /, which needs to be specified:

1 1 /°° uv 9, 0-6,dl
_Cf = + - - =
2 Re,  Jo UZI ox [ dx ©.3)
6, & +26,0U, ’
Tt =+,
i U, 0x ’
where Re; = U //v and I, 5], 0;, and 6, denote:
5]
- A e 3
Ix’"/o ( I)Uoody’
o]
57:/ (1-!)(1——U(y)>dy,
0 l Uoo
* Uw\ Uw ®9
91=/ (1—5) -2 Y dy.
0 ) Uoo Uoo
9, :/ <1 _ U(J’)) V(y)d
0 Uoo Uoo

In this decomposition, the defect streamwise development and
pressure-gradient terms are still present, and could be used to for-
mally define a dynamic-pressure contributions e.g. combining pressure
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gradient and streamwise derivative of the defect profile U, — U in
expressions (B.1) and (B.2). The AMI, as currently formulated, is well-
suited for ZPG TBL and should also be effective for analyzing weak
APGs (p ~ 1). Expression (B.1) however is not the most suitable to
create a skin-friction decomposition for TBL subjected to strong APG,
for which the boundary-layer approximation and thus the von K&rman
integral are not necessarily verified. The more natural generalization
of the AMI is instead to define defect profiles based on a more general
expression that does not rely on the boundary-layer approximation.
From that form, it could then be determined whether a dynamic-
pressure contribution can be defined, to further distinguish between
different contributions.
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