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Abstract

Explicit integration in flexible multibody dynamics is highly attractive for real-time simu-
lation but poses significant efficiency challenges. The bending and axial straining dynamics
of slender structural components, such as beams and cables, operate on different time scales.
As a result, axial straining—usually the higher-frequency one, though often of minor interest—
imposes strict time step limitations for algorithmic stability in explicit integration schemes. This
work achieves efficient explicit integration for inextensible flexible beams undergoing large de-
formations. The key is to develop a dynamic model optimized for explicit integrators by re-
ducing the stiffness of the problem. To this end, an absolute nodal coordinate formulation
for inextensible beams is proposed, where the elastic potential energy is derived from the di-
rect multiplication of the first and second derivatives of the position vector with respect to the
arc-length coordinate. This formulation results in equations of motion with moderate stiffness,
making it well-suited for explicit schemes. Inextensibility is rigorously enforced through alge-
braic constraints on slope vector lengths, applied either at discrete points or via a fixed-length
constraint on the entire span of the beam. A constraint stabilization technique is employed to
transform the resulting system of differential-algebraic equations into a set of ordinary differ-
ential equations, ensuring numerical stability. The main advantage of this method is its ability
to accommodate large time steps, significantly improving computational efficiency. This capa-
bility makes explicit simulation schemes more practical and contributes to enabling real-time
simulation of mechanical systems with flexible beams or cables.

keywords: explicit integration, inextensible beams, absolute nodal coordinate formulation,
dynamic modeling, algebraic constraints

1 Introduction

Efficient explicit integration is essential in many applications requiring real-time simulations, such
as industrial mobile machinery [1], model predictive control [2], real-time hybrid testings [3], and
automatic vehicle driving [4, 5]. Explicit real-time simulations offer advantages over implicit ones,
including high parallelism, low complexity, and predictable computational costs, making them
highly desirable in engineering applications.

Explicit integration schemes are effective in non-stiff problems with good accuracy in multi-
rigid-body systems [6, 7, 8, 9] because no Newton iterations are required in the simulation. A crit-
ical drawback is their relatively small stability regions; therefore, compared to those of implicit




schemes, the usable time step sizes can be tremendously restricted when stiff problems are inte-
grated. For very flexible bodies with a low elastic modulus, implicit and explicit methods show no
significant differences in accuracy and computational effort [10]. However, as stiffness increases,
the equations become stiffer, making explicit methods less effective. Generally, conventional ex-
plicit schemes are unable to tackle mechanical systems with flexible bodies because the associated
high frequencies can make the dynamic equations excessively stiff.

Two strategies can be taken to solve the dynamics of flexible systems using explicit meth-
ods. The first strategy is to develop methods with larger stability zones. For example, the stabi-
lized Runge-Kutta integrators with large stability regions can tackle mildly stiff problems, because
their stability regions can be arbitrarily extended along the negative axis by adjusting the num-
ber of stages [6, 11]. The predictor-corrector explicit version of the generalized-a method was
proposed to provide an optimal combination of low-frequency and high-frequency dissipation
[12, 13], which can handle structural problems well.

The other strategy aims to reduce the stiffness of flexible systems by developing elegant dy-
namic models that make their explicit simulation effective. For example, in the simulation of
Cosserat rods, strong damping can be imposed on the stiff degrees of freedom associated with
extension and shearing [14]. Recursive formuleae for beams with reduced stiffness have also been
developed, making them suitable for explicit schemes [15, 16]. In addition, the model reduction
technique of the global modal parameterization has been utilized to reduce both the stiffness and
the number of degrees of freedom of the beam model, making an efficient explicit real-time simu-
lation possible [17]. Despite extensive research, few advancements have been made in the explicit
simulation of flexible beams with large deformations using the absolute nodal coordinate formu-
lation (ANCF), which is widely applied in flexible multibody systems.

The ANCF describes the dynamics of flexible bodies undergoing large displacements, rota-
tions, and deformations using absolute position and gradient coordinates [18, 19]. The ANCF el-
ements can be divided into two categories: fully parameterized and gradient-deficient elements.
The fully parameterized beam element allows for a general description of axial, shear, bending, tor-
sional, and cross-sectional deformations using all three nodal gradient vector components [20, 21].
However, the high number of generalized coordinates introduces shear and Poisson locking issues
that must be mitigated [22]. The gradient-deficient elements use only some of the gradient com-
ponents by adopting a rigid cross-section or Euler-Bernoulli’s assumption. As a result, the number
of generalized coordinates decreases and the formulation is much simpler. A gradient-deficient
ANCF beam element that employs only the axial gradient vector was proposed to describe beam
bending and axial deformations [23]. This ANCF beam model accurately captures bending and
extension and has been extended for efficient modeling of slender cables in power transmission
line problems [24]. Tt also led to the development of the variational spacetime ANCF formula-
tion [25, 26]. Despite their popularity in engineering applications where large deformations stem
primarily from bending, little research has focused on the effective explicit simulation of inexten-
sible beam models [27]. Unlike strain-based formulations [28], where axial strain can be artificially
introduced or removed, ANCF inherently accounts for it by using axial gradients as generalized
coordinates. Up to now, the explicit simulation and effective dynamical modeling of inextensible
ANCEF beams are still an open problem and in high demand.

This work presents efficient explicit integration of the inextensible ANCF beams with large de-
formation. The derivation of the present formulation is more straightforward and greatly sim-
plified compared to conventional elements. The present formulation resembles the gradient-
deficient ANCF model since only the position vector and its slopes are employed. It differs from
existing research because, to improve the computational efficiency, the high frequencies of the
beam are reduced by deducing the elastic potential energy from a direct multiplication of the first
and second derivatives of the position vector with respect to the arc-length coordinate. The in-
extensibility in the axial direction is guaranteed by introducing fixed length constraints either at



the nodal level or globally. To solve constrained systems, a constraint stabilization technique is
adopted such that the resulting algebraic differential equations (DAEs) can be transformed into a
set of ordinary differential equations (ODEs) with a stabilization parameter. A time-step size selec-
tion strategy for explicit schemes is also provided. The novelties of the proposed approach are:

e Curvature is measured by multiplying the magnitudes of the first and second derivatives of
the position vector with respect to the arc-length coordinate, effectively capturing the elastic
potential energy of an inextensible beam;

¢ A good accuracy of large lateral deformations is ensured by adding algebraic constraints at
the element nodes and fixed-length constraints;

» High frequency components in flexible beams are reduced by omitting axial deformation
contributions to the elastic potential energy.

 Larger step sizes can be used with explicit integration schemes based on the present inex-
tensible beam formulation compared to those required by conventional ANCF formulations
before algorithmic stability limitations are reached.

The newly developed ANCF formulation enables efficient explicit simulation of constrained inex-
tensible beams, wires, and cables. Furthermore, this method is well-suited for parallel computing,
enabling real-time simulations of wire and cable systems.

The structure of this work is as follows: the equations of motion of an inextensible beam ANCF
model are derived in Section 2. Section 3 describes the constraint stabilization technique for con-
verting the DAE system into ODEs and outlines the step-size selection strategy for explicit time
integration. Section 4 illustrates the capabilities of the explicit integration algorithm through nu-
merical examples. Section 5 summarizes the findings, highlights the formulation’s potential, and
outlines future research directions.

2 ANCEF for Inextensible Beams

This section begins with the derivation of the kinetic energy, elastic potential energy, and virtual
work done by external forces. Then, the spatial discretization is performed to obtain the discrete
energies and work. To guarantee no axial deformation, nodal constraints of the axial strain at each
element node and the fixed length constraints are introduced into the dynamic model. Lastly, by
using Lagrange equations with constraints, equations of motion that are DAEs can be derived.

2.1 Kinematics

A flexible beam is considered under the following assumptions:

* The beam is very slender; therefore, the Euler-Bernoulli assumption is adopted and the con-
tribution of the moment of inertia of the beam’s cross-section to the kinetic energy is ne-
glected.

e The beam is homogeneous and has a circular cross-section, which is specifically intended
for wires and cables. Stretch and bending deformations are decoupled from torsion. Since
the latter can be analyzed separately, it is not considered herein for simplicity.

¢ The strains are assumed to be small so that a linear elastic constitutive law can be used;
however, the beam’s displacements and deformations are not necessarily small.

* The beam can be considered inextensible along the centroid line.



The arc-length coordinate along the centroid line of the undeformed beam is x; ¢ indicates the
time. Let r(x,t) be the position vector of the centroid line of the deformed beam. The kinetic
energy of the beam is

1k
Tz—f pai idx (1)
2 Jo

where the overdot denotes differentiation with respect to time, namely i-= dr/d¢, L is the length
of the undeformed beam, A = 7d?/4, and p 4 is its linear density, where d is the diameter of the
section.

According to the Euler-Bernoulli assumption, the shear strain is neglected, i.e., €12 = €13 = 0,
where direction 1 is along the centroid line, normal to the beam section, whereas the mutually
orthogonal directions 2 and 3 lie in the section. The axial strain of the centroid line is
Fy ) 2)

. _LrT
e=en==(rere—

1
2
where (), represents the derivative with respect to x and (*) denotes the corresponding variable in
the undeformed configuration. For an inextensible beam, the axial strain should satisfy

e=0 3)

Instead of using the material measure of curvature of the beam in the ANCF [29] or the geometrical
curvature of a curve calculated by differential geometry [30], the following measure of the cable
straining is firstly introduced here

K2 = P el @

(dimensionally the inverse of a length squared), where (-)xx represents the second derivative with

respect to x, and || ry] =/ r)f ryand |1l = 4/ rzxrxx. Since a circular cross-section was assumed,

the bending stiffness is the same in all directions. The elastic potential energy of the beam is
1 L
U=-= f EIx*dx 5)
2Jo

where E is the Young’s modulus of the material and I = rd*/64 is the section’s moment of inertia.
Considering a distributed time-dependent external force fix, f) that acts along the beam, its
virtual work is

L
6W:f orl (x, fix, t)dx (6)
0

2.2 Spatial Discretization

Suppose that the beam is discretized into N elements with a set of arc-length coordinates of nodes
Xo, X1, -..,XN—1. The length of the kth element is ¢} = x; — xr—;. The position vector in the kth
element can be interpolated by Hermite polynomials with the use of the position vector r and its
slope vector ry at discrete element nodes, and one has

r(x, 1) =s*(0q, (0, a=1,234 ()
where the repeated indices must be interpreted as Einstein’s implicit summation; and

Gy, =T(Xk-1,1), G, =Tx (Xk-1,8), G, =T (XK, 1), Gy, = Tx (X, 7) 8



are the kth element nodal coordinates; and s® are the interpolation function that corresponds to
each q, which are

s'=1-38 428, f=0;(¢-28+8%), $£=38-28, '=0(8-8) 9)

where ¢ € [0,1] is a non-dimensional coordinate defined within the element’s length, such that
¢ = (x— xx-1)/¢. The differentiation of Eq. (7) with respect to time yields

i(x, 0) = s (0 gy, (1) (10)
Also, the first and second partial derivative of Eq. (7) with respect to x lead to
e (x, 1) = S50y, (1), Tux (X, 1) = s, (X) gy, (1) (11)
Therefore, using Eq. (10), the kinetic energy of the kth element of the beam can be expressed by
T= %fx:kHPAi'Ti‘dx: %m“ﬁtn{ac’ikﬂ (12)

where ma8 = f;{k“ 0 45%sPdx. When inextensibility is enforced, i.e., ||l = 1, the strain measure
of Eq. (4) turns into k2 = ||, [%, which is in accordance with the commonly accepted approxima-
tion for the curvature of Euler-Bernoulli beams equal to the second-derivative of the transverse
displacement (see for example Section 4.1 of [31]). The enforcement of inextensibility will be dis-
cussed in the Section 2.3. Therefore, it can be assumed that % = ry, - Iy in the discretization,
substituting Eq. (11), one has

K2 = P Qo5 (1) Quu () 13)

where Qqp(1) = %qka g, and

KO =2 (st st + s o s (14

Substituting Eq. (13) into Eg. (5), the elastic potential energy of the kth element of the beam is
1 afuv
U= Ek QapQuv (15)

where k%P = f;;"“ EI X“ﬁ““dx, which is the (constant) element of indices «, 8, u, and v of the

fourth-order stiffness tensor. The corresponding generalized elastic force is

oU
®=-5—" qkk = kP Qu gy, (16)

The corresponding generalized external force is

0OW j‘xkﬂ «
= sY(x)fix, Hdx 17)
ar, du ~

Q-

k

2.3 Constraint Equations

Since the centroid line of the beam is inextensible, the axial strain should be exactly zero. Without
enforcing any constraint, this requirement cannot be satisfied at each discrete node and within
elements due to the numerical drift of ry. Therefore, for the inextensible beam, the following nodal



constraints are indispensable
Cn: 1ol O re(x, ) — FL (X Fe(x) =0, k=0,1,...,N (18)

With the use of the nodal constraints, the axial deformation can be greatly restricted. However,
the zero axial strain condition can still be violated within each beam element, causing moderate
deformation drifting. Therefore, the integral of the axial strain along the centroid line at each time
step must be satisfied. Suppose that the domain [0, L] is divided into 77 subdomains, [xk,, Xk, ],

[Xkpy Xipds oy [ Xk Xkl where x, = xo = 0 and Xj = XN-1= L. The constraint equations are
YEji1 T oT o . —
C: f (re(x, 07 re(x, 1) = Fy (O F(x))dx =0, j=1,...,7 (19)
Xk -

where j =0,...,mn— 1. Note that the number of integration subdomains 7 is not necessarily the
same as the number of beam elements, N. In cases where bending deformations are very small, a
single constraint equation integrated along the whole beam is sufficiently accurate; when bending
deformations are large, a constraint equation integrated over each element may be more favorable
in terms of convergence.
Other kinematic constraints may connect bodies or enforce the movement; they are assumed
to be holonomic and denoted by
C:C(gqt)=0 (20)
where g denotes the generalized coordinate vector that contains all the generalized nodal coordi-

nates g .
Hence, the constraint equations of the system can be expressed by

(g, 1) = [Cp; Ci; C] 21
The equations of motion can be written as Lagrange equations of the first kind as

Mg+cjA=F

c(q=0 2)

where M represents the constant mass matrix that is composed of the elements’ mass matrix co-
efficients m?F; ¢4 is the derivative of ¢ with respect to the generalized coordinates g, i.e., the con-
straint Jacobian matrix; A is the vector of the Lagrange multipliers; the load vector is F= Q¢ + Qf ,
with Q¢ and Q/ respectively originating from the combination of the generalized elastic force Q¢
resulting from the gradient of the potential energy and the generalized external force Qf; acting on
each element.

3 Explicit Integration Algorithm

In this section, a stabilization technique is adopted to transform the problem from the DAE form of
Egs. (22) into ODE form, such that it can be directly integrated using explicit schemes. The explicit
Zhai method, proposed in [32], is briefly introduced and used throughout this work. The selection
of the time step size, which greatly affects the efficiency of the integration, is discussed in detail.

3.1 Constraint Stabilization Procedure

To solve Egs. (22) using explicit integration schemes, the problem must be transformed into ODE
form by eliminating the Lagrange multipliers. Among the possible approaches, it is worth men-



tioning Baumgarte’s stabilization technique [33], the so-called Augmented Lagrangian approach
proposed by Bayo et al. [34], a self-stabilized algorithm proposed by Bauchau[35], or reduction to
the minimal coordinate set using coordinate projection (see, for example, [36]).

In this work, the stabilization technique discussed in [6, 11] is used to transform a set of con-
straint equations into ODEs. A constraint equation,

ft,x)=0 (23)
can be converted into the ODE
fHf = At 0%+ [0+ f (5,0 =0 24)

where { > 0 (dimensionally the inverse of a time) is a stabilization parameter. Its global asymptot-
ically stable solution
ft,0 = flo,0e" (25)

approaches zero, f = 0, with exponential rate; { must be large enough to quickly pull back the
drifting of the constraint onto the constraint manifold but not too large, to avoid the need for too
short a time step for algorithmic stability when using explicit or conditionally stable integration
methods.

By introducing an additional Lagrange multiplier g, the index-3 DAEs of Eq. (22) can be trans-
formed into index-2 ones with an affine invariant form [37] as

Mir+cyA—F=0 (262)
Mg+ cyp—Mv=0 (26b)
cqv+¢ =0 (26¢)
cg,)=0 (26d)

where p can be interpreted as a projection term in the kinematic relationship between generalized
coordinates and velocities; v denotes the generalized velocity.
Using the proposed stabilization technique, the third equation (26¢) (i.e., the hidden velocity
constraint equations) becomes
cqv=1—{(cqu+cy) (27)

where
Y=- [cqv)q V—2CqU—Cyy

and the fourth equation, Eq. (26d), i.e., the position constraint equation, becomes
cqg=—c;—(c (28)

Combining Egs. (26a) (26b) with Egs. (27) and (28), it yields the following form,

(M, cg)(q, v):( My, F 29)
¢ O m A —c;—(c, Y —{(cqu+c)
which further yields
q=(I-Tcg)v—T (c; +{c)
(30)
ir=(I-Tcg) M F+T (y - {(cqu+cy))

where I'= M~'c/A™" and A = ¢,M'¢c;. Note that the mass matrix M in the present model is



constant and its inverse can be calculated in advance.

Equations (30) constitute a set of first-order ODE equations for these states, which can be
solved using the explicit Zhai method [32, 38, 39]. The right-hand sides of Egs. (30) are evaluated
from the generalized coordinates and velocities.

3.2 Explicit Zhai Method

The Zhai method [32] is briefly introduced. It is a predictor-corrector scheme combined with the
Newmark method [40] to solve a set of second-order ODEs.

I. The generalized coordinates and velocities are predicted using the following equations:
1 2 2
Apni1 =qdp+Un+ §+w a,At" —ya,_ 1At 31

Upne1 = Un+ (1 + @) apAt — pa,_ 1 At (32)

I Accelerations are predicted by substituting the predicted generalized coordinates g,, ,,; and
velocities vy, ;11 into the expression of the accelerations, namely the second of Egs. (30).

III. The generalized coordinates and velocities are corrected using the Newmark method:
1 2 2
G,1=q,+Vn+ 5—/3 apAt° + ap n1 At (33)

Ups1 =Un+(1—7) @apAt +yapy pi At (34)
where y € (0,1) and = i (% +1).
IV. The acceleration a; is evaluated from the second of Egs. (30) with gq,,,; and v;,4;.
The correction of phase (III) can be omitted, yielding the simplest form of the explicit Zhai method.
Wheny =¢ = %, no algorithmic dissipation is introduced [32].
3.3 Step Size Selection Strategy

For the extensible beam, the axial vibration frequencies are usually much higher than those as-
sociated with bending, which limits the step size that can be used with the explicit integration
scheme to meet the algorithmic stability requirements. In the proposed inextensible beam model,
the bending vibration frequency of an element is of the order of

1 |EI
- E p_A (35)
where [, is the length of the element. The time step size needs to meet the requirement
ho=C (36)
where C is a constant parameter that is less than 1. Substituting Eq. (35) in Eq. (36) leads to
neCoil [, o)



where «a is a constant parameter (@ = 37/2 for an isolated element, under free-free boundary con-
ditions). Equation (37) represents the maximum step size hpyax that can be used in the simulation.
It also shows that the maximum time step size is proportional to the square of the length of the
element, i ~ 2.

The stabilization algorithm introduces another limitation on the time step size, hmax ~ 1/¢. The
inextensibility kinematic constraint eliminates the bound on the time step imposed by the physical
high-frequency axial dynamics. However, to enable the use of explicit algorithms, the problem
must be transformed into an ODE system using a stabilization algorithm, which also imposes a
limitation on the time-step size. A trade-off must be found by choosing a value of { less restrictive
than the original axial dynamics, while effectively keeping the constraint drift bounded.

4 Numerical Examples

In this section, to validate the capabilities of the proposed ANCF model and the efficiency of ex-
plicit integration for inextensible beams, four benchmark examples are analyzed. They are:

4.1 The forced vibrations of a ring, a problem used to validate the accuracy of the proposed
approach and verify the effectiveness of the step size selection strategy.

4.2 A2Dflexible pendulum, where the performances of both the conventional and present ANCF
are compared, illustrating accessible large step sizes in the current approach.

4.3 A 3D flexible pendulum, used to validate the capability of the present formulation in spatial
problems.

4.4 An engineering problem, i.e., a power transmission line, is used to validate the effectiveness
of the proposed method in more complex scenarios.

4.1 Vibrating Ring

The vibrations of a flexible ring under harmonic external forces, originally proposed in [27], are
investigated. As shown in Fig. 1, the ring’s initial position is described by

2z0(0) = R (cos0, sinf), (38)

where 0 € [0,27] and R = 0.5 m. A pair of harmonic forces with equal magnitude and opposite
directions
F=Fysin(wt) 39)

act at points N; and N, respectively, where Fy = 10 N and w = 10x radian/s. The cross-section
of the ring is circular with radius 5 x 1073 m, density p = 2700 kg/m3, and Young’s modulus E =
7.0 GPa.

The problem is integrated with the explicit Zhai method using the modified ANCF model with
20 elements. According to Eq. (37), the time step size is h = 2.4842 x 10~* s, where the constant
parameter C = 0.9 and a = ;37'[. In addition, the stabilization parameter ¢ is set to 100 s~!. The
simulation results of the radial displacement at point N; are compared to the corresponding ones
obtained using MBDyn!, a free, general-purpose multibody solver [41]. In the latter case, the ring
is discretized using 40 three-node beam elements and integrated using a two-step linear implicit
multistep scheme with tunable algorithmic dissipation (LMS2 [42, 43], with asymptotic spectral
radius po, = 0.6) also using a step size h = 2.4842 x 107 s.

Ihttps://mbdyn.org/, last accessed March 2025.



Figure 1: Vibrating ring: problem description.
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Figure 2: Vibrating ring: radial displacement at point N;

As depicted in Fig. 2, the results of the proposed method are in good agreement with those
obtained using MBDyn, verifying the capabilities of the proposed approach.

Figure 3 shows snapshots of the evolution at different times (from left to right and top to bot-
tom), where the ring oscillates periodically with symmetric displacement in the north-south direc-
tion and alternating directions in the east-west direction.

4.2 Planar Flexible Pendulum

To illustrate the efficient explicit simulation featured by the current approach, a flexible pendulum
that can be assumed to be an inextensible beam is considered here. The numerical results are
compared with the corresponding ones from an explicit simulation based on the conventional
ANCEF formulation.

Consider a single pendulum with L = 1.8 m, with a uniform gravity field g = 9.81 m/s? along
the negative z axis. The density is p = 2766.76 kg/m® and the radius is R = 2 x 1073 m. The elastic
modulus is E = 6.895 GPa. The pendulum is connected to the ground by a revolute joint at the
origin. The initial position of the pendulum’s endpoint is r = [L, 0, 0], with initial velocity = [0,0, 0]
m/s and initial angular velocity wg = [0,0,0] rad/s. The pendulum rotates about axis y in the plane
x—z, as sketched in Fig. 4.

Table 1: Planar flexible pendulum: computational time

Formulations Conventional ANCF element Proposed ANCF element
Integrators implicit explicit explicit
Time (s) 1.649 120.9 0.680
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Figure 3: Vibrating ring: evolution of the solution at different times between current approach (red
dot line) and MBDyn (green line), with the undeformed ring configuration (black dash line).

The problem is solved by applying the explicit Zhai integration scheme to the present and con-
ventional ANCF formulations. The results are compared to the corresponding ones obtained using
the generalized-a integrator applied to the conventional ANCF formulation. In the present ANCF

11
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Figure 4: Planar flexible pendulum: problem description.
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Figure 5: Planar flexible pendulum: discretization convergence of the explicit solution based on
the conventional ANCF formulation.
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Figure 6: Planar flexible pendulum: endpoint coordinates, comparison of different solution ap-
proaches.
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formulation, 5 elements are used. In the explicit Zhai method, the time step size is h = 2.6 x 1073 s,
which is obtained using Eq. (37) with the constant parameter C = 0.7, and the number of integra-
tion subdomains is 72 = 5. In the conventional ANCF formulation, as shown in Fig. 5 where simu-
lation results are compared with different numbers of elements, at least 10 elements are required
to obtain the convergent simulation result. In the explicit Zhai method, the maximum time step
size is h =2 x 1072 s. In both cases, a stabilization parameter { = 100 s~! is used. To compare with
implicit integration schemes, the problem is also solved using the generalized-a integrator with a
constant step size h = 5x 103 s and 10 conventional ANCF elements. The results are compared
with the corresponding ones from MBDyn, where a model with 10 three-node beam elements is
integrated with a time step size h = 1073 s. The resulting endpoint displacement components are
depicted in Fig. 6, which shows good agreement between the output of the different solvers.

Due to the merits of the current ANCF model for inextensible beams, smaller numbers of el-
ements can be used, and the stiffness of dynamic equations is reduced, allowing larger time step
sizes in the explicit simulation. Both the smaller number of ANCF elements and larger step sizes
contribute to the efficiency. As in Table 1, the explicit simulation of the present ANCF model is
much more efficient than that of the conventional one, and is also faster than the simulation by
the implicit generalized-a method, validating the present ANCF formulation.

4.3 Spatial Flexible Pendulum

To further verify the current formulation when applied to spatial problems, a three-dimensional
flexible pendulum with the same parameters presented in Section 4.2 is analyzed. The pendulum
is now connected to the ground by a spherical hinge, and has an initial velocity that grows linearly
along the y-axis from zero at the attachment point to vy = 3.0 m/s at the free end.

Vo

LLGSSSaSs ,<,>:;:~,\:»;~<;~»,\/

P

Figure 7: Spatial flexible pendulum: problem description.

The dynamics are modeled using the proposed ANCF formulation with 5 elements and inte-
grated with the previously mentioned explicit integration scheme. The number of integration sub-
domains is 77 = 5, the time step size is h = 1073 s, and the stabilization parameter is ¢ = 1000 st
The endpoint trajectory closely matches the corresponding one calculated by MBDyn, as shown
in Fig. 8, which uses a model with 10 three-node beam elements integrated with a time step size
of h=1073 s. To compare the proposed ANCF beam formulation with the conventional one, a dis-
cretization convergence analysis of the conventional ANCF beam model is performed. The y com-
ponent of the pendulum’s endpoint position is computed using the explicit integrator with a vary-
ing number of element, a time step of 2 =2 x 107> s, and a stabilization parameter of { = 1000 s~!.
The simulation results, shown in Fig. 9, indicate that approximately 10 conventional ANCF beam
elements are required for convergence.
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MBDyn
---------- Explicit solution

Figure 8: Spatial pendulum: discretization convergence of the explicit solution based on the con-
ventional ANCF formulation
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Figure 9: Spatial pendulum: discretization convergence of the explicit solution based on the con-
ventional ANCF formulation

To further compare efficiency, the dynamics modeled with 10 conventional ANCF beam ele-
ments are also computed using the implicit generalized-a integrator (h = 2 x 1073 s). The end-
point displacements obtained from the different approaches are shown in Fig. 10, demonstrat-
ing good agreement with MBDyn. Additionally, Fig. 10 highlights the superiority of the proposed
ANCF beam model for inextensible beams over the conventional one, as it requires fewer elements
to achieve the same computational accuracy. Furthermore, compared to the conventional ANCF
model, the proposed formulation allows for larger time step sizes when using the explicit Zhai
integrator.

Table 2 provides the computational time of different approaches, showing that the explicit sim-
ulation of the present ANCF model is much more efficient than that of the conventional one, and is
also faster than the simulation by the implicit generalized-a method, validating the present ANCF
formulation.
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Figure 10: Spatial flexible pendulum: endpoint position components
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Table 2: Spatial flexible pendulum: computational time

Formulations Conventional ANCF element Proposed ANCF element
Integrators implicit explicit explicit
Time (s) 3.6090 301.71 1.8502

4.4 Power Transmission Line

Ice can form on power transmission lines [44]; their dynamic response when ice sheds can be
used as a benchmark to validate the proposed method. The two-span transmission line in Fig. 11
is studied. The power transmission line is assumed to be made of a stainless steel strand with a
circular cross-section of about 2 mm radius.

Figure 11: Power transmission line: problem description.

The displacements at the endpoints A and C of the line are fixed. In the reference configuration,
the three points A, B, and C are at the same height; point B is at mid span between points A and
C. The width between points B and C is W = 3.322 m. The total length of the power transmission
line is L = 6.7036 m. The line is hung at point B by a freely swinging rigid insulator of length [ =
0.1 m. When ice is not present, the power transmission line sags under gravity and reaches an
equilibrium position, forming spans 1 and 2. The lowest points of spans 1 and 2 are P; and P»,
respectively. Suppose a block of ice forms at point P;, approximated by a lumped mass whose
weight Fice = 1.162 N acts on that point of the line. The linear spanwise density is p4 = 9.26 x 1072
kg/m and the bending stiffness is EI = 2.1113 N-m?. A gravitational acceleration g = 9.81 m/s? is
considered.

When there is no ice and the power line is only subject to its weight, the configuration of each
span can be initially approximately by a parabola, such that the maximum sag d,,, at points P; and

P, can be expressed by
[3(L-2W)W
dm = % (40)

Using the parabolic configuration of Eq. (40) as initial undeformed configuration, the equilibrium
configuration under the action of gravity can be obtained by solving the static equation using New-
ton’s iteration. This solution is the blue solid line shown in Fig. 12. Similarly, starting from the
configuration deformed under gravity, the equilibrium configuration under the action of the con-
centrated ice force can be calculated. This solution is the dashed red line in Fig. 12.

A sudden shedding of the ice while at equilibrium would cause an unbalance, resulting in a dy-
namic response of the power transmission line. The large deformations and displacements of the
wire are formulated using the current ANCF beam model integrated with the explicit Zhai method
and compared to the conventional ANCF model (with axial stiffness EA = 1490955 N) integrated
using the same explicit method.

In the modified formulation, 20 elements are used, with a time step & = 9.35 x 107 s, deter-
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Figure 12: Power transmission line: equilibrium configurations with and without ice.

mined from Eq. (37) with C = 0.85. The number of integration subdomains is 7z = 20. In contrast,
the conventional formulation requires at least 40 elements to achieve comparable accuracy, with a
maximum time step /& = 107° s. In both cases, the stabilization parameter is { = 1000 s~'. The sim-
ulation results, shown in Fig. 13, are compared with those obtained using ABAQUS. In ABAQUS,
1004 quadratic beam elements of type B22 are used to achieve convergence. A static analysis is
first conducted to determine the initial equilibrium configuration, followed by an implicit dynamic
analysis to compute the response after ice shedding. The latter employs an adaptive variable-step
integration scheme with a maximum time step & = 107 s. The results show strong agreement,
validating the effectiveness of the proposed approach.

The computational times of the conventional and proposed ANCF beam elements are com-
pared in Table 3. The results show that the proposed ANCF with explicit integration is approxi-
mately 200 times faster than the conventional one, demonstrating the significant efficiency of the
explicit simulation for inextensible beams in analyzing the dynamics of complex mechanical sys-
tems.

Table 3: Power transmission line: computational time.

Formulations conventional ANCF element present ANCF element
Integrators explicit explicit
Time (s) 3593.8 17.28

5 Conclusions

In this work, an efficient explicit integration method for inextensible flexible beams is developed
using a new ANCF beam model. The study demonstrates that the proposed model enables signif-
icantly larger time steps in explicit schemes compared to conventional ANCF formulations. Nu-
merical examples validate its effectiveness, showing that, with an appropriate step-size selection
strategy, the permissible step size can be nearly 100 times larger than that of the conventional
ANCF model. As a result, the proposed approach enhances computational efficiency by approxi-
mately two orders of magnitude in explicit simulations.

The derivation of the proposed formulation shares similarities with the conventional gradient-
deficient ANCE as both rely on nodal position coordinates and their slope vectors. In this sense, the
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Figure 13: Power transmission line: vertical component of the position of the two spans’ lowest
points, P; and P,.

proposed model can be regarded as an advanced gradient-deficient ANCF formulation. However,
it introduces two key improvements: 1) the elastic potential energy is directly derived from the
squares of the first and second derivatives of the position vector with respect to the arc-length
coordinate, leading to equations of motion with moderate stiffness. 2) the inextensibility condition
isrigorously enforced through algebraic constraints on the slope vectors at discrete element nodes,
along with fixed-length constraints. These enhancements make the proposed model particularly
well-suited for explicit integration schemes.
The advantages of this work are:

* The proposed ANCF model provides an effective dynamic representation of inextensible
beams.

» Larger step sizes can be used in explicit schemes compared to existing ANCF formulations.
* An appropriate time step can be determined using the proposed step size selection strategy.

» Computational efficiency is significantly improved, making real-time simulations more fea-
sible.

The main drawback of the proposed approach is the need to enforce algebraic constraints at
each node, increasing the number of equations to be solved. However, because of its ability to

19



A]IBAQUS
02l —-—=-ANCF (explicit)
= — — .present ANCF (explicit)
£ N N n NN
R R A T A WY A WY N W A
o I\ | | [ \
ap I \ \ {
) N U S WY B N | \‘ i\
s o f V7 vy ‘\ ]
= A T N
- O O A A O A
A A
oA \,’ \ | \ /
-0.2 '
0 1 2 3 4 5
time (s)

Figure 14: Power transmission line: rotation of the line at point C.

use large step sizes, high explicit efficiency can be achieved. Combined with its potential for high
parallel computation, overall computational efficiency can be further enhanced.

The proposed method is particularly suited for explicit simulations of inextensible beam or ca-
ble systems subject to holonomic constraints, such as wire-rope systems. With parallel computing,
real-time simulation becomes achievable. Although this work focuses on the explicit Zhai method,
the proposed framework is compatible with other explicit schemes as well.
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