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Abstract

The computational effort entailed in the discretization of fluid-poromechanics systems is
typically highly demanding. This is particularly true for models of multiphysics flows in
the brain, due to the geometrical complexity of the cerebral anatomy—requiring a very fine
computational mesh for finite element discretization—and to the high number of variables
involved. Indeed, this kind of problems can be modeled by a coupled system encompassing
the Stokes equations for the cerebrospinal fluid in the brain ventricles and Multiple-network
Poro-Elasticity (MPE) equations describing the brain tissue, the interstitial fluid, and the
blood vascular networks at different space scales. The present work aims to rigorously derive
a posteriori error estimates for the coupled Stokes-MPE problem, as a first step towards the
design of adaptive refinement strategies or reduced order models to decrease the computa-
tional demand of the problem. Through numerical experiments, we verify the reliability and
optimal efficiency of the proposed a posteriori estimator and identify the role of the different
solution variables in its composition.

Keywords Fluid-poromechanics interaction - Multiple-network poroelasticity - A posteriori
estimates - Cerebrospinal fluid
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1 Introduction

The numerical modeling of multiphysics flows in the human brain poses several difficulties,
due to the complexity of the brain’s geometry and the computational cost of handling several
coupled physical systems. This modeling is of paramount importance in the investigation
of the Cerebrospinal Fluid (CSF), whose main functions are to wash out the waste products
of cerebral activity and protect the brain from impact with the skull [23, 35]. The CSF is
generated in the cerebral tissue by mass exchange through the walls of capillary blood vessels
and permeates the whole organ in its interstitial space: the interaction between these fluid
networks and the elastic tissue can be modeled by Multiple-network Poro-Elasticity (MPE)
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Fig.1 Domain scheme:
poroelastic domain £2] (light
grey), Stokes’ domain £2¢ (blue),
interface X (red), and external
boundaries I =
I'bgUIng=1pJUINy

equations [14, 15, 22, 27]. This system is then coupled with the CSF flowing in the hollow
cavities of the cerebral ventricles and the subarachnoid spaces, where the CSF flow can be
modeled by Stokes equations [19, 20, 29].

The large number of variables encompassed by fluid-poromechanics models and the geo-
metrical complexity of the brain and fluid-tissue interface make the numerical simulation
of the problem particularly demanding. To reduce the computational effort, different strate-
gies can be considered: adaptive refinement allows for retaining geometric accuracy while
decreasing the computational demands, while reduced-order models provide an efficient
means to approximate the solution of complex problems for different values of the model
parameters [25, 32, 33, 38]. Both these strategies are classically based on a posteriori error
estimates, which have been derived for several single-physics problems, including single-
fluid Biot equations [2, 28, 34] or (Navier-)Stokes equations [3, 8, 24, 37]. An a posteriori
analysis of coupled Biot-Stokes system has been carried out in [6, 26, 39], but the case of
multiple interacting fluids is scarcely covered by the a posteriori literature: the MPE problem
alone has been addressed only in [30] for a particular case and in the recent work [16], but the
coupled MPE-Stokes problem with time-dependent pressure equations seems to be missing.

The present work aims at filling this gap, providing rigorous a posteriori estimates for
the coupled MPE-Stokes problem with time-dependent pressure equations. Specifically, we
provide reliable residual-based estimators in the abstract framework of [17], enhanced to
account for multi-domain problems. Moreover, through numerical experiments, we analyze
the efficiency of these estimators and assess their main components.

Starting from Sect.2, we introduce the MPE-Stokes problem and its discretization by
finite elements in space and the implicit Euler scheme in time. Then, Sect.3 is devoted to
the derivation of a posteriori error estimates for the solution to the problem. In Sect.4 we
analyze the reliability and efficiency of the estimators and discuss the relevance of their main
components.

2 The Coupled Stokes-MPE System

Let us consider a polyhedral ©-dimensional domain £2 ¢ R® (D = 2, 3), schematically
represented in Fig. 1, partitioned into a poroelastic region £2¢] and a fluid region £2¢ by an
interface X = 9£2¢ N d§2; composed of a finite number of flat polygons. Stokes equations
are set in §2r, with u and p denoting the fluid’s velocity and pressure, while §2. is filled
with a linear poroelastic medium subject to the MPE equations, with solid displacement
d and network pressures p; € J, where J is a set of #J indices. The external boundaries
Te = 082 \ X, [T = 082¢ \ X are partitioned in Dirichlet and Neumann portions for the
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different variables, with clear notation: Iy = IpgUINg = ID,yUIN,J, [T = IDuYUINu;
notice that, for simplicity, we consider the same Dirichlet/Neumann splitting of the boundaries
for all fluid networks j € J. We consider the Stokes and linear elasticity equations to be steady,
while the time dependence of the porous flow is accounted for in the porous fluid momentum
equations, as follows:

—V oa(d)+ Y _axVpk = fa. in 21 x (0, T}, (1a)
keJ
P
cidpj+ V- (aja,d - ;{va) (1b)
j
+Zﬂjk(pj - p)+Bpi=g, InLax0T], Yjel, (Ic)
keJ
—V.-w)+Vp=f,, in £2¢ x (0, T, (1d)
V-u=0, in ¢ x (0, T, (le)
d=dy, pj=pjo. in 2 x {0}, VjelJ, (1f)
u=uyg, in £2¢ x {0}, (1g)
* =0, onIp, x (0,T], forxe{d,u} (lh)
Pj = Pjo, onlpy x(0,T], VjelJ (11)
oa(dn + Y axpn =0 on I'vg x (0. T], (1j)
keJ
Spmn=0 onTyy x (0. T], VieJ (1K)
Hj
w(wn+ pn=0 onI'ng x (0,T], (1D
interface conditions (see (2) below), on X x (0, T], (1m)

where ¢ (d) = 2ue1e(d) + Adivd] is the Cauchy stress tensor of the elastic medium and
tr(u) = 2ure(u) is the viscous stress tensor of the fluid — with e(¢p) = %(Vq) + V¢T).
We assume that, among all the fluid networks indexed in J, only one exchanges mass at the
interface X~ with the Stokes domain £2¢ and we denote it by E: the others exchange mass
only among themselves and with E (cf. the terms with Bjx in (1c) and Remark 2.1 below).
Accordingly, the following interface conditions are imposed on X, for all times ¢ € (0, T']
(with an indication of the physical meaning of each condition):

oel(d)ne — Z ag pxlel + tr(u)ng — prg = 0, (total stress balance) (2a)
keJ
PE = p — e (Wng - ng, (normal stress bal. at pores) (2b)
P
—LVpj-ng =0, ¥jeJ\{E} (no flow-compartments= E) (2c)
Hj
u-ng+ <3td - Ey pE> “ng =0, (kinematic continuity) (2d)
UE
(ze(w)ng)) = 0, (free slip of Stokes flow)  (2e)

where (@) = ¢ — (¢ - nr)ny is the tangential component of ¢ along X
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Remark 2.1 (Specifics of brain modeling) In the case of brain multiphysics flow, the fluid
networks index set J = {A, V, C, E} contains the arterial (A), venous (V) and capillary (C)
blood flow and the extracellular/interstitial cerebrospinal fluid (E). In this framework:

e conditions (2c) prevent flow of the blood compartments A, V, C through the interface X,
consistently with the physiological brain-blood barrier [1];

e the kinematic condition (2d) enforces mass conservation by balancing the CSF flow
between the interstitial space (in £2¢]) and the brain ventricles (in £2r), net of the normal
interface velocity d,d - ne; due to tissue displacement;

e stress balance across the interface as a whole is ensured by (2a), while at the interface
pores we consider the free-slip conditions (2b)-(2e).

Regarding the elasticity and Stokes Eqgs.(1a)-(1d), we consider a quasi-static approxima-
tion. This is a viable option when we can assume that the load on the elastic structure and
on the fluid domain, induced by the dynamics of the fluid in the porous compartments, has a
time scale that is much larger than the characteristic times of the elastic structure and of the
Stokes flow. In brain physiology, this is particularly relevant in the study of hydrocephalus
development. This pathology is characterized by an over-production of CSF (modeled by the
unsteady Eq. (1c)), but it develops in a time scale of days/weeks [36]: this is significantly
longer than the heartbeat and respiration period, which are the time scales at which tissue
displacement and CSF pulsatility are relevant [7, 20, 40]. Therefore we can assume negligible
inertial effects for the tissue and for the CSF in the brain ventricles.

2.1 Variational Formulation
We introduce the following Sobolev spaces, with j € J:

Vi=HE (2a)  Va=lHE, (@)1, Va=lH[, , (@p1°,
Li=L*(Qe).  Lg=IL*(2)]. Ly=[L*(2p)1°, 3)
vy=1vii*, Ly=[Lj*, Lp=L(2p).

To simplify the notation, we employ p ; = [pjljes toindicate the elements of V; and L ;: these
functions are vector fields of dimension #J having pg as their last component. To account
for the time dependence of the system variables, we set up our problem in the Bochner spaces
H! (0, T; 7), where 7 is any Hilbert space introduced in (3). With analogous notation, we
will also consider the spaces L2, T;7), LY, T; ), L0, T; 7).

The variational formulation of problem (1) reads as follows:

Find d, p;.u,p) € HY0,T; Vg x Vy x Vy x L) such that, given d|,—y = d
Pyli=0 = [pj,0ljes in £2¢ and u|,—9 = ug in $2¢, the following equations hold for a.e.
t [0, T],

ae(d,d) +by(p,. d) +Ja(pe. d) = Fa(d) (4a)

my@py, py)+ay(py, py) —bi(py, 0:d) 4b)
— Ja(PE 0d) — J5(Pe, w) = Fr(py)

ag(u, i) + b(p, it) + J¢ (pe, i) = Fr(it) (4c)

be(p,u) =0 (4d)
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foralld e Va, Py € Vs, it € Vy, p € Ly, where

aei(d, d) = (a(d), £(d)) 2y, ar(u, i) = (tr(w), £ (@) ey
my@:py, Py) = Z (cidr py. ﬁj)gel )
jeJ

~ - Kj -~ -~ ~
VIR DEDD [(l;vm, ij> + BEpy Paa + Y _(Bi(pi — P, pj)gel} :
]

jeJ 2 keJ
by(py.d) == (¢} divd)g,. be(p. 1) = —(p. divit) g
jeJ

3*(1\5}3! ¢) =/ 1\7,E¢ ‘R, x € {el’ f}a
X

Fad)=(fg.day.  Gi(By) =Y (& ey Fil) = (fy.i)g;.
jeJ

In these definitions, (-, -) p denotes the L2 product over a domain D. Analogously, || - || p will
denote the norm of L2(D).

2.2 Time and Space Discretization

We introduce a simplicial mesh .7 partitioning the whole domain £2, and we split it into
two submeshes 7, .7, corresponding to the subdomains 2], £2r and conforming with the
interface X'. The sets of codimension-1 internal facets are denoted by .7, el’ (trlangles
for ® = 3, line segments for ® = 2). Analogously, we denote by .#x the facets lying
on the interface X' and by Fp 4 the facets lying on the corresponding Dirichlet boundary
Ing,¢ € {d, p,;,u}. In the following, we will denote by 2k the characteristic size of an
element K € 7.
On this partitioning, we introduce the following conforming finite element spaces:

X' ={¢p € CO(R2,) : ¢plx € P (K)VK € T}, *€{el,f},

Van =VanIXTP. Vi =venixg®,
Lap=LaNIX5'°,  Lyw=L;0(xg"",

Var = Va NIXSTTP, Lup=LaNIXS5T°,  Lon=L,NXS.

(&)

We denote by 1. 4: Vg = Van, Iyn: Vi = Vin, Lun: Vu — Vu suitable interpola-
tion operators onto the discrete spaces introduced above, such that the following interpolation
estimate holds:

> (13— 1apdly +hNd — Lapd 3 | S 1A, VdeVe  ©
Ke7

and analogous ones for I, I, ;. For example, Clément interpolators can be employed [17].
We anticipate that no interpolation operator is needed over the Stokes pressure space L .
Regarding time discretization, we consider an implicit Euler scheme on a uniform
time grid made of Ny subintervals I = ("1, #,n =1,...,Np, of length Af, with
0 =0, Ny = T/At. All the a posteriori results presented hereafter can be easily extended
to nonuniform time discretization, as done, e.g., in [16, 17, 37].
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In the following, for any function ¢ (¢, x) we will use the notation ¢; to indicate its
full space-time discretization evaluated at time ", whereas ¢,, will denote the continuous
piecewise linear (in time) function such that ¢, |;=n = ¢, . We also introduce the projector
7% onto piecewise constant functions in time, such that 7 Opilren—1 m = Op -

Therefore, the fully discrete problem approximating (4) reads as follows:

Find (d,,,, Py Upps Pue) € CO([O, T]; Va x Vj x Vy x L)), piecewise linear in time,
such that, for a.e.t € [0, T],

ael(dpyy dn) + b1 (P g e An) + 3t Pe s A1) = (F aps di) 2 (7a)

myOcpy pes IV’J,h) + Ej(ﬂol’],hza ﬁ/,h) - bJ(IVJJ,h» o, dy,) (7b)
— Jet(PEn. ddy) — 3t (PEn wyy) = (108 By )2

ar (W, p) + be(py wn) + Je(Pe s Un) = (fypes Wn) 24 (7c)

by (P uy,) =0 (7d)

foralldy € Van, Pyn € Vo tn € Vun, Pn € Lpp, and d, li—o = do, p; j,li=0 =
pioYj € J,u,,li=0 = uop,. Notice that Btp“” = (Sfp”lt and d;d,, = 8}d;, a.e.in (0,7),
where

¢n _ d)n—l

8¢ =
'® At

3 A Posteriori Error Analysis

Throughout this section, the notation @ < b means that there exists a constant C > 0,
independent of discretization parameters (but possibly dependent on data and on the final
time T'), such that a < Cbh.

The a posteriori analysis that we present is based on the following properties of the
continuous problem (4), inspired by the abstract framework of [17]:

Proposition 3.1 Under the definitions of Sect. 2.1, assuming that
fa € L¥O.T: V), geL*0.T:V)). f, €L*0.T:Vy),

and that each of the Dirichlet boundaries I'p ., = d,u, p;,Vj € J, is not empty, the
following properties hold:

1. Theformsay : VaxVg—>Ra; :VyxV; - Roay:VgxVg—Rmy:LyxL; —
R are bilinear; symmetric, coercive, and continuous in their spaces of definition.

2. The norms induced by these forms fulfill the following inequalities for alld € Vg4, p; €
Vy, uc Vu:

02 5y = 2 M ~2 ~
ldlz, < aea(d,d), 1y, Smipy, Py lally, < ar(a, ).

3. The Stokes operator L([u, pl; &, pl) := as(u, i) + b(p, ) + b(p, u) satisfies the
following inf-sup inequality: 3B, > 0 s.t.

nf L([u, pl; [a, p]) > 8.

sup ~ > =
@.P)eVuxLp G pyev,xL, (v, +lplle,)dlelv, +1plL,)
uFpEO 0, 0
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Therefore, we can consider the spaces Vg, Vy, L, V,, as endowed with the norms induced by
ael, dy, my, ag, respectively. Moreover, the properties above also hold at the discrete level,
with a discrete inf-sup constant Bz, € (0, Br) in point 3.

Proof The proof of points 1-2 is straightforwardly based on the definition of coercivity and
continuity, and it exploits Korn/Poincaré inequalities. Point 3 is discussed in classical works
on Stokes equations, e.g. [11, 21]. O

Based on the properties of Proposition 3.1, we can prove the following result:
Lemma 3.1 The discrete problem (7) is well-posed.

Proof The proof is inspired by an analogous result of [17] for an elliptic-parabolic problem.
We consider problem (7) at time ¢+ = " and choose the following test functions: d;, =

~

—d,” " Py = Atp ,(including pgn = At pg ), u, = Atuj}, pp, = —At pj.
Summmg up all the equations of the problem and using that ae| (d |, d1 —d7) = %ael dy,dy)+
%ael(dl —dy,d| —dy) — %ael(dg, d,) for any d, d, € V4 — and analogous identities for
the other bilinear forms — yields

1 1 — n— ]‘ n n— n n—
Sy, i) — Saady™ dih) + Saad) — ! dy - di T

1 1 1 n_ n—l n _ on—l
+ m1(PJ w Pln) — mJ(PJ WP b+ 2"”(1’1,11 Pyn-Pin=Psn)
+ At [@;(p') 4. P ) + ar(ujy, ujp)

= Sl i = &5 Dy + A0 (&) P e + S wha]

where all coupling terms involving forms by, bt, Jel, Jr cancel out due to the block-
skew-symmetry of the problem. By Young and Cauchy—Schwarz inequalities, and thanks to
properties 1-2 of Proposition 3.1, this implies the following inequality:

||d ”Vd + ||Pj h”LJ +At[||PJ h||vj + ”"h”V ]
S UF8 1, + Ny I, + 125513, + ar [1ghl, + 10540, ]

This stability estimate, combined with the inf-sup inequality of Proposition 3.1 (property 3),
ensures the uniqueness of the solution at time " in (7). Since the fully discrete problem can
be reformulated as a square linear system for the degrees of freedom of the discrete variables,
uniqueness is enough to prove well-posedness, thus the proof is concluded. O

We now introduce the following consistency operators, namely the residuals of problem
(7) tested against continuous test functions:

Ga:10,T1 = Vj, Gu:[0,T1—V,, G;:10,TI—>Vj, G,:[0,T1— L), =1L,
defined at each time ¢ as
(Ga(0), dyv, = (fape Doy — aedy. d) —by(py . d) — Jea(pp - D),
(Gr ). Br)v, = @84 P20 —my@pyp D)) —ar Py b)) ®
+by(py. 0dy,) + Ja(PE, 0dy,) + Je(PE. uy,),
(Gu(®), i)y, = (funes W) — ar(Wy,, &) — b(ppy. i) — J¢(ppp» 1),
Gp(t) = —divuy,,
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and by the usual notation, we denote by G, G, G}, gg their evaluation at time ¢".
We are now ready to introduce a preliminary result estimating the discretization errors in
terms of the consistency operators.

Theorem 3.1 Let the errors at each time t be denoted as
e :[0,T]— Vg, ¢e;:[0,T] = V;, ¢,:[0,T] = V, % [0,T]— L,
stoeg) = —dli. e,() = W —uy)ls,
ep(t) =@ -, e; ) =(py; — pj,ht)|t7

(the latter including eg(t) = pg — PE.jt)- Then, under the assumptions of Proposition 3.1,
the following estimate holds:

2 2 2 2
”ed”Loo((),t";Vd) + ”ej ”LOC(()’[";LJ) + ”eu”LZ(O,t";Vu) + ||e]||L2(0,t";VJ)

S Edaia ") F Eme ") + Eg (1) ®
where
Eqara®) = do —donlly, + 1Ps0 — Proaly,
+ g = 7%n 720, 1yg) + 1w = Funill?ag o,
 (1fa = Famlievgy 10 o~ Fand ) - o
Eime () = 1Py e — ”OI’J,ht”iz(o,,;V]),

Lp— 2 2
Eg(0) = 1Gal G oypy + 19:Gal v,

2 2
19122 0 1oy 192 1oy, + 19

2
L2(0.1:Lp)

Proof Letus also introduce e (1) = (p; —7%p 7. )|z ateach time ¢ (including its component
eg(t) = (pE— 70 PE.j )¢). Subtracting the discrete problem (7) from the continuous problem

(4), both tested against generic continuous test functions ((7 , Py, P) € VgxVyxVyxLy,
yields the following error problem, holding for a.e. ¢ € [0, T']:

aci(eg (1), d) + by (e, (1), d) + ag(e, (1), i) + br(e, (1), it) — be (. e, (1))
+ Jer(ep (1), d) + Jr(e (1), i)
=(fa— fam-Dag+ (Fu— Fun e
+(Ga(0). d)y, + (Gu(0). W)y, + (Gp(). D)L, an
my(de; (1), By) +ases), py) —by (B, deg)
— Jel(PE» dre4(2)) — Jt(PE, €, (1))
= (g — 7" P2a +(Gs (). B))v,.

We now choose d = deg(),w=e,(t), py=e; 1), p= e, (1) as test functions and we
sum up the equations in (11), noticing that the terms involving the forms b, bt, Je, Jf cancel
out for this choice of the test functions. Moreover, we observe that the following equalities
hold:

1d 1d
aci(eg, drey) = EEael(ed’ ey, my(dey, e;) = EE””J(@J, ey)s
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~ | - ~ ~
aj(eh,e;) = 3 [as(ef. ey +ase;,e;) —as(ey —ey ey —e))]

Do wy o~ ~ 0 0
) (@€, e +asteye) =arPyp =T Py Prg =T Pyl
due to the symmetry of the forms and the definition of e’ . Therefore, we obtain the following

identity:

1d 1d
5 g7 % €a(D), eq(0) + 5 -mmy(e; (1), e, (1)) +ap(e, (1), €, (1))

. .
+ A1), €5 (10) + ST (es (1), ¢s (1))
=(fa— Fan deg))og + (Fu— Fun e, ) (12)
1.
+ (& =7 8u e e + 58Py =T Py Py =T Py )

+(Ga(0), dreg ) vy + (G (D). e, (D),
+{Gu(0), D)y, + (Gp(0), e, (D)1,

We integrate (12) in time from O to a generic ¢ and we use the following integration-by-parts
formula:

t
/O [(fa— Fan deq®) g+ (Ga(t), de (D), ] dt
= ((fd = fan)li=t ed(;))ge] - (fg - f?j,h» 62)901
+(Ga (@), e4D)v, — (G5 v,
T
—fo [(at(fd — fan),eg()) oy + (Bzgd(t),ed(t))v,,]dt-

Then, using the coercivity of the forms ae|, a7, my, ag (see Proposition 3.1) and employing
the Cauchy—Schwarz and the Young inequalities yield the following inequality:

lea @Iy, + lle; DI, + lewl o0z, + 1€5 17205, + les 207y,
< lleglly, + leS iz,
+ 1 (fa = Famlizilly lea®llv,+155 = Faullv:leglv,
+(Ga (D), e4D)v, — (Gg. €q)v,
t
+ /0 [naz(fd = Famlvyleallv, + 1fu = Funillvylea®lv,
+lg = 7u L, lle, N, + 1Py — 7Py lly,

+ (0:Ga (1), eq(D)v, +(Gu (1), e, (D) v, +(Gp(0). e,(D)L, + (G (@), ej(t))v,}dt.
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Using the Cauchy—Schwarz and the Young inequalities also in the time integrals and in the
dualities in the spaces Vg, Vy, L, V; yields
lea @Iy, + lle; DI, + lewl 720 7, + 1€5 17205, + les 207y,
< llegl, + €317, + g = 7°8u 720 7w + 1fu = Funlizo 7y
Hfa = Fanllvyli=i lea@llv,+1£g = Fanllv;leglvy
0 (fa = fanrdlLrozvylealleovy
+ Eime @ + 1G4 DI, + 19115, + 18:Gall 1 0.7, leal 20 71

13)

2 2 2
+||g.] “LZ(O,?; VJ/) + ”gu ”LZ(O,?; Vi) + ”gp”Lz(O,f;L;,)‘

2

" L2(0.1:V)) -
t € (0, T, we can take the supremum w.r.t. f over (0, t"*) at both sides, use Young inequality
on the terms still involving e, and recognize the terms defining £y, (t") and £ (). This

completes the proof. O

where | ¢ || has been removed since it is non-negative. Now, since (13) holds for any

We remark that in the preliminary estimate of Theorem 3.1, the estimator 55 is not computable
aposteriori as it depends on the errors. In the following section, we thus address its estimation
in terms of local residuals and jumps. To this aim, we introduce the jump [¢] r of a generic
vector field ¢ : 2 — R?® across a face F, defined as follows:

1
91 =9 Onp+¢-On,  with ¢pOn=s@@n+n¢),
where the superscripts 4+ and — denote the restriction on either side of the face F. This jump

operator is employed in the Discontinuous Galerkin community (see, e.g., [5, 19]), yet all
the results still hold if the non-symmetric outer product ¢ ® n is used in place of ¢ © n.

3.1 A posteriori Estimates of the Residual Operators

‘We now address the estimation of the terms of Theorem 3.1 that involve the residual operators
Gox=d,u,J,p.

Lemma 3.2 Under the same assumptions of Theorem 3.1, the following estimates hold:

2 )
1. ”gd”LOO(O,T;Va’,) Séi= sup & where
0<n<Nr
) 2 2 2 2
gi= (hKnR'b,h,KuK + > hklSanrli+ Y hKuS"x,d,h,pnF),
K€ Fez! FeZy
Feak Feok
Ry k= Ly +divoa (dilg) = oVpl,lk.
jeJ
"anF = —load)nrlr,
8" anr = —0c (d}) ne + Y ipll el — i ynei;

jeJ
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2

Nt
2 1/2
2. “atgd“Ll(O,T;Vé) 5 6d(8t) = |:Z At (53(8{)) / } where
n=1
2 2
R" — R"™ 1 SrbhF—S”_l
2 || Mank d.h.K A, d.hF
i@ =Y (hK e B 3 h TR
KeTe K Fe@gl F
FedK
n n—1 2
SdnF =Sy anr
+ h il el ;
Z K At
FeZy F
FedK
Nt
2 .
3. 16y ”Lz(O,T;VJ’) SEy = ZAI &} where
n=1
. 2 2 2
€=y (hKnR'},h,KllK+ RTINS hKnsM,FnF),
KeTea Feﬁell FeZyx
FedK FedK
Cnsn[os] e Sarm[0,],
J.h,K j.h, K ies J.hF ih, F ics

: G -1 v (K
i = 6l = el = i) i (291

di o d" dnfl e n X n n
— dv I:Xt( p—ay )k —ﬂj Pin— Zﬂjf(pj’h - Pg,h),

teJ
n Kj n
JhF =T I:I:AVPj,h '"F]] ’
H F
1 _
SS Inr ::—Z( Jh-nel)—l—E(dZ—dZ 1)~nel—|—u2-nf;
jeJ
Nt
2 — n
4. 11 (Gu, gp)”Lz(o,Tzv}pr) S Eup = ZAI Eup ~ Wwhere
n=1
Eipi= ( 1Rz n k% + ldiv a1 %
Ke7
+ > hklSauplE+ D hklST . FnF)
FeZ} FeZy
Feak Fedk
Ry nx = Fun+dive (uyl) = Vpjlk.
Sunr = —lr@pnrlr,
S =~ (U)) e + phne — pg yns.

Remark 3.1 We point out that the local residual estimators Ri hK X = d, J, u, are the local
residuals of the bulk equations (1a)-(1c)-(1d) in strong form, while the terms S S X =
d, J, u, are arise from combinations of the interface conditions (as highlighted by the arrows):
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S"s anr =—|oa(dna — Y oiplyna + e (w))ng — pjng > (2a)
jeJ
— (PEp — Py + Te(i)ng - ng) ne s 2b)
— (we(pns), . > (2¢)
.
S pnF = Z (*{foh 'nel> <« (20)
je\E}
dr — dn—l P
n h h E n
: ———— e — — Vg, - , «—> (2d
+ (uh ng + Y nel e DE,j, " Rel (2d)
Sunr =— (PEn — P + w@png - ng) ne < (2b)
+ (wyny) - > (2¢)

Proof (of Lemma 3.2) We first observe that the following holds:

(Gurxn)v, =0 Vap e Vi (withx=d,u, p;) (14)
and in particular, (G, L yx)y, =0 V¥ € V,.

Denoting by G} the evaluation of G, at time ¢", for each of the points 1-4, we first estimate
the operator norm |G} ||y, a.e. in time and then we wrap it into the Bochner space norm
appearing in the thesis.

1. We start by estimating the numerator of

(14 (Ga.d — Iqnd)y
IGgllv, =" sup ———<———*. (15)
devg\(0) Idllv,
By the definition of G4 and element-wise integration by parts (i.b.p.), we obtain
(Gh,d — g d)y,
8 - - - -
2 (find—land)  —aady.d—lasd)
el
— by (P . d — Iapd) — Jea(plh . d — Iapd)
(ib.p) ~ ~
=N {(Rrb,h,K, d—lgnd)k
K€ (16)
1 - -
+5 2 | loa@pnlr +W d—Ignd
FeF), j F
FCdK
i < -
+ > (S sdnF.d Id,hd)F},
FeZyx
FCik

where the terms with IIpJ?fhnp]] F vanish because Vy j C [CO(£2e)1* . Using the Cauchy—
Schwarz inequality on each term and multiplying/dividing by appropriate powers of h x
yield
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(Gyod —Tapd)y, S Y {hKnR'b,h,KnK hi'ld = Igpd
KeTe

1/2 —1/2,, ~
+ 3 1S rllr by P Nd — Tasd F

FeZ)
FCoK
1/2 —1/2,% >
+ > hCIS s anrlF by ||d—1d,hd||p}.
FeZx
FCoK

Hinging upon the discrete Cauchy—Schwarz inequality
applied to the sums over the elements, as well as the inequality (a + b)? < 3(a® + b?),
we can prove that

(Gar.d — Igpd)},

S| kIRuakl% || Y. hilld — Iasdilk

KeTy KeT
+[ > D hKnS'k,h,Fnzp][ ) h;lnd—ld,hdn%K} {17
KeTa Fez) KeTe
FedK

+[Z > hKnS"z,d,h,Fn%][ > g ||E—1d,hé||%x].

KeTy FeZyx Ke 7y
FedK

Then, using interpolation estimates (6) yields

(Gar.d — L pd)v, S { D Rk IRuaxlk+ Y helSunrlly

KeTe Fe'?ell
FCoK
1 (18)
2
S 12~
+ > hKIIS"z,d,h,Fllp} ldllv,-
FeZy
FCok

Now, using (15), we obtain |G} ||Vé < (8"1‘)%, which yields point 1 of the thesis after
taking the supremum w.r.t. time at both members and noticing that each £} is constant
over ("1, ).

2. Being G4 piecewise linear in time, 9;Gg|(n-1 ;) = 87 G is constant on each time interval

("1, t*]. Employing twice equality (16), for n and n — 1, yields

(81Gh, d — Igpd)v, = Z {(5fR'¢'1,h,1<,tvl — Igpd)k
KE,?el

1 ~ -
+3 > (321 'b,h,p,d—ld,hd)F

FeZ)
FCoK

+ (5;15"2,,;,,,1,1;,2—1,1,,13) } (19)
F
FG;’ZZ

FCoK
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Then, proceeding in the same way as in point 1 of this proof, we can obtain

1
13:Gallvyli=m < (€3(30)7

from which summing over all the intervals ("', "] yields

Nt Nt
18:Gallio.revpy = D At 18 Gallvli=n S ) At (E10)*
n=1 n=1

3. Recalling that, for each function ¢,, that is piecewise linear in time,
nothl li=m = ¢}, and 3;@,,|;=m = &;'$;,,, we can proceed as in point 1 of this proof and
show that

(GG Py —1Linby)v,

® - -« . -«
= (Tfogh[h:z", py— IJ,hI’J)Ql - mJ(azPJ,h,\z:w, p;—15nPy)

—ay (JTOP_/,h,|t:r“7 ;71 - IJ.hi]) +by (Z’j - IJ,hI’J, atdh[\t:t")
+ 3Py —LinPy. 0l li=m) + 3Py — Ly nPy. ujp)

(20)
(ibp) ~ . .
=y {(gﬁ — My k8P — ALkP )y + Beakdidy, Py —111Py) .
KeTq
1 “ -« . “
T3 Z ZsjnhF py—1linp; | + Z anE.J,h,F’pJ —15nPy }

FeyTgl jeJ F Fe?g jelJ F
FCok Fcik

where

My k8D = [Cjaypjyht]jej . Bax8id, = [—div@dd, 0],

Ay xply, = [—div (%Vp;f,,lk) + B P}y + 2ees Bie(pily — P’Z,h)]jej

Then, we employ the definition of [|G/ || v on the left-hand side of (20) and the interpo-
lation estimates (6) together with the Cauchy—Schwarz inequality on the right-hand side,
thus obtaining ||G7 ||2 < &Y. Again, the second member of this inequality is piecewise

constant in time, therefore we can obtain the desired result.
4. Proceeding as in point 1, by definition (8) of G, and G, and using the continuous problem
(4¢)-(4d), we have

<(g,’:, gn), (\li - Iu,hﬂ» ﬁ))VuxL,,
8 . - . o
S (it — Lonit) o, — LAu}, P11 — L pit, )

@ib.p.) - . o
— 3P it — Lupit) =Y [(R,,hk,u—lu,hun(—(dwuz,pm
Ke 7

1
+3 > (—lIr@nlr + Lpprrdr, & — Lo yit)

Fezl
FCoK

+ Y (S’,’s,u,h,pﬂ—lu,hﬁ)F} @1)
FE:@[
FCoK
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where [p;nrllr vanishes because L, ; C CY(82). Now, as in point 1, we use the
definition of || (Gy;, QZ) lv;xL, on the left-hand side of (21), we apply integral and discrete
Cauchy—Schwarz inequalities to the right-hand side, as well as the interpolation estimates
for the terms tested against & — I, i, thus obtaining

(G, G1). (Gt = Ly it P))vyxL,

2 2 . 2
S { Z h IRu.n.x Il =+ [1div a1 %
KeJr
1

2
+ Y helSpaplE+ > hknsg,u.h,pni} G, P 1vxL,-

Fe.?fl FeZFx
FCaK FCoK

Therefore, [|(G,, G)) IIZJ, <L, < &y and we conclude the proof by integrating both sides

of the inequality w.r.t. time and noticing that the right-hand side is piecewise constant.

[}

3.2 A posteriori Error Estimates

We are now ready to combine the results of the previous sections to prove the following a
posteriori error estimate:

Theorem 3.2 Under the assumptions of Theorem 3.1, the following a posteriori error esti-
mates hold:

2 2 2 2
||ed||L°O(0,T;Vd) + lley ”LOC(O,T;L,) + ”eu”LZ(O,T;Vu) + ||eJ||L2(0yT;VJ)
2 2 2
+ ”%d(at)”Ll(O,T;Vé) + ”‘%j ”LZ(O,T;V}) + ”‘%u ”LZ(O,T;VM') (22)
. 2 N N N
+ ||dive, ||L2(0,T;Lp) S ECaata T Eime T Espe»
where
Ry(0r) = Agdyeq + Bhdie, = —divoa(de,) + Y ajVise,,
jeJ
X, =M;B,ej—i—Bela,ed—i—AjeJ—}—Xjej
P
= [cja,ej + div (jdre,) — div (—J_Ve,) + <ﬂjeej + ) Bielej — el)>i| :
Hi teJ jed
Ry = Auey + Bie, := —divri(e,) + Ve,
ENT = &) + E4(@)NT + &)+ ENT (with each term defined in Lemma 3.2)

and f,ﬁ{a: Sﬁ{a(tNT) and EtlivnTle: é'lime(tNT) are the same of (10).

Proof We proceed taking inspiration from [16, 17, 37], in which inequalities like the one in
Theorem 3.1 are combined with a posteriori estimates of the consistency operators like those
of Lemma 3.2. We start observing that Theorem 3.1 implies
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2 2 2 2
leallzoco.7:vy) +lles oo, rie ) F N€ullz2o 7w,y +l€s20,7.v))
2 2 2 : 2
+ ”%d(at) ”Ll 0,T; V‘;) + ”%J ”LZ(O,T;VJ/) + ”%u ”LZ(O,T;V,D + ||d1V eu ”LZ(O,T;L,,)

S e+ ENT +ENT

data time

1RGO 0, 7,v5) T W25 20 vy + 1720 7wy + 19V €llT2 rior -

Moreover, a combination of Lemma 3.2 and the Young inequality yields 52’ r< 5%5. To
estimate the terms involving Z,,* = d, J,u and dive,, we rely on the following error
equations in operator form (holding a.e. in time), that can be obtained by a subtraction of the
discrete problem (7) from the continuous one (4):

Ageg+ Ble; = fa— fam+Ga inV;  (23a)

Ry =Mde; + Badieg+ Aje; + Aje, =g —n'gy, +G;  inVj,  (23b)

Ry = Auey + Bie, = fyu — fun + Gu inV,, (23¢)

dive, =G, inL,. (23d)

Now, computing the L? norm in time of both members of (23b)-(23¢)-(23d) and applying

Lemma 3.2, as well as recalling the definition (10) of £J,,, we can prove the following
estimates:

S EN 1 &,

17 2
”jj ”LZ(O,T;V}) ~ “data

2 Nt
”%u ”LZ(OYT:VLL) S gdala + 5up,

. 2
||d1V eu ”LQ(O,T;LP) S gup~

Finally, to estimate || % (9l 110, 7: v))» We apply the time derivative 9; to both sides of (23a),

we compute the Bochner L'-norm, and we apply again Lemma 3.2:
2 _ * 2
”'%d(at)”Ll(O,T;Vé) = ”at(Aded + Belel)”L](O,T;Vé)
2 2
5 ”at(fd - fd’ht)”Ll(O,T;Vé) + ||8tgd||L1(0,T;Vé)

<N 4 £4(9,).

data

This completes the proof. O

To close this section, we point out that Theorem 3.2 proves the reliability of the estimator.
To discuss its efficiency, one could proceed similarly to [17, Theorem 4.2] and derive upper
bounds of the estimator in terms of the error. In this work, instead, we decide to deputize
the assessment of the estimator’s efficiency to the numerical tests reported in the following
section.

4 Numerical Results

Bearing in mind the application that motivates the present work, namely brain multiphysics
flow modeling, the geometrical complexity of the domain asks for adaptive mesh refinement
strategies, whereas the benefit of adaptivity in time would be limited by the relatively slow
and regular flow regime [7, 14, 22]. For this reason, in this section we verify the estimates of
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10¢
. 2
- . —— leullizo,7:v, leal?-0.7:va) - ht

102 | —@— ERR. 100 o a o

10—2 4
1074 4

1076 4 10-6

10—8 4
10-°
10-10 4
10712

10-12 4

102 1071 1072 1071
h h

Fig.2 Convergence test w.r.t. space discretization parameter /. Left: energy error norm ERR, and estimators

Sslgf s gt]ivn{e' Right: terms in the definitions of ERR, and EZZZ (see (24) and Theorem 3.2)

Theorem 3.2 and assess the efficiency of the estimators with respect to h refinement, whereas
At is chosen sufficiently small not to hinder the convergence order.

We consider problem (1) in® = 2 dimensions with 1 compartment J = {E}. In the domain
2 = 22U = (—0.5,0) x(0,0.5)U(0, 0.5) x (0, 0.5), with interface X' = {0} x (0, 0.5),
the following is a solution of (1) for proper values of the source functions f 4, g, f,:

d(t,x) = (cos(nt) — sin(nt)) n% (sin(;rx) sin(;wr y) — cos(rx) cos(my)) |:_11:| ,

PE(t, x) = — (cos(nt) — sin(nt)) (ﬂx cos(my) + 2712,uuL sin(ny)) ,

el

u(t,x) = 200s(nt)n'ui (sin(mrx) sin(mwry) — cos(mwx) cos(my)) [_11] ,
el

p(t,x) = — (1.5cos(nt) — 0.5sin(nt)) <x cos(mry) + 47'[2/LL sin(ny)) ,

el

Hel
pe(l—a)”
namely I'ng = INJ = INu = ©. We simulate the system for T = 5 - 10~ 7s with
At = 10775 and choose s = 1 in the finite element spaces (5), namely quadratic elements
for d, u, pg and linear elements for the Stokes pressure p: this choice ensures that the
properties of Proposition 3.1 hold true. We set all physical parameters equal to 1, except for
ag = 0.5.

In the following, we discuss the results for the error energy norm

with n = In particular, we enforce fully Dirichlet boundary conditions on 952,

. 2 2 2 2
ERR, := ||ed”L°°(0,T:Vd) + ||€j ”L°°(0,T;LJ) + ”eu”LZ(O.T;Vu) + ||ej||Lz(0,T;VJ)’ (24)

which includes all the physically relevant terms of (22). Thanks to the smoothness of the exact
solution and the data employed in this test, we can safely assume that the data oscillation
term Stﬁ{a does not affect the performance of the a posteriori estimator, thus we neglect it.
In Fig. 2 (left) we report the results of a convergence test for the error norms (24) w.r.t. h and
the corresponding values of the estimator 55’,!5. The estimate (22) of Theorem 3.2 is verified
by observing that ERR, < 85135 for all values of h. Moreover, we notice the significantly
small values obtained for the estimator Eévrge, due to the choice of a small value for Az. In

Fig.2 (right) we analyze the contribution of the different terms entering in the space error
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—— &ulleal?z o, mvy
2
eqleallE-(o, 7, ve)

—o— & J/ERR,
104 4

103

102 101

Fig.3 Efficiency indexes for the estimator SSPZ and of its constituting terms, in the convergence test w.r.t. &

Nt

estimator Espc . We notice that E,Z,T and 5‘11\77 seem to be reliable estimators of | e, 112

L2(0,T;Vy)
and [le, ||%OQ(O,T; V) respectively.

To analyze the efficiency of the estimator, in Fig. 3 we display the efficiency index Ieff =

N
gﬁ"i and for completeness, even though not covered by our theory, we also report the
analogous ratios for the single components of the error and estimator discussed above. We
notice that I.¢ tends to a constant value for small /4, thus meaning that the estimator is not
only an upper bound of the error but rather proportional to it, thus it is also efficient. Similarly,
ey 5 and E;VT appear to be efficient estimators of the Stokes and elastic displacement errors,
respectively.

For completeness, we point out that the estimators derived here are not efficient in terms
of time discretization. Specifically, by time-convergence tests not reported here for brevity,
we observed that Sévrge converges w.r.t. time discretization, but 5%5 does not. This is fully
consistent with the results of [16, Table 2] — in the case of the sole poroelastic problem —
and of [17, Table 4] — for a simpler elliptic-parabolic problem. The study of an a-posteriori
estimator suitable to time step adaptivity requires further investigation and will be the object
of future research.

5 Conclusions

In the present study, we have rigorously derived — for the first time —residual-based a posteriori
error estimates for the finite element discretization of the coupled Stokes-MPE system. The
associated estimator controls both the error in the energy norm of the system and additional
terms related to the strong residual of the equations, in dual norms. We have verified the
reliability and efficiency of the estimator by means of numerical experiments in a case with
a manufactured solution.

The present work represents a first step towards the design of adaptive refinement algo-
rithms and reduced order models for the efficient solution of fluid-poromechanics problems.
This is particularly relevant in the study of brain multiphysics flow, in which the complexity
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of the geometry and fluid-tissue interface may hinder the feasibility of numerical simulations
under limited resources, and in multi-query problems like model calibration and validation
against clinical data [7, 31]. Further extensions of the analysis presented in this work may
also be considered in the case of advanced numerical methods based on general mesh ele-
ments, such as polytopal discontinuous Galerkin and virtual element methods, in which the
geometrical flexibility of the numerical scheme makes it particularly suitable for local refine-
ment strategies [4, 9, 10, 12, 13, 18]. Moreover, a possible direction of investigation would
be towards deriving reliable and efficient estimators also with respect to time discretization.
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