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How neurons integrate the myriad synaptic inputs scattered across their dendrites is a fundamental question
in neuroscience. Multiple neurophysiological experiments have shown that dendritic nonlinearities can have a
strong influence on synaptic input integration. These nonlinearities have motivated mathematical descriptions
of single neurons as a two-layer computational units, which have been shown to increase substantially the
computational abilities of neurons, compared to linear dendritic integration. However, current analytical studies
are restricted to neurons with unconstrained synaptic weights and unplausible dendritic nonlinearities. Here we
introduce a two-layer model with sign-constrained synaptic weights and a biologically plausible form of dendritic
nonlinearity and investigate its properties using both statistical physics methods and numerical simulations. We
find that the dendritic nonlinearity enhances both the number of possible learned input-output associations and
the learning velocity. We characterize how capacity and learning speed depend on the implemented nonlinearity
and the levels of dendritic and somatic inhibition. We calculate analytically the distribution of synaptic weights in
networks close to maximal capacity and find that the dendritic nonlinearity increases the fraction of zero-weight
(“silent” or “potential”) synapses, compared with the standard perceptron model, when no or weak robustness
constraints are present, while the opposite occurs with strong robustness constraints. We test our model on
standard real-world benchmark datasets and observe empirically that the nonlinearity provides an enhancement
in generalization performance and that it enables to capture more complex input-output relations, compared to

the perceptron model.

DOI: 10.1103/d7f1-xc8q

I. INTRODUCTION

Understanding the computational capabilities of single
neurons is among the most fundamental open problems in
neuroscience. A long-standing question concerns the role of
dendrites in shaping neuronal information processing. In the
simplest scenario, dendrites are devices that sum synaptic
inputs linearly, propagating a dot product of a vector of
presynaptic activity with a vector of synaptic weights to the
axon initial segment, where a thresholding operation is ap-
plied to decide whether the neuron emits an action potential.
In this view, neurons are analogous to simple perceptrons,
whose learning capabilities have been studied extensively
(e.g., Refs. [1-4]).

However, this view ignores the presence of active currents
in dendrites, which can potentially lead to nonlinear. integra-
tion of synaptic inputs (for reviews, see e.g., Refs. [5-7]).
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These nonlinearities are due to various types of voltage-gated
ionic currents, such as NMDA receptor-mediated synaptic
currents [8,9], calcium currents [10,11], or sodium currents
[12]. In cortical pyramidal neurons, in particular, it has been
shown that inputs to a single dendritic branch sum in a
strongly nonlinear fashion, while inputs to distinct dendritic
branches sum linearly [13]. These results have led to the idea
that neurons could be better described by multilayer devices
than by the standard perceptron model [14-20].

Given the treelike morphology of dendrites, and the non-
linear integration of synaptic inputs pertaining to the same
dendritic branch, a natural choice is to model single neurons
as a particular type of a two-layer neural network called a tree
committee machine. The computational properties of this neu-
ral architecture have been extensively studied in the statistical
physics literature. Early works from the 1990s [21,22] showed
that the storage capacity of tree committee machines increases
with the size of the hidden layer K. In the case of the sign
nonlinearity g(x) = sgn(x), the maximal number of random
input-output associations that can be learned scales as P, =
a.(K)N where a.(K) o +/In K, and N is the number of inputs
[23]. Recently, it was pointed out that these results are valid
only for activation functions presenting a discontinuity at the
origin [24,25]. In particular, in the case of the rectified linear
unit (ReLU) nonlinearity, an activation function commonly
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used in machine learning, the capacity of the tree committee
machine remains finite as the size of the hidden layer K goes
to infinity [24]. Moreover, most of the nonlinearities used in
machine learning enhance learning by smoothing the corre-
sponding loss landscape and inducing flatter and more robust
minima that are attractive for gradient-based algorithms such
as stochastic gradient descent (SGD) [24,26-29].

The aforementioned studies on the tree-committee ma-
chine from the statistical physics—machine learning com-
munity are typically performed without including biological
constraints on the excitatory or inhibitory nature of synap-
tic weights (i.e., constraints on their sign) and without
considering the specific dendritic nonlinearities that are ob-
served experimentally. Given that multilayer networks are
well known to have more powerful representation and gener-
alization capabilities than single layer ones, as mathematically
shown in early works on approximation capabilities of multi-
layer neural networks [30], a natural question is to what extent
these sign constraints and the specific dendritic nonlinearities
observed in cortical neurons affect the computational capabil-
ities of single biological neurons.

Here we set out to study the computational capabilities
of a single neuron model with dendritic branches imple-
menting experimentally observed nonlinear integration and
with sign-constrained positive synapses modeling excitatory
connectivity, while inhibitory inputs are incorporated into
dendritic and somatic thresholds. Using both analytical meth-
ods from statistical physics and numerical simulations we
derive the number of possible stored input-output associations
(capacity), training speed, noise robustness, and generaliza-
tion properties and compare these properties to neuronal
models with different dendritic nonlinearities. We also com-
pute the distribution of synaptic weights at maximal capacity
and show that this distribution contains a large fraction of
zero-weight synapses, similarly to experimentally observed
synaptic weight distributions in neocortical pyramidal cells.
Interestingly, while in standard perceptrons with constrained
synapses, sparse synaptic input connectivity can only be ob-
tained when a robustness parameter is introduced [31,32],
dendritic nonlinear input integration leads to high sparsity
even in the absence of any robustness constraint.

II. SINGLE NEURON MODEL

We consider a single neuron model that transforms N
binary synaptic inputs & = {0, 1}" into a binary output
6 = {0, 1}. In the standard perceptron model, the neuronal
output is

N
6:®<ZW;&—T), )
i=1

where ©® is the Heaviside function, W is a vector of synaptic
weights, typically optimized by a learning process, and T is a
threshold.

Here, motivated by experiments that have revealed sig-
nificant nonlinearities in the summation of inputs within
single dendritic branches, but not across branches [6,8,13],
we consider a generalization of the perceptron model with K
dendritic branches and nonlinear summation of inputs within
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FIG. 1. Single-neuron model with dendritic nonlinearities. The
neuron has K dendritic branches. Synaptic inputs to each dendritic
branch are summed linearly and then processed through a den-
dritic nonlinearity depicted in the inset. The outputs of the dendritic
branches are then summed linearly and compared to a somatic
threshold.

each dendritic branch (see Fig. 1). In this model, the neuronal
output & is

6 = 0(A), (2a)
1 K
A= — A) — VK6, 2b
‘/E;g( b . (2b)
N/K
K IN
A= N ;Wli&i - Eed, (2¢)

where A is the total input to the soma, proportional to the
sum of the outputs of all dendritic branches; g is a nonlinear
function describing the dendritic nonlinearity; A; is the total
input to dendritic branch /, which is a linear sum of inputs
to this branch &; € {0, 1}"/¥, weighted by synaptic efficacies
Wii; 6, is a somatic threshold; and 6, is a dendritic threshold.
Notice that this model is equivalent to a feedforward network
with a layer of hidden units endowed with a nonlinear transfer
function, and a fixed output summation layer.

A. Constraints on weights, excitation, and inhibition

The efficacy of real synapses is constrained by the identity
of the presynaptic neuron. Synaptic weights are non-negative
when the presynaptic neuron is excitatory (glutamatergic),
while they are nonpositive when the presynaptic neuron is
inhibitory (GABAergic). Here we consider for simplicity a
scenario in which only the excitatory weights are modeled
explicitly and are plastic. Inhibitory synapses are assumed
not to be affected by learning and are lumped together in the
two thresholds, 8, and 6y, describing inhibitory synapses onto
dendritic branches and the perisomatic region, respectively.
Thus, all synaptic weights Wj; in Eq. (2¢) obey the constraint
W, = 0.

B. Dendritic nonlinearity

Experiments in neocortical pyramidal cells have indicated
that the dendritic output is roughly linear at low stimulation
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intensities and that it then increases in a strongly nonlinear
fashion beyond a threshold, before saturating [13].

To capture quantitatively these findings, we consider the
following dendritic nonlinear transfer function

max(0, x) X < Xmin
gPolsky(x) = 21— s 3)
% —14+2Xxpin X 2 Xmin

where xp;, is a dendritic nonlinearity threshold and y de-
scribes the strength of the nonlinearity. We refer to this
nonlinearity as the Polsky transfer function. It is plotted in
the inset of Fig. 1. In the following we use xp;, = 0.33 and
y = 15, which provide a good approximation of the data in
Ref. [13] (see Appendix B2 for a discussion on how these
parameters were obtained). Notice that this transfer function
interpolates between the ReLU nonlinearity (when Xy, —
00) and the step nonlinearity, obtained for xy,;, = 0, y — oo.
Note also that in the experiments of Ref. [13], only excitatory
inputs are considered, and consequently only the positive side
of the dendritic nonlinearity is probed. On the negative side,
we take for simplicity g to be equal to zero. This scenario
can be thought of capturing in a simplified way shunting
inhibition.

C. Scaling of inputs and thresholds

Pyramidal cells have on the order of 10 000 synaptic inputs
[33,34], scattered along tens to hundreds dendritic branches
[35]. In this limit, taking synaptic weights and thresholds to
be of order 1 (W;; ~ 6, ~ O(1)), inputs to dendritic branches
scale as N/K due to the sign constraints on the weights,
with fluctuations of order /N/K around the mean. To ob-
tain a well-defined limit with finite means and variances,
the dendritic threshold should balance the mean inputs, and
the difference should be rescaled by /K/N. Likewise, at the
somatic level, the somatic threshold should cancel the average
somatic input, and the difference should be rescaled by 1/v/K.
These considerations explain the scalings in Egs. (2a)—(2c¢).

D. Learning tasks

We consider first a standard classification task with the
objective of learning a dataset & = {&", a“}zzl composed
of P =aN binary random input patterns &/ that are inde-
pendent and identically distributed Bernoulli variables with
P(El’i‘ = 1) = fix (input coding level) and labels o* that are
independent and identically distributed Bernoulli variables
with P(c" = 1) = fou (output coding level). The task of the
neuron is to correctly classify all input patterns, i.e., produce
the correct output & = o* when input £” is presented. These
input-output associations can be learned by progressively
modifying the synaptic weights, to minimize the number of
errors, or some surrogate loss function. This classification task
(often called “‘storage problem” in the literature) has been
studied extensively for the perceptron architecture [3,36], in-
cluding also cases with sign-constrained weights [31,32,37].
It has also been studied in tree committee machines with sign
nonlinearity of the hidden units [22,23,38], as well as more
recently with generic nonlinearity [24,25]. On the numerical
side, we study classical benchmark classification tasks in ma-

chine learning, such as MNIST [39], Fashion-MNIST [40],
and CIFAR-10 [41].

E. Learning algorithm

To evaluate the computational performance of the two-
layer nonlinear neuron described in (2), which is endowed
with K dendritic branches and the transfer function defined in
(3), and compare it with the linear neuron defined in (1) from
an algorithmic standpoint, we develop an algorithm capable of
learning with sign-constrained synapses. We then proceed to
examine its behavior on various paradigmatic learning tasks.
This algorithm is a modified version of SGD as detailed in
Appendix C. Due to the non-negative nature of excitatory
synapses, whenever the learning rule leads them to become
negative, they are instantaneously set to zero. Importantly, the
definition of the two models, particularly the treelike nature
of the dendritic layer of the nonlinear neuron, naturally al-
lows for their comparison at the same number of synaptic
parameters, ensuring that computational improvements are
exclusively attributable to their architectural and linear or
nonlinear properties. The data that support the findings of this
article are openly available [42].

II1. STORAGE CAPACITY
A. Analytical methods

To investigate the properties of our single neuron model in
the storage setting, one can make use of asymptotic methods
from statistical physics [4,43]. Given a density of patterns
o = P/N, the uniform probability measure over all configura-
tions classifying the patterns in & (or solutions to the learning
problem) can be expressed, apart from a normalization factor,
as

P
XoW) =[] Ol@2c" — DA*W;604,6,) — k], (4)

u=1

where A* is the somatic input defined in (2b) and o# is the
correct label for input u. The parameter « is a margin that
imposes a certain degree of robustness on the learned W. Ex-
ploiting self-averaging properties, the typical Gibbs entropy,
i.e., the logarithm of the volume of solutions, can be obtained
by taking the average (-)g over the quenched disorder induced
by the random realization of patterns and labels,

= lim
¢ N,K,P—o0

1
N<ln / dM(W)X,oz(W)> &)

2
In (5), fdu(W)o = fooo [1,;dW; e is the integral over the
prior weight measure, with the integration bounds reflecting
the constraint over the weights. In order to compute the av-
erage (-)g in (5), one can resort to the replica method in
the replica symmetric (RS) approximation [44]. By using the
saddle-point method [45] one obtains a set of equations for
a finite set of order parameters that are sufficient to the de-
scribe the large-dimensional limit of the system. We refer to
Appendix A for a brief description of the analytical methods
and to Appendix D for more detailed derivations.

Pyramidal cells receive roughly 10000 synaptic inputs,
which are distributed across several dozen to several hundred

033003-3



CLARISSA LAUDITI et al. PRX LIFE 3, 033003 (2025)
(a) (b)
100 10
9 — ReLU
ReLU-Sat
8 — Polsky
a - perceptron
o 6 |
s 10 <
4
3 b
2 F
1 . lp---=---- nlalialoliofalielllielt elialolioPollololiol el ol e Sttt oottt
0.001 0.01 0.1 1 10 0 01 02 03 04 05 06 07 08 09 1
ed es
c d
© @
9 — ReLU
ReLU-Sat 14 ¢
8 — Polsky
7 - - perceptron 127
L6 10
3 5 S’ 8t
4 6 L
3 4t
2
2 =
e
0 0.2 0.4 0.6 0.8 1 0

Xmin

FIG. 2. Critical capacities «, for ReLU (blue), saturating ReLU (orange), and Polsky (red) nonlinearities a function of various parameters.
In all panels k =0, fi, = fou = 0.5. [(b), (¢), and (d)] 6; = 0.5; [(a), (c), and (d)] 6; = 0.5; [(a), (b), and (d)] xmin = 0.33; [(a)—(c)] ¥ = 15.
Dashed black lines represents the case of the one-layer neuron model, where the critical capacity a?* = 1. (a) Dependence on the dendritic
threshold 6,. Inset: Distribution of dendritic preactivations for 6, = 0.01 (violet), 0.05 (green), and 0.1 (cyan); we also plot with the dashed
black line the Polsky activation to better show how the nonlinearity is exploited for that value of 6,. (b) Dependence on the somatic threshold.

(c) Dependence on x,;,. (d) Dependence on y.

dendritic branches [33-35]. We therefore considered the limit
of large number K of dendritic branches in our analytical cal-
culations. At the same time, however, we consider the regime
where K is small compared to the total number of synapses
N, ie., K/N — 0. This is not only a realistic assumption,
but it also allows us to reduce the computational complexity
of the analytical calculations which are valid for a generic
nonlinearity (see Appendix A).

As we show in Appendix D, computing the entropy (5)
in the large-N and -K limit, in turn, gives access to several
physical observables of interest, namely the critical capacity
and the distribution of synaptic weights.

B. Critical capacity

The randomness of the labels in the dataset do not make
the task learnable for any value of the density «. Indeed, in the
large-N limit, there exists a sharp threshold ¢, for the proba-
bility of finding a solution to the learning problem. For o < ¢,
this probability is 1, meaning that there exist synaptic weight
configurations that are able to classify the inputs correctly;
at @ = «, the probability of finding a solution drops abruptly

to zero. For @ > «, the complexity of the model is therefore
no longer sufficient to classify the activity patterns. o« can
be thought as a measure of expressivity of our single neuron
model.

At o, the typical overlap g between a pair of solutions
extracted from the Gibbs measure (4) tends towards the typical
squared norm Q of solutions. We have therefore expanded the
entropy in terms of the variable dg = Q — gq. We report in
Appendix D the technical details of how «, can be computed
from this scaling for a given value of the external parameters
04, b, fin, fout» and k and for a generic activation function g.

In the case of a linear activation function (i.e., g(x) = x),
our model is equivalent to the one-layer neuron model whose
activity is based on a thresholding operation 6, applied to
the soma. In this case we recover the results on the critical
capacity of*" [31,32,37,46]. If the margin x = 0, then it has
been shown in Ref. [31] that the capacity is independent on
6,; in particular, for fi, = fou = 0.5, a2 = 1.

This is not true in the case of the two-layer neuron model,
in which changing the dendritic threshold strongly alters the
expressivity of the model. In the upper left panel of Fig. 2
we show the plot of the critical capacity of our two-layer
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neuron model as function of 6, for different types of dendritic
nonlinearities, namely ReLU, a “saturating” ReLLU function
min(max(0, x), 1), and Polsky as in (3). For comparison pur-
poses we also plot the critical capacity of the one-layer neuron
model. As the figure shows, the storage capacity of the model
is greatly enhanced by the presence of the nonlinearity. As
shown analytically in Appendix D, in the limit 6; — 0, the
two-layer neuron models becomes equivalent to the one-layer
perceptron model. When 6, increases, all models with non-
linear integration increase their capacity but in a strongly
non-linearity-dependent way. With a nonsaturating nonlinear-
ity such as ReLU, the increase in capacity is logarithmic in
64, and it is much smaller than with saturating nonlinearities
where the capacity increases linearly with 6,. Finally, the
model with Polsky nonlinearity outperforms the saturating
ReLU function, thanks to the additional nonlinear region for
X > Xmin-

The behavior of o, as a function of 6; can be understood
through an analysis of the shape of the distribution of dendritic
preactivation, which we show in Appendix D to be a Gaussian
with a mean and variance that are functions of the norm of
the weights Q, and the input coding level f;,. We show the
shape of the dendritic preactivation for the Polsky activation
in the inset of the upper left panel of Fig. 2 for several values
of 8,. If 6, is small, then the distribution is peaked in a range
where the Polsky activation behaves linearly; therefore, the
model cannot fully exploit the nonlinearity and behaves as
a one-layer model. On the contrary, by increasing 6,, the
dendritic preactivation distribution widens towards the region
where the Polsky activation saturates; if one keeps increasing
64, then the weight of the active region before saturation be-
comes negligible. In this limit, we expect the critical capacity
to diverge, since the Polsky activation becomes equivalent to
the Heaviside theta activation.

The capacity «, also strongly depends on the somatic
threshold 6;, as shown in the upper right panel of Fig. 2. In
the bottom panels of Fig. 2 we show how the capacity of
the network with a Polsky nonlinearity depends on the choice
of its parameters xn,;, and y. The critical capacity increases
both with decreasing x,;, or increasing y, as in this case the
nonlinearity is closer to the Heaviside theta function. When
Xmin = 1, the Polsky nonlinearity effectively reduces to the
“saturating” ReL.U function, and so the capacity of the two
models coincide in this limit.

Notice that the estimation of the critical capacity that we
have done is based on the RS ansatz; in general since the
model we are analyzing is nonconvex, the RS ansatz is thought
to be only an upper bound to the true result. In order to get
more precise results on the critical capacity, one needs to
resort to the replica symmetry breaking ansatz (RSB) [47].
IRSB corrections to the critical capacity estimation have
been computed in one and two layer nonconvex neural net-
work models with no constraint on the sign of the weights
[22,24,25,48,49]. Recently, the exact capacity of infinitely
wide tree committee machines and perceptrons with negative
stability has been computed using a full-RSB ansatz [50]. For
our two-layer neuron model, computing 1RSB effects on the
storage capacity is technically challenging because of the sign
constraints. Note also that our calculations are done in the
K — oo limit. Networks with finite K are expected to have

a capacity of at most 164/log(K)/m, the asymptotic behavior
of committee machine with step function nonlinearity and
no constraints on weights [23]. For values of K in the range
30-100, this leads to upper bounds in the range 67, far below
the large K estimates of the capacity shown in Fig. 2 for
large 6,. Thus, the benefits of the specific Polsky nonlinearity
are expected to be the strongest in an intermediate region of
values of 6, x, and y.

C. Algorithmic capacity and learning speed

In the previous section, we computed an upper bound for
the maximal capacity using a RS calculation. We now turn to
the question of the capacity of specific learning algorithms,
and to the question of the speed of learning. We use the
widely used SGD algorithm (see Appendix C for details of the
algorithm). It is important to note that, unlike the linear neuron
model, the optimization problem in the two-layer nonlinear
neuron is highly nonconvex, and there is no guarantee that
algorithms can reach the critical capacity, similar to results
concerning binary £1 weights models [26,51,52].

In Fig. 3, we report the final training error after training
with SGD as a function of the control parameter o = %
(i.e., the density of input patterns) for both the linear and
nonlinear neuron models. Figure 4 depicts the training error
as a function of the training time for SGD. We select the
optimal hyperparameters that maximize the algorithmic ca-
pacity and training speed using a grid search procedure (see
Appendix C). It is worth noting that, at fixed values of the
dendritic and somatic thresholds 6, and 6;, the SGD algo-
rithm has two hyperparameters: the learning rate { and the
cross-entropy parameter y... Appendix C provides an in-depth
discussion of algorithmic implementations and hyperparame-
ter selection for both the algorithmic capacity evaluation and
the training speed.

Figure 3 shows that the neuron with nonlinear dendritic
integration is able to reach algorithmic capacities that are
larger than the maximum one achievable by the linear model,
i.e., of = 1. Since the comparison between the two neu-
ron models is performed at the same number of parameters
(the number of synapses is N = 999 in both cases), the im-
provement in performance is solely attributable to dendritic
nonlinearities. It is worth noting that in the linear model, the
SGD algorithm can reach e = o2 = 1 due to the convex-
ity of the problem. Concurrently, as reported in Fig. 4, we
find that the nonlinear neuron requires fewer steps to learn the
training set compared to its linear counterpart.

Despite the fact that the nonlinear neuron algorithmically
reaches larger capacities than the maximum capacity theo-
retically achievable by the linear model, we observe that the
algorithmic capacity of our algorithm is generally suboptimal
with respect to the analytically calculated critical capacity,
a.(6y, 6y) as shown in Fig. 3. The difference between the SGD
algorithmic capacity and the analytical estimate is relatively
mild at low 6,, but the gap widens as the dendritic threshold
increases. This difference between algorithmic capacity and
analytical RS estimate may be due to several factors, includ-
ing RSB effects on the critical capacity (as the RS estimate
represents an upper bound), finite K effects, and algorithmic
hardness.
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FIG. 3. Left panel: fraction of misclassified patterns on the training set as a function of the total fraction of patterns o = % for the nonlinear
neuron compared with the linear one, both trained with SGD (Algorithm I). The curves show different representative values of the dendritic
threshold 6,, with ; = 0.5. For both neuron models the number of synapses (equivalently, the input size) is N = 999, the number of dendritic
branches for the nonlinear neuron is K = 27, and each curve is averaged over 10 realizations of the initial conditions. Note that the nonlinear
neuron achieves capacities greater than the maximal capacity of the linear perceptron model, which is «?* = 1. The optimal initial learning rate
(see Appendix C for details) for both the linear and nonlinear neurons is { = 0.01. Right panel: Algorithmic capacity for SGD (Algorithm I),
compared to the analytical RS estimate in function of the dendritic threshold 6,. Same parameters as the left panel, considering biologically
plausible values of 6, € [0.01, 1] (see Appendix B 2 for a discussion of the biological values of the parameters). The critical capacity of the

perceptron (dashed line) is aP" = 1.

IV. DISTRIBUTION OF SYNAPTIC WEIGHTS
AND INPUT CONNECTIVITY SPARSITY

We next turned to the calculation of the distribution of
synaptic weights in our neuron with nonlinear dendritic inte-
gration. In a perceptron with sign-constrained weights, it has
been shown that this distribution contains a delta function at
zero (“silent” or “potential” synapses) and a truncated Gaus-

100
Polsky 84=0.077 —
Polsky 64=0.19 —
1 ‘ Polsky 8, =0.78
107§ perceptron -
S "
E
() -2 “.'.',
£ 10
© .
— .
=
1073 |
1074
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epochs

FIG. 4. Training speed. Comparison of the convergence times
of linear and nonlinear neuron models using SGD (Algorithm I).
The total fraction of patterns is fixed at « = 0.5, ensuring that the
algorithm can perfectly learn the training set with both the linear and
nonlinear neuron models. For both neuron models, the number of
synapses (i.e., the input size) is N = 999, and the number of dendritic
branches for the nonlinear neuron is K = 27. The optimal learning
rate for both the linear and nonlinear neurons is ¢ = 0.01. Each curve
is averaged over 10 realizations of the initial conditions.

sian distribution of non-negative weights at maximal capacity
[31,32],

1 7(W+Bl;4)2
PW) = pod(W) 4+ ——¢ 202
0 J2rW,

where ©(-) is the Heaviside function. The fraction of
silent weights is a simple function of B, pg = H(—B) =
%Erfc(—%), whereas B, W, depend on parameters of the
model. In the absence of robustness constraints, the fraction of
silent synapses po is exactly 50%, but this fraction increases
in the presence of robustness constraints. Furthermore, it has
been shown that such a distribution can fit well data from
both cerebellar Purkinje cells [31,53], and cortical pyramidal
cells [32,54], but only with a large value of «, consistent with
the idea that these networks optimize storage capacity with a
strong robustness constraint, or vice versa optimize robustness
of stored information. The obtained strong robustness derives
from the experimentally observed low connection probabili-
ties, ~0.2 in granule cell to Purkinje cell connections [53], and
~0.1 in layer 5 recurrent pyramidal cell connections [54—58].

To investigate the impact of the dendritic nonlinearity
on the distribution of synaptic weights, we computed P(W)
of models with dendritic nonlinearities. As we show in
Appendix D, in the large-K limit, the functional form of the
distribution of synaptic weights is exactly the same as the
one obtained for the perceptron, for any value of &, and in
particular in the critical capacity limit, Eq. (6). However, the
values of pg, B, W, depend strongly on the type of nonlinearity.

We show in Fig. 5 the fraction of silent synapses py as a
function of various parameters, for the committee machine
with various types of nonlinearities, showing the perceptron
as a comparison. We start with the case with no robustness
constraints («x = 0). Contrary to the perceptron, the fraction
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FIG. 5. Fraction of silent synapses at maximal capacity for perceptron (dashed black) and committee machines with ReLU (blue),
saturating ReLU (orange), and Polsky (xy, = 0.33, red line) nonlinearities as a function of various parameters. In all panels 6; = 0.5.
(a) Dependence on dendritic threshold 6, for fi, = fou = 0.5, « = 0. (b) Dependence on input and output coding levels fi, = fou for « =0,
6, = 0.5. (c) Dependence on the robustness parameter «, for fi, = fou = 0.1, 6; = 0.5. The biological plausible nonlinearity Polsky has the
highest fraction of silent synapses at maximal capacity at small x, while for large « the fraction of silent synapses goes to 1 only in the
perceptron model. (d) Dependence on y for fi, = fou = 6, = 0.5 and « = 0.

of silent synapses is larger than 50% in the nonlinear models.
Fig. 5(a) shows that this fraction is close to 0.5 when 6, is
small but then increases as a function of 6,. In the Polsky
and ReLU-Sat cases, the fraction grows until it saturates at
around 0.8, for the chosen parameters. This fraction is, how-
ever, weakly dependent on coding levels and «, as shown
in Figs. 5(b) and 5(c). In the ReLU, the fraction of silent
synapses reaches a maximum close to 0.6 and then decreases
in the large-9, limit. Thus, the saturating nonlinear models
have a drastically different behavior than the perceptron: They
have a large fraction of silent synapses at zero robustness, but
this fraction depends only weakly on robustness, while the
perceptron model has 50% silent synapses at zero robustness,
but this fraction increases strongly as a function of «. Interest-
ingly, the model with ReLU nonlinearity has an intermediate
behavior. Finally in Fig. 5(d) we show that increasing the sat-
uration speed of the Polsky nonlinearity, which is controlled
by the parameter y, results in a larger sparsity.

Synaptic weight distribution at algorithmic capacity

Our numerical simulations show that at algorithmic capac-
ity, the distribution becomes well described by a delta function

at zero, with a finite fraction of zero weights, and a trun-
cated Gaussian describing positive weights, consistent with
analytical calculations. The fraction of zero weight synapses
at algorithmic capacity significantly deviates from the 50%
one corresponding to the linear neuron, reaching a maximum
of 70% for 6; = 1. The synaptic weight distribution at algo-
rithmic capacity, for 6; = 0.78 and 6; = 0.5, corresponding to
the yellow curve in Fig. 3 at « = 2.4, is shown in Fig. 6.

V. NOISE ROBUSTNESS AND GENERALIZATION
A. Robustness to input and synaptic noise

Noise is a ubiquitous feature at all levels of the nervous
system, from the molecular to the whole brain level [60].
In particular, single neurons operate in a highly noisy envi-
ronment, due to background inputs they constantly receive.
Thus, robustness to input and synaptic noise are fundamental
computational requirements for any realistic single neuron
model. We thus turn to an investigation of robustness of
our model to noise. In our simulations, we estimate the
robustness to input noise by independently flipping the en-
tries of each pattern in the training set with probability p
maintaining the same label and measuring the train error
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FIG. 6. Synaptic weight distribution at algorithmic capacity
for 6;, =0.78 and 6, =0.5 (0gy = 2.4 for these values of the
parameters).

of optimal synaptic configurations on this corrupted train-
ing set. Figure 7 shows the robustness to input noise for
the SGD algorithm. We observe that the nonlinear model is
more robust to input perturbations compared to the linear
model with the same number of synaptic parameters. Simi-
larly, we measure synaptic noise robustness by estimating the
number of misclassified patterns when synaptic strengths are
perturbed by applying a multiplicative Gaussian noise of am-
plitude o to zero-error synaptic configurations W. In practice,
we measure the quantity § Eyin(W, 0) = E; Ein([W + 02 O
W1,) — Egain(W), where Ey,in(W) is the number of errors
made by configuration W on the training set, the expectation
E, is over normally distributed synaptic noise realizations
z~ N(0,Iy), © is the element-wise product, and [-]; is the
ReLU function. The quantity §E.,i,(W, o) is also known as

Polsky
—— 64=0.19
o 0.08 a=1.3,7=0.01
10
perceptron

—+ ¢=0957=0.01

Polsky
+ 64=0.19
a=1.3,7=0.01

average train errs
average train errs
o
o
=

perceptron
+ 4=095¢=0.01

1072 0.01 0.02
pattern noise weight noise

FIG. 7. Robustness to input and synaptic noise in the storage
case. Left panel: Robustness to input noise, measured as the increase
in the fraction of misclassified patterns as a function of input flipping
probability. Right panel: Robustness to synaptic noise, measured as
the increase in the fraction of misclassified patterns as a function of
the amplitude of Gaussian synaptic noise. Note that synaptic noise
robustness is consistent with the local energy definition [59]. For
both neuron models, the number of synapses (i.e., the input size)
is N = 999, and the number of dendritic branches for the nonlinear
neuron is K = 27. Each curve represents the average over 10 realiza-
tions of the initial conditions.

the local energy in the machine and deep learning literature.
It serves as a proxy for the flatness of the energy landscape
around a given optimal configuration [59,61]. It is worth not-
ing that a synaptic hard threshold at zero is implemented in
this case as well, meaning that synaptic configurations cannot
take negative values even under perturbations, i.e., W > 0
and W 4+ 0z © W > 0). Figure 7 presents the robustness to
synaptic noise of the linear and nonlinear neurons for the
SGD algorithm. The results demonstrate that the dendritic
nonlinearity enhances synaptic noise robustness, or, equiv-
alently, the local energy landscape around optimal synaptic
configurations is flatter in the nonlinear case.

B. Generalization performance on real-world datasets

To study the generalization properties of the neuron model
defined in (2), we focus on binary classification learning tasks
using the MNIST [39], Fashion-MNIST [40], and CIFAR-10
[41] datasets, which are standard benchmarks in machine
learning. The generalization error, a fundamental machine
learning observable, can only be estimated in the presence
of a test set, which is absent in the storage case. To ensure
that the generalization tasks remain reasonably difficult while
still allowing for generalization, we divide the MNIST and
Fashion-MNIST datasets into an odd-even binary classifica-
tion task. For MNIST, we separate odd and even digits into
two different classes. Similarly, for FashionMNIST, we sepa-
rate the classes corresponding to even and odd labels into two
groups. For the CIFAR-10 dataset, we choose two different
classes in order to define a reasonably difficult generalization
task, namely Bird and Ship. Appendix C provides details on
the dataset binarization procedure and hyperparameter selec-
tion. As shown in Fig. 8, the nonlinear neuron demonstrates
better performance on all the aforementioned generalization
tasks. We have also verified that in more challenging scenar-
i0s, such as learning odd and even classes in the CIFAR-10
dataset (separating the classes into two groups based on their
even or odd labels), the generalization error is very close to
random guessing (around 40%).

VI. CONCLUSIONS AND FUTURE DIRECTIONS

In this paper, we have studied the effect of realistic den-
dritic nonlinearities on the computational abilities of a single
neuron model with sign constrained synaptic weights. We
have shown that dendritic nonlinear integration is beneficial
for multiple reasons. First, it improves the overall expressivity
of a single neuron, measured as the maximum number of
input-output associations that it can correctly store. Second,
the nonlinearity generates input connectivity sparsity in the
model, i.e., it leads to a large (>0.5) fraction of zero weight
(silent or potential) synapses, in the absence of any explicit
robustness constraint. This is in marked contrast with the stan-
dard perceptron model in which 50% of synapses have zero
weight in the absence of any robustness constraints. Another
marked difference between the model with realistic nonlin-
earities and the perceptron is that the fraction of zero weight
synapses is only weakly dependent of robustness constraints
(¢ > 0), while in the perceptron model this fraction increases
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FIG. 8. Generalization capabilities on real-world datasets: MNIST, Fashion-MNIST, CIFAR-10. Comparison of train and generalization
errors of the nonlinear neuron and the linear neuron using SGD (Algorithm I). Left column: MNIST (test and train error in the upper and
lower panel respectively); middle column: Fashion-MNIST (test and train error in the upper and lower panel respectively); right column:
CIFAR-10 (test and train error in the upper and lower panel respectively). For both neuron models, the number of synapses (i.e., the input
size) is N = 1568 for MNIST and Fashion-MNIST, and N = 6144 for CIFAR-10. The number of dendritic branches for the nonlinear neuron
is K = 49 for MNIST and Fashion-MNIST, and K = 72 for CIFAR-10. Each curve represents the average over 10 realizations of the initial

conditions.

markedly with «, going asymptotically to 1 as k becomes
large.

On the algorithmic side, we quantified the benefit of non-
linear dendritic integration from several points of view. First,
we have shown that nonlinear dendritic processing enables an
algorithm such as SGD to find optimal synaptic configurations
at larger density of input patterns with respect to linear inte-
gration, and to find them consistently faster. Second, we have
found that synaptic configurations found by such algorithms
have desirable computational properties in the nonlinear case,
such as a stronger robustness to input and synaptic noise, and
higher generalization ability, compared to the linear case.

Algorithmically reaching the analytically calculated crit-
ical capacity o, is challenging as shown in Fig. 3. Several
factors contribute to the discrepancy between algorithmic and
critical capacities. The critical capacity computed using RS
serves as an upper bound for the true critical capacity, as RSB
is likely to occur at lower values of «, a phenomenon well
established for both ReLU and step function nonlinearities
[22,24,25,48,50]. Algorithmically, there is no guarantee to
reach the optimal capacity, and finite-size effects from simula-
tions with finite K and N could also influence results. Under-
standing this discrepancy will be the subject of future work.

Our work provides a bridge between two previously
disconnected branches of the literature. On one side,
committee machines have been studied extensively by
statistical physicists as one of the simplest multilayer
feedforward architectures [22-25,48,50], but biological
constraints are typically ignored in these studies. Here
we have generalized previous calculations on committee
machines in two ways: (1) by including sign constraints on
synaptic weights and (2) by including a more realistic form
of dendritic nonlinearity than both the sign [22,23,48,50]
and ReLU nonlinearities [24,25] that have been studied
previously. Note, however, that calculations in Refs. [24,25]
were done for generic activation functions and [50] showed

then even a full RSB computation is tractable, so it could
be used for the Polsky case mentioned here, though these
calculations would need to be extended to sign-constrained
synapses. On the other side, computational neuroscientists
have long sought to understand the computational roles
and/or advantages of dendritic nonlinearities [14,18,19,62],
but these studies typically rely on numerical simulations in
models that lack analytical tractability. Our work provides
instead for the first time analytical estimates of storage
capacity and distributions of synaptic weights in a model with
arealistic dendritic nonlinearity, and synaptic sign constraints.

Future work will concentrate on dropping some of the
modeling assumptions we made here. For example, we have
not considered the fact that there may be more than two layers
of input processing through dendrites; this would make neu-
rons more similar to deep tree networks. It would be therefore
interesting to study the effect of multiple layers of dendritic
integration on all the quantities studied in this paper. One
should also take into account the effects of potential correla-
tions structures in inputs, e.g., that inputs coming in the same
branch are more correlated than inputs to different branches
[63]. Similarly, synaptic inputs coming at different regions
of the dendritic tree (e.g., basal vs apical) may have different
statistical properties and convey different types of inputs.

In the present work, we have focused on excitatory synaptic
inputs and absorbed inhibitory inputs in the dendritic and
somatic thresholds, assuming that only excitatory inputs par-
ticipate in learning. This work could be generalized to include
plastic inhibitory synapses, as has been done in the case of the
standard perceptron [64,65]. In particular, such calculations
would be useful to understand the impacts of dendritic and
somatic inhibition on the computational abilities of neurons.

We have considered here one of the simplest possible
computations performed by a neuron, i.e., classifying sets of
inputs into two classes. In such a framework, inputs consist of
specific subsets of neurons that are active within a particular
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temporal interval that is comparable to NMDA time constants
(tens of milliseconds), and the neuron either needs to emit
a spike, or a burst of spikes for inputs for which it should
be active. A potential future direction would be to generalize
this scenario to a scenario in which inputs consist of longer
spatiotemporal patterns (e.g., Ref. [66]).

Another important future direction concerns synaptic
plasticity algorithms. Here we have investigated a simple
plasticity algorithm (SGD) in a standard supervised learning
scenario, in which a teaching signal is available to the neuron.
In cerebellar Purkinje cells, this teaching signal could be im-
plemented by the climbing fiber input, which has been shown
to correlate with error in motor tasks. In cortical pyramidal
cells, the presence of error signals is more speculative. In the
presence of the error signal, SGD in a single neuron model
leads to a local plasticity rule, that could be plausibly imple-
mented in a biological neuron, unlike in multilayer networks
(see Appendix C). Finally, it will be interesting to investigate
the computational abilities of a neuron with nonlinear den-
drites in a purely unsupervised learning setting.
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APPENDIX A: ANALYTICAL METHODS

The entropy in (5) can be computed using the replica
method; since the average over the log in (5) is difficult to
compute one uses the identity In(x) = lim,_¢ )% Taking
n as an positive integer one ends to deal with an enlarged
system of n identical virtual copies of the system, so that the
average can easily be performed, at the price to couple the
replicas together. However in the large-N limit, it turns out
that the properties of the model can be fully characterized
by a finite set of quantities called order parameters that are
determined self-consistently by solving equations obtained by
saddle-point method (see also the recent notes [43] for a more
pedagogical introduction). In practice, the averaged entropy
can be fully characterized by the order parameters

N/K
N_— |N
Wi==-W —M7, Al
; li K + K ( a)
N
ai" = 5 D WiWi, (Alb)
i=1
N
a K a 2
0f =52 (i) (Ale)

and their conjugated ones Ml” , q;”’, Q;l, witha, b € [n]and ! €
[K]. They represent respectively: the typical average synap-
tic weight, the most probable overlap between two replicas
extracted from the Gibbs measure in (4), and the typical av-
eraged squared norm of a synaptic weights belonging to the
dendritic branch / € [K]. Since the fields are nonoverlapping,
each branch has access only to a portion of the synaptic input;
therefore there is no correlation between hidden units in the
same architecture. Notice also that, in (Ala), the average can
be expressed with the sum of two contributions: The first

represents the average of the scaled synaptic weights W = %",

while the second represents a \/g correction needed to fine
tune this average with respect to the threshold 6,;. We report
in Appendix D the full analytical calculations of the entropy
(5) in the case in which the structure of the overlap matrix
ql“b is symmetric under permutation over the replica indices
(the so-called RS ansatz), and the order parameters do not
depend on replica and dendritic branch indices / € [K]. This
means q;’b = Qb + q(1 —b4p), Ya, b € [n] and [ € [K] and
similarly for the other order parameters. The entropy can be
therefore obtained by maximizing a function ¢rg with respect
to the order parameters

¢= max ¢rs(q,4.0.0.M, M)
9.4.0,0.M.M

¢rs can be written as

Prs = Fs + a k. (A2)

i.e., as a sum of an entropic contribution &5 which represents
the log of the total volume of configurations W, and an en-
ergetic part & that corresponds to the log of the fraction of
solutions for a given «. The explicit expressions of &g and &g
are reported in Appendix D.

The values of the order parameters ¢, 4, Q, O, M, and
M can be found by solving a set of coupled saddle-point
equations [45] obtained by equating to zero the derivative of
¢rs with respect to each of them.

Limit of large number of dendritic branches

As noted in Refs. [33-35], pyramidal cells receive roughly
10000 synaptic inputs, which are dispersed across a wide
range of dendritic branches, varying from several dozen to
several hundred. This motivates considering the limits where
N and K tend towards infinity but with K/N approaching zero.

On the technical side, solving the saddle-point equa-
tions for generic K is in general a very difficult task, since
in order to compute the energetic term one should evaluate
2K-dimensional integrals. However in the large-K limit the
energetic term simplifies considerably. Indeed, because of the
central limit theorem, for K large the total inputs to the soma
are Gaussian distributed variables with mean and variance that
depend on the transfer function implemented by dendrites.

Interestingly, as first observed in Ref. [24], the final expres-
sion which we derive in detail in Appendix D, becomes equal
to an effective perceptron, i.e., the entropy is in form equal
to the one presented in Refs. [31,32] for the one-layer neuron
model, but where each order parameter is substituted by an
integral expression that depends on the activation function g.
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FIG. 9. Fit of experimental data from Fig. 4(c) in the original
study by Polsky et al. [13].

APPENDIX B: CHOICE OF DENDRITIC NONLINEARITY
AND PARAMETER ESTIMATION

1. Fitting the Polsky non-linearity parameters x,,;, and y

To fit the Polsky nonlinearity parameters, we use experi-
mental data presented in Fig. 4(c) of Ref. [13]. These data
indicates a linear behavior below a threshold x.;,, followed
by a strongly nonlinear behavior, and then a saturation. These
observations motivate the choice of the nonlinearity given by
Eq. (3). In the model, we use adimensional dendritic inputs
and outputs with a saturation at a value of 1, while the data
indicates that dendritic potentials saturate at ~15 mV. We ap-
proximate this saturating behavior using a sigmoid function,
characterized by a gain parameter . The chosen functional
form, detailed in Eq. (3), fits the experimental data reason-
ably well using these two parameters, as shown in Fig. 9.
This analysis yields parameter ranges: xmi, € [0.25, 0.34] and
y € [10,123.7] (in model units). In most of the paper, we
use xpin = 0.33, ¥ = 15. We expect other functional forms
for the nonlinearity would lead to qualitatively similar results,
provided the main features of the nonlinearity are preserved.

2. Conversion of model parameter to biologically
plausible values

In our model, the output of each dendritic branch saturates
at 1, while in Polsky et al. experiments, the saturation is
at ~15 mV. This means that to convert our parameters to
biological values, we need to multiply relevant parameters by
15 mV and to take into account the normalization factors.
In the following, we denote parameter values in biophysical
units by a subscript “b.” In particular, W, the average synaptic
weight in millivolts units is given by:

15
W, = —W. (B1)

~WN

ALGORITHM 1. SGD with CE loss and positive weights.

Hyperparameters: learning rate ¢, cross-entropy parameter ¥,
forr=1,2,... do

EF ot <« sample pattern

swil <~ Vw” gCE(wil; g:M’ y(‘e)

wi < wy — ¢ - wy

if w; < O then
wy <0
end if
end for

The dendritic threshold 6,5, in mV units is given by

15 N 154/N
Opp = ——04 = 0,, B2
b JNK i (B2)
while the somatic threshold is
Oy = 15K0;. (B3)

We assume N = 10000 (typical cortical neuron synapse
count) [34] and W, € [0.3, 1.5]mV [55,56], resulting in
W e [2,10].

We also assume K € [20, 100] and the dendritic inhibition
O4» € [1, 10l mV, leading to 6; € [0.01, 1]. Additionally, with
O, as the sum of neuronal threshold (1020 mV) and somatic
inhibition (10-50 mV), we obtain 6; € [0.01, 0.2].

APPENDIX C: LEARNING ALGORITHM

Inspired by machine learning practice, we use a mod-
ified version of the SGD algorithm, capable of dealing
with strictly positive weights, to train our single neuron
models (see Algorithm I). To constrain the synapses to
be positive during the learning dynamics, at each gradi-
ent step, we reset negative synaptic weights to zero. The
SGD algorithm minimizes a differentiable objective function,
and a common choice in machine learning is the cross-
entropy (CE) loss. For binary outputs, the CE loss is given
by LeeW: Yeer 04, 05) = Y hi_y fr (0P A*(W: 0y, 6,)) where
fro)=—3+ # log(2 cosh(y..x)) and the output preac-
tivation is given by A*(W; 6y, 6,) = \/Lﬁ vazl Wi&; — T/N
for the linear neuron and (2b) for the nonlinear neuron. The
parameter )., governs the shape of the CE loss function
and, consequently, the training robustness, as discussed in
Ref. [27].

Note that unlike in multilayer networks, SGD in a single
neuron model leads to a local learning rule, that could be
plausibly implemented in a biological neuron, provided an
error signal is available. For a single presented pattern pu, a
weight w;; is changed by an amount proportional to Sw; =
—olf; (" A*)g (A;)E] . This can be interpreted as a “three
factor rule,” where —o* f] is a “soft” error signal available to
the whole neuron (possibly a “plateau potential” triggered by
apical inputs), g(A)") is a local, NMDA-mediated, dendritic
signal, and & is the presynaptic activity.
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1. Numerical experiments

We provide details and algorithmic considerations used for
the numerical experiments reported in the paper for both the
linear and nonlinear neuron models.

For the nonlinear neuron model, the hyperparameters are
the two thresholds 6, and 6, the learning rate ¢, and the
CE robustness parameter y,. (for the SGD algorithm). For
the linear neuron model, there are only two parameters: the
learning rate { and the robustness parameter ., (for SGD).
In the linear case, the threshold 6, governs the synaptic mean
value but does not alter the dynamics with a suitable rescal-
ing of the learning rate with 6,. In the algorithmic capacity
simulations, the learning rate is adjusted adaptively: whenever
the error stops decreasing, the learning rate is reduced by a
factor of two. This process is repeated until the learning rate
reaches m, which is on the order of 10~°. Otherwise, we
perform a simple exponential annealing of the learning rate: at
epoch ¢, the learning rate is ¢t = ¢ (1 — d¢) withde = 1074,
Learning rate decay is justified by the fact that in the lin-
ear neuron case, adapting [1,67] convergence proof, one can
demonstrate that the perceptron algorithm converges below
the critical capacity, provided that the variation in weights at
each step is smaller than a certain critical value dw, > 0 [31].
During single-neuron training, we present one input pattern
at a time (the minibatch size is 1). We randomly shuffle the
pattern sequence at each dataset presentation (epoch). For
numerical simulations we use input and output coding levels
fin = fout =0.5.

Synapses are initialized uniformly at random between zero
and twice the theoretical expected value of the mean weight
W= fLN This is the expected value for both the linear and
nonlinear neurons with a generic activation function and a
generic value of the 6; threshold in the symmetric fi, = fou =
0.5 case, as analytically shown in Appendix D. If synapses
turn negative during training, then a hard boundary condition
is enforced, and they are immediately reset to zero. For the
nonlinear neuron, the SGD update rule (Algorithm I) with the
cross-entropy loss is performed only on the dendritic branches
of the first synaptic layer.

For the linear neuron trained with the SGD algorithm,
the dynamics is invariant with respect to the rescaling by a
positive constant ¢ of the three hyperparameters: ¢, .., and
04, i.€., & <=8/, Yee < CVee» Oa < 04/c. As a result, the
dynamics effectively depends only on two of these hyperpa-
rameters.

Hyperparameter selection

We report the hyperparameter selection used for numerical
simulations of the nonlinear neuron (a.k.a. tree committee
machine) and the linear one (or perceptron). In the stor-
age case, the input size is N =999, and the number of
dendritic branches of the nonlinear neuron is K = 27. For
numerical simulations on real-world datasets, the input size
is twice the number of pixels in each image, i.e., N = 1568
for MNIST and FashionMNIST, and N = 6144 for CIFAR10.
The number of dendritic branches is K = 7 for MNIST and
FashionMNIST, and K = 8 for CIFAR10. The Polsky den-
dritic nonlinear transfer function has biologically estimated
parameters Xpi, = 0.33 and y = 15. The nonlinear neuron be-

havior regarding relevant observables is studied as a function
of the dendritic and somatic thresholds 6; and 6.

To optimize neuronal computational performances on
relevant observables, we perform a grid search for SGD
on the Ilearning rate ¢ € {0.0001,0.001,0.01,0.1, 1.0}
and the cross-entropy robustness parameter Y. €
{0.001, 0.01, 0.1, 1.0, 10.0, 100.0}.

2. Real datasets definition and binarization

Binarization was applied to real-world classification
datasets (MNIST, FashionMNIST, and CIFAR10) primarily
to align with theoretical calculations presented in this paper,
ensuring consistency across analyses. Although not strictly
necessary—normalization would have also addressed poten-
tial imbalances—binarization helps to maintain uniform input
coding levels across classes, avoiding trivial solutions due to
correlations between neuronal outputs and overall input inten-
sities, given that both input patterns and synaptic weights are
strictly positive. A possible binarization method is to convert
pixel intensities into zeros and ones using & = O(p; — T),
where p; is the pixel intensity and T is the median intensity.
However, in datasets such as MNIST where pixel intensity
distribution is already essentially binarized with an imbalance
between zeros and ones, this leads to strong heterogeneities in
coding levels. To avoid this issue and ensure consistency with
the theoretical framework, we double the input dimensional-
ity and use two input neurons per pixel, an “ON” unit with
& = O(p; — T), and an “OFF” unit with & = (T — p;), in
analogy with biological visual systems where these two types
of cells are widespread [68].

APPENDIX D: ANALYTICAL RESULTS
1. Definition of the nonlinear model of the neuron

We recall here the main definitions of the single neuron
model studied in the main text of the paper. Given an activity
pattern &* € {0, 1}V, the output of our model of neuron is
obtained in two steps. First, the activity pattern is processed
by the corresponding dendritic branch; we suppose here that
we have [ =1, ..., K dendritic branches each having a set
of i =1,...,N/K positive synaptic weights W;;. The output
activity 7/* of a given branch [ that corresponds to the activity
pattern £” is obtained as

N/K
2 =gl VXS wigr — [ Ro, | =0, @)
1 N 51 K ’

i=1

where 6, is a threshold modeling inhibition at the level of the
dendritic branch, while g(-) is a generic positive, (possibly)
nonlinear function. Second, the output of each branch is com-
bined linearly by using another set of K synaptic weights ¢y,
Il =1, ..., K and the output is obtained as

K
1
U”{j:@— CT#—\/?QS,
out [ﬁ;ll }

where ®(x) is the Heaviside theta function that is 1 if x > 0
and O otherwise. The parameter 6; is a threshold modeling

(D2)
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inhibition coming from inhibitory neurons. In the following
we will consider, for simplicity ¢; = 1 foreveryl =1, ..., K.

2. Training set and partition function

We consider a training set composed of P = a/N random
independent and identically distributed activity patterns & €
{0, 1} and independent and identically distributed labels
o" €{0,1} with uw =1, ..., P. The probability distribution
of each component of a pattern is given by

P(&;) = fin8(&7; — 1) + (1 = fin) 8(&7)),
where fiy, is the input coding level of the patterns. We consider
a probability distribution of labels to be equal in form to (D3)
but we allow the possibility to have different coding level in
the output fou.

In order to study the volume of synaptic weights that
correctly associate to a given pattern of activity & the cor-

responding label o we use a standard statistical mechanics
approach [3,36]. First, we define the characteristic function

ot — 1) (&
Xeo(W) = @(—< ot —K@S) —K>,
[T (&

(D4)

(D3)

which is 1 when a given weight configuration W;; correctly
classifies all the patterns (we will call this a solution) and

</l_[du(W“) ]_[@ i

a=1

can safely consider having labels o =

K K MK
chg \ N ZVVI?E;;
=1 i=1

We will denote from now on a and b as the index that run over replicas a,b =1, ...,
41 with the same output coding level as before. The computation follows standard

0 otherwise. The volume of the allowed synapses, which in
statistical mechanics is known as the partition function, is
therefore:

= / dp(W) Xe.o (W), (D5)
where d (W) is the measure over the weights. We will con-
sider in the following:

fd/L(W)oE/O ]"[dwli.
li

without giving constraints to the norm of the weights. As we
will see the norm will be imposed self-consistently by the
learning problem.

(D6)

3. Replica method

To compute the average entropy (InZ)g, of synaptic
weights solutions in the large-N limit, we resort the replica
method [44] that is based on the following identity:

2N
(nZ)e = lim =52 =

= lim — ln(Z”)

n—0n

This trick reconducts the problem of estimating the log of the
partition function in (D5) to the computation of the average of
n independent copies of the systems with the same realization
of the disorder of the activity patterns and labels &, o#:

N
—/ =bs | — K6 —K>
K

(D7)
Eo

n. Notice also that, because of (D4) we

steps [3,4], which we will sketch here. First, we need to perform the average over the activity patterns £*; we can do that by

introducing the auxiliary variables

N/K
M= ,/ ZWI,E,,

(D)

X,

and the corresponding conjugated variables ):5“‘ that arise when we insert the integral representation of the Dirac delta function.

The replicated partition function is

/HdM(W”) fl_[ AL i s ]_[O< <XK: ¢ g(0) —K9S> _ K)

nal

x ei\/gﬂd ZIMI)AL;“'. l_[< l&l,fz Wﬂ)ma)&

lip

=1

D9)

In the large-N limit, averaging over patterns amounts to summing a large number of independent contributions. By the central
limit theorem, this sum behaves like a Gaussian variable, justifying the truncation of the cumulant expansion at second order as

I1 (e*iéﬁ\/g > W/Tii‘")gﬁ
lip lip

T = fot e VTN

_I | —ifinn/ N L Wighitt = Il (7 wike 2

lip

- K
— i/ K Dy ML W= I 5 S WEWDR AL -

W Z,uu W 5‘;” 2 . (D 1 0)
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By defining appropriate order parameters, it is possible to conveniently study the problem in the large-N limit. We define:

. K . [IN_

Mf = NZWH i (D11a)
a = K Sy D11b

q = NZ 1i i ( )
a K a 2

0f =5 > (W)~ (D11c)

(Ala) represents the average synaptic weight; we expressed it in two contributions. The first one represents an averaged scaled
synaptic weight
= _ ba

W= D12
7 (D12)

justified by the fact that for each subperceptron of the first layer only % fin synapses contribute. The second term instead is a \/g

correction that is needed in order to fine-tune the average synaptic weight relatively to the threshold 6.

The quantity ¢¢* is the overlap between the weights of two different replicas a and b belonging to the same dendritic branch
[, while Qf represents the averaged squared norm of a synaptic weight belonging to dendritic branch /.

Enforcing the definitions (D11) in (D9), by using Dirac delta functions, we can express the replicated partition function as
an integration over the order parameters q?b , qu“b , Of A?, M}, and Ml“ after performing the rotation of each conjugated variable

@i, 0f M’y — ig’, Of Mi'}:

0:/ 1—[ da® A“b/HdQlasz /1—[ AMPAM} x5, i~ % 5, 0000 -3 5, 1
2K /N 2 K/N 271«/K/N

< ¥ Gs<q;'b 07.317)+ N & G (¢ 07 M) (D13)

where we collected the entropic contribution Gy and the energetic one Gg. The first is the usual term that counts how many
coupling vectors W¢ fulfill the constraints (D11); the second is specific to the learning rule which is used, and depends on the
Heaviside function that counts learned patterns:

Gs(g”. Of . M{') =In / l_[dW“ Daca GPWIWY + Loy OOV + Lo MIW (D14a)

d)» d)» : ata aib
(ql , Q[ , M[ =InE, /l_[ (% (Z Ci g()hlll) - K9S> — K) & Lat M —fin(l=fin) X acps 44
1

o o= TS Y QR — ifin Y MR (D14b)

Note also that in writing (D13) we have discarded a term of the type e’ﬂ X Mi M coming from the integral representation
of the delta function as it is of order +/N and so it is subleading with respect to N. We can now evaluate in the large-N limit
(D13) using the saddle-point method [45]. In order restrict the space where to search saddle points we proceed by assuming a
particular form of the order parameters, which is the main topic of the next section.

4. Replica symmetric analysis

We use a RS ansatz, i.e., we assume that the order parameters do not depend on the replica indexes and of the index
corresponding to the dendritic branch:

q;lb =q, 0/=0, M'=M, (D15a)
@=q 0r=0. M= (D15b)
In the RS ansatz and in the small-n limit, using Hubbard-Stratonovich transformations:
oo — [ A S

V2
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the entropic and energetic terms are the following:

1 A s 2 1(M*+§ M 7
G = lim —Gs(q. 0. M) =1n |—— 4 (M *4 +/Dﬂﬂ¥—-iiz (D16a)
n—0 nkK 2 Q 4

Vq—-20
Ge(q, 0. M
% = lim “X 220 g [ [Ton fl"[DM@(%(chgwfm(l—ﬁn)<Q—q>Az+az)—K9S>_Kﬂ,
1

1

(D16b)

where we have introduced the variable

a; = fiuM + v/ fiu(1 = fin)g t; (D17)
for convenience. In (D16a) we have also introduced H (x) = fx * Dz = %Erfc(%) and Dz = G(z) dz with G(z) being a standard
normal Gaussian G(z) = exp(—z2/2)/~/2m.

a. Large-K limit

We focus on the limit K — oo (with IE\/ — 0), for two main reasons:

(1) on the analytical level, it allows to simplify the numerical evaluation of the saddle-point equations corresponding to the
RS ansatz;

(ii) itis biologically realistic: the number of dendritic branches in neurons is typically large (in some cases even more than a
hundred, REF) and the number of synapses in each branch is typically large as well.

To evaluate this limit, we need to do some manipulations on the energetic contribution (D16b) which are based on the central
limit theorem. Let us first consider the term in square brackets:

1=/’ DM@(LL< Qﬂ%fdyimXQ—QMr+m>—Kﬂ)—K)
oo (2

1

dhdh _y; i, = 0=D
— / o e—lhh @[O_(h o \/Eey) _ K] / HD)"I e\/hf > a glart/fin(1=fin)(Q q))tl)' (D18)
l

In the large-K limit we can therefore expand the exponential up to second order

~

h
1+ ﬁ ch ga + v Full = fiu)( @ — @) M)

dhdh _,:
I:/_efthh @(O’(h—*/Kes)_K)/‘l_[D)"l
2 ;

~ 2
h2
+— §<Zczg<al +V/ fin(l —fin)(Q—q)?»z)> . (D19)

and we can integrate with respect to all the A; variables term by term. Exponentiating the expression again and integrating over
h we get

I=th@dM©+VAW — VK8, — ), (D20)
where we have introduced the variables:
1
MO = /< le ci{g)ns (D21a)
1
DV = < ;c%[ (@5 — (@3] (D21b)
and the notation
(¢ = / DA g(fiuM + Vil = fidqti + vV Fin(1 — fi)(Q — @) 1). (D22)

Using again the central limit theorem for the K integrals over the variable #; we get:

%p:E/DHH/DA@M@%+wﬂ%t+J5Hm—J?&%—H, (D23)
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where
Mo = me((g)):, (D24a)
Do = o [((8)7 ) — ((&))7], (D24b)
Dy = o [( () — ((93),]. (D24c)
m. = L cr, (D244d)
K 1
1
o= Xl: 7, (D24e)
and for example
(@) = / DIDAG(fiuM + v/ Fin(1 = fi)qt + v/ fiu(l = fi)(Q — @) 1) (D25)

Note that in the large-K limit having used the central limit theorem, the resulting expression depend only on the scaled' mean
m, and the variance o, of the second layer (frozen) weights ¢;. Specializing to the case ¢; = 1, we have that the m, scales as
m. = +/K and o, = 1. In order to have a well-defined large-K limit we have to impose (analogously to what we have done on
the dendritic threshold 6,) that the divergence induced by the somatic threshold 6, cancels with the one coming from M,. We
therefore impose that M scales, in the large-K limit, as

— M
M=+ M (D26)

vK

M can be simplified by making a rotation over the integration measures A and ¢

Mo = VK{{g)) = VK f DADt g/ fin(1 = fidgt + v/ fin(l = fi)(Q — QA + fM)

=VK / DA g(V/Fin(1 = fi)QA + fiuM). (D27)

We can now insert the scaling in (D26)
Mo = ﬁ/ Dxg(/ fin(1 = fi)Q % + fiuM)

~ \/E/ DA g( fin(1 = fin)Q + fil) + fin SM / DA gV fin(l = fi)Q A + fisM)
= VKb + A. (D28)
Therefore, M is fixed by the relation:
O = /Dyg( fin(l = fi)Qy + fiM), (D29)

that involves the output threshold. Hence the energetic term (D23) becomes

= EfDZ lnH(M> - /DZ [f"“‘l“H(M> +(1 —fout)lnH<M)}

a \% D, LY, D, Dy
(D30)
where the order parameters, strictly dependent on the choice of the activation function g(x), are simplified as:
A= finM/ng/( fin(l = fin)Qx + fiuM) (D31a)
Dy = A, — Ap (D31b)
Dy = Ag — Ay, (D31¢)

"Notice the scaling ﬁ in the definition of m,.
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where we have renamed M by M with a slight abuse of notation. We have also defined the generic “effective order parameter”

or kernel functions

2
A, = / Dx[ / Dy g/ Fonll — funddx v/ Fonll — ol @ — @)y +ﬁnn7>} ,

(D32)

where Ay and A are obtained by simply substituting in the previous expression ¢ — Q and g — 0, respectively. We report

them here for clarity

AQ = /Dng( Sfn(1 _ﬁn)Qx+ﬁnM)a

2
Ao = [/ Dy g/ Tl —fin)Qerme)} .

(D33a)

(D33b)

We have called A, an effective order parameter since (D30) (and therefore the whole quenched entropy) is perfectly equivalent
to the one found in the perceptron model studied by Brunel in a series of papers [31,32], but where order parameters g and Q are

substituted respectively by A, — Ag and Ag — A,.

b. Free entropy and saddle-point equations

The average free entropy of the dendritic model of a neuron
is therefore

¢ =N1Ln;0%](1n2)g,g - % — 00— WM+ %s +a %
(D34)
We now need to compute the saddle-point equations by dif-
ferentiating (D34) with respect to the order parameters Q, ¢,
M, Q, §, and M. The saddle-point equations involving the
entropic term (i.e., taking derivatives with respect to M, O,
and §) are the same as in the case of the perceptron

o fo AW We—td— 20) 2+ (W14 G
W = ,

D35a
J2dw e~ 2002 +(W+/Go)W ( )

fo AW W2e——200" +(W+/GoW
= , D35b
¢ f2aw et~ ~20) % +(W+/GOW ( )

44 ) e—<a—2Q>T+<M+ﬁz)W
o

q:/D Jo~ dw (W2 —

JoZ dW et~ ~20)" + (M +/GoW
- / Dz

In order to express the remaining saddle-point equations in a
compact way, we define the quantities:

Doz — oA+« Dy

fo AW We— G205 2 M +GW

D35c¢
o dw - —20)"7 + W +/GW ( )

as(z) = /D, = D—l(z —T5) (D36a)
oA —«k
To = 7D . (D36b)

Deriving (D34) with respect to M, Q, and ¢ lead respectively

/D G(QU(Z)) (D37a)
H(a,(2))’
A« G(as(2)) [ as(z) dD, z dDy
= -E, | by —Z=~ — - —
0 ZH(aG(Z))[ Dy dQ  /DoD; dQ}
(D37b)

N ZG(aa(z))[ a4 (2) le Lz dDo}
q ° H(ay(2)) D ~DoD; dq
(D37¢)

where we used the saddle-point equation (D37a) when
performing the derivative in Q.> The six saddle points equa-
tion [(D35a), (D35b), (D35c¢), (D37a), (D37b), and (D37¢)],
obtained in the large-K, N — oo limit with N > K, have
to be numerically solved to obtain the values of the order
parameters and represent the final result of our RS analysis.

Notice that imposing g(x) =x we recover the previous
saddle-point expressions obtained for the simple linear neuron
model [31,32]. Notice also that in the case fou = % saddle-
point equation (D37a) gives M = 0; in this case therefore
7, = 0.

c. Effective order parameters for some nonlinearities

We report here the analytical expressions of the effective
order parameters for several nonlinearities of interest

(1) Recovering the one-layer neuron model: If we impose
g(x) = x, then we recover the one-layer neuron model. We
report here the expressions of the corresponding effective
order parameters for convenience

A = fiaM (D38a)
Ay = fill = fin)g + f20T°, (D38b)
and, in particular,
Ao = full = fi)Q + f20L, (D39a)
Ao = f201°, (D39b)

As a result M does not appear anywhere in the energetic
term of equation (D30), and 6, = fi,M is also irrelevant.
(i) Theta nonlinearity: g(x) = ©O(x).

This is why no derivative with respect to Q of A compares in
(D37b).
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To evaluate the integrals it is useful to use the following
identity:

/Dsz(a + bz)

a a 1
=H—— ) -27 , , (D40
(¢1+b2) <¢1+b2 «/1+2b2> (B30

where T is the Owen’s T function defined as

1[5 U
Ths)= — | dxi— ",
0

D41
27 1+ x2 (D4D)
and has the following important properties:
G(h)s )
T(h,s) ~ + O0(s*) fors — 0, (D42a)
V2
1
T(h,1)= EH(h)H(—h), (D42b)

J

A = fisMH(-M.,),

where we remind that G(x) is the Gaussian with mean zero
and unit variance. Defining the quantity

fiaM
M= ——— (D43)
v fln(l - ﬁn)Q
the effective order parameters for the theta nonlinearity are
A= M*G(—M*), (D44a)
A, = H(—M.) — 2T <M,,, @) (D44b)
Q+gq
and, in particular,
Ap = H(—M,), (D45a)
Ao = H(—M,)>. (D45b)
M is fixed by the relation
0, = H(—M,). (D46)
(i) ReLU nonlinearity: g(x) = x®(x): We have
(D47a)

0—-q , Sl
Ay = fin(1 — fin - G ’
¢ = fin(1 — fin)(Q 61)/; (Jﬁn(l — fi)(Q +61))

F fiul(1 = fi)g + fudl )| H(=M,) — 2T | =M,

0—q
0+gq

— 0—q 0—gq 0—q
2FiaM~/ fin(1 — Fi) OGMOH | —M, | =—2 2fn(l = fu)q. | —2GM)G| M, |=—2 |, (D47b
+2f; Sn(1 = fin)QGM,) Q+q+f( f)qQ+q() Otq ( )

and in particular
Ao = finl(1 = fi)Q + fiuMHH(~M,)
+ fiuM/fin(1 = fi)Q G(—M,), (D48a)
Ao = [V fu(l = fi)Q G(M,) + fiuMH(~M,)]>. (D48b)

Note that M is fixed by the relation

by = v fi(l — fi)Q GM,) + fixMH(—M,).  (D49)

d. Small-data regime

In the o« — 0 limit the saddle-point equations can be solved
exactly. Indeed § = Q =0 and Egs. (D35a), (D35b), and
(D35c) give respectively

— 0 [ dw eV 1
Wz_zw—wz__/\7 (Dsoa)
fin fO dW e M
AW WMV o
_ fooo—e - = (D50b)
fo dW eMW M?
N 2
= dW WeMW 1
fo dW e M

(
e. Distribution of dendritic preactivations

We derive here the distribution of dendritic preactivations
after learning. Since each dendritic branch has access to an
independent portion of the input, the distribution of the preac-
tivations if factorized over the K dendritic branches. In the
large-K limit the distribution tends to a Gaussian A (i, o)
as can be inspected from the postactivation mean (D29) and
from the argument of the kernel functions (D32). Denoting by

A= \@Z{Zf Wii&ii
and the variance of the distribution of the /th dendritic branch
are respectively

-/ %0(1 as in the main text, the mean

p=Egh = fiM,
0? =Egi} — i’ = fu(l = fin)Q.
as confirmed by (D29).
In the @ — 0 the variance above can be expressed explic-
itly in terms of 6; and f;, thanks to (D50a) and (D50b). We

get that the standard deviation of the dendritic preactivation
depends linearly on the dendritic inhibition threshold

. /2(1;fin>‘

(D51a)
(D51b)

(D52)
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We checked that this linear relation is satisfied even at finite
o, or considering a different distribution over the weights at
initialization, see below. This shows that if 6, is small, then
one does not completely use the nonlinearity and the model
behaves like a one-layer model.

[ Limit of large somatic thresholds

When the somatic threshold 6; diverges, the only way to
satisfy (D29) is that M diverges if the nonlinearity g is un-
bounded. This can be inspected already in (D49) in the case
of the ReLU nonlinearity.

Instead, if the nonlinearity is bounded, then the right-hand
side of (D29) is a bounded function of M as well, therefore
above a certain critical value of 6; it will not possible to find
the corresponding value of M.

Moreover, if the nonlinearity diverges linearly for large
arguments, then we expect to recover back the free energy
and the expressions for the one-layer neuron model for large
0. Indeed expanding equation (D29) one finds M ~ 6,/ fi,
and the effective order parameters reduce to those ones of the
perceptron, see (D38).

5. Critical capacity

In this section we show how in our formalism, it is possible
to compute the maximal number of inputs that the neuron
is able to classify. We underline that this can be done for a
generic form of dendritic nonlinearity.

In the critical capacity limit, the set of possible synaptic
weights shrinks towards a single point and ¢ tends to Q:

qg=0—dgq. (D53)
Correspondingly, the other order parameters scale as
A C
qAa ~ = (D54a)
dq?
. A A
—-20 ~ 2 (D54b)
q
N By C
~ —L. (D54c)
dq
Using the identities (where a is a positive constant)
00 a2 b
dxxe @s*x 1 6=
fooo—xz = _+_(—{), (D55a)
/‘0 dx efa7+bx a \/EH(—%)
© gxxdeeT ] 2 b G(=7)
me =~ St . (D55h)
fo dx e~ b a a a H(_«/_ﬁ)
and the expansion
G
% ~x0(x), for|x|> 1, (D56)
the saddle-point equations (D35) can be written as
— C
W = \/T_[G(B) — BH(B)], (D57a)
9 2
0= E[(l + B“)H(B) — BG(B)], (D57b)
A = H(B). (D57¢)

More work is required to derive the asymptotic limit of equa-
tions (D37). First, we need the expansion of the effective order
parameters

Dy = Aq —Ag = AQ —Ag—Dy =Ty — F]d(], (D58a)
D; = Ag — A, =T1dq + 0(dg?), (D58b)

where we have defined

Fo=Ap—A¢= /ngz( fin(l = fi)Qx + fiuM)
2
- |:/ Dy g(+/ fin(1 _ﬁn)Qy+ﬁnM):| ,  (D59a)

Iy = full - ﬁn>sz [ (VFn(l = )0z + ful )P
(D59b)

Now we subtract (D37b) with (D37c) getting

G20 — oE, DG(aa(z»[ 2 (dDo dDo)

“Ha,@) VDD \ dg ' dQ
(D, 401y
_oE, [ py 8@
H(a,(2))
Z dro a(,(z)dI‘l
b
Similarly (D37c) becomes
Glas(2))| as(2)dD
j = ok, — — D61
1= ZH(%(z))[ D dq] (bob

because the second term in (D37c) is subleading in dg. Using
the expansion (D56) and the identities

/ Dz 0 —1,) = H(t) + 1,G(z,),  (D62a)

/Dzz O —1,) = G(1,), (D62b)
we obtain the following saddle-point equations:
0=E;o[G(t,) — T H (1), (D63a)
1 dr’ o dl
A=a| ——2EH(t,) — ——E,
I do 't do
x[(1+ t2)H(ts) — 1. G(1s )]], (D63b)

I
C:a' 0

Eq[(1+ t))H (t,) — 1,G(z,)], (D63c)
I

which involve the critical capacity as an unknown param-
eter to find. Notice that in the previous equation we have
redefined 1, = (6 A — k)/+/T. The full set of saddle-point
equations for the order parameters A, B, C, M, Q, and M and
for «, are

W = ?[G(B) — BH(B)], (D64a)
0= /%[(1 + B)H(B) — BG(B)], (D64b)
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FIG. 10. Ceritical capacity o, as a function of the margin « (left panel) and input/output coding level (right) for different activation functions.
As expected, increasing the margin has the effect of decreasing the critical capacity, as it restricts the system to a smaller subset of configurations

capable of meeting the stricter classification criteria.

A=HB), (D64c)

0= EUG[G(tU) — o H(75)], (D64d)
_ % dly _1ldn

A= Bt ) = oG (D64c)

C = a”FOIEU[(l +12)H(t,) — 1,G(z,)]. (D64

1
6, = / Dy g/ (L — fi)Qy + fuld).  (D64g)

As we have anticipated before, in the case fo, = 0.5 the
equations can be further simplified, since M = 0;if alsox = 0
therefore 7, = 0; the saddle-point equations (D64) then re-
duce to

w= %o 1 om Ba®) D65
=\ 2r, #B) (B) — BH(B)], (D65a)
0= %l 1 [(1 + B*>)H(B) — BG(B)] (D65b)
© 2I'y H2(B) ’
T, H(—B)
o = ATy Todly’ (D65C)
dQ T T, do
6, = / Dy e/ Ful— f)Qy + fuld).  (D65d)

The critical capacity «,. as a function of the margin « and
input/output coding level for different activation functions is
reported in Fig. 10.

a. Limit of large dendritic threshold

As mentioned in the main text, the critical capacity of the
model depends strongly on the shape of the nonlinearity. In

J

N/K

PW) = loodWaN(aaﬂK \/?W"
W) = 5/0 1:[ li,l:[] ﬁ;qg ﬁ; &) —

particular, in the limit of large dendritic threshold the critical
capacity can diverge differently depending if the nonlinearity
saturates or not for a sufficiently large stimulus. We show in
Fig. 11 how the critical capacity diverges logarithmically in
0, for the ReLU activation function whereas the divergence
is linear in the ReLLU-Sat activation function. Performing a fit
we get when 6; — oo

aReLUSat ~ 35189,

afV ~ 0.9602 1n 6.

(D66a)
(D66b)

b. Limit of small dendritic threshold

As shown in the main text numerically and above for o <
o, in the low dendritic threshold regime for fixed 6, the model
with Polsky and ReLU activation function behaves like a one-
layer model. We give another quantitative argument here for
o = o,. Since 8; — 0 the right-hand side of the first of (D64)
should go to zero. Since the function G(B) — BH (B) does not
go to zero for finite values of B, by necessity C — 0. By the
last of (D64), this requires ['y — 0, i.e., Q — 0. In this limit
we get

Iy = AQ — Ay F]Q, (D67)
which holds in the perceptron case. The saddle-point equa-
tions therefore become equivalent to the one found in the
perceptron.

6. Distribution of synaptic weights

The distribution of synaptic weights is as follows:

\/ged — KOs | —« 5(W—W11)>> , (D68)

{1,001}
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FIG. 11. Fit to the critical capacity for large dendritic thresholds for the ReLU (a) and the ReLU-Sat (b) nonlinearities. The external
parameters are the same used in the corresponding figures of the main text, i.e., fi, = fou = 6; = 0.5 and ¥ = 0. Notice that in the case of the
ReLU function (left panel) we are plotting e~ versus 6, at variance to the ReLU-Sat. In each plot the dashed black line represents a linear fit
a + bx of the analytical data for large 6,.

with respect to the first weight of the first subperceptron Wy, for simplicity. Resorting to the replica method by introducing n
replicas we have:

drgd dk“ Iz
P(W) = lim ]Eﬂ/ [ 4w / I ’“ Mk ]‘[ @[L(Z crg(ry,) —K9s> —~ K:|
e il,a w.a,l \/f 1
X S(W — Wip)elV 504 iai by [Tl VE Wik, Jen- (D69)
i

Li,u

Repeating the same steps as in Appendix D 3 we have

ab Aab a J/a a
P(W) = lim / T Zdai / ]‘[dQl a9; / HdM AV} (2, =5 5, 000~ WS,
o) 27 K/N 2nK/N J 4 271@

o0
x N Gelg®.0f Mi)+(% —1) Gs(g;".0f M}) / l‘[ AWS S(W — W) eXactt GWIW+Y 0 OF WP+ Y, MW (D70)

where the entropic and energetic terms are the same as in Eqs. (D14a), (D14b), and the order parameters are those defined in
(D11). In the limit n — O therefore

00
PW) = 111'%/ 1_[ dVVl“ S(W — Wl)ezu<bl GOWEWPHD O WP+, MW (D71)
n— 0 I’a

provided the order parameters satisfy the same saddle-point equations as before. Under the RS ansatz expression (D71) becomes
—1G—20)W2+(JGz+MHW

P(W) = @(W)/DZ fooo dW e*%(é*ZQ)WZvL(ﬁZJrM)W

G(— ﬁz+ﬂf{)

_ 5 A o~ 3G-200WHMW JiWz 4-20
=0OW)N/§—20e sze H—(— ﬁz+M)' (D72)

§—20

Notice that the dependence of P(W) on K and on the activation function is not explicit, but is concealed inside the order

parameters that clearly depend on them through the saddle point they have to satisfy. Notice also that for « = 0 the synaptic
weight satisfies an exponential distribution

fin 7{%W

d .

P(W) = O(W)Me™MV — ®(W)9—e (D73)
d

This is to be expected, since at @ = 0 the only constrain that is
required apart for the fact that the synapses are non-negative,
is that their average is W = ?—’

Distribution of synaptic weights in the maximal storage limit

In the critical capacity limit « — «, the expression of the
distribution of synaptic weight greatly simplifies. Using the
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FIG. 12. Fraction of silent synapses as a function the parameter x,;, of the Polsky nonlinearity (left) and the the somatic threshold. In the
plot we compare the Polsky to the to ReLU, the “saturating” ReLU. The dashed black line represents the case of the one-layer neuron model,
where the critical capacity «?* = 1. In the captions of the panels we show the value of the fixed external parameters. Notice that in both plots

no robustness « is imposed.

scalings in (D54) we find

Wi A
POV) = OW) e S Y |2 szeiWZ

Using the identity

/Dz e (z+b)O(=b—27)

— (a+b)eTH(a+b) — e Gb), (D75)
we obtain
1 _ wBw?
P(W):H(—B)S(W)—l—me w (W), (D76)
where W, = % As showed in Ref. [31] in the one layer

neuron model the synaptic weight distribution changes from
being exponential to being a Gaussian plus a spike consisting
to a fraction H(—B) of “silent” weights at the critical capacity.
Indeed as constraints due to the training set are added, more
and more synapses tend to assume low weight. This is the
case also in our two layer neuron model. It is interesting to
note that both the distribution of synaptic weight at finite o
(D72) and at critical capacity are in form exactly the same as
the one derived in Ref. [31] for the one layer neuron model;
the dependence on the nonlinearity induced by the dendrites
is actually implicit in the order parameters.

In Fig. 2 we show how the fraction of silent synapses
po = H(—B) depends on the somatic threshold for the ReLU,
ReLU-Sat, and Polsky nonlinearities. We also show in the
Polsky case, how py depends on the parameters defining the
shape of the function itself, x,,;, and y. The fraction of silent
synapses as a function of the parameter xn;, of the Polsky
nonlinearity and the the somatic threshold 6, is reported in
Fig. 12.

€ 28 Voe-p J ¢ —BOB-2)
ey I — - —Z — —Z
AG—-20 Adg

(D74)

APPENDIX E: CHOICE AND SCALING OF THE
NUMERICAL SIMULATIONS HYPER-PARAMETERS

Consider the transfer function implemented by the neuron
with nonlinear dendritic branches, which represents the output
preactivation prior to the thresholding operation performed by

the ® function:
N/K N
oul Z a8 VN XI:WHEII;_\/E@! —\/EQS,
(ED

29d ]

we impose that W € [0, and consequently:

0,
W~ 0( ")
Jfin
If we assume that 6; ~ O(1) and 6; ~ O(1), then we have

W~ 0(%).

We also have ZN/ K W,,Ell ~ 0( ). Consequently, from
(E1), we observe that the dendritic preact1vat1ons scale as:

N/K
f ZWz,s /ged ~0<\/§). (E2)

Consequently, the preactivation variance remains finite in the
limit N — oo, which is the primary motivation for choosing
these scalings, as the preactivation variance is a crucial factor
in ensuring the consistency of the learning setting when vary-
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ing the input dimensionality N and the number of dendritic
branches K.

Applying the same type of consideration to the preacti-
vation of the single output node in (E1) and recalling that
¢ =1VIandg(-) ~ O(1), we find that it scales as:

Al ~ OOVK). (E3)

1. SGD with cross-entropy loss

Recalling the expression for the cross-entropy loss used to
investigate the performance of SGD on the neuron:

1
Zee(Aby) = o log (1 + exp (—2yeAby)), (E4)
|

0ZLee(AW))  IAW) 0Z(A)
oW W A

)

a 1

we can estimate the gradients of the cross-entropy loss, which
are used in the SGD update, as follows:

1L(8) 1
oA - 1+ eXp (ZyCEA)
~ O(1), (E6)

(E5)

where the last step holds [due to (E3)] if:

1
Yee ™ O<—9 ﬁ) (E7

Proceeding with the derivative with respect to to the
weights, we obtain:

(E8)

K
K N 0% (A)
= | — = Wueh - =6, | - VKO, | ——, E9
o ﬁ;qg ,/N; i€ ,/Kd VKo, o (E9)

N/K

K N/K
1 | [ N K 0L.0(A)
=N JES e — [ No, | JE S e | |2
VK = TENVN & i~y g% |y Z Si IA

~0 i\/gfzv o(1)
\/E N mn £

~ O(fiv/N), x

(E10)

(E11)

(E12)

where in the penultimate step, we have used the fact that the derivative of the function g is bounded within the interval [0,1] so

that ¢'(-) ~ O(1); that "MK & ~ O(finX); and (E6).

At this point, recalling that the SGD update rule is as follows:

Wi <= Wi — &V, L(wir)

(E13)

and imposing an update of the same order as the weights, i.e., w ~ 0(8;) = ¢V, Z(w) ~ O(6;), we find the desired scaling

for the learning rate ¢:

¢ ~of

04
fin/N

). (E14)

2. Comparison between the dendritic and the linear neuron

The transfer function of the linear neuron (i.e., the perceptron model), is given by:

n

1

N
A = ZW-g" — V/Nb;.
perc, out iS; s
\/ﬁ i=1

(E15)

From this expression, and observing that the weights scale with 6;, we obtain the following scalings for the learning rate ¢ and

cross-entropy parameter y,,:

6,
~o —=—),
¢ (mﬁ)

1
ceNO =
4 <93«/1V)

(E16)
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