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ARTICLE INFO ABSTRACT
Keywords: A fast and robust FE upper bound limit analysis approach is proposed, aimed at predicting the
Masonry structures spectral acceleration that triggers local failure mechanisms on historical masonry constructions.
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Structural verifications are made in agreement with the Italian building code, without assuming
pre-assigned local failure mechanisms and with masonry unable to withstand tensile stresses.
Structural elements are discretized through infinitely resistant hexahedrons coupled with quad-
rilateral interfaces obeying a Mohr-Coulomb failure criterion and where all plastic deformation is
lumped. Two different horizontal load distributions are investigated, namely constant and reverse
linear along the height. Several different in-plane directions of the seismic entrance are consid-
ered. The kinematic limit analysis problem, written in its standard form, is solved using a
consolidated linear programming routine. In function of the tensile strength, the collapse accel-
eration and the active failure mechanism are found automatically. Through iterative extrapola-
tion, the results for the no-tension material model are deduced. Finally, a novel filtering algorithm
is proposed that considers active exclusively the elements belonging to the failure mechanism,
thus allowing the estimation of the spectral acceleration responsible for the collapse. The pro-
cedure is applied on two complex historical buildings located in northern Italy.

1. Introduction

Most of the built heritage of many European and Mediterranean countries characterized by a moderate and high seismic hazard,
such as Italy, Greece, Slovenia, Albania, Morocco, and Turkey, is constituted by unreinforced masonry buildings [1]. Historical ma-
sonry structures were generally designed to withstand only vertical loads, and in many cases, they exhibit ineffective connections
between perpendicular walls, roofs, and floors. Consequently, when subjected to horizontal forces (such as those induced by an
earthquake), they are unable to activate a box behavior, but rather local collapse mechanisms are triggered. Sometimes, the high
slenderness (defined for masonry as the height-to-thickness ratio) of some facades is responsible for out-of-plane failures even if
effective connections are present [2]. This is the reason why, after strong earthquakes, the overturning of single walls and the
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appearance of mechanisms involving the roto-translation of large portions of facades failing in bending [3-9] are observed.

Hence, the detection of out-of-plane failures is paramount for both historical heritage preservation and life. The first studies on the
out-of-plane behavior of masonry walls probably date back to Rondelet [10], who framed the problem in terms of stability. Subse-
quently, Limit Analysis approaches were proposed, starting from Heyman’s seminal work [11]. Limit analysis, which is a force-based
approach where external loads are applied statically, can be computed using either the static theorem, providing a lower-bound
multiplier of the collapse load, or the kinematic one, by leading to an upper-bound solution. The actual collapse load multiplier is
determined by that solution that satisfies the hypotheses of both theorems: equilibrium, compatibility, plastic strain flow rule and
material admissibility. Typically, the kinematic theorem is much more straightforward, because intuitively simpler. Furthermore, it
can be used either manually with a single Lagrangian variable of motion on pre-assigned failure mechanisms, or combined with Finite
Elements FEs, as it will be discussed later. In the manual approach, to solve the problem, the principle of virtual works can be adopted
by selecting a mechanism before setting a certain distribution of loads (including the self-weight and the horizontal accelerations) and
compatible generalized virtual displacements. The collapse acceleration is then computed by equating the work expended by the
horizontal loads to that by the “stabilizing” forces, mainly gravity, having assumed masonry as unable to withstand tensile stresses and
assuming that the failure mechanism is constituted exclusively by macro-blocks linked by flexural hinges were dissipation is null. In a
conventional safety assessment, the failure mechanism is not triggered if the multiplier of the horizontal loads is higher than the
expected acceleration demand. In other words, the seismic acceleration that activates such kind of local failures can be found directly
from the collapse multiplier computed using limit analysis. The ultimate acceleration so evaluated should be then compared with the
code one, estimated for the site where the building is located. If the latter is higher, the structure is unsafe, and strengthening is needed.

Limit analysis is traditionally used in the literature [12-16] for the safety assessment of existing buildings characterized by the
activation of partial failure mechanisms. Assuming for masonry an ultimate behavior where its limited tensile strength is neglected
(no-tension material hypothesis), on the safe side predictions of the ultimate load-carrying capacity can be provided, at the same time
excluding from the computations that extra-resistance induced by the energy dissipation needed to open those crack patterns forming
the failure mechanism. When dealing with complex geometries and to realistically detail the interaction among piers, spandrels,
vaults, and slabs, limit analysis must be necessarily combined with FEs. In the literature, there are already many dedicated non-
commercial codes [17-25]. They are based mainly on the kinematic theorem, but also static approaches have been proposed. Both
exhibit relevant drawbacks, for instance, the upper bound approach is straightforward, but unfortunately, an overestimation of the
load-carrying capacity (not on the safe side) is possible. On the contrary, the static theorem provides lower-bound failure multipliers,
but is very unpractical, especially in the case of 3D massive structures, since boundary conditions should be imposed on stresses [26].

For existing buildings, the Italian code, in parallel with global analyses [27,28], requires investigating the possible activation of
partial out-of-plane collapses employing the so-called “linear kinematic analysis”, which is a one-degree-of-freedom limit analysis on
pre-assigned mechanisms where masonry is assumed unable to withstand tensile stresses. The user is thus called to work manually on
simplified geometries and easy mechanisms, which in most cases are classic and trivially based on the formation of horizontal hinges
(mode I failure). Following this approach, the behavior of each macro-element is studied independently from the other portions of the
structure. Therefore, the collapse mechanism is evaluated by considering a kinematic chain of rigid bodies and attributing the dynamic
characteristics of a single-degree-of-freedom system. Although this method is very simple and fast, the effective collapse mechanism is
strongly dependent on the geometry and the construction details. Hence, the actual behavior might be remarkably different from that
of the simplified model adopted. Typically, several crucial features such as the interconnection between perpendicular walls are
arbitrarily assigned and left to the user’s discretion. Furthermore, other phenomena are disregarded, such as sliding and crumbling.
Moreover, the intrinsic discontinuity of masonry is neglected since the approach assumes rigid blocks, but it is well known that
masonry behaves as an assemblage of elements that interact, and especially when subjected to seismic actions, they are also free to
separate and sometimes slide, at least locally.

Being in such a problem crucial a precise detailing work on the geometry and on the distribution of the vertical loads, typically
existing software puts at disposal plugins for the local analyses, which work on models that are unlinked from those used for the non-
linear static analyses, which typically are carried out on FE models of the entire buildings.

From previous considerations, it appears clear that the need to use limit analysis to identify those collapse mechanisms triggering in
a seismic event is nowadays considered well-established practice. However, still today, the utilization of displacement-based global
non-linear approaches (i.e. considering the entire structure) —-no matter if a full 3D FE, an equivalent frame approach or a Distinct
Element DE model are used- are considered the standard analyses to carry out [29-34], even for out-of-plane failures, since experi-
mental tests have shown that unreinforced masonry walls may exhibit a certain post-cracking out-of-plane displacement capacity
[2,30].

Global non-linear analyses exhibit some advantages, since they allow the study of (i) the global behavior as well as (ii) the acti-
vation of possible local failure mechanisms without selecting them a priori [35-41].

However, they are also characterized by some issues and difficulties that the interested technician must consider with particular
care.

Generally speaking, it is notorious that masonry is quite stiff up to collapse and the adaptation to displacement-based design sounds
to many researchers like a stretch. When full 3D FE meshes are used, sometimes the collapse mechanism cannot be correctly detected
[42-44] because the discretization used is typically rough to maintain the computation burden acceptable. The detection of the ul-
timate displacement is not straightforward, because a scarcely resistant material model barely allows reproducing drops in the global
pushover curve. Recently, in [45] there has been an attempt —based on energetic considerations- to provide an estimation of the
ultimate displacements in non-linear static analyses in all those cases where the global pushover curve does not show any drop of the
base shear applied. However, the method is indirect and “slow” nonlinear dynamic analyses are needed, a drawback that makes the
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approach unsuitable for research and seismic assessments at professional level, where simplicity and efficacy should be preferred.

Moreover, when using FEs many parameters should be set and calibrated to define an adequate constitutive model for non-linear
materials like masonry. For instance, the Concrete Damage Plasticity (CDP) model, which is probably the most used one, certainly in
many cases proved to capture some basic features of the behavior near collapse [46-53], but at the cost of calibrating by trial and error
many non-linear material parameters, some of them purely numerical, among the others the most important being the viscosity
parameter. Indeed, the smaller it is, the more accurate the output. However, the computational burden increases exponentially when
the viscosity parameter drops down and there is a higher frequency of premature halting for lack of convergence. When dealing with
historical masonry, the matter becomes even more intricate, because of the presence of pre-existing cracks and the absence of the
necessary experimental information to determine the mechanical properties of masonry.

Some of the issues arising from the adoption of the CDP model could be avoided using FE models with interface elements, which
also allows a sliding failure beside failures in tension and compression. However, their application is generally limited to micro
modelling and therefore to small case-studies, such as walls, arches, vaults and domes [54-56].

FE models are also employed to perform non-linear dynamic analyses [49,57,58], that proved to be more realistic than pushover.
However, the computational time required generally precludes their usage in common practice, and the results are strongly influenced
by the accelerogram selected in input.

Considering such crucial limitations, an alternative is the use of the Distinct Element Method DEM. Since collapses of individual
portions of the structure are mainly governed by the presence of rigid blocks and well-defined crack patterns, such an approach seems
to be the most appropriate one, as it catches the intrinsic masonry nature [59-63].

Because DEM is native heterogeneous, the analysis of large-scale structures is always associated to prohibitive computational
burden.

Typically, time-history analyses are carried out applying artificial or real accelerograms. It is quite common, therefore, that nu-
merical results in DEM show significant variability, induced by the chosen input accelerations/velocities fields. DEM is therefore
computationally demanding also because of this. Furthermore, it is worth noting that its application in a static fashion is typically
obtained in dynamics, applying a slow velocity/acceleration ramp at the base [45,64]. Consequently, pushover is also computationally
demanding, and commercial software itself is costly.

Another noteworthy method for nonlinear seismic analyses is the so-called Applied Element Method AEM [65-67]. AEM is a
numerical approach conceived to predict both the continuum and discrete behavior of structures. It employs a modeling technique
based on discrete cracking, enabling it to automatically track structural collapse behavior through all loading stages: elastic response,
crack initiation and propagation in tension-weak materials, reinforcement yielding, element separation, element contact, and collision,
as well as impacts with the ground or adjacent structures. Nevertheless, AEM models present several limitations. One major issue is the
high computational burden, especially for complex structures. Indeed, the subdivision of the structure into small elements with
detailed interactions significantly increases computation time. Additionally, the accuracy of AEM analyses relies heavily on the quality
of the constitutive models used to represent the materials. For advanced or heterogeneous materials, such as composites (like ma-
sonry), or reinforced structures, the available models may either be inadequate or require extensive calibration. Another challenge is
related to the precise calibration of material parameters and element interactions, a process that can be complex and often dependent
on experimental data, which are not always at disposal. Moreover, while AEM excels in simulating progressive collapse and failure, it
may not be the most efficient for ordinary static analyses or cases where a high resolution of the collapse modes is not required. The
method is also highly sensitive to the geometric accuracy of the model, and the complexity of its outputs can make result interpretation
challenging for engineers who are not specialized in this field.

A further alternative to previously discussed methods is to adopt some geometry simplifications, as occurs in the equivalent frames.
When equivalent frames are used, masonry piers and spandrels are modeled by means of “equivalent” non-linear beam elements
connected by rigid links. The failure mechanism activating in such analyses is usually global. Typically, partial out-of-plane mecha-
nisms —like the corner failure or the combined in- and out-of-plane collapse- elude such modelling strategy without being identified,
despite a partial mitigation to such major drawback has been attempted by [68], who implemented a new element —conceived for the
utilization in equivalent frames- where out-of-plane collapses may occur. However, still the major simplifications adopted on the
geometry do not allow a realistic reproduction of the actual failure occurring, at least for historical buildings with high complexity.
Furthermore, the model is intrinsically unable to deal with curved masonry elements, or it appears artificial for churches or towers, i.e.
when a clear identification of piers and spandrels is not straightforward.

Another problem common to all global strategies is the evaluation of the interlocking between perpendicular walls. Sensitivity
analyses should be carried out, but the computational effort is unreasonable. Considering all the previous issues, limit analysis appears
the only method immediately attractive for the common user, because with a single step numerical simulation, an estimation of the
collapse acceleration can be found in a reasonably rapid way, allowing to carry out sensitivity analyses and —if used in association with
FEs- being able to identify automatically partial mechanisms, in case the behavior of the building is local.

Some attempts have been presented in the specialized literature, basing both the kinematic and static variants of the theorems,
ideally coupling limit analysis with a FE discretization of the domain [69-72].

In the present work, a numerical approach belonging to the family of limit analysis coupled with FEs [26,73] is presented and
applied to assess the structural safety of complex historical masonry palaces when subjected to seismic actions. The principal aim is the
verification of the out-of-plane local mechanisms, following the prescriptions provided by Italian standards, but at the same time
avoiding the above-mentioned drawbacks. The proposed code —developed in-house within the software MATLAB- is based on the
methodology proposed in [26]. In particular, masonry is discretized through infinitely resistant hexahedrons coupled with quadri-
lateral interfaces obeying a Mohr-Coulomb failure criterion, where all plastic deformation is lumped. The kinematic limit analysis
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problem, written in its standard form, is solved by means of linear programming, deriving automatically in post-processing collapse
loads and active failure mechanisms, at the same time providing by an iterative extrapolation also the results under the no-tension
material assumption, as mandatorily requested by the Italian building code. Such an iterative approach is needed to avoid numeri-
cal issues when dealing with a material unable to withstand tensile stresses. From the collapse acceleration and the failure mechanism
so retrieved, an effective filtering algorithm —which is the main novelty of the paper- is proposed. It considers an element active if and
only if its horizontal velocity exceeds a lower bound threshold, set in input by the user to exclude those parts of the structure that do not
participate in the activation of the mechanism in a significant manner. Solving such a crucial issue, it is possible to estimate the spectral
acceleration that is associated with the activation of the local failure mechanism.

The limit analysis-based approach implemented by the authors is fast, needs only the definition of the geometry (in the same way
done by a common FE software), of the loads, and of the strength criterion. Finally, the selection of pre-assigned failure mechanisms is
not required. The approach proposed is discussed in detail in Section 2 and benchmarked in Section 3. In Section 4 practical appli-
cations are presented. In particular, two quite complex palaces located in northern Italy, the so-called Vittorio Emanuele II palace (Case
Study 1) and the former monastery of Santa Maria della Pace (Case Study 2) are analyzed. Computations are carried out only on
significant portions of such structures, which are characterized by a peculiar geometry and are the most vulnerable ones. The results in
terms of collapse acceleration, active failure mechanism, and safety verification are finally discussed in Section 5.

2. Numerical approach for the identification of local failure mechanisms

A numerical approach based on the upper bound limit analysis coupled with FEs is presented for the assessment of existing/his-
torical masonry structures where out-of-plane failures are the most common. The methodology proposed is in accordance with Italian
standards [27,28] but has the advantage that it does not require the selection of pre-assigned mechanisms. According to [26], a classic
limit analysis problem can be formulated for any masonry structure if the following assumptions are made: (i) the structure is dis-
cretized with infinitely resistant hexahedron elements, as shown in Fig. 1 and (ii) interfaces —where inelastic deformations are lumped-
are considered rigid-perfectly plastic with infinite ductility. In solving a standard limit analysis problem, the collapse load and the

Generic structure Local reference frame at interfaces

Discretized structure

Floor/roof load . [
Element (i)

Rigid beam

N

Wooden/reinforced
concrete beam

z

Infilled column

Partial interlocking
between adjacent walls

External boundary
conditions

Fig. 1. Masonry structure discretization, generic Element (i) and interface local reference frame.
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active failure mechanism are identified.

The formulated limit analysis problem can be stated either following the kinematic or the static theorems. According to the pre-
vious hypotheses, the material exhibits plasticity at a finite number of interfaces, meaning that the upper and lower bounds coincide.
According to such deduction, the kinematic approach is used here since it is more straightforward, while the static counterpart may be
in principle derived from the formulation of the self-dual linear programming problem.

The primal variables of the kinematic problem are six unknows per hexahedron, as depicted in Fig. 1: the centroid velocities along

the reference axes (Uﬁ(, U;',, U;) and the rotation rates around the centroid ((/}i,(/}i,,(/}é). Only external volume forces, dependent (f/(\i)) or
independent (féi)) on the load multiplier A, are assumed. In particular foi> are gravity loads, while ff) are horizontal forces mimicking

seismic actions. In general agreement with the Italian building code [27,28], two horizontal load distributions are considered for ff\i),
namely G1 which is the so-called principal distribution of forces, proportional to the mass and linearly proportional to the height of the
structure (inverted triangle distribution), and G2 —named as secondary distribution of forces-, proportional to the mass and uniform
along the height of the construction.

Plastic compatibility is imposed constraining the jump of velocities at element interfaces since plastic dissipation is allowed only
there. Being the interface quadrilateral, compatibility constraints are imposed on a faceted approximation of the actual surface
constituted by four triangles with vertex in common located on the centroid, Then, four collocation points located at the vertices of the
quadrilateral interface are considered, in which internal actions (obtained by multiplying the tangential and normal stresses by the
triangle area), jump of velocities, and power dissipation are evaluated according to a suitable local reference frame. In this regard, the
tern n —q —r identifies the local reference frame as shown in Fig. 1, where n is the unitary vector perpendicular to the interface, r is the
unitary vector parallel to the edge defined by vertices P1 and P2, and q is perpendicular to both n and r.

Therefore, the velocity at the collocation point CPy belonging to element (i) in the local reference frame is evaluated as:

.) af111 0 o 0 Zpk — 26y - (_)’Pk — Y GE;) 7,0 5.
vl = q; 0 1 0_ (5, —g,) 0 Xpk — Xy [ P } — ROy )
rl[0 01 e (o — Xoy)
i) i i i1
v =[u U U] @
) ST
P = [(/)L b, f/’i] @

Where: xpx, Ypk, 2k are the collocation point CPy coordinates, Xg,,Yay, %6, are the coordinates element (i) centroid.
Considering two adjacent elements (i) and (j) and assuming n as the outward vector from the element (i), the jump of velocities for
the collocation point CPy is equal to:

AUcp, = R0 — ROy 4)

The proposed approach allows considering the presence of different structural materials and different properties at element interfaces,
as highlighted with different colours in Fig. 1 in the discretized structure. The interfaces between adjoining elements are characterized
by a Mohr-Coulomb failure criterion with tension and compression cut-offs, defined by tensile strength f;, a compressive strength f;, a
cohesion ¢ and a friction angle @.

The relation adopted between tensile strength and cohesion needs a dedicated short discussion.

Indeed, in the simulations, it is assumed that cohesion equates to tensile strength. According to consolidated literature [74,75], the
utilization of a pure Mohr-Coulomb failure criterion, because of the moderate friction angles typically assumed for masonry (20-30°),
is not recommended, since it would be responsible for an unrealistic too high ratio between tensile and tangential strength.
Furthermore, in incremental analyses the presence of a tip in the strength domain may generate significant numerical issues, which
justifies in general the utilization of either smooth strength domains or frictional failure criteria combined with a tension cutoff where
the flow rule imposes a mode I crack propagation. On the other hand, speaking about the iterative procedure proposed for the first time
by [73], which will be briefly recalled hereafter, it is carried out progressively reducing the tensile strength keeping constant the initial
ratio between tensile strength and cohesion (hence also the latter drops to zero). The collapse acceleration of a structure is therefore
estimated when f; and ¢ are contemporarily zero. When the failure mechanism is predominantly triggered by joints failing for the
activation of the tension cutoff, a selection of a different f,;/ ¢ ratio would lead in any case to the same results. In presence of some
parasite sliding —always present for complex structures-, the previous statement is not rigorously true anymore, but if the failure
mechanism remains predominantly flexural, authors experienced again the independence of the collapse multiplier upon f;/ c ratio.

Returning back to the limit analysis model, in the local reference frame n —q —r, the Mohr-Coulomb failure criterion with tension
and compression cutoffs can be linearized leading to a set of linear inequalities describing the plastically admissible strength domain:

N;
A, | Q| <D, 5)

Ry

where: N; = Aror, Qr = Ajtq;, Ry = Aty are the internal actions, oy, 74, 7,7 are the stress components acting along n, g and r, respectively,
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Aj is the interface area.
Since an associate flow rule is assumed, the jump of velocities between adjacent elements (i) and (j) is linked with the plastic strain
rate vector J;, which is non-negative:

RYu? —ROu® — Al "} =0 )
A >OVI=1,- Nip @

Where N, is the number of interfaces.
The power expended by the external volume forces is equal to:

N, i )
Po =Y ViU ®)
i=1
Ne AT s
Py =AY Vs U 9
i=1

Naming N, the number of elements and V; the volume of the i-th element.

As in any upper bound limit analysis, one failure mechanism can be identified among the infinite set of homothetic collapse
deformed shapes defining the normalization condition, which is typically imposed assuming that the power dissipated by the loads
depends on the load multiplier A is unitary when A = 1:

N, a .
Pi=) VAU =1 (10)
i=1

The load multiplier is obtained from the balance of powers dissipated by internal and external forces (Eq. (8)) combined with the
normalization condition (Eq. (10)):

Nin Ne o
A=Y= v o 11)
I=1 i=1

According to the upper bound theorem, Eq. (11) is the objective function to minimize.
Finally, external boundary conditions can be defined with additional linear equalities. They are modelled as velocity constraints for
those elements whose nodes are externally constrained, which are highlighted in red in Fig. 1:

AU =0 (12)

where (h) represents the elements externally constrained and the number of rows of the matrix A,(jcl) varies depending on the type of

constraint.
Therefore, the limit analysis problem is defined as follows:

Niy N, o
min{/\ AV S T T } (13)
i=1

I=1
RVuY — ROu® — AL} = OVI =1, N,
Ne vr e Torti) _
Zi:l Vifi Ut =1

AMU™ = Ovheb.c.
> OVI=1,- Ny

s.t. 14)

The standard linear programming solver available in MATLAB is used to find the collapse multiplier and the failure mechanism active
[26].

For what concerns the strength domain to adopt for masonry, it is worth noting that the use of a zero tensile strength model —i.e. the
assumption of a no tension material- is a widely accepted approach in classic literature, see for instance [76-79]. Also, the Italian
standards require evaluating the acceleration triggering the local failure mechanism considering a no-tension material. This
notwithstanding, the importance of assuming for masonry a no-tension material goes far beyond the Italian regulation, and it could be
affirmed, on the contrary, that the latter transposes a long trend of research characterized by approaches where one of the major
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assumptions is that masonry is unable to withstand tensile stresses. On the other hand, the application of limit analysis in presence of a
non-vanishing tensile strength would be associated to an overestimation of the load carrying capacity and, in turn, would make the
application of limit analysis theorems debatable. Indeed, in tension masonry exhibits an elasto-fragile behavior, which violates one of
the hypotheses of applicability of limit analysis, namely the perfectly plastic behavior with infinite ductility. As a major consequence,
the resultant load carrying capacity would be overestimated, with predictions provided not on the safe side. The efforts spent towards
the proposal of numerical strategies able to deal with limit analysis in presence of a no-tension material go in such direction.

However, enforcing the no-tension material hypothesis may be responsible for the activation of parasite sliding between contiguous
elements or stalling issues of the numerical algorithm.

As a workaround, the iterative limit analysis originally proposed by [73] to provide failure loads in presence of no-tension material
assumptions is adopted. The idea is based on the following two fundamental hypotheses, namely (i) that only a limited sliding between
contiguous blocks is allowed and (ii) that the extrapolation of the results for no-tension material occurs assuming as reference a failure
mechanism deemed not affected by undesired sliding induced by the too small tensile strength. Let us consider for the sake of example

two solutions in the velocity field —say Ugi) and U(Zi) — of the same limit analysis problem constituted by the same FE model, but with
masonry characterized by a strength domain that is homothetically scaled passing from Solution #1 to Solution #2. Let us also make

the hypothesis that the obtained failure mechanism does not change its shape, meaning that the velocity fields U(li) and Ug) are either
identical or proportional. In particular, with reference to the normalization condition (Eq. (10)), it can be easily proved that such

condition imposes thatUgi) = Ug) . Plastic multipliers at the interfaces in the two solutions are also the same, meaning that the internal
plastic dissipation decreases linearly with the shrinkage of the strength domain. On the contrary, power expended by gravity P, re-
mains constant, because the velocities field does not change. From the previous considerations, the objective function

?’:‘”1 bfnTZI —Z?ﬁl Vifg)TU@ is thus linear in f; (or linear in any other mechanical parameter characterizing quantitatively the homo-
thetic expansion or shrinkage of the strength domain). Remembering that the objective function is the collapse multiplier of the loads A
(a relation deduced from power balance and normalization condition), and repeating limit analysis computations progressively
reducing f;, allows graphing A-f; plots and at the same time identifying the active failure mechanisms. A-f; graph is therefore linear in
all those intervals of f; where the same failure mechanism is triggered.

When f; decreases, the numerical optimization becomes more and more difficult, albeit with a certain variability from case to case,
the collapse multiplier tends rapidly to zero and spurious local sliding between contiguous blocks occurs, induced by the insufficient
cohesion.

Furthermore, a predominant spurious sliding is theoretically responsible for an inapplicability of classic limit analysis concepts. In
case of sliding, indeed, the flow rule is typically non-associated (in violation of limit analysis theorems) and this circumstance puts
doubt on the accuracy of the predictions provided. From a practical point of view, with a zero-cohesion material, there may be some
equilibrium problems even under the application of self-weight in all those elements (e.g. spandrels and openings in general) where
vertical interfaces connect them to the rest of the structure, because the latter are initially subjected to low or absent normal pre-
compression, with a consequent lack of resistance against sliding. A discussion about this important issue —and the reader is referred
there for further details- can be found in [73], where a masonry portal is analyzed with benchmarking purposes.

Such last consideration showcases the importance of proposing an iterative approach able to deal “indirectly” with a material
unable to withstand tensile stresses.

In turn, for many cases of technical interest, the activation of mechanisms with spurious sliding are usually associated to a negative
failure acceleration extrapolated for a no tension material, which clearly demonstrates that the mechanism provided by limit analysis
is unrealistic.

The relevance of sliding in the formation of a failure mechanism is quantitatively assessable computing the amount of internal
power dissipated for tangential stresses, or more directly with a rapid visual inspection of the deformed shape at collapse. Bearing in
mind the previous considerations, the determination of the most suitable mechanism to consider for the evaluation of the collapse
acceleration by extrapolation is straightforward.

It is also interesting to point out that some sliding is frequently present and unavoidable in real assessments, because of the intrinsic
complexity of the geometry. The extrapolation of the behavior of a specific structure at f; = 0 can be therefore not strictly univocal, i.e.
more than one failure mechanism could provide non-negative collapse accelerations. In case of non-univocality, the safest option
should be always preferred.

It is also worth mentioning that the passage from limit analysis to a standard safety assessment (which is the main goal of the paper,
i.e. to put at practitioners’ disposal an automatic plug-in to use in common design) needs special attention when the failure mechanism
is local (as it occurs in most of the cases for buildings with insufficient stiffness of the floors and bad interlocking between perpen-
dicular walls). Indeed, the activated mass is in this case much less than that found for a global analysis. Furthermore, amplifications are
possible for mechanisms involving upper floors. When accounting for all the mass, this overestimates the actual capacity of the
structure, a shortcoming that is in common with the assumption of pre-assigned failure mechanisms (as recommended by the Italian
code). A filtering strategy is therefore needed to properly account for the activation of complex mechanisms not easily predictable in
anticipation simply isolating portions of the structure assumed presumably critical.

The new plug-in proposed here is believed necessary to compute correctly the spectral acceleration. Referring to the Italian building
code [27,28] —but any other code dealing with partial failure mechanisms can be used- the value of the seismic action that activates
the failure mechanism corresponds to the spectral acceleration a; evaluated as:
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. a8
a. =
07 e . FC

(15)

Where qy is the collapse multiplier, g is the gravity acceleration, FC is the confidence factor and e is the fraction of participating mass
defined as:

. gM
€ =nmp, 16
Zi:l P;
where n-+m is the number of self-weights P; whose masses, due to the seismic action, generate horizontal forces on the elements of the
kinematic chain. M" is the participating mass computed as:

- (SETP)

M =~y a7
g i P 10

where §,; is the horizontal virtual displacement of the application point of the i-th weight P;.

Within the FE limit analysis code here presented, the main aim of the novel filtering procedure proposed is to avoid the over-
estimation of the spectral acceleration a;, which is calculated in agreement with the Italian code, which implicitly considers only a
small portion of the building interested by the activation of the failure mechanism. In particular, the participating mass M" is computed
considering only the elements of the structure having a displacement ,; larger than a pre-established threshold (i.e. at least 10 % or 20
% of the maximum one). It is worth mentioning that the Italian standards erroneously label §,; as displacements, that are velocities
since the kinematic theorem of limit analysis is used.

Moreover, only a G2 distribution is assumed in the code for the calculation of the local mechanisms, which is a limitation for a FE
approach, like the present one, that can model the entire structure or large portions of it. Hence, in the case of a G1 distribution, the
collapse load ap in Eq. (15) is substituted by a,/g = % to consider properly the actual distribution of forces applied to the
structure.

In agreement with intuition, authors experienced applying the filter that the load carrying capacity (in terms of a;) monotonically
and systematically reaches a plateau value, when those elements not mobilized or involved less in the mechanism are progressively

Brick House mock-up
- 0235

=

2.25

Numerical model

Experimental mechanical properties

Density  p=1890 kg/m’

Young’s modulus ~ E=5170 MPa
Compressive strength ~ £=24.8 MPa

Tensile strength ~ £=0.102 MPa

Fig. 2. Geometry and material properties of the brick house tested in [81,82]. All measures are in meters.
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excluded through the filter. Accurate evaluations for a; may be obtained assuming heuristically —because no other criterion different
from an ex-post rating can be proposed- a threshold for exclusion, which is identified according to a maximum overestimation of the
plateau value equal to 20 %. It is also crucial to make a qualitative comparison between the obtained filtered mechanism and the initial
one. Adopting such selection criterion, authors experienced —as it will be discussed hereafter when dealing with applications- that the
procedure works correctly when elements exhibiting horizontal velocities less than 10-20 % of the maximum one are excluded.

Regarding the final safety assessment, according to [27,28], a masonry structure is considered safe against the activation of a local
mechanism if the following inequality is satisfied:

500
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35T
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2000

2500
0 5 . 5 - : X[mm] 3000

0 20 40 60 80 100 300 34 ¥ [mm]
Filter on velocities [%]

Experimental (PGA 1.27 g) - Mendes et al. (2017)

Fig. 3. Comparison between experimental and numerical LA results for the brick house used to benchmark the approach proposed. When a 100%
filter is applied, only the elements with maximum horizontal velocity are considered active.
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a, > —— (18)

where ag is the peak ground acceleration for the site where the structure is located (bedrock assumption), S is a soil and topography
coefficient and g is the behaviour factor (generally assumed equal to 2 for masonry structures, as suggested by the building code
[28,80]).

It is worth noting that a;, which may be estimated using either pre-assigned failure mechanisms or the novel finite element
approach proposed, is evaluated in the paper with the second approach, after the application of the filter. The utilization of a FE
approach is belived necessary, as already mentioned, because the assumption of pre-assigned failure mechanisms is responsible for an
overestimation of the collapse acceleration in presence of complex crack patterns.

3. Software benchmarking

The method proposed in Section 2 is benchmarked on a “brick house” tested at the LNEC shaking table in Lisbon (Portugal) [81,82].
The specimen was built using perforated clay bricks with an English bond arrangement and cement-based mortar. The mock-up
presents a U-shaped plan and three walls: the facade and two sidewalls acting as abutments. The facade has a central window and
a gable on the top, instead the sidewalls are one without perforation and the other with a central window, as shown in Fig. 2. The

2 m Old cloister

Fig. 4. Case Study 1: Vittorio Emanuele II palace.
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structure was subjected to a unidirectional ground motion perpendicular to the facade. Some wallettes made with the same brick
masonry were tested under vertical and diagonal compression, to identify the mechanical parameters of the structure, such as the
Young’s modulus, the tensile and compressive strength, and the density, which are reported in Fig. 2.

The numerical model of the brick house is built according to [81,82], assuming the mechanical parameters identified with the
experimental tests —exception made for the elastic modulus-. The structure is studied under a G1 horizontal load distribution
perpendicular to the fagade. The collapse spectral acceleration is computed according to the procedure described in Section 2, based on
the Italian standards and the new filtering algorithm to compute the participating mass. In this case the collapse acceleration a,/g is
evaluated for the experimental value of tensile strength (f; = 0.102MPa), and not for a no-tension material (f; = 0), since the
experimental strength is already available.

The results in terms of collapse spectral accelerations a, and collapse mechanisms found with the proposed filtering algorithm
—with different filter thresholds- are collected in Fig. 3.

It is worth noting that if all the elements of the structure, even those having very small horizontal velocities, are considered to
evaluate the participating mass M", the collapse spectral acceleration aj is overestimated. In this case, indeed, a value of 3.10g is found,
which is much higher than the experimental one, equal to 1.27g. On the contrary, if a filter on the horizontal velocities is applied to
correctly evaluate the participating mass M", the values found for the collapse spectral acceleration a, are much more in agreement
with the experimental one. Applying a filter that considers only the elements with a horizontal velocity greater than 10%, 20%, and
30% of the maximum one, the values of the collapse acceleration found are respectively equal to 1,38g, 1,24g and 1,15g, with per-
centage errors respectively equal to 8.66%, 2.75%, and 9.24% (see points A, B, C of Fig. 3). Moreover, looking at the collapse
mechanisms found for points A, B, C of Fig. 3, it is evident the similarity with the experimental one.

According to the results, the proposed filtering algorithm, which considers only the elements having a horizontal velocity greater
than 20 % of the maximum one, is effective in identifying both the collapse spectral acceleration and the active mechanism, with an
error smaller than 3 %.

External wing

Central wing

Fig. 5. Analyzed portions of Case Study 1.
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4. Practical applications

The seismic vulnerability of two historical masonry structures located in Piacenza, in northern Italy, namely the so-called Vittorio
Emanuele II palace (Case Study 1) and the so-called former monastery of Santa Maria della Pace (Case Study 2), is assessed by adopting

the numerical approach explained in Section 2. The geometric features of the structures as well as their historical evolution are
described in the following subsections.

-...

1
-

N

Aerial view Basilica layout

1 m Church fagade 2 m Bell tower 3 m Corridor cross vaults

|

Fig. 6. Case Study 2: former monastery of Santa Maria della Pace.
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4.1. Case Study 1 — Critical historical analysis of Vittorio Emanuele II palace

Case Study 1 is an old building complex located in Piacenza, northern Italy, which is the result of many structural changes over
time. The oldest portion of the Vittorio Emanuele II palace is characterised by an 'E’ shape, highlighted in yellow in Fig. 4. It is
constituted by three above-ground floors and a basement. Initially, only a small portion of the building constituted by two floors was
present, the so-called Randani-Tedeschi palace which dates to 1670. Then the palace was enlarged in 1882 and the three wings were
built in 1912. Finally, in 1956 the whole building was raised to one floor. The three wings create two internal courtyards, named Old
Cloister and New Cloister in Fig. 4 according to the age of construction. The old portion of the building features many cloisters and
cross vaults, and it corresponds to the previous Randani-Tedeschi palace. Traces of the latter are visible in the Old Cloister charac-
terised by the presence of many cross vaults (see Fig. 4).

The possible activation of local collapse mechanisms is evaluated by analysing large portions of the structure, which are those
highlighted in Fig. 5, which also shows the structural models. The portions analysed correspond to the biggest wings of the structure,
namely the External and Central wings, and the New Cloister. These portions belong to the most recent part of the structure built in the
1950 s. It features thin walls and few orthogonal walls giving a bracing action; therefore, it is the most vulnerable part of the structure
against horizontal seismic actions. In all structural models, the floors and the roof are not directly modelled due to their poor
connection with walls. Conversely, their presence is taken into account as far as the vertical load application is concerned, which is
considered adding distributed masses at storey levels, and depicted in Fig. 5 using different colours for the hexahedron elements. The
precise amount of such masses is evaluated considering the self-weigh of the roof and floors, their static scheme, and the corresponding
influence area as far as dead and live loads are concerned.

4.2. Case study 2 - Critical historical analysis of the former monastery of Santa Maria della pace

The former monastery of Santa Maria della Pace, located in Piacenza (northern Italy), was built by the commission of the Bene-
dictine nuns in the 16th century. The portion of the structure that is still standing nowadays was not subjected to meaningful structural
changes [35,83]. The former monastery features a two-level cloister layout, as shown in Fig. 6. Cross vaults characterize the cloisters
and the corridors of the first floor, while the rooms are mainly covered by cloister vaults and sometimes by timber floors. The timber
roof covering the structure is pitched and it is characterized by different heights according to the geometry in elevation of the structure.

The portions of the structure analysed by means of the numerical approach proposed in Section 2 are shown in Fig. 7. They
represent the most vulnerable parts of the building. Indeed, the church is characterised by long longitudinal walls and the presence of a
bell tower partially embedded into one of the rear corners. The architecture of the wing with a basilica layout on the ground floor is
characterized by the presence of a big room (originally used as a refectory) covered by a cloister vault, which bears at the keystone one

Basilica layout

&

Fig. 7. Analysed portions of Case Study 2.
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of the two longitudinal external walls of the first floor [83], see the Basilica Layout section depicted in Fig. 6 where the longitudinal

wall of the first floor and the vault at the ground floor are coloured in red.
The structural models shown in Fig. 7 include the presence of timber roofs and floors through the application of distributed masses,
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Fig. 8. Collapse acceleration vs tensile strength and active failure mechanisms of the Central Wing under G1 load distribution.
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as done for Case Study 1.
5. Results and discussion

In this section, the spectral accelerations a; that trigger local failure mechanisms are evaluated considering two load distributions,
namely G1 and G2, and different entrance angles of the seismic load. The structural performance is verified against the design seismic
action for a specific limit state. The seismic capacity of the portions belonging to Case Study 1 and Case Study 2 is compared with the
seismic hazard prescribed by the Italian building code, referring to the construction site. The selected design seismic action corre-
sponds to the life safety limit state with a return period Ty of 457 years, characterised by a bedrock acceleration equal to a;, = 0.092g.
Furthermore, according to the stratigraphy [84] and in agreement with Italian standards [27], the soil type of the construction site and
the topography class are classified as C and T1 respectively, leading to a soil and topography coefficient S equal to 1.5. Hence, ac-
cording to Eq. (18), the local failure mechanism is not triggered if:

a; > %S _ 0.677m/s? 19)

5.1. Case Study 1 — Limit analysis results for Vittorio Emanuele II palace

As discussed in Section 4, only some portions of the Vittorio Emanuele II palace are analysed, namely the Central Wing, the External
Wing, and the New Cloister. As far as the Central Wing is concerned, the results obtained are summarized in Fig. 8. They are repre-
sented in terms of collapse accelerations ag/g at progressively reduced tensile strength, assuming the seismic load angle entrance is
oriented along the two main geometric directions of the structure, both positive and negative, under a load distribution G1. Through a
linear extrapolation of the results in each direction, the collapse acceleration a,/g for a no-tension material (f, = 0MPa) is derived.
Collapse accelerations associated with failure mechanisms affected by spurious sliding of the blocks are disregarded when performing
the linear extrapolation.

Starting from the collapse acceleration a,/g obtained for the no-tension material assumption, the collapse spectral acceleration that
triggers the local failure mechanism is computed and compared with the design acceleration, which is defined as a,S/q for the site
where the structure is located (as explained in Section 5 for the definition of Eq. (19)). The results obtained are summarized in Fig. 9,
both in terms of spectral acceleration and active local failure mechanism in the four loading directions. As it is possible to notice, the
structure is verified only along the Y-negative direction. Considering the results found in Section 3 for the benchmark structure, also in
the present applications, the collapse spectral acceleration is computed considering only elements having a horizontal velocity greater
than 20 % of the maximum one, as shown in Fig. 9. Indeed, from the sensitivity analysis shown in Fig. 10 for the Central Wing under a
G1 horizontal load distribution applied along the Y-negative direction, it is evident that the trend of the collapse spectral acceleration
in function of the filter on the velocities is the same found for the benchmark structure. Also in this case, looking at Fig. 10, it appears
evident that, if the elements with very small velocities are considered in the calculation of the participating mass, the collapse spectral

Load distribution G1

257 L. xmml 5N
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Load distribution G2

ximm)
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Fig. 9. Spectral accelerations triggering local failure mechanisms for the Central Wing under Gland G2 load distributions.
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Fig. 10. Sensitivity analysis of the filtering algorithm for the Central Wing under G1 load distribution along Y-negative direction. When a 100%
filter is applied only the elements with maximum horizontal velocity are considered active.

acceleration is overestimated. The same procedure is followed for the Central Wing under G2 load distribution. The collapse accel-
eration a, /g for the no-tension material assumption is reported in Fig. 11. Then, the collapse spectral acceleration is computed for each
loading direction, as depicted in Fig. 9. For the G2 load distribution, the structure is verified both along positive and negative X and Y
directions. Comparing the results obtained for G1 and G2 (Fig. 9) distributions, it is evident that the worst loading condition is that
corresponding to the G1 distribution. The structure is not verified, meaning that strengthening interventions are needed.

The same methodology is applied to the External Wing and the New Cloister. For the sake of brevity, results are shown only in terms
of ag/g vs f;, for G1 and G2 load distributions, while active failure mechanisms and collapse spectral accelerations are shown only
applying a filter on the velocities equal to 20 %, which is an assumption on the safe side.

For what concerns the External Wing, the linear extrapolations to find a,/g for f; = 0MPa under G1 and G2 load distributions (both
X and Y directions) are shown in Fig. 12. It is worth noting that, in the evaluation of the collapse acceleration for a no-tension material
in the X-negative direction, and represented in yellow in Fig. 12, under both G1 and G2 loading conditions, the value of the collapse
acceleration associated with a tensile strength equal to 0.03MPa has been neglected since affected by a sudden decrease of the load
carrying capacity and associated to spurious sliding. In Fig. 13, the computed collapse spectral accelerations for the two load distri-
butions with the corresponding active local mechanisms are shown. The structure is verified only in the X-positive direction for both
loading conditions. G1 represents the worst horizontal load distribution for this portion of the structure, except for the X-negative
direction, where two different collapse mechanisms are triggered. Specifically, G1 activates only the overturning of the tympanum,
while G2 is involved in the mechanism of the entire facade and a portion of the perpendicular walls.

The last portion of Vittorio Emanuele II palace analysed is the New Cloister. In this case, only the out-of-plane behaviour of the
longest wall is studied. Fig. 14 depicts the linear extrapolation carried out to find the a;/g for f; = OMPa under G1 and G2 load dis-
tributions, with the seismic load applied in the direction perpendicular to the longest wall of the cloister. It is evident that the collapse
acceleration associated with an f; = 0.03MPa in the X positive direction is very small. It is also associated with a non-negligible
spurious sliding of some of the elements and hence disregarded in the computations. The results in terms of collapse spectral
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Fig. 11. Collapse acceleration vs tensile strength and active failure mechanisms of the Central Wing under G2 load distribution.
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Fig. 12. Collapse acceleration vs tensile strength of the External Wing under G1 and G2 load distributions.
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Fig. 14. Collapse acceleration vs tensile strength of the New Cloister under G1 and G2 load distributions.
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Fig. 15. Spectral accelerations triggering local failure mechanisms of the New Cloister under G1 and G2 load distributions.

accelerations and active local mechanisms are summarized in Fig. 15. The structure is verified only for the G2 distribution.

5.2. Case study 2 — Limit analysis results for the former monastery of Santa Maria della pace

In this section, limit analysis results for the most vulnerable portions of the former monastery of Santa Maria della Pace are shown.
Particular attention is devoted to analyzing the Church and the wing with Basilica Layout, as discussed in Section 4. The same pro-
cedure already described in detail for the Central Wing of Vittorio Emanuele II palace is followed. For the sake of brevity, results are
shown only in terms of a,/g vs f; for G1 and G2 load distributions. Furthermore, as far as failure mechanisms active and collapse
spectral accelerations are concerned, only the results obtained assuming a filter with a threshold on velocities equal to 20 % are
reported.

Fig. 16 and Fig. 17 show, for the Church, respectively the linear extrapolations carried out to obtain the no-tension solution and the
active failure mechanisms, along with the associated collapse spectral accelerations. From the results, it can be deduced that the most
vulnerable parts are the bell tower and the longitudinal walls of the single nave. The structure is verified, considering the actual design
seismic action at the ultimate limit state, only along the X-positive and Y-negative directions, when a uniform distribution of horizontal
loads along the height (G2) is applied.

When dealing with the Basilica wing, the structure is analyzed only considering horizontal forces perpendicular to the longitudinal
walls, being the most vulnerable when loaded out-of-plane. According to the results obtained, shown in Fig. 18 (obtainment of the no-
tension material collapse accelerations) and Fig. 19 (collapse mechanisms), the structure is characterized by a collapse spectral ac-
celeration lower than the design seismic one for G1 load distribution, while is verified under the G2 load distribution.

Since both portions of the former monastery analysed are not verified according to Italian standards, strengthening interventions
are needed.

6. Conclusions

In this work, a novel Finite Element upper-bound limit analysis equipped with a novel velocity filtering routine has been proposed
to assess masonry structures with complex geometry against the activation of local collapse mechanisms. The methodology has been
conceived to be completely in agreement with Italian standard requirements, at the same time having the advantage that the definition
of pre-assigned failure mechanisms is not required. The method has involved discretizing the structure into infinitely resistant
hexahedron elements, with plastic deformation occurring only at the interfaces between adjoining elements. This assumption has led
to formulating a classic linear programming problem into few independent variables, which are represented by the generalized ve-
locities of the hexahedron elements and the plastic multipliers of the quadrilateral interfaces. Having discretized the domain with
infinitely resistant elements with plasticity concentrated on a finite number of interfaces, to detect rigorously the crack pattern at
failure is not possible, but (i) the upper bound has coincided with the lower bound, allowing in principle to obtain the static solution via
solving a self-dual linear programming problem and (ii) the computational burden has dropped down, thus allowing the analysis of
complex case-studies. In the spirit of the Upper Bound theorem, the results have been expressed in terms of collapse acceleration and
active failure mechanisms. As Italian standards prescribe the adoption for masonry of a vanishing tensile strength without sliding, the
collapse acceleration — calculated as the base shear divided by vertical loads — has been indirectly determined through linear
extrapolation, a stratagem to avoid both undesired premature halting or stalling of the numerical algorithm and the activation of
parasite sliding between adjacent elements.

This methodology has offered several advantages. The analyses have been fast, and the MATLAB code developed by the authors
only required the mesh definition and the parameters for the Mohr-Coulomb strength criterion definition. Additionally, the spectral
acceleration that has triggered local failure has been identified without pre-selecting specific failure mechanisms, enabling an
automatized analysis of complex geometries, where predicting the failure mechanism shape in advance is challenging.

The final innovation presented relied upon the implementation of a filtering strategy to select only the elements contributing in a
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Fig. 18. Collapse acceleration vs tensile strength of the Basilica Layout under G1 and G2 load distributions.
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Fig. 19. Spectral accelerations triggering local failure mechanisms of the Basilica Layout under G1 and G2 load distributions.

significant way to the activation of the mechanism, a feature that allowed the determination of the collapse spectral acceleration to be
used in verifications at the ultimate limit state carried out according to Italian national norms.

The procedure has been validated on two case studies located in Piacenza, northern Italy, namely the Vittorio Emanuele II palace
and the former monastery of Santa Maria della Pace. Both case studies exhibit a high level of complexity, making it almost impossible
to obtain a reliable prediction of the failure accelerations using standard procedures available. The analyses have been conducted on
the significant portions of the structures, characterized by peculiar geometries. The results have revealed that strengthening in-
terventions are necessary on both structures, as the design seismic action defined by the building code for the site of Piacenza could
trigger some local collapses.
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