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set of assembly deviations, not necessarily associated with 
functional requirements. If these deviations are measured 
on a physical assembly, the collected data can be entered 
as known terms in the linear equations of part deviations. 
In the event of abnormal assembly deviations, the system 
of equations can help identify possible drifts on part devia-
tions, which may be associated with damage (e.g. mechani-
cal failure).

Structural health monitoring is a potentially interesting 
application for this concept. Sensors are often installed on 
civil or industrial structures to allow the detection of anoma-
lies and implementation of consequent maintenance actions. 
Specifically, displacement sensors might be placed at the 
nodes of a structure in order to measure a set of assembly 
deviations. In the case of abnormal node displacements, 
the sensitivities could help detect their sources, localizing 
a possible damage in one of the members of the structure.

This work aims to discuss the feasibility of the diagnos-
tic use of a tolerance analysis model. The reference case 
addressed is the monitoring of a simple type of structure, 
namely the statically determinate plane truss. The proposed 
method is described starting from the underlying tolerance 
analysis model and showing how it can be integrated into 
a test for damage detection and localization. The accuracy 

1  Introduction

In the design of mechanical assemblies, tolerance analysis 
[1–3] verifies that a set of tolerances specified on individ-
ual parts satisfies some precision requirements at assembly 
level. In engineering practice, the task is usually performed 
with simple charting procedures from direct inspection of 
technical drawings [4, 5]. Several methods have been pro-
posed in literature [6, 7] to address more complex cases, 
often with the help of CAD-based software tools.

The core of any tolerance analysis method is a model that 
calculates an assembly deviation of interest from a given set 
of tolerance-limited part deviations. A popular type is the 
linearized model, where the assembly deviation is a sum of 
part deviations multiplied by appropriate coefficients called 
sensitivities.

In principle, the stackup model could be used to address 
an inverse problem. Let the sensitivities be known for a 
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of the test is evaluated by simulation on some examples, in 
order to estimate the expected probability of correct damage 
identification.

The method is demonstrated using a specific tolerance 
analysis model, which was previously proposed for appli-
cations on both structures and generic assemblies. The 
model is based on a static analogy, which calculates sensi-
tivities through the analysis of forces on an equivalent static 
model. The paper argues that this choice is justified by the 
streamlined workflow it offers and its ease of extension to 
more complex structures. However, the logical distinction 
between calculating sensitivities and using them for the 
monitoring task makes the method compatible with most 
other available models.

The remainder of the paper begins with a recall of related 
literature on tolerance analysis and structural health moni-
toring (Section 2) and with a formal definition of the prob-
lem (Section  3). The proposed method is then described 
(Section  4), demonstrated on examples (Section  5), and 
discussed regarding possible advantages and limitations 
(Section 6).

2  Related work

This work proposes an application of tolerance analysis in 
the context of structural health monitoring. In the following 
subsections, this approach is compared with the state of the 
art in three stages:

1)	 The main types of methods for tolerance analysis are 
recalled and the choice of the proposed method (static 
analogy) is justified with respect to them.

2)	 The literature on structural health monitoring is reviewed 
with a focus on the problem of damage identification.

3)	 Tolerance analysis is related to a particular category of 
damage identification methods.

2.1  Tolerance analysis

Tolerance analysis has been studied under a variety of 
assumptions about the properties of parts and assemblies. 
This work uses concepts and methods developed for rigid 
parts in iso-constrained assemblies. Parts are in contact with 
each other through features with usually simple shapes; 
these have been classified in textbooks [8, 9] and techni-
cal standards [10], which discuss their kinematic properties 
and typical combinations. Design tolerances are specified 
on part features to limit random deviations from nominal 
geometry due to inaccuracies in manufacturing processes.

Due to contact relations, part deviations stack up causing 
deviations on the geometry of the assembly. In any method of 

tolerance analysis, a mathematical model is built to compute 
an assembly deviation (chosen for its functional relevance, 
e.g. a gap between two parts) from a given set of part devia-
tions. The available models correspond to different ways of 
representing geometric transformations between deviations 
of different types (linear, angular) combined in the typical 
patterns associated with different types of features (flat, 
cylindrical, prismatic, etc.), taking into account the kine-
matic degrees of freedom constrained by the relations (con-
tacts or fits). Transformations are expressed as operations on 
suitable mathematical entities, which include the following 
(citing only a small sample of the main references):

	● homogeneous matrices, as in the variational model [11–
13] and in the matrix model [14, 15];

	● position vectors, as in the vector loop model [16–18];
	● vectors of screw parameters, as in the small displace-

ment torsor model [19, 20];
	● Jacobian matrices, as in the Jacobian model [21], in the 

Jacobian-torsor model [22–24], and in some extensions 
of the latter to deal with overconstrained assemblies [25, 
26];

	● convex volumes of displacements, as in the T-maps 
model [27, 28], in the deviation domain model [29, 30] 
and in other convex-hull models [31, 32];

	● perturbed meshes, as in the skin model shapes methods 
[33–36].

These models are either implemented as procedural scripts 
or automatically built with the help of CAD-based software 
for variation simulation. In either case, they allow to simu-
late the effects of combinations of part deviations allowed 
by the design tolerances. The simulation consists of repeat-
edly running the stackup model on instances of random part 
deviations sampled from appropriate statistical distribu-
tions, e.g. [37]. The distribution of the assembly deviation is 
estimated from the results of the simulation runs using the 
Monte Carlo method [38, 39] or reportedly more efficient 
quasi-Monte Carlo methods [40–42].

In tolerancing practice, a simple expression of the stackup 
model is usually deemed useful. Linear equations are espe-
cially convenient yet accurate enough because of the small 
magnitude of deviations: the coefficients of such equations 
are the sensitivities of the assembly deviation with respect 
to the part deviations. Most of the above cited models are 
nonlinear and do not show the explicit contribution of part 
deviations to the assembly deviation. However, they can be 
linearized through simulation plans with finite differences 
of the input tolerances [43, 44].

Some models allow direct linearization, i.e. the direct 
calculation of sensitivities without the need for repeated 
simulation runs. The earliest and most popular of these is 
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the vector loop model mentioned earlier [16–18]. Other 
models have been modified for the direct calculation of sen-
sitivities; this has been especially required for the models 
with the highest computational burden, such as convex hull 
[45, 46] and skin model shapes [47]. In [48], the lineariza-
tion is done by perturbing parametric geometric models of 
parts and assemblies, without the need for an underlying 
stackup model.

A further method of direct linearization, which will be 
used in this work and recalled in subSection 4.1, is based 
on a static analogy. The assembly is loaded with an external 
force corresponding to the assembly deviation of interest, 
and the sensitivities are calculated by appropriately chosen 
internal forces on the parts [49, 50]. The approach has also 
been validated for statically determinate plane trusses [51]. 
For this special type of assembly, force analysis can be done 
either manually or with the finite element method (FEM), 
thus automating the calculation of sensitivities with mini-
mal effort on interactive setup. The workflow is therefore 
almost as convenient as in the vector loop model, which has 
also been successfully applied to planar linkages [52, 53].

The use of FEM in tolerance analysis is widespread when 
dealing with compliant assemblies such as those fabricated 
by joining sheet metal panels. In that context, the method 
of influence coefficients (MIC, [54]) calculates sensitivi-
ties as deflections of the structure under clamping forces 
needed to compensate for geometric deviations at the joints. 
These are calculated from the influence coefficients, i.e. 
joint displacements caused by unit forces corresponding to 
part deviations. Later extensions, e.g. [55, 56], and software 
implementations [57] have allowed to develop and validate 
the MIC as an invaluable tool for assembly design in the 
automotive and aerospace sectors. The static analogy has 
some common aspects with the MIC, such as the applica-
tion of unit forces to the assembly. As discussed in [58], 
however, it associates sensitivities to support reactions and 
internal forces rather than to deflections. This simplifies the 
calculations on assemblies of rigid parts, while it may be 
less efficient in handling complex problems of compliant 
tolerance analysis.

On a wider spectrum of geometric configurations and 
through simulation plans, the tolerance analysis of struc-
tures can be done using more complex methods developed 
for mechanisms; these include mechanism reliability [59], 
configuration space [60–63], and extensions of screw theory 
[64–66].

2.2  Structural health monitoring

Structural health monitoring (SHM) is the use of sensors (as 
an alternative to visual examination or non-destructive test-
ing techniques) to detect and localize damage on structures 

[67]. Many damage conditions cause changes in the stiff-
ness of the structure. In many cases, these are monitored 
through the measurement of vibrations using networks of 
sensors of different types (accelerometers, strain gauges, 
fiber-optic or piezo-electric sensors). These have evolved 
from contact sensors [68] to wireless and smart sensors [69] 
to embedded sensors [70], allowing an easier integration 
into structures. Some studies report uses of vibration sen-
sors on truss structures [71–73]. In alternative to vibrations, 
static displacements have also been measured for the moni-
toring of truss structures using laser sensors [74] and fiber 
Bragg grating [75].

A recent trend in SHM is the vision-based measurement 
of vibrations and static displacements [76, 77]. As dis-
cussed in [78–80], this solution has potential advantages 
such as lower installation cost and ease of collecting mea-
surements at many points in the structure. Current limi-
tations include lower resolution, difficulty in continuous 
online monitoring, and sensitivity to environmental and 
lighting conditions. Techniques for extracting displace-
ments from images, such as digital image correlation and 
motion capture, are compared in [81, 82]. Although appli-
cations on trusses are still limited, some studies describe 
the use of vision-based systems to monitor dynamic 
responses [83, 84], deflections [80, 85], and static dis-
placements [86] of large structures such as railway bridges 
and building frames.

The collection of measurements makes it possible to 
identify abnormal changes, which could be due to damage 
conditions. As reported in [87], this task includes reporting 
the occurrence of damage (damage detection) and assigning 
it to a specific part or substructure (damage localization). 
Among the algorithms proposed in literature, some use only 
sequences of measured data (data-driven methods), while 
others also rely on mathematical models of the undamaged 
structure (model-based methods).

Data-driven methods generally include a preprocessing 
step to reduce data dimensionality and extract useful fea-
tures. These are then used to detect and localize the dam-
age, generally through damage indicators calculated for 
the applicable sources. As reviewed in [88, 89], principal 
component analysis and T2 statistics are the most popular 
techniques to treat discrete measurements of vibration or 
static displacement. In [90], vibration measurements are 
analyzed in the time domain by defining a damage index 
based on strain energy. More often, they are converted to 
either the frequency or the modal domain to reduce dimen-
sionality at a compromise with accuracy; specific methods 
include mode shape curvature [78], modal norms [91], and 
the output of modal filters in the frequency domain [92]. In 
other studies, damage indicators are obtained from wavelet 
transforms [73, 75, 93].
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the static model of the structure. In addition, the expression 
of the model as a sensitivity matrix allows in principle the 
calculation of damage indicators through simple inversion, 
albeit with appropriate modifications to reduce the effect of 
measurement errors. Finally, the method is potentially com-
patible with several possible tolerance analysis models as an 
alternative to the static analogy used in this work.

3  Problem and assumptions

The reference case that will be discussed in the following 
is a statically determined plane truss of the type shown in 
Fig. 1. The structure has nN nodes and nM = 2nN − 3 bar mem-
bers. The nodes are of the pin-jointed type, which approxi-
mates the behavior of actual joints (e.g. welded, bolted, and 
riveted) assuming that the loads are applied to nodes. Not 
excluding other configurations with equivalent constraint, 
the supports include a hinge and a roller at two different 
nodes.

The nominal configuration of the truss includes nominal 
lengths for the nM members and nominal positions (for a 
total of 3 coordinates) for the supports. These will be called 
design dimensions; their number is

n = nM + 3 = 2nN � (1)

After the structure is erected, the design dimensions have 
nominal values xi (i = 1, … n). Later on, some of them may 
experience deviations δxi (drifts) due to damage conditions. 
For a member, the deviation can be due to a change in length 
or to a shift in one of its end joints. For a support, it can be 
any displacement in a constrained direction.

The positions of the nN nodes are each defined by two 
coordinates (horizontal and vertical), which will be called 
assembly dimensions. Their number is

2nN = n� (2)

Model-based methods often include a parametric FEM 
model of the structure, on which the effects of predefined 
damage modes can be preliminarily calculated. Damage 
indicators are based on deviations of actual measurements 
from the predicted effects. Again, the effects are often 
defined in the frequency domain: natural frequencies are 
calculated for the different damage modes by directly modi-
fying stiffness matrices [94] or by adding virtual masses to 
specific members of the structure [95]. The likelihood of 
each damage mode is then expressed by differences from 
the corresponding frequencies for the original structure, 
such as the cosine similarity [96]. Alternatively, the output 
of the simulation is expressed through the modal parame-
ters that determine the damage indicators by statistical tests 
[97]. A further approach associates the effects with specific 
shifts or deflections; these are directly compared with those 
of the undamaged structure [98] or used to define damage 
indicators by the method of transmittance functions [99]. In 
[100] the identification of damage is facilitated by reducing 
the size of the model by machine learning techniques.

2.3  Objective

The above cited SHM methods have been thoroughly 
tested on either laboratory testbeds or real facilities, show-
ing their full potential towards the goal of building effec-
tive and affordable systems for checking the integrity of 
critical infrastructures. The present work does not aim to 
overcome any limitations of these methods, nor to test a spe-
cific system of measurement and data processing. Rather, it 
proposes the concept for a further approach to the damage 
identification task, that may be used as an alternative to the 
existing ones in some cases.

The SHM reference case assumes that a vision-based 
system (or a wireless sensor network) is installed on a 
structure to measure static displacements at selected points 
located at the nodes. The goal is to detect and localize dam-
age associated with a dimensional drift in one of the mem-
bers, which may have caused abnormal node displacements. 
As in model-based methods, the damage is to be identified 
by a single set of measurements without the need to analyze 
sequences or continuous signals. Instead of FEM models, 
however, the proposed approach uses a tolerance analysis 
model. This involves a change in the meaning of the vari-
ables originally involved in tolerance analysis: part devia-
tions do not come from manufacturing errors, but from drifts 
due to structural damage (members and joint failures, wear, 
corrosion, etc.), while assembly deviations correspond to 
geometric responses measured on the structure.

As will be shown below, a damage identification model 
based on tolerance analysis can be calculated simultaneously 
for all possible damage modes without any modification of Fig. 1  Drifts and assembly deviations in a plane truss
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some δxi may be artificially high and make it difficult to 
identify true drifts. This condition, called ill-posedness, 
occurs in many inverse problems and may require alterna-
tive methods of reconstruction.

In general, it can be assumed that the number of mea-
sured assembly deviations is m ≤ n. If m < n, a given set of 
assembly deviations δyj might have been caused by infi-
nitely many sets of drifts δxi. In order to deal with these 
cases, it will be assumed that only one of the drifts is actu-
ally non-zero (single damage). The goal will then be refor-
mulated as a problem of damage detection and localization: 
from a set of measured δyj, signal the existence of a drift 
(recognizing it from noise due to measurement error) and 
identify the design dimension responsible for it. Again, the 
inversion in (5) can provide a solution if vector δy includes 
some elements equal to zero (the unmeasured deviations). 
However, the risk of ill-posedness is even greater because 
the solution of the inverse problem is not unique.

4  Method

The proposed solution to the problem described in Section 3 
includes the evaluation of the sensitivity matrix and its use 
to identify a possible damage from displacement measure-
ments. Methods for these tasks are described below along 
with the procedure for their validation.

4.1  Tolerance analysis model

The calculation of matrix (4) requires a preliminary study 
of the structure, regardless of the number of sensors that 
will be used to measure the assembly deviations. The study 
is similar to a tolerance analysis, which is usually done to 
solve the direct problem (3). For such problem, the variables 
would have different meanings than in a monitoring con-
text. The δxi would be random deviations on design dimen-
sions due to disturbances in the manufacturing processes 
of the parts; those deviations would normally be limited 
by tolerance specifications. The δyj would be deviations on 
assembly dimensions due to the stackup of part deviations; 
once calculated, these would have to be compared to speci-
fications on their maximum allowable variation (assembly 
tolerances).

In general, the sensitivity matrix can be evaluated using 
any available method of tolerance analysis. In direct lin-
earization methods, the sensitivities are calculated directly 
from the geometric properties of the assembly rather than 
estimated by simulation plans on nonlinear stackup mod-
els. One of such methods, which will be used in this work, 
is based on the analogy with a problem of force analysis 
[49–51].

Assembly dimensions have nominal values yj (j = 1, … n) 
and deviations δyj. Initially, the yj are a consequence of the 
xi and possible static deformations, e.g. due to dead weight. 
The δyj are a consequence of the δxi and can be measured 
at any time with appropriate sensors. Each measurement 
includes the true assembly deviation and a random measure-
ment error.

In a structural monitoring context, the drifts δxi on design 
dimensions should be estimated from measured deviations 
δyj on assembly dimensions. If one or more design dimen-
sions show excessive drifts from a predefined amount, this 
may be due to structural anomalies that can be diagnosed 
and mitigated by appropriate actions (inspection, mainte-
nance, repair).

This goal can be regarded as the inverse problem of 
tolerance analysis, in which assembly deviations must be 
estimated from design deviations (usually limited by toler-
ances specified on individual part dimensions). A common 
assumption in tolerance analysis methods is that deviations 
are small relative to part dimensions. It is believed that such 
a condition applies to common applications in mechanical 
assemblies, where the coefficient of variation is often of the 
order of 10–3. For medium-sized structures, this would cor-
respond to drifts within 10–20 mm which are of actual inter-
est for monitoring projects. Sensor readings are likely to be 
reset to zero on the erected structure so as not to include 
assembly shifts and static deformations, which might have 
a greater magnitude.

Under the above assumption, the tolerance analysis can 
be carried out using the following linear model:

δy = S • δx� (3)

where δx = [δx1, … δxn]T is the vector of design deviations, 
δy = [δy1, … δyn]T is the vector of assembly deviations, and

S =




S11 · · · S1n
...

. . .
...

Sn1 · · · Snn


� (4)

is the sensitivity matrix, which can be evaluated using one 
of the available tolerance analysis methods.

The knowledge of S is also useful for the above defined 
monitoring problem, where δx is unknown and δy is known 
through measurements. If all assembly deviations were 
actually measured, the drifts on the design dimensions could 
be estimated by inverting the sensitivity matrix:

δx = S−1 • δy� (5)

However, the reconstruction of δx by (5) could be corrupted 
by random measurement errors included in δy. As a result, 
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Using the static analogy, the calculation of the sensitivity 
matrix (4) requires the resolution of n equivalent static mod-
els. The j-th static model provides all the sensitivities of the 
j-th assembly dimension, i.e. the displacement of a node in 
a horizontal or vertical direction. Correspondingly, the load 
on the truss is an external force Fp acting on that node in the 
same direction.

For the inverse problem addressed in this paper, using the 
sensitivity matrix would cause confusion between the devi-
ations δl on member lengths and the shifts δh at the ends of 
the same members. The reason is that their sensitivities are 
equal in absolute value, as shown in (7) and (8); drifts on the 
two dimensions would therefore cause similar patterns of 
node displacements. In addition, their separate reconstruc-
tion would be more difficult due to the higher number of 
unknowns. Therefore, the δxi will only be associated with 
member lengths and position coordinates of supports (two 
on the hinge and one on the roller). A drift identified on a 
member will be possibly due to either a change in length or 
a shift in an end joint. The actual cause of the drift will have 
to be ascertained in a subsequent inspection triggered by the 
diagnostic report.

4.2  Test for damage identification

The static analogy method recalled in subSection 4.1 gives 
the sensitivity matrix S defined in (3) and (4). Since the tol-
erance analysis is done on the whole structure, S is a square 
matrix with n rows corresponding to the assembly devia-
tions δyj and n columns corresponding to drifts (or design 
deviations) δxi. If the structure is properly connected, S is 
expected to be invertible.

As assumed in Sect. 3, the condition of the structure is 
monitored on m ≤ n assembly dimensions, defined by the m 
indices of measured deviations δyj. The collected data form 
the column vector δy, which has m elements derived from 
measurements and the remaining n − m elements equal to 
zero.

Figure 2 illustrates the static analogy for a plane truss. 
Let δl be the deviation on the length of a member and δp 
the consequent displacement of a node in a given direc-
tion (e.g. vertical). The sensitivity Spl = δp/δl is calculated 
by solving an equivalent static model, where the node is 
loaded with an external force Fp in the same direction as 
δp. Under this load, the member has an internal tensile or 
compressive force Fl. Once Fl is calculated, it turns out 
that

Spl = Fl/Fp� (6)

The same member may be subject to a shift δh, i.e. a dis-
placement of one of its ends from the nominal center of the 
node in the lengthwise direction. This further deviation can 
have different causes depending on the physical realization 
of the constraint. For a pin joint with hole diameter D and 
pin diameter d, the shift is the distance between the centers 
of the hole and the pin; its value varies randomly between 
zero (coaxial hole and pin) and δhmax = (DLMC − dLMC)/2, 
where DLMC and dLMC are the least material limits for the 
two features of the cylindrical fit. For other types of joints, 
δh may be due to clearance in fastener holes or other causes 
(e.g. plastic deformations). Based on the static analogy, the 
sensitivity Sph = δp/δh is calculated from the internal reac-
tion Fh of the constraint, considered positive and equal in 
absolute value to the internal force Fl of the member:

Sph = Fh/Fp = |Fl| /Fp� (7)

Finally, let δs be the displacement of a support in a given 
direction, e.g. due to a subsidence of ground or failure of 
an external frame. This deviation also causes an assembly 
deviation δp, whose sensitivity Sps = δp/δs corresponds to 
the opposite force to the reaction Fs of the support in the 
same direction:

Spl = −F s/Fp� (8)

Fig. 2  Static analogy for plane trusses
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e.g. [101]. Its application to sensitivity matrices would 
require a partition of δx into two subvectors of dimensions 
m and (n − m), to be calculated separately using in principle 
all the elements of S. Appropriate criteria for selecting the 
partition should be found to ensure the validity conditions 
of condensation or to avoid further loss of information (e.g. 
some submatrices of S could be either non-invertible or with 
elements all equal to zero). The approach will be developed 
and tested in future studies.

Each time the node displacements are measured, the vec-
tor (δy)A is processed in a test that can have two possible out-
comes. A negative outcome (N) suggests that the structure 
has no drift on any design dimension, while a positive out-
come (P) detects the occurrence of a drift and finds the design 
dimension responsible for it. The proposed test includes two 
steps for drift detection and localization, respectively.

A drift occurs when one of the design dimensions actually 
deviates from its initial value. This is generally not the same 
as the nominal value used for the calculation of sensitivities. 
During the erection of the structure, all design dimensions 
deviate from their nominal values, and cause initial devia-
tions on assembly dimensions. The calibration of the mea-
surement system on the structure detects with presumably 
high accuracy the initial (non-nominal) values of the assem-
bly dimensions. These become the new nominals for the addi-
tional deviations δyj measured during the monitoring phase.

Therefore, the deviations δyj measured in the absence 
of drifts include only the measurement errors and not the 
effects of the initial deviations on design dimensions. Mea-
surement errors will be assumed to be normally distributed 
with zero mean and standard deviation σ0. If a drift occurs, 
some of the δyj are likely to be out of the range of mea-
surement errors. So the occurrence of a drift can be verified 
through the following test:

P = max {δxj} > kσ0� (11)

and obviously N = ~ P. The parameter k must be large enough 
to reduce the probability α of Type I error, i.e. of false posi-
tives that could trigger costly inspections. If (11) were a 
significance test on a single normally distributed variable, 
the choice k = 3 would correspond to α = 0.0027. However 
(11) is a family of m tests: if the overall test has probability 
αF = 0.0027 of Type I error, every single test must have a 
corresponding probability of at least α = αF/m (Bonferroni 
inequality). This corresponds to values of k increasing with 
m, up to about k = 4 for m = 40. On the other hand, values 
that are too high could increase the probability of false 
negatives, thus weakening the effectiveness of monitoring. 
From the results of preliminary trials using the simulation 
procedure that will be described in subSect. 4.3, the param-
eter has been set to k = 4.

Using (5) to estimate the column vector δx of the n 
design deviations, the columns of the inverse matrix S−1 
corresponding to unmeasured assembly deviations would 
have no effect on the result. This can be expressed by clas-
sifying the n columns of S−1 as active (m) or passive (n − m), 
and by classifying the rows of S similarly. Equations (3) and 
(5) thus become

(δy)A = (S)A • δx� (9)

δx =
(
S−1)

A
• (δy)A� (10)

where:

	● (δy)A is the vector of the m measured assembly 
deviations;

	● (S)A is the m × n submatrix of S where its n − m passive 
rows have been removed;

	● (S−1)A is the n × m submatrix of S where its n − m passive 
columns have been removed.

Figure 3 illustrates the new definitions. The loss of sen-
sitivity information can alter the values of some δxi even 
without measurement errors; at the very least, a δxi could 
be zero if the corresponding row of (S−1)A had only zero 
elements. This suggests a validity criterion for the choice of 
the m sensors: each of the rows of (S−1)A must have at least 
one non-zero element. Such choices do not prevent strong 
alterations in the reconstruction, but at least avoid binding 
some of the δxi to a constant value of zero.

The loss of information could be mitigated by replacing 
the scheme in Fig. 3 with a procedure similar to the static 
condensation of stiffness matrices in equilibrium equations, 

Fig. 3  Active deviation vector and submatrices
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A further criterion derives from a property of the sensitivity 
matrix S in (3): its columns si are equal to the deviations 
δy if δxi = 1 and δxj = 0 for j ≠ i. Except for the aforemen-
tioned loss of information on sensitivities, the same prop-
erty should hold in first approximation for the columns (si)A 
of (S)A with respect to (δy)A. The likelihood that the i-th 
design dimension has a drift > 0 should be increasing with 
the cosine similarity ci between (si)A and (δy)A:

ci = (δy)T
A • si/ (|(δy)A| |si|)� (16)

where |v| denotes the norm of vector v. The score is calcu-
lated by normalizing the absolute values of the cosine simi-
larities between their minimum and maximum values:

(pi)2 = (|ci| − min {|ci|}) / (max {|ci|} − min {|ci|})� (17)

When a drift occurs, the three scores are expected to show 
the same peak value for the same design dimension. This 
has been verified with preliminary simulation tests on 
some example trusses, under many possible combinations 
between the variables of the problem (choice of sensors, 
location and extent of the drift). In most cases, the peak is 
clearly recognizable and occurs on the same design dimen-
sion. In less favorable cases, where fewer sensors are used 
and the drift is comparable to the measurement error, the 
(pi)1 score calculated by regularization is more reliable 
than the (pi)0 score calculated by inversion, and provides 
consistent indications with the (pi)2 score calculated from 
cosine similarity. An example is shown in Fig. 4, where the 
dimension with bars of a different color is the one with the 
true drift. If the number of sensors becomes too small, the 
loss of sensitivity information can make peaks inconsistent 
between the three scores or absent altogether.

Based on the above observations, the drift is localized 
with a criterion that involves a combination of scores (pi)1 
and (pi)2. The index iD of the dimension subject to drift is 
calculated as follows:

If the test is positive, the drift is located by associating 
each δxi with a score pi ∈ [0, 1], which expresses the like-
lihood of a drift on the corresponding design dimension. 
Several criteria can be considered for the evaluation of the 
score. A baseline criterion estimates δxi from (10) and calcu-
lates the score by normalizing their absolute values:

(pi)0 = |δxi| /

n∑
i=1

|δxi|� (12)

As already mentioned, the use of submatrix (S−1)A leads to 
a loss of information in the reconstruction of the δxi from 
the δyj. So the (pi)0 scores in (12) could deviate considerably 
from the proportions between the absolute values of the true 
δxi. Furthermore, the reconstruction of δx from (δy)A in (9) 
is an ill-posed problem as its solution is not unique (since 
m < n). As is known from the theory of inverse problems, e.g. 
[102], its direct solution by (10) is easily corrupted by random 
noise on (δy)A. The stability of the solution can be improved 
by doing the reconstruction with the following expression:

(δx)1 = (R)A • (δy)A� (13)

where

(R)A =
[
(S)T

A (S)
A

+ kσ0In

]−1
(S)T

A� (14)

and In is the identity matrix of order n. The criterion 
expressed by (14) consists in the Tikhonov regularization of 
the transformation function (S)A in the presence of a random 
error with an upper limit kσ0. The score is then calculated 
again as

(pi)1 = |(δxi)1| /

n∑
i=1

|(δxi)1|� (15)

Fig. 4  Example of scores for damage localization
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	● the standard deviation σ0 of the random error in the mea-
surement of the assembly deviations;

	● the magnitude μ of the drift to be assigned to a random 
member iTRUE of the truss;

	● the probability p0 that the structure has no drift on any of 
the members (iTRUE = 0);

	● the number m of sensors for measuring assembly devia-
tions, to be chosen from the possible valid sets.

The test is repeated for NRUNS random instances of the simu-
lation model. Each simulation run includes the following 
steps:

	● The vector δx of design deviations is either set to zero 
indicating no drift (iTRUE = 0) or modified with probabil-
ity (1 − p0) by assigning a drift μ to a random design di-
mension (iTRUE). The vector δy of assembly deviations 
is calculated from (3) and then perturbed with a random 
measurement error from N(0, σ0).

	● A subset of m assembly deviations is randomly selected 
from the valid sets, thus evaluating the active deviation 
vector (δy)A and the active submatrices (S)A and (S−1)A.

iD = argmax
{

(pi)1 (pi)2
}

� (18)

4.3  Simulation of test performance

The method described in subSections  4.1 and 4.2 must 
allow the correct identification of dimensional drifts on the 
members of a truss. This must be verified against several 
possible shortcomings. First, the calculation procedure may 
be incorrect, i.e. the diagnostic test may not be effective 
(false positives, false negatives, wrong localization of the 
damage). Second, the calculation may not work for particu-
lar configurations of the structure in the intended scope of 
application (statically determinate plane trusses). Third, the 
method may place too high requirements for integration into 
an SHM system (calculation model difficult to build, exces-
sive measurement accuracy).

To check the above conditions, the test for damage iden-
tification was simulated on geometric models of structures 
under many combinations of drifts and random measurement 
errors. The simulation concerns only the calculation method 
and does not consider further issues that could arise in its 
practical implementation; these include the instrumentation 
required (complexity, cost), the difficulty of setup (installa-
tion, calibration) and the reliability of the system (environ-
mental effects on measurement uncertainty and durability). 
An experimental validation is postponed to future studies, 
assuming that a possible technical feasibility is consistent 
with the state of SHM technology as reported in literature 
(remote measurement of static displacements on structures).

For the purpose of simulation, the configuration of the 
structure is represented only by the sensitivity matrix (4). 
This would suggest to generate random matrices in an 
attempt to simulate the widest possible domain of configu-
rations. However, that choice would not take into account 
specific properties of the matrix for actual structures, such 
as typical patterns in the values of sensitivities (many of 
which are supposed to be equal to zero or correlated). 
Therefore, sample configurations were selected for a pre-
liminary verification of the method. The simulation was first 
carried out on very simple structures to develop the model 
in detail and fine-tune its parameters. Then the performance 
of the test was verified on more complex structures, chosen 
to represent possible application cases. For each case, the 
arrangement of the sensors was chosen randomly without 
considering any selection or optimization criteria.

As outlined in Fig. 5, the data for the simulation include:

	● the configuration of the truss, represented by the number 
n of design dimensions (equal to the number of assem-
bly dimensions) and the sensitivity matrix S calculated 
by static analogy;

Fig. 5  Flow chart of the simulation model
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measurement error, given the accuracy of the sensors and 
the drift regarded as worth of attention. In addition, the test 
will obviously be more reliable if a higher number of assem-
bly deviations is measured on the structure. Finally, the test 
may have difficulty treating situations where the occurrence 
of a drift is an extremely rare event, because the need to 
detect the few positive cases with certainty could have the 
risk of false positives as a side effect. As will be detailed in 
Section 5, the above effects were evaluated by performing 
factorial plans of simulations with appropriate levels for the 
related variables μ/σ0, m, and p0.

5  Results

The proposed method is demonstrated on two cases. The 
first is an extremely simple structure, on which the calcu-
lations can be shown in full detail. The second is a more 
realistic structure, with the aim of verifying whether the fea-
sibility of the workflow and the effectiveness of the method 
remain valid as the size of the problem increases.

5.1  Simple truss

Figure  6 shows a truss with nN = 4 and nM = 5. The draw-
ing shows the angles and lengths of the members for an 
overall size of 6 × 3 m. Due to the structural determinacy, 
however, scaling the dimensions would not affect the fol-
lowing calculations. Equally irrelevant are the materials, the 
structural sections of the members, and the detailed design 
of the joints.

The vector of design deviations has n = 8 elements, which 
include the deviations δli on the lengths of the members, the 
displacements δsuA (horizontal) and δsvA (vertical) of sup-
port A, and the vertical displacement δsvB of support B:

δx = [ δl1 δl2 δl3 δl4 δl5 δsuA δsvA δsvB ]T � (22)

	● The test described in subSection 4.2 is run on the se-
lected assembly deviations. The occurrence (P) or non-
occurrence (N) of the drift is detected by (11). The index 
iD of the design dimension with the drift is set to zero 
if the test is negative, or calculated from (18) using the 
scores from (15) and (17).

	● The outcome of the test (iD) is compared to the truth 
(iTRUE), classifying the test as:

o	 true positive: TP = P ∩ (iD = iTRUE ≠ 0);
o	 true negative: TN = N ∩ (iTRUE = 0);
o	 false positive: FP = P ∩ [(iTRUE = 0) ∪ (iD ≠ iTRUE)]
o	 false negative: FN = N ∩ (iTRUE ≠ 0).

The total numbers of TP, TN, FP, and FN instances are 
counted. The effectiveness of the test is then estimated 
through the following statistics, which are generally used 
for classification tests in data analysis (e.g. [103]):

TPR = TP
TP + FN

, FPR = FP
FP + TN

� (19)

where the true positive rate TPR is the fraction of actually 
positive cases that are correctly classified as positive, and 
the false positive rate FPR is the fraction of actually nega-
tive cases that are incorrectly classified as positive. If the 
test always gave the right result, the statistics would have 
the ideal values TPR = 1 and FPR = 0. An alternative choice 
of equivalent statistics is

precision = TP
TP + FP

, recall = TP
TP + FN

� (20)

where the cases correctly classified as positive are com-
pared with all the cases classified as positive and with all the 
actually positive cases, respectively. These statistics express 
the accuracy of the test (ability to avoid false positives) and 
its completeness (ability to avoid false negatives), respec-
tively, both with ideal values equal to 1. Since usually every 
change in the parameters of the test has a divergent effect on 
the two tests of each pair (one improves, the other worsens 
compared to the ideal value), the overall effectiveness of the 
test is evaluated by means of the F1 score often proposed as 
a compromise (ideal value 1):

F1 = 2 • precision • recall
precision + recall

= 2 TP
2 TP + FP + FN � (21)

It is reasonable to expect that the statistic in (21) depends on 
the input data of the simulation model. The test will be more 
effective if the drift to be detected is much larger than the Fig. 6  Simple truss
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The inverse of the matrix in (24) is

S−1 =




−0.986 −0.165 0.986 0.165 0 0 0 0
−0.447 −0.894 0 0 0.448 0.895 0 0

0 0 0.981 −0.195 −0.981 0.196 0 0
0.001 −0.001 0.776 0.737 0.715 0.180 −1.492 1.375

0 0 0.090 0.443 −0.777 −0.195 0.688 0.372
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0



� (25)

If the number m of sensors (i.e., measured assembly 
deviations) is equal to n, (25) can be used to solve the 
inverse problem (5) for estimating the unknown design 
deviations. If m < n, the measurements are reduced to a 
subset of the assembly deviations, which is represented 
by the active submatrices (S)A and (S−1)A in (9) and (10). 
As mentioned in the comment to Fig. 3, the valid subsets 
of sensors correspond only to the submatrices (S−1)A with 
rows containing at least one non-zero element. Table 1 
lists the valid choices for the possible values of m, provid-
ing the indices of the selected elements of the vector δy 
in (23).

The vector of assembly deviations includes the horizontal 
and vertical displacements (u-v directions) of nodes A, B, 
C, and D:

δy = [ δuA δvA δuB δvB δuC δvC δuD δvD ]T � (23)

The sensitivity matrix in (4) is calculated using the static anal-
ogy described in subSection 4.1. Each row of S includes the 
sensitivities of the corresponding element of δy (the displace-
ment of a node in a given direction) with respect to all the 
elements of δx (length variations or support displacements). 
These come from the solution of an equivalent static model, 
where the node is loaded with a unit force in the same direc-
tion. Since (6), the sensitivities with respect to changes in 
length (resulting from axial deformations or shifts at end 
joints) are equal to the internal forces at the members. From 
(8), the sensitivities with respect to the displacements of sup-
ports are opposed to the corresponding components of the 
support reactions. Figure 7 shows the equivalent static models 
for the calculation of the sensitivities of δuC (row 5) and δvC 
(row 6), where the external forces are set to 1 kN. The models 
are solved by an available 2D frame analysis tool (Ftool).

The n static models provide the following sensitivity 
matrix:

S =




0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0

1.014 0 0 0 0 1 0.167 −0.167
0 0 0 0 0 0 0 1

0.922 0.203 −0.927 0 0 1 0.333 −0.333
−0.461 1.016 0.464 0 0 0 0.833 0.167
0.829 0.407 −0.721 −0.248 0.916 1 0.5 −0.5

−0.092 0.203 −0.361 0.458 0.994 0 0.167 −0.833



� (24)

Fig. 7  Two equivalent static models for the simple truss

 

Table 1  Sensor choices for the simple truss
m Indices |(S−1)A| |(R)A| Ca

8 1 2 3 4 5 6 7 8 2.51 0.91 0.34
7 1 2 3 4 5 6 7 2.23 0.91 0.43

1 2 3 4 5 6 8 2.13 0.91 0.29
1 2 3 4 5 7 8 2.49 0.91 0.46
1 2 3 4 6 7 8 2.42 0.91 0.32
1 2 4 5 6 7 8 2.40 0.91 0.35

6 1 2 3 4 5 6 1.96 0.91 0.63
1 2 3 4 5 7 2.19 0.91 0.59
1 2 3 4 5 8 2.10 0.91 0.41
1 2 3 4 6 7 2.13 0.91 0.44
1 2 3 4 6 8 2.11 0.91 0.30
1 2 3 4 7 8 2.40 0.90 0.45
1 2 4 5 6 7 2.14 0.91 0.45
1 2 4 5 6 8 1.95 0.91 0.30
1 2 4 5 7 8 2.38 0.90 0.49
1 2 4 6 7 8 2.21 0.91 0.35

5 1 2 3 4 5 1.91 0.91 0.71
1 2 3 4 6 1.95 0.91 0.63
1 2 3 4 7 2.10 0.91 0.60
1 2 3 4 8 2.09 0.91 0.39
1 2 4 5 6 1.83 0.91 0.64
1 2 4 5 7 2.11 0.90 0.63
1 2 4 5 8 1.91 0.88 0.43
1 2 4 6 7 1.82 0.90 0.47
1 2 4 6 8 1.78 0.88 0.32
1 2 4 7 8 2.20 0.91 0.50

4 1 2 3 4 1.91 0.91 0.83
1 2 4 5 1.72 0.88 0.73
1 2 4 6 1.71 0.87 0.66
1 2 4 7 1.78 0.88 0.67
1 2 4 8 1.77 0.88 0.50

3 1 2 4 1.62 0.77 0.89
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	● the two levels for the signal-to-noise ratio correspond to 
a minor drift barely distinguishable from measurement 
noise (μ/σ0 = 5) and to a more serious damage (μ/σ0 = 10);

	● the number m of sensors has six levels that span the en-
tire valid range.

For each of the 2 × 2 × 6 = 24 combinations between the factor 
levels, 3 replications of the simulation were performed with 
NRUNS = 100,000, comparing the values obtained for the F1 
score. The variation in results was negligible both between 
the replicates and between the two levels of p0 (coefficients 
of variation less than 1%). Figure 8 shows the variation of 
F1 with respect to the two significant factors in the simula-
tions with p0 = 0.99. The effect of the signal-to-noise ratio 
μ/σ0 shows a difference of about 10% of F1 between the two 
levels. The performance of the test clearly decreases with the 
number m of sensors. For m = 8, F1 values are around 0.9: 
drifts are correctly localized in about 90% of cases (TPR), and 
are wrongly reported in about 0.1% of negative cases (FPR). 
The performance still seems acceptable up to m = 5 (F1 in the 
range 0.7–0.8); below this limit, the fraction of undetected or 
(more often) incorrectly localized drifts exceeds 30%, while 
false positives remain at a negligible level.

5.2  More complex truss

Figure 9 shows a truss with with nN = 10, nM = 17, and an 
overall size of 12 × 6 m. As in the previous case, the nodes 
are assumed to be pin-jointed and the supports include a 
hinge and a horizontal roller. The problem consists in the 
identification of a drift on one of the design dimensions

δx = [ δl1 δl2 · · · · · · δl17 δsuA δsvA δsvB ]T � (26)

Reconstructing the design deviations with (10), ran-
dom errors on the elements of (δy)A cause generally larger 
errors on the elements of δx. From a known property of 
inverse problems [102], the ratio between the absolute 
values of the two errors is estimated by the norm of the 
inverse submatrix (S−1)A, which is equal to the reciprocal 
of its first singular value. The norms |(S−1)A| of the subma-
trices corresponding to the valid sensor choices are shown 
in Tab. 1. It can be noted that measurement errors can lead 
to reconstruction errors that are more than doubled, espe-
cially with sensor choices that would result in a less severe 
loss of information (m equal to or slightly less than n). As 
mentioned in subSection  4.2, this drawback is mitigated 
by performing the reconstruction with (13). Table 1 shows 
that the norms |(R)A| of the matrices defined in (14) have 
values below 1, which seem to confirm the effectiveness 
of regularization in reducing the impact of measurement 
errors.

The use of cosine similarity in (16) for the localization 
of the drift is all the more effective the closer the columns 
of submatrix (S)A are to orthogonality. If the number of sen-
sors decreases, the vectors corresponding to the columns 
of (S)A lose dimensionality and tend to reduce the mutual 
differences. It can be expected that this will progressively 
reduce the effectiveness of cosine similarity as m decreases. 
Table 1 confirms this conjecture through the parameter Ca, 
defined as the average absolute value of the cosine simi-
larities between pairs of columns of (S)A. The case Ca = 0 
would correspond to orthogonal vectors, while Ca = 1 would 
indicate that the vectors are coincident or at least one of 
the two vectors vanishes. For the structure considered, the 
parameter actually increases as m decreases, suggesting that 
cosine similarity may lose effectiveness (Ca > 0.5–0.6) with 
a number of sensors around 4–5 (about half of the maximum 
number n).

The accuracy of the damage identification method was 
verified with a full factorial plan of simulations using the 
model described in subSection 4.3. Table 2 shows the levels 
used for the three factors of the plan. Specifically:

	● the two levels for the probability of no drift correspond 
respectively to an alarm situation triggered by a previ-
ous measurement or by other sources (p0 = 0.5) and to 
a planned measurement performed for monitoring pur-
poses (p0 = 0.99);

Table 2  Simulation plan for the simple truss
Factor Levels
p0 0.5, 0.99
μ/σ0 5, 10
m 8, 7, 6, 5, 4, 3

Fig. 8  Test performance for the simple truss (p0 = 0.99)
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The graph in Fig. 10 shows the F1 scores obtained for the 
different combinations between factor levels. When the drift 
is clearly distinguishable from background noise (μ/σ0 = 10), 
the effectiveness of the test is equivalent to that observed for 
the simple structure for m = n (F1 ≈ 0.95), and remains very 
high (F1 > 0.9) until about m = 15. With half the number of 
sensors (m = 10), the complex truss gives F1 ≈ 0.8, which is 
much better than for the simple truss (F1 ≈ 0.65 for m = 4 in 
Fig. 8). Up to that level, the test keeps an acceptable perfor-
mance (F1 > 0.7) even with minor drifts (μ/σ0 = 5). A deeper 
analysis confirms the test’s excellent ability to avoid false 
negatives, while most false positives correspond to wrongly 
localized true positives.

The results in Fig. 10, like those in Fig. 8 for the simple 
truss, assume a completely random choice of the subset of 
m sensors. Alternatively, the subset could be chosen accord-
ing to some criteria in order to improve the effectiveness 
of the test. Although the optimization of the choice has not 
been dealt with in the present work, simulation has been 
used to evaluate its possible effect. Figure 11 shows three 
different graphs of the average F1 score in the valid range 
of m (from 20 to 7) with given levels of the other two fac-
tors (p0 = 0.9, μ/σ0 = 10), NRUNS = 1,000,000, and 3 replica-
tions for each m. One of the graphs (denoted with 100%) 
is constructed by running the simulation in a similar way 
to the one described above, with the exception of limiting 
the choice to just 20 random subsets. The other two graphs 
are constructed by selecting the best 50% and the best 25% 
of those subsets, respectively, and repeating the calculation 
of F1 through (19), (20) and (21). The results obviously 
coincide for m = n = 20 because that case involves only one 
possible set of sensors. For m < n, it can be seen that the 
selection of sensors improves the effectiveness of the test. 
Up to about 15 sensors, the effectiveness of the test remains 
very close to the maximum (0.995). By further reducing 
m, the selection may slightly reduce the number of sensors 
needed. For example, a target performance F1 ≥ 0.9 could be 
satisfied by 11 or 10 sensors respectively (choosing the best 
half or fourth respectively) rather than by 13 sensors with 
completely random choice. The improvement is likely to be 
higher with a more sophisticated selection strategy.

6  Conclusions

In the monitoring of structures, damage identification meth-
ods are needed to detect and localize abnormal conditions 
from vibration or displacement measurements. Model-
based methods use FEM simulation to predict the effects 
of predefined damage modes. The measurements are then 
automatically compared with those effects by calculating 
damage indicators related to the likelihood of individual 

from displacement measurements of the nodes A, B, … M:

δy = [ δuA δvA δuB δvB · · · · · · δuM δvM ]T � (27)

Both vectors have n = 20 elements. Table 3 shows the sen-
sitivity matrix S, again calculated using the static analogy 
method. Each row of S includes the internal forces at the 
members and the forces opposed to the support reactions 
under a horizontal or vertical unit force applied to one of 
the nodes.

The matrix is less sparse than in the previous case and is 
invertible. The inverse matrix has norm |S−1|= 2.44, while 
its regularized version has a norm |R|= 0.91. Comparing 
these properties with those of the previous case (row of 
Tab. 1 with m = 8), it seems that the observations made for 
the simple truss remain valid even for structures of realistic 
complexity: measurement errors cause reconstruction errors 
more than doubled, and regularization allows to mitigate the 
problem well enough.

For combinatorial reasons, the choice of sensor sub-
sets is much wider than for the simple truss. By apply-
ing the selection rule with a lower bound of 0.01 for the 
maximum element of each row of (S−1)A, the number m 
of sensors can go down to 7. For each m, sensors can be 
selected from a large number of valid subsets, up to a 
maximum of about 12 thousands per m = 13. Along the 
range of m, the mean cosine similarity of (S)A is always 
in the range Ca = 0.4–0.5; this seems to confirm the valid-
ity of cosine similarity as a criterion for the localization 
of drifts.

Table 4 shows the settings of the simulation plan. The 
probability of no drift has been set to a constant value 
p0 = 0.99, considering the non-significance of the factor in 
the previous case. All valid numbers m of sensors between 
20 and 7 were tested for the same two levels of the signal-to-
noise ratio μ/σ0. The full factorial plan includes 2 × 14 = 28 
combinations between factor levels, each replicated 3 times 
with NRUNS = 100,000.

Fig. 9  Complex truss
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where the analysis of structures with realistic complexity 
can be done through simple procedural scripts. Tolerance 
analysis calculates all measured displacements (assembly 
deviations) as linear functions of the expected drifts on 
member lengths or support positions. The resulting model 
(sensitivity matrix) allows an easy calculation of damage 
indicators through simple operations of regularization and 
matrix inversion, widely studied in the theory of inverse 
problems.

As a first step, the feasibility check of the integration 
between damage identification and tolerance analysis has 
required the choice of an appropriate tolerance analysis 
model. Although in principle many different models may 
yield the same sensitivity matrix, static analogy seems par-
ticularly suitable for the proposed application due the fol-
lowing reasons:

	● the static analogy is a direct linearization model that 
provides sensitivities without the need for repeated 
evaluations or Monte Carlo simulation;

	● the calculation of sensitivities by force analysis makes 
the workflow similar to other structural design tasks, 
and can be done both with common manual procedures 
and by FEM;

	● in principle, the same method could be extended to three-
dimensional and statically indeterminate structures, thus 
broadening the spectrum of possible applications.

After demonstrating the static analogy workflow, highlight-
ing its relative simplicity on some examples, the paper has 
tested the effectiveness of the damage identification test. For 
this purpose, the procedure was simulated in the assumption 
that only a subset of the possible measurements is actually 
collected, and that they are affected by random errors. The 
simulation showed that the method allows to almost com-
pletely avoid undetected drifts and reduce the probability 
of false alarms to acceptable levels under a wide range of 
conditions. A broader validation will come from running the 
simulation on randomly generated structures, with the aim 
to evaluate alternatives both for the test and for the validity 
criterion of sensor subsets.

Overall, the results of the paper do not imply a direct 
comparison with other methods of damage identification 
regarding effectiveness and ease of integration into real 
monitoring systems. The contribution of the work is mainly 
in the proposal of a different approach to solving the prob-
lem. Practical situations where it can effectively comple-
ment or replace alternative methods remain to be identified 
by future application to monitoring projects. A possible 
argument in favor is that tolerance analysis is consistent 
with the increasing trend towards the use of static displace-
ment sensors.

modes. Compared to data-driven methods, which perform 
statistical tests on sequences of measurements, this gener-
ally reduces the amount of data required but requires addi-
tional efforts for model setup and simulation.

With the aim of simplifying these tasks, the work pro-
poses to build the damage identification model through 
tolerance analysis of the structure. This allows the use of 
the available models, which can be interactively built with 
the help of variation simulation software. The concept has 
been tested on the case of statically determined trusses, 

Table 4  Simulation plan for the complex truss
Factor Levels
p0 0.99
μ/σ0 5, 10
m 20, 19, 18, …, 7

Fig.  11  Effect of sensor selection on test performance (p0 = 0.9, 
μ/σ0 = 10)

 

Fig. 10  Test performance for the complex truss (p0 = 0.99)

 

1 3

5285



The International Journal of Advanced Manufacturing Technology (2025) 141:5271–5288

2.	 Singh PK, Jain PK, Jain SC (2009) Important issues in tolerance 
design of mechanical assemblies. Part I: tolerance analysis. Proc 
IMechE B J Eng Manuf 223:1225–1247

3.	 Chen H, Jin S, Li Z, Lai X (2014) A comprehensive study of three 
dimensional tolerance analysis methods. Comput Aided Des 
53:1–13

4.	 Drake PJ (ed) (1999) Dimensioning and tolerancing handbook. 
McGraw-Hill, New York

5.	 Fischer BR (2004) Mechanical tolerance stackup and analysis. 
Marcel Dekker, New York

6.	 Schleich B, Wartzack S (2016) A quantitative comparison of tol-
erance analysis approaches for rigid mechanical assemblies. Pro-
cedia CIRP 43:172–177

7.	 Cao Y, Liu T, Yang J (2018) A comprehensive review of tolerance 
analysis models. Int J Adv Manuf Technol 97:3055–3085

8.	 Clément A, Riviére A, Temmerman M (1994) Cotation tridimen-
sionelle des systèmes mécaniques. Pyc Livres, Paris

9.	 Whitney DE (2004) Mechanical assemblies. Oxford University 
Press, New York

10.	 ASME Y14.5.1M (2018) Mathematical definition of dimension-
ing and tolerancing principles, ASME International, New York

11.	 Boyer M, Stewart NF (1991) Modeling spaces for toleranced 
objects. Int J Robot Res 10(5):570–582

12.	 Whitney DE, Gilbert OL, Jastrzebski M (1994) Representation of 
geometric variations using matrix transforms for statistical toler-
ance analysis in assemblies. Res Eng Des 6:191–210

13.	 Wu Y, Chen C (2018) An automatic generation method of the 
coordinate system for automatic assembly tolerance analysis. Int 
J Adv Manuf Technol 95:889–903

14.	 Salomons OW, Haalboom FJ, Poerink HJJ, Slooten FV, van 
Houten FJAM, Kals HJJ (1996) A computer aided tolerancing 
tool II: tolerance analysis. Comput Ind 31(2):175–186

15.	 Desrochers A, Rivière A (1997) A matrix approach to the rep-
resentation of tolerance zones and clearances. Int J Adv Manuf 
Technol 13(9):630–636

16.	 Chase KW, Gao J, Magleby SP (1995) General 2-D tolerance 
analysis of mechanical assemblies with small kinematic adjust-
ments. J Des Manuf 5:263–274

17.	 Gao J, Chase KW, Magleby SP (1998) Generalized 3-D tolerance 
analysis of mechanical assemblies with small kinematic adjust-
ments. IIE Trans 30(4):367–377

18.	 Yu J, Zhao Y, Wang H, Lai X (2018) Tolerance analysis of 
mechanical assemblies based on the product of exponentials for-
mula. Proc IMechE Part B: J Eng Manuf 232(14):2616–2626

19.	 Bourdet P, Mathieu L, Lartigue C, Ballu A (1996) The concept of 
the small displacement torsor in metrology. Ser Adv Math Appl 
Sci 40:110–122

20.	 Li H, Zhu H, Li P, He F (2014) Tolerance analysis of mechani-
cal assemblies based on small displacement torsor and deviation 
propagation theories. Int J Adv Manuf Technol 72:89–99

21.	 Rivest L, Fortin C, Morel C (1994) Tolerancing a solid model 
with a kinematic formulation. Comput Aided Des 26:465–476

22.	 Laperrière L, Ghie W, Desrochers A (2002) Statistical and deter-
ministic tolerance analysis and synthesis using a unified Jaco-
bian-torsor model. CIRP Ann Manuf Technol 51(1):417–420

23.	 Chen H, Li X, Jin S (2021) A statistical method of distinguish-
ing and quantifying tolerances in assemblies. Comput Ind Eng 
156:107259

24.	 Peng H, Chang S (2022) Including material conditions effects in 
statistical geometrical tolerance analysis of mechanical assem-
blies. Int J Adv Manuf Technol 119:6665–6678

25.	 Liu S, Yu H, Xia Z, Chen K (2024) A new virtual functional 
element method for deviation prediction of assembled struc-
tures with parallel connection chain. CIRP J Manuf Sci Technol 
48:42–54

Unlike some damage identification methods available 
for SHM, the proposed test is not able to distinguish actual 
structural damage from environmental variations (e.g. ther-
mal expansion). Although the latter are likely to be smaller 
than the former, the damage detection condition should 
involve some kind of normalization of assembly deviations. 
This will be the subject of future research, as well as the 
feasibility of actual integration with existing measurement 
systems, the optimal sensor placement, and the verification 
of the effects of uncertainty on the geometric parameters of 
the tolerance analysis model.

The method will also need to be improved in order to 
widen its application scope. If a continuous stream of mea-
sured data were available, more complex tests proposed in 
the context of process monitoring could further enhance 
damage classification. In addition to the already mentioned 
cases of 3D and statically indeterminate structures, the 
treatment of mechanisms could be interesting in relation to 
specific applications or alternative methods of measuring 
assembly deviations.
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