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Abstract - A method for the evaluation of the harmonic distortion of
the no-load voltage of salient-pole synchronous generators is de-
scribed and applied, based on the solution of non-linear, time-
varying magnetic networks. The links between the time waveform
of the flux in the teeth and the waveforms of the flux linkage and of
the phase winding e.m.f. are shown; the dependence of the har-
monic distortion on the design parameters is analysed. An example
of application using a standard alternator is considered, comparing
the results of the calculations and of the experimental tests.

INTRODUCTION

The Standards fix defined constraints about the no-load voltage
waveform of salient-pole alternators, by means of the total harmonic
distortion (THD) and of the telephonic harmonic factor (THF): the
constructional parameters affecting this distortion are numerous and
it is important to evaluate their effects during the design, in such a
way to satisfy as better as possible the waveform requirements.

To this aim, in some previous papers (1], [2), (3] & method for the
evaluation of the no-load voltage harmonjc distortion has been de-
veloped, that takes into account the presence of the teeth, the
winding characteristics, the saturation in all the ferromagnetic
branches and the skewing between rotor and stator: this method
leads to calculate the waveform by a subsequent solving of suited
equivalent magnetic networks of the machine, repeated for various
stator-rotor positions. The N° of these positions must be adequate to
obtain the harmonic e.m.f, with the higher order of interest [1].

After the description of the method characteristics, the link be-
tween the tooth flux waveform and the phase flux linkage waveform
is analitically investigated, showing the transformation of this link
in a similar connection between the corresponding harmonics: this
allows to separate the distortion effects due to the geometrical fea-
tures of the magnetic circuit (air-gap, shape of the pole shoes, slot
skewing,...) from the distortion effects connected to the characteris-
tics of the adopted winding (particularly the coil pitch).
Subsequently, a standard synchronous generator is considered: dif-
ferent quantities conceming this machine are obtained, by means of
calculations and experimental tests:

— waveform and harmonics of the flux in the teeth;

=~ harmonics of the line-to-neutral and of the line-to-line em.f;

~ dependence of the harmonic distortion on the field current.

The discrepancies between calculations and tests are analysed, and
the effects of the machine constructional dissymmetries, due to the
manufacture tolerances, are discussed, the link between the distor-
tion level and the variation of some dimensional and functional pa-
rameters is investigated,

FEATURES OF THE METHOD FOR THE EVALUATION
OF THE NO-LOAD VOLTAGE WAVEFORM
—=2n LAl VOLIAGKE WAVEFORM

The method for the determination of the e.m.f. waveform of a syn-
chronous generator is based on the use of an equivalent magnetic
network of the machine; the method has the following features:

- it can be used with any kind of winding and magnetic structures;
- the set of equations is obtained easily and automatically.
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In the more general case (in which we want to consider possible
constructional dissymmetries), this network corresponds to the
overall machine and it contains the following circuit elements:

- constant reluctances (leakage reluctances between adjacent poles:
their number equals the number of poles “p™),

- position-dependent linear reluctances at the air-gap (between
each tooth and the pole faced to it, in the following called tooth
permeances at the air-gap: their N° equals the N° of slots “s”),

- saturable reluctances: teeth reluctances (whose N° is §), reluc-
tances of the stator yoke segments among adjacent teeth (whose
N°® is 5), pole body reluctances (whose N° is p), reluctances of the
rotor yoke segments between adjacent poles (whose N° is p);

- field mm.fs (series connected with each pole body reluctance,
with alternated signs).

As regards the tooth reluctances at the air-gap, for each rotor-stator

position, the singling out of the pole magnetically faced to each

tooth depends on the position of the axis of every tooth as regards
the rotor polar arcs; two cases occur:

- the tooth has the tooth pitch totally belonging to the pole pitch of
one rotor pole: in this case, the air-gap permeance of this tooth is
evaluated on the basis of just one flux tube;

- the tooth has the tooth pitch crossed by an interpolar axis: in this
case it is represented by a permeance connected to the nearest
pole, evaluated as a difference between the permeances of the two
flux tubes between the tooth itself and the two adjacent poles [1].

Among all the quantities of the equivalent network, the tooth reluc-

tance at the air-gap is the most difficult parameter to be evaluated,

because it depends on the map of the magnetic field at the air-gap.

In the present circuit-based method, this reluctance is evaluated by

means of an approximate representation of the field lines and

evaluating the following, well known, integral:
_ d‘tg
Ag=no I E ,
Tt

= Ag is the tooth permeance at the air-gap, per unit length of the
machine in the axial direction;

- 7 is the air-gap tooth pitch, i.e. the cross-section at the air-gap
corresponding to a tooth pitch, again per unit length;

= by is the length of the generic field line at the air gap, that devel-
ops within the tooth pitch of the considered tooth.

The procedure (verified also by means of some numerical simula-

tions using the Finite Element Method) is based on the approximate

evaluation of the length b, of the field lines by using polygonal lines

[2]; each line having length b, is subdivided as follows:

- field line among the pole sghoe and the internal stator circumnfer-
ence, with length bgl;

- field line among the stator internal circumference and the tooth
side, with length b (of course, by, is zero in the case the air-gap
field line reaches directly the too head).

The usefulness of this subdivision comes from the assumption that

the length b, does not depend on the presence of the teeth: on the

other hand, &e field concentration effect at the teeth heads is impor-
tant only under the pole shoe, where it is possible to take it into ac-
count by using a correction coefficient based on the Carter’s factor.
As regards the skewing between stator and rotor, if this skewing
is zero, the tooth permeance at the air-gap equals:
Ag=irg-t, )

where ¢))



where £ is the axial length of the machine: in this case the magnetic
network is extended to this total length. Vice versa, in case of
skewing, it is necessary to axially subdivide the machine in several
segments, each represented by a different magnetic network; the
solution of these networks for each position gives the flux contribu-
tion of the various segments: the sum of these partial fluxes, per-
formed tooth by tooth, gives the global fluxes of the teeth.

For every rotor-stator position, the evaluation of the fluxes of each
magnetic network is obtained by means of the mesh analysis
method. Supposing that we travel along the stator periphery in the
clock-wise sense and that each tooth has the same order N° of the
preceding slot, the numbering sequence of these magnetic meshes is
the following one: at first the “s™ slot meshes; thus the “p” interpo-
lar meshes; finally the rotor yoke mesh; therefore, there are

Nm =s+p+1 3)
magnetic meshes, with the same N° of unknown fluxes (@m(t)).
The set of equations is the following one:

[6]-{om]=[M]. “)
i [ el PO

0sc]' [6r]] L[@mr]

The matrix [8] is symmetrical, with dominant diagonal and it in-

cludes the following sub-matrixes:

- [65], matrix of the self and mutual reluctances of the stator slots;
itis squared, of order s; each mesh corresponds to one slot and for
each row of [8] there are only 3 terms different from zero, con-
sidering that each slot is adjacent to other two slots only;

- [6;], matrix of the self and mutual rotor reluctances, squared too,
with orderp + 1;

= [Bgr), matrix of the mutual reluctances between stator and rotor; it
has s rows and p + 1 columns; the only non-zero elements are the
leakage reluctances between poles.

The vectors [@ms] (with order s) and [@y,,] (With order p + 1) con-

tain the stator and rotor mesh fluxes, while [M,] includes the mesh

m.m.f.s of the rotor.

For solving the system (4), an iterative method is used, based on the

gradual upgrading of the permeabilities of the saturable branches,

[1]; the knowledge of the stator mesh fluxes leads to evaluate (by

difference) the teeth fluxes: @y(t), withk =1.2,...,s.

In case of a machine that is symmetrical from the constructional
point of view, it is possible and convenient to limit the magnetic
network to the minimum necessary peripheral portion, equal to that
of an electromagnetic cycle [1].

TOOTH FLUXES, PHASE FLUX LINKAGE AND E.M.F.
HARMONICS: LINKS IN THE TIME DOMAIN AND

IN THE FREQUENCY DOMAIN

Called y(t) the electrical angle between prefixed rotor and stator
positions (y positive in the counter clock-wise direction), let us sup-
pose that, by solving the system (4) for each y value, we know the
teeth fluxes @x(¥(1)) = @i(t), with k=1,2,...s, i.e. the vector [¢(t)).
The waveform of the flux linkage yci(t) of the j¥ coil of the consid-
ered phase winding can be expressed as follows:

vel)=N-Yaj ok ()=N ] [o)] . @
k=1

where a;i equals +1 or 0 if the jt coil (with N turns) includes or not
the k™ tooth respectively.

The vector of the flux linkages of the m series-connected coils of the
phase windings can be expressed as follows:

[we(®)]=N-{A]-{o(t)] : ™)
in eq.(7) the jth row of [A] is the vector [ai]! of €q.(6); [A) can be
called teeth-coil linking matrix: apart from the sign, it describes the
linkage of the teeth with each of the m coils of every phase winding
path. Finally, the total flux linkage of each path is given by:
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w(t)=ibj-w =[B]" [we(t)] 5 ®)

[B) is the vector of the linkage signs: b; equals +1 if the coil versor
coincides with that assumed positive f,or the teeth fluxes, while it
equals -1 if the two versors are opposite (i.e. in case of inverted
terminal coil connection).
On the basis of eq.s (6)«8), the flux linkage y(t) and the vector of
the teeth fluxes [¢(t)] are linked as follows:
w() = N-[c]-[o(t)] =[] [o(t)] . ®)

where [c]=[B]" -[A] (10)
[c] and [C] are both row vectors; [c], defined linkage vector, takes
into account the distribution of the phase winding coils in the slots,
while [C] is the global linkage vector and it includes N, number of
turns of each coil. The element c with position k in the vector [c]
gives the number of linkages (with the suited sign) of the k™ tooth
with the considered phase winding: cy is called linkage coefficient.
The knowledge of y(t) allows the direct evaluation of the harmonics
of the phase induced e.m.f. e(t) [1]:

aan

In fact, by inserting eq.(11) in the Fourier integrals, we have:

2 T 2-1:d
Eq =—-J‘e(t)-cos(h-a)-t)-dt=-£- J'—\g-cos(h-y)-dy
T n dy
0 0 y (12)
o 2 T . ® 2'"d\u .
Esh—?-‘(‘;e(t)-sm(h-a)-t)-dt=—;- { W-sm(h-y)cdy

by integrating “per parts” the eq.s (12) one obtains:

2-x

a ® .

Ech =-h-—- _[w(Y)-sm(h-v)-dY
T 0

® 2x 3
Esh =+h-— _[W(Y)-wS(h-Y)-dv
0

Finally, the waveform of the e(t) can be expressed as follows:
hmax
e(t)= Z(ﬁch ~costh-o- t)+ﬁ,h -sinth-® ~t)) .
h=1

The eq.s (9)14) apply in the general situation of a machine that
is non perfectly symmetrical from the constructional point of view:
in this non-symmetrical situation, the teeth fluxes gi(t) of the vector
[@(t)] have different waveforms.

Vice versa, if we consider a perfectly symmetrical machine

(typical situation of the design), all the teeth flux waveforms are
similar, even if time phase-shifted, and the previous relations can be
transformed, leading to corresponding links between harmonic pha-
sors in the frequency domain: this transformation allows to show
different, interesting properties, useful for the design.
In any case, it must be observed that the existence of just one shape
of tooth flux waveform does not allow to reduce the solution of 4)
to that of an equivalent network including just one tooth: in fact,
because of the presence of saturable ferromagnetic branches, the
calculation of the teeth fluxes requires the simultaneous evaluation
of all the magnetic network fluxes, being active all the m.m.fs.

Called o the electrical angle between adjacent slots:

a=x-pfs , 15)
if @1(t) represents the waveform of the tooth N° 1, in case of sym-
metrical machine the waveform of the flux in the k¥ tooth equals
that of the tooth N° 1, except for a time phase displacement, pro-
portional to the number (k — 1) of the interposed slots:

(14)



ok(t) = 1{t+(k-1)-afw) . (16)

Considering that ¢(t) is a periodic function (with period T=2-n/w),
it can be developed in Fourier series, in the following manner;

o0
?k(t)= ) n-cofh-w-t+Bp +h(k=-1)-a] , (7
h=1
where @y, is the peak value of the h®* harmonic of the tooth flux,
while By, is the corresponding phase for the tooth N° 1.
On the basis of (17), by means of the operator Re(.) and of eq.s (9)
and (10), the phase flux linkage y(t) can be expressed as follows:

\V(t) =N- Zs:‘:k . iRe{‘bh . e[j-(h.o)-t-f-ﬁh +h-(k—l)-a)]} .38
k=1 h=1 '

On the other hand, the order of the two operators Z(.) and Re(.) can
be inverted, as like as we can do for the summations, so that:

w() =N-Re’:i3h B -e(“"“’")J , (19

h=1

where T = Dy -eliPh) 20)
S .
and Sh = ch .e[""'(““)'“] ) @D
k=1

Oh represents a sum of phasors, whose amplitudes are the linkage
coefficients (cy) between the teeth and the winding and whose
phases depend on the angle between adjacent slots (o) and on the
considered harmonic order (h); thus,Spcan be called “toothing
factor”, corresponding to the ht! time harmonic.

In order to better understand the meaning of the toothing factor, it
is worth to notice that also the flux linkage y(t) of each path of the
phase winding is a periodic function of period T, thus it can be ex-
pressed by means of a Fourier series as follows:

-] . 0 .
w()=Rel Y ¥y .e["(""“"“gh)]J: Rc[Z?‘h -e[J'(“"“)]J 22)
h=1 h=1

By comparing eq.s (19) and (22), for the generic ht" harmonic we

can write:

W =N-Gp- P, . (23)

On the basis of (11) and (22), the following expression of the peak

value of the phasor harmonic phase winding e.m.f. can be written:

Eh=-jo-h-F=—jo-N-h-Gy-Dp (24)

Eq.s (23) and (24) show that the toothing factor Gp, has a meaning

very similar to that of the winding factor ky, of the classical theory:

in fact, Gp performs the summation of the phasors of the teeth har-
monic fluxes, taking into account the following quantities:

— number of linkages of each tooth (i.e. the number of coils ¢y of
the phase winding that link each tooth k),

- electrical angle h-(k-1)-c of the hth harmonic flux of the kt tooth,
referred to the position of the tooth N° 1, corresponding to the
considered linkage.

In any case, the quantitative link between the coefficients oy, and

Kwh is not easy to be developed in analytical terms, because these

factors are applied to different quantities: oy, refers to the sum of the

tooth harmonic fluxes, while kyy, refers to the sum of the fluxes of
each “harmonic magnetic pole™, thus, kyy, refers to the integral at
the air-gap of each flux density half-wave (with sinusoidal distribu-
tion, extended to the pole pitch of the hth spatial harmonic field).

Eq.(24) points out also the different elements that affect the e.m.f.
harmenic spectrum, involving both the harmonics of the tooth fluxes
and the toothing factors:

~ the harmonics of the tooth flux depend on the geometrical charac-
teristics of the magnetic core (air-gap width, shape of the pole
shoe, width of the slot opening, rotor-stator skewing) and on its
operating conditions (saturation level, due to the value of the field
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m.m.f. and to the cross-sections of the different ferromagnetic
branches),

— the toothing factor takes into account the features of the winding:
in fact, it is a factor (to be applied to the tooth flux harmonics)
that depends on the kind of connections between active conduc-
tors, on the coil pitch and on the number of slot/(pole-phase).

The structure of eq.(24) allows also to express in a synthetic way

the dependence of the THD on the above-mentioned constructional

and operating characteristics; in fact, by inserting eq.(24) in the
definition of the THD of the phase e.m.f. (THDpy) one obtains:

mon= e (2 (2)

h=2

The analysis of eq.(25) suggests that:

— the value of THDp, is not affected by the absolute values of the
toothing coefTicients and of the harmonic tooth fluxes, but by their
p-u. values, referred to the corresponding fundamental values;

- a low value of the ratio o,/a| (that can be obtained by modifying
the winding characteristics) can help in reducing the effect of
some harmonic tooth fluxes, except for the so-called “tooth har-
monics”, for which oy/0, equals unity (see in the following);

— the limitation of the hl'Hi)l,h requires mainly the reduction of the
harmonics of the tooth flux (that can be obtained by optimising
the extension and the shape of the pole shoe and by realising the
stator-rotor skewing).

If we consider the line-to-line voltages instead of the line-to-
neutral ones, by applying the suited phase displacements one ob-
tains the following expression of the RMS value of the no-load line-
to-line voltage (Eg,), as a function of the harmonic tooth flux:

Es, = \1-cos(h-2-7/3)-0-N-h-op-®y .  (26)

As well known, eq.(26) points out that in the line-to-line voltage all
the 3™ harmonics and multiples are zero, while the remaining har-
monics equal V3 times the corresponding phase harmonics.

As a consequence, the THD of the line-to-line voltage (THD)) is:

o 2 2

THDy = EZ l—cos(h-z.—n)}hz-(o—h) (&) .
3 b 3 o b

Eq.(27) suggests the same remarks done for eq.(25), also consider-
ing that the expression of THD,p reduces to that of THDy in the
case that all the 3™ and multiple harmonics are cancelled in the

summation of THD,, ; of course, for the two THDs we can write:
THDph 2THDy ; (28)

in eq.(28) the equal sign occurs when the line-to-neutral e.m.f. itself
does not include the 37 and multiple harmonics.

It is worth to repeat that eq.s(24)<(27) apply only to a perfectly
symmetrical machine from the constructional point of view.

In order to show the properties of oy, , the machine of Table I is
considered, in the following used also for the experimental tests.

(25)

@27

Table I - Main nominal data of the synchronous generator used for
the calculations and the tests (the damping cage is absent; Leng is the
field current necessary to give the rated voltage at no-load).

Aq [KVA],  f; [Hz], poles 13, 50, 4
Nom. V: V,, [VrRMs]; nom. field current Leng [Adc] 380; 2
diameter: D [mm]; length: £ [mm)] 160; 180
air-gap at the centre of the pole: 8 [mm)] 0.6
pole shoe width b, [mm]; 8,5 [mm] 74, 1.12
stator-rotor skewing (in N° of slots) 1.5
stator: N° of layers/slot, N° of tums/coil: N 2; 24
stator: N° of slots: s; coil pitch: y, 30; 5
stator: N° of paths in parallel 2
rotor: N° of field turns/pole 300




Considering that the electromagnetic cycle is extended to 2 poles, it
is enough to consider just 15 slots of the s = 30 total slots of the ma-
chine; within this periphery portion there are 5 coils belonging to
one of the two paths of the phase winding. It follows that the vector
[B] of the linkage signs (see eq.(8)) equals:
B'=p 1 -1 -1 -] ;

the negative sign of the last three coefficients means that the corre-
sponding coils are counter-connected as regards the others, because
they are under the influence of an opposite sign magnetic pole.

The teeth-coil linking matrix [A] (see eq.(7)) depends on the coil
pitch y ; considering that we want to show what happens with dif-
ferent values of y. , it is convenient to mark this matrix as follows:
[Al(yc); for the cases yc = 5 and y. = 6 we have, respectively:

[1 111100000000 0 0]
011111000000000
[A](5)=000000011111000,
000000001111100
0000000001 1111 0
(1 1111100000000 0]
01111110000000°0
[A](6)=000000011111100.
000000001 111110
b000000000111111J

As it can be observed, the matrixes [A], rather sparse, are different
just for the number of unit elements present within each row.

By performing the products indicated in eq.(10), the row vectors [c]
= [B]"[A] of the linkage coefficients can be obtained:

[c](5)=[1 222210-1 -2 3332 -170
[c](6)=[1 222221 - -2 -3 -3 -3 -3 22 -1].

Apart from the signs, the presence in the vector [c)s) of some coef-
ficients that are higher compared with those of [c](s) shows that the
winding with the coil pitch y, = 6 has a higher number of teeth
linked with the coils.

The application of eq.(21) to the 2 vectors [c] now evaluated leads

to the diagrams of fig. 1, that show the value of the amplitudes of the

toothing coefficients oy, as a function of the considered harmonic.

The following remarks can be made: .

— the values of o}, as a function of h appear to be periodic, with pe-
ried 15: thus, it is sufficient to evaluate the values of oy, up to the
15t harmonic, because the subsequent values repeat themselves
regularly; this property is due to the fact that, being a = 2.x/15,
with h = 15 the product h-a satisfies the condition: h-a = 2-x; for
eq.(18), it follows that all the phasors tooth fluxes have the same
phase; thus, h values higher than 15 produce the same displace-
ments that occur with harmonic orders (h - 15): thus, the repeti-
tion of the portion of the spectrum for 1<h<15 occurs;

~ there are some harmonic orders for which oy, has the same value
of ¢, corresponding to the fundamental field: this happens ex-
actly in the same circumstances for which the equivalence be-
tween the winding factors occurs, i.e. for the harmonic orders of
the so-called “tooth harmonic™ fields; indicated with q = s/(3-p)
the number of slots per pole and per phase, the harmonic orders
of these tooth harmonic fields equal:

h{=1+K:6-q, conK=t%l,32, ...,

i.e., in this case: || = |1 +K-15] =14, 16,29, 31, ...

— the value of o} in the case y=6 (o) = 21.88) is higher than that of
the case yo = 5 (6] = 19.92), moreover, the ratio between these
values of o) (21.88/19.92) equals the ratio between the corre-
sponding fundamental harmonic winding factors (0.9099/0.8285),
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~ in the case y. = 5 (that of the actually tested machine) the tooth-
ing factors of the following harmonics multiple of 3 are zero: 3, 6,
9, 12, 18, 21, 24, 27, 33,... : thus, again in the hypothesis of ma-
chine symmetrical from the constructional point of view, even if
these harmonics are present in the waveform of the tooth flux,
they are cancelled in the phase flux linkage, and therefore also in
the corresponding harmonics of the phase e.m.f;;

— again in the case y; = 5 it can be observed that the toothing fac-
tors for h = 15, 30, 45,... are different from zero, differently from
what happens for the corresponding winding factors, that are zero:
in fact, for the above-mentioned values of h all the tooth flux
harmonics have the same phase: it follows that oy, equals the al-
gebraic sum of the linkage coefTicients cy (in this case lch |= 5),

— in case of y; = 6 the toothing factors of the following harmonics
multiple of 5 are zero: 5, 10, 20, 25, 35, ... ; vice versa, the har-
monic fluxes with order 3 and multiples are different from zero,
comments similar to the previous ones can be applied, in particu-
lar for h= 15, 30, 45,...;

— as regards the tooth flux harmonics, it must be observed that,
again in case of symmetrical machine, in the no-load operation
the even harmonics have always exactly zero values, because their
presence could be caused only by a constructional dissymmetry
between adjacent rotor poles.

25 T T T T T T T

20fp b i Yo =3 . i

15 .

5 H -
h
0 nfl nn 0n 0 nfl na Ao N1 [\JII afl _on m

5 10 15 20 25 30 35 40
25 T T T T T T T
20f] °h I = [ -
15 T
10 1
5N ” o 7
0 n"nlnnnnln”n nlﬂnnnlnnn nﬂnlﬂnnn

5 10 15 20 25 30 35 40
Fig.1 - Histograms of the amplitudes of the toothing factor o}, as a
function of the harmonic order h, for the synchronous machine with
the data of Table I, y=5 (above) and y.=6 (below); the values of oy,
refer to one electromagnetic cycle (2 poles).

Again in the hypothesis of a symmetrical machine, in the case of
Ye =5 the disagreement between winding and toothing factors for h
=15, 30, 45,,... can be explained by considering the physical mean-
ing of the phase accordance of these particular tooth harmonic
fluxes:

— the winding factors consider the electrical angles between the coil
sides, but they do not take into account the reinforcing action due
to the tooth-slot alternations: considering that for h = 15, 30, 45,...
the harmonic tooth fluxes have a number of North poles equal to
the number of South poles within the coil pitch y, = 5, it follows
that the corresponding winding factors are zero;,

— vice versa, the toothing factors consider the effect of the teeth:
during the rotation, in sequence all the North poles of these har-
monic fluxes with h = 15, 30, 45,... are at first faced to all the
teeth and then to all the slots, producing an altemnating flux link-
age, with frequency f;, = h-fy,;



- nevertheless, these harmonic fluxes are homopolar fluxes and
cannot return via the air-gap, but only between the front surfaces
of the stator and rotor magnetic lamination stacks;

— considering that the equivalent permeance (developing in air)
crossed by these homopolar fluxes has a value of the order of the
interpolar leakage permeance, the amplitude of these fluxes is
always greatly lower than that of the heteropolar harmonic fluxes;
moreover, if there is a skewing of one stator slot between slots
and pole shoes, these homopolar harmonic fluxes are exactly zero.

In conclusion, both on the basis of the classical theory and by con-

sidering the harmonic tooth fluxes, one can conclude that, for

a

symmetrical machine with the data of Table I, the harmonic fluxes

with order h = 15, 30, 45,... are practically zero.

COMPARATIVE ANALYSIS BETWEEN CALCULATION
RESULTS AND EXPERIMENTAL TESTS

The application of the described method is illustrated with refer-

ence to the synchronous generator having the data of Table L.
The machine has been equipped with one tum disposed around

stator tooth, in order to measure the e.m.f. induces in this turn dur-
ing the no-load operation: the time integral of this e.m.f. gives the

experimental waveform of the tooth flux.

The fig.2 shows the calculated and measured waveform of the tooth
flux ¢p(t), with frequency f = 50 Hz and field current I, = 1 A; Table
I shows the amplitudes of the corresponding harmonics, repre-

sented in a logarithmic form in the histograms of fig.3.
2

T T T

01¢9)
1 [mwb)

this feature can be attributed to the hysteresis behaviour of the
stator ferromagnetic core,

- both the calculated and the measured spectrum do not contain
even hannonics having significant amplitude; this comes into line
with what theoretically predictable: as a matter of fact, on the one
hand, the hysteresis does not generate even harmonics, on the
other hand, the absence of even hannonics means that the rotor
structure does not have dissymmetries (all the poles have the
same constructional characteristics, presumably because they
have been obtained by means of subsequent punchings with the
same tool),

— by observing the histograms of fig.3, we can state that the general

aspect of the calculated spectrum is quite close to that of the
measured one, except for some significant differences (in particu-
lar for the harmonics with order 15 and 45);

- by applying eq.(24) to the calculated and measured values of the

tooth fluxes and with the values of o, for y, = 5 we obtain the
following values respectively: THD_ = 1.66%; THD,, = 2.28%.
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Fig.2 - Waveforms of the tooth flux of the synchronous machine of

Table I, f=50 Hz; I, = 1 A; ¢ = calculated; m = measured.
Table II - Harmonics of the tooth flux of the machine of Table I .

h tD{I meas. Dy, calc. h d?, meas. | @, calc.
HWb) [rWb] - [uWb] [1Wb]
1 1440 1520 25 0.578 0.771
3 231 221 27 0.431 0.562
5 122.4 98.6 29 0.051 0.056
7 37.4 16.5 31 0.030 0.009
9 3.68 2.40 33 0.033 0.098
11 15.9 4.09 35 0.012 0.051
13 0.660 0.793 37 0.059 0.097
15 0.130 0.000 39 0.057 0.014
17 0.118 0.416 41 0.056 0.041
19 0.052 0.031 43 0.054 0.139
21 1.16 0.343 45 0.012 0.000
23 0.782 0.379 47 0.007 0.011

The following remarks can be made:

- the waveforms are quite close each other: it can be observed

a

different peak value; moreover, each half-wave of the measured
tooth flux does not show specular symmetry as regards its axis;
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Fig.3 - Amplitudes of the tooth flux harmonics corresponding to the
waveforms of fig.2 and to the values of Table I; f = 50 Hz,I.=1A;
just the odd measured harmonics are shown, because they are pre-
vailing compared with the even ones.

The differences between calculated and measured quantities can be
attributed to different concurrent causes, whose comparative impor-
tance is difficult to be estimated separately:

- of course, one part of the differences can be attributed to the
model inaccuracies, in particular as regards the tooth reluctances
at the air-gap: concemning this, the choice of a low value of the
field current leads to make prevailing the effect of the magnetic
voltage drop at the air-gap, both for the calculated values and for
the experimental ones: in this way it is possible, at least partially,
to reduce the uncertainties of the knowledge of the lamination
B(H) curve, that is involved in the evaluation of the magnetic
voltage drops in the ferromagnetic branches; in conclusion, doing
this, the portion of the differences due to the inaccuracies of the
calculation methed depends mainly on the errors in the model of
the tooth reluctances at the air-gap, that represent the parameters
of the magnetic network more difficult to be evaluated;

one part of the differences can be attributed to the constructional
inaccuracies due to manufacture and assembling: the tested ma-
chine, taken from the standard production, is characterised by
stator internal and rotor extenal diameters whose value is as-
sured with tolerances of +50 pm: considering that these tolerances
can be partially interpreted in terms of stator and/or rotor eccen-
tricities, significant variations of the actual value of the minimum
air-gap width at the centre of the pole (seen by each stator tooth
along the machine periphery) can occur, compared with the nomi-
nal value (up to + 8 % roughly); this eccentricity, in addition to a
different value of this minimum air-gap, implies also a modula-
tion of the air-gap seen by each tooth during the rotation; thus,
each tooth can be interested by a tooth flux with different peak
value and waveform, with significant discrepancies in the har-



monic spectrum of the tooth fluxes from one tooth to the others,  — the calculated values of Table I have been obtained as output of

and compared with the tooth flux of the nominal symmetrical case the program that calculates the e.m.f. harmonics by means of the
considered for the model calculations; €q.s (13), starting from the flux linkages evaluated by the eq.(6),

- finally, one portion of the differences must be attributed to the once known all the teeth fluxes for each position y(t): we have
measurement errors, also considering that, due to the low ampli- verified that these results are exactly the same obtained by the
tude of some harmonics in the spectrum, the dynamics of the sig- phasor sum using the toothing factors, expressed by eq.(24),

nal to be analysed is of the order of the spectral resolution of the the existence of a significant constructional dissymmetry of the
FFT spectrum analyser (12 bits): concerning this problem, with machine is evident just considering the phase fundamental e.m.f.

the aim to improve the spectral resolution, a measurement tech- values, different each others and lower of 3-3.5 % compared with
nique based on the cancellation of the fundamental component the calculated value: this can be justified with the existence of ec-
(separately measured) has been adopted, in such a way to meas- centricities and of air-gap diameters different from the rated one;

ure as better as possible the amplitudes of just the harmonics. — the eccentricity is clearly confirmed by the presence of significant
As a confirmation of the previous remarks, in the following the amplitudes of the phase harmonics of order 3 and multiples (h =

calculated and measured spectra of the phase em.f odd 9,15, 21,27,..), that with y, = 5 should be zero;
(prevailing) harmonics of the machine of Table I are analysed, ex- - the difference between harmonics of equal order measured in the
pressed in p.u., again for I, = 1 A: fig.4 shows these spectra in terms three phases (for example, for h =9, 13, 17, 21) can be partially

of histograms in logarithmic scale, in order to allow a global exami- due to the constructional dissymmetries, and partially attributed
nation (the represented measured harmonics are those of the phase to the measurement inaccuracies during the spectral analysis;

A only), while Table III contains all the values (the measured values - the percent differences between the calculated and measured
are those of the three phases: A, B, C). harmonic amplitudes (for example, h = 5, 7, 11, 13, 23, 25) is

close to that between the corresponding values of the tooth flux

i T I 1 i 1 1 1 1
harmonics of Table II; these differences are generally much lower

0 .
100~ Em) . compared with the measured amplitudes of the harmonics 3 and
10 E(ph) h calculated multiples (that should be exactly zero in case of a symmetrical
10 —— measured i machine),
10-2 1 F {4 it s interesting to observe that the first tooth harmonic actually
] F present in the spectrum (h = 29) shows a calculated value quite
10-3 A _r _ close to those measured in the three phases, with a difference
. = ] roughly of the same value and sign of that between the corre-
104} Lo i . sponding tooth flux harmonics of Table II;
5 i — it can be noted that these phase e.m.f. harmonics for h = 29 have
107 | . a higher amplitude compared with the amplitude of the harmonics
6 with near order: for example, the e.m.f. harmonic with order h =
1077 | . 25 is roughly 2.5 times lower than the harmonic with order 29,
7 . , , even if the tooth harmonic flux with h = 29 approximately equals
10 one tenth the tooth harmonic flux for h = 25. This is due to the

. 5 10 15 20 . 25h 30 35 40 45 fact that with y, = 5 the toothing factor for h = 29 is the same of
Fig.4 - Spectrum of the p.u. amplitudes of the calculated and meas- the fundamental one, while the toothing factor for h = 25 is much
ured phase e.m.f.s (phase A) of the machine of Table I, f = 50 Hz; I, lower (see fig.1: a25/a29 = 0.05).
=1 A; all the harmonics are referred to the fundamental phase For g further, decisive confirmation of the existence of a significant
e.m.f. calculated value (Ephj(calc) = 161.4 VRys); the correspond- eccentricity between stator and rotor, some spectral measurements
ing THDypy, values are: THD ;. )=1.66 % ; THD 06 y=2.49 %. even on the line-to-line e.m.f.s have been performed: also these

Table III - Amplitude spectrum of the calculated and measured ~ ¥oltages have shown the presence of harmonics of order 3 and mul-

phase em.f's , corresponding to the conditions of the histograms of ~ fiPles; in particular, for the 3 harmonic, assumed the same refer-

fig.4: £= 50 Hz; I, = 1 A; all the harmonics are referred to the fun- €nce of Table II, here used in terms qf line-to-line quantity (Vres =

damental phase e.m.f. calculated value (EPhl(ea]c.; = 161.4 Vpms), V3. Eph)(calc)) = V3 161.4 VR , again for I, = 1A), we obtained:
0P=m.

in the table the following symbol have been used: 103 = EAB(;) =0.0078 p.u.; EBC(;) =0.0091 p.u,; ECA(;) =0.0098 p.u..
E@h)n | Epha)s | E(phB) | E(phOyp

h calculated | measured | measured | measured DESIGN REMARKS
1 1 0.965 0.971 0.961 In the following, some design analysis results are shown, with the
3 0 8.66 m 771 m} 10.1l m|  aim to show the dependence of the waveforms and of the harmonic
5 1629 m|{ 2124 m] 2024 m| 1946 m| distortion on some machine constructional and operating quantities.
7 248 m 574 m 5.90 m 532 m It is interesting to examine the effect of the saturation of the fer-
9 0 0294 m| 0.191 m| 0.169 m romagnetic circuit on the calculated and measured waveforms of the
11 0.947 m 352 m 345 m 3.63 m| ratio g(tVI, , between the tooth flux and the field current generating
13 0371 m| 0397 m[ 0.059 m| 0.360 m that flux, for field currents of 1 A and 2 A: if the magnetic voltage
15 0 0029 m| 0.116 m|{ 0091 m drop remained negligible, the curves of the tooth flux/field current
17 0255 m 0.059 m 0.103 m| 0092 m should not change when increasing I; vice versa, the lowering and
19 0012 m) 0.06] m| 0088 m| 0.030 m the flatting of the curve @(tYI, for I, = 2A testifies a significant ef-
21 0 0.044 m|. 0015 m|{ 0017 m fect of the saturation, with distinct deformation and alteration of the
23 0.186 m 0287 m 0.346 m 0.320 m waveform harmonic content. Considering that, as shown, the har-
25 0.637 m 0493 m 0.456 m 0.552 m monic spectrum of the tooth flux affects the harmonic distortion of
27 0 0074 m|[ 0.111 m| 0107 m the waveforms at the terminals, it follows a distortion increase.
29 107 m 121 m 13l m 1.08 m The comparison between the waveforms of fig.5 suggests that there

is a discrete correspondence among calculations and measurements;

The following remarks can be made: nevertheless, the correct evaluation of the harmonics when the satu-
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ration increases becomes more difficult, both for the uncertainties in
the knowledge of the B(H) curve, and because of the amplification
that the increase of the saturation has on the distorting effect of the
constructional dissymnetries

one from the other compared with the discrepancy of fig.5, and, as a
consequence, also their tooth flux harmonics can be modified.

Finally, Table IV shows how the amplitude of the fundamnental
and of the harmonic phase e.m fs is affected by a shortening of the
coil pitch, starting from the full pitch (y, = 7 = s/p), through the
classical shortening (y. = 6 =~ (5/6)-s/p), up to the shortening value
adopted in the tested machine (y, = 5), the calculations have been
again developed for [, = 1 A.

Table IV - Calculated amplitude of the fundamental and harmonic
phase e.m.Ls as a function of the coil pitch y,, with Ie=1A, for the

2 T T T
W)L, W

11 r / ) calculated

mWb/A.) / (2 N\
oF _
SEY N

t [ms]

_2 1 1 1

0 5 10 15 20
2 1 1 T

t [ms]

1

measured ~

0

5

10

15

20

machine of Table L.

h [ Ey[ VRMs] | En[ VrMs] [ En [ VRums]
(e=7) (Y= 6) (Yo =5)
1 185.345 177.245 161.398
3 18.506 11.438 0
5 2.629 0 2.629
7 0.344 0272 0.400
9 0.088 0.142 0
11 0.072 0.168 0.153
13 0.014 0.041 0.06
15 0 0 0
17 0.01 0.028 0.041
19 0.001 0.002 0.002
21 0.029 0.047 0
23 0.026 0.020 0.030
25 0.103 0 0.103
27 0.424 0.262 0
29 0.197 0.189 0.172

Fig.5 - Effect of the saturation on the waveform of the tooth flux
@(t): curves of the ratio ¢(t)1,, for the two following cases:
(1):L=1Ag; 2y L=2Aq;
above: calculated curves; below: measured curves,

Fig.6 shows the dependence of the calculated waveform of the tooth
flux o(t) on the increase of the internal stator diameter, increase
equal to the mechanical tolerance declared by the manufacturer
(ADy = 50 pm), considering a perfect centring between stator and
rotor: it can be observed that the difference among the two o(t)
curves is of the same order of that between the calculated and the
experimental curves of fig.2, that have led to the tooth flux harmon-
ics of Table II, whose differences have been already discussed.

2 T i L

t [ms]

_2 | 1 1
0 5 10 15 20
Fig.6 - Calculated waveform of the tooth flux @(t), with field cur-
rent I = 1 A: effect of a growth of the stator internal diameter, equal
to the maximum mechanical tolerance:
Dy =D =160 mm; D; =D +ADp; = 160.05 mm.

Actually, if we consider also the inevitable eccentricity between
stator and rotor, the waveforms of ¢(t) can be even more different
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The following remarks can be made:

— the successive pitch shortening reduces the amplitude of the fun-
damental e.m.f. (for the effect of the simultaneous reduction of
the toothing factor);

~ in retum, the 3" harmonic, which has the most important ampli-
tude, is significantly reduced, till to become zero for Ye=5;

- the 5™ harmonic becomes zero when changing fromy. =7 to y, =
6, and then it comes back to the original value;

- the higher order harmonics are subjected to alternated events, but
in general we can say that, because of their amplitude reduction
when considering increasing order, they give a smaller contribu-
tion to the THD (except for the orders 27 and 29, that present
again significant amplitudes, being close to the tooth harmonic
orders).

On the basis of these remarks, it could seem suited and obliged the

adoption of a coil pitch equal y, = 5, as actually chosen by the

manufacturer; in fact, in terms of line-to-neutral voltage, for the
three considered pitches the following values of the phase voltage

THD have been obtained (for I, = 1 A):

Yo 7 6 5

THD,p [%) 10.09 6.46 1.66

These values confirm the soundness of the choice Yo =S5.

On the other hand, if we consider the line-to-line voltages, the can-
cellation of the harmonics with order 3 and multiples (of course, in
case perfectly symmetrical machine) implies that the most favour-
able solution is that with y, = 6, as shown by the line-to-line voltage
THD value (THD,):

Ye 7 6 5

THD, [%] 0.24




It can be observed how the THD in the case Ye = 5 is the same for
the line-to-neutral and for the line-to-line voltages, as a consequence
of the fact that with this pitch the harmonics with order 3 and mul-
tiples are already zero in the line-to-neutral e.m.f. .

On the other hand, it must be recognised that among the factors of
merit examined by the manufacturer in order to choose the winding
pitch y. , besides the waveform distortion aspects, there are also
estimations concerning some other constructional and operating
elements: as a matter of fact, thanks to the lower length of the end-
windings connected with the adoption of an adequately shortened
pitch, it is possible to achieve a saving both in the copper amount
used for the windings and a reduction of the winding Joule losses.

CONCLUSIONS

The present paper has described and applied a method for the de-
termination of the harmonic distortion of the no-load voltage of sali-
ent-pole alternators: by means of this methed it is possible to con-
sider the winding features, the shape of the pole shoes, the presence
of the slots, the rotor-stator skewing, the saturation of the ferromag-
netic branches and the conditions of eccentricity and other construc-
tional dissymmetries. )

In the case of a perfectly symmetrical machine it has been shown
how the time waveform of the tooth flux acts in generating the
phase flux linkage and then the waveform and the harmonics of the
line-to-neutral and of the line-to-line e.m.fs: noticeable analytical
relations that give the expression of the THD have been obtained,
that link the distortion level to some winding-dependent coefficients
(that operate, for each harmonic, the phasor sum of the teeth-coil
linkage coefficients) and to the time harmonics of the tooth fluxes.
The comparison between calculated and experimental values for a
salient-pole standard machine have given good results as regards the
substantial soundness of the calculation method, also considering
the remarkable uncertainties concerning the exact dimensions of the
magnetic core of the machine (manufacture tolerances) and as re-
gards the measurement errors of the FFT spectral analysis.
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Some calculation examples have shown the influence of the op-
erating conditions (saturation), of the size changing (stator internal
diameter) and of the choice of the coil pitch

The activity on this subject will continue, according to the follow-
ing research lines:
~ improvement of the model, in particular as regards the more accu-

rate calculation of the tooth permeances at the air-gap,

— development and completion of the experimental tests, also with
other machines, if possible characterised by accurate manufacture
tolerances;,

~ theoretical analysis about the impact of the constructional defects
on the levels of voltage distortion and voltage dissymmetry,

~ extension of the method to the analysis of the voltage distortion in
loaded operation.
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