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Abstract

The k-clique problem, which involves identifying complete sub-
graphs of size k within a graph, is a fundamental challenge in
combinatorial optimization with applications in network analysis,
bioinformatics, and cryptography. As the number of nodes n grows,
classical algorithms become computationally intractable, motivat-
ing the exploration of quantum computing to address these limita-
tions. This work introduces two quantum algorithms for solving
the k-clique problem: one based on Quantum Amplitude Amplifi-
cation (QAA) and another leveraging Quantum Walks (QW) over
the Johnson graph J(n, k). By exploiting the regular structure of
the Johnson graph, the QW approach achieves the same quadratic
speedup of the QAA approach over classical algorithms, while re-
maining applicable to arbitrary undirected, unweighted graphs. We
provide detailed quantum circuit designs for both approaches, ana-
lyzing their performance in terms of qubit count, gate count, and
circuit depth under the NOT-CNOT-Toffoli + arbitrary rotations
and Clifford + T gate sets. Compared to state-of-the-art quantum
algorithms, our methods achieve significant improvements in scal-
ing, particularly for dense graphs, with speedups ranging from 2°
to 2%,
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1 Introduction

The clique problem involves identifying cliques, that is, subsets
of vertices that form complete subgraph, in a graph G = (V, &).
This problem can take various forms, such as finding a maximum
clique (a clique with the largest number of vertices), determining
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the existence of a clique of a given size k (k-clique), or enumerating
all maximal cliques (cliques that cannot be extended by adding more
vertices). The clique problem has wide-ranging applications across
various domains. In bioinformatics, clique detection is employed
to analyse protein-protein interaction networks [11]. In network
analysis, cliques are used to identify tightly-knit communities or
highly connected subgraphs [13]. In coding theory, cliques aid in
constructing efficient error-correcting codes by identifying subsets
of codewords having a minimum distance [12].

The decision version of the clique problem is computationally
challenging, being NP-complete [15]. Notably, the k-clique problem
was included in Karp’s seminal list of 21 NP-complete problems [22].
Classical approaches to the clique problem face therefore exponen-
tial complexity for large graphs, making them infeasible for practi-
cal applications. This motivates the exploration of quantum algo-
rithms as a potential path to accelerate the solution finding of such
problem. In this respect, techniques based on Quantum Amplitude
Amplification (QAA) [6] were shown to provide quadratic speedups
for search problems. Additionally, when compared to the plain QAA
approach, search approaches based on Quantum Walks (QW) can
achieve better performances for specific categories of problems
both in the asymptotic [1, 2, 33] and in the finite-regime [24].
Related Works. Clique-related problems, including k-clique, tri-
angle finding, and maximum clique, have been extensively studied
in both classical and quantum computing contexts. In the quantum
domain, two primary approaches have been explored: quantum
annealing methods and gate-based circuit implementations.

Quantum annealing heuristics, such as those in [8, 9], solve clique
problems by mapping them to QUBO formulations. While these
methods show promise for certain graph families, their scalability
remains constrained, with no guaranteed quantum speedups.

In the gate-based paradigm, [4] proposed a Grover-based algo-
rithm for the maximum clique problem, achieving a theoretical com-

plexity 0fO(|"V| VZ‘(V|). The work was further extended in [17],

where a detailed quantum circuit with depth O(|(V|2 V2W|) and

O(|V|*) qubits was presented. The high-level circuit decomposi-
tion into primitive quantum gates was left for future work.

For k-clique problems, [27] proposed a quantum algorithm uti-
lizing Dicke states and multi-controlled gates, achieving a depth of

O(\/R)1VI +181)) and requiring O(|'V | log,(K*)) qubits.

Among fixed-size k-clique problems, triangle finding is partic-
ularly well-studied. Several works [7, 14, 26] have analysed the
query complexity achieved when querying an oracle under a QAA
scheme. The best-known result up to date [14] achieves a query
complexity of O(n/%).
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Classically, a naive brute-force approach for k-clique detection
has a worst-case computational complexity of O (n*k?), which be-
comes intractable for large k. Subsequent optimizations [35] re-
duced this complexity to o(n¥) in time and O(n®) in space, where
c is independent of k.

Our Contribution. This paper introduces two novel approaches
to solving the k-clique problem, the first one relying on a pure QAA
strategy, and the second one relying on a QW search strategy over
a Johnson graph, which, to the best of our knowledge, has never
been explored before. While exploiting the regular structure of the
Johnson graph is essential for retaining the quadratic speedup of
the quantum walk over classical methods, our approach is designed
to detect k-cliques in arbitrary undirected, unweighted graphs. We
provide detailed descriptions of the subcircuits, along with com-
prehensive analyses of their depth, qubit count (width), and gate
count when relying on two distinct gate sets: the NOT-CNOT-Toffoli
(NCT) reversible gate set, augmented with arbitrary rotation gates;
and the Clifford + T, the most promising one for fault-tolerant com-

putation. Our method achieves a circuit depth € O (1 [(F)nlog, (n))

while requiring a number of qubits in € O(nlog,(n)). This sub-
stantially improves scalability compared to the edge-based qubit
scaling of [27], particularly for dense graphs. Finally, our circuit
does not rely on Quantum Random-Access Memory (QRAM), whose
theoretical feasibility remains controversial [20].

2 Background

Notation. We use calligraphic uppercase letters, such as S, to
represent sets; their cardinality is denoted as |S|. [x] represents
the set of integers in the range [0, x—1]. Vectors are denoted by
lowercase bold letters, such as v. Matrices are denoted by uppercase
bold letters, such as M. For a vector v, the element at index i is
written as v[i], For a matrix M, the element at row i and column j
is denoted by M[i, j].

2.1 Quantum Computing

The fundamental unit of quantum information is the qubit, defined
as a vector in the Hilbert space C? [28]. Using Dirac notation, the
state of a qubit is expressed as a column vector that forms a linear
combination, or superposition, of the basis states |0) and |1). A
system of n qubits is represented as a vector in a 2"-dimensional
Hilbert space. Each state is expressed as the linear combination:
[¥) = Zic(o1yn @i |}, where all the 2" distinct |i) denote orthonor-
mal basis vectors labelled by n-bit strings, and a; € C are complex
amplitudes satisfying 3, |a;|> = 1. A measurement collapses the
superposition to a single basis state |i) with probability |a;|?.

The evolution of an n-qubit quantum system is governed by
quantum operators, modelled as unitary matrices in C2"*%", that
preserve the norm of the state vector. A matrix U is unitary iff
UU' = I, with UT being the conjugate transpose of U. The trans-
formations obtained after applying a quantum operator to a state
vector can be represented as matrix-vector multiplications, such as
[¢1) =U |¢ho) . If the n qubits are grouped into k disjoint, consecu-
tive subsets, we can associate a distinct operator U;, i = {1,...,k}
to each subset. The overall operator acting on the quantum state is
U;®... 9 Uy)|a), where ® denotes the Kronecker product. On the
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other hand, when a sequence of d quantum operators is applied,
they are executed in right precedence order as Uy ... U; [¢).

Quantum computations can be represented using quantum cir-
cuits, where qubits are depicted as horizontal lines, and operations
on these qubits are visualized as quantum gates. Key quantum gates
include: the H gate, implementing the Hadamard operator, prepar-
ing the uniform superposition 1/42(|0) + |1)) ; the NOT gate (also
referred to as X gate, and often represented by a @ symbol), analo-
gous to the classical NOT gate, which flips the state of a qubit from
|0) to |1) and vice versa; the Z gate, often called the phase gate,
which introduces a phase shift by flipping the sign of the amplitude
associated with |1) to — |1); and the Ry(6) gate, which performs a
rotation around the y-axis of the Bloch sphere by an angle 0[28].

Following the computational model described in [21], where
the quantum unit functions as a memory peripheral managed by a
classical controller, we adopt a pseudocode notation to integrate
quantum and classical operations. In this direction, we define a
collection of qubits as a quantum register and use a notation similar
to classical arrays, with underlining to emphasize their quantum
behaviour, such as v for the register and v [i] for an individual qubit.

The application of quantum gates to registers is expressed using
function-style notation, like in G(a), where gate G operates on the
quantum register a. Conversely, classical routines are denoted using
camelCase. For instance, genC ircuit(g, a, A) refers to a classical
routine that accepts a classical variable a and a classical vector A
as inputs to generate a sequence of quantum gates to be applied to
the register a.

Controlled gates, for example, perform conditional operations
based on the states of control qubits. The CNOT gate applies an NOT
operation to the target qubit only when the control qubit is in
state |1). Similarly, the CNOT (also known as the Toffoli gate) acts
on a target qubit conditioned on the states of two control qubits
being |11). A generic gate G controlled by m qubits being in state
|1™) is represented as C™G. In the circuit model, the control qubits
are denoted by a black circle, while in the pseudocode, they are
separated from the target qubits by the symbol |

Fig. 1 illustrates a quantum evolution expressed through three
representations: Fig. 1(a) the mathematical formulation using oper-
ators and bra-ket notation, Fig. 1(b) the equivalent quantum circuit,
and Fig. 1(c) the corresponding pseudocode implementation.
Boolean masking. In our proposal, we extend the classical concept
of Boolean masking to the quantum circuit model. Consider two
quantum registers: a control register containing n qubits and a
data register containing n elements, in which each element can be
encoded using one or more qubits. Let G be a quantum operator
that acts on a single data element. The task is to conditionally apply
G to the i-th element of the data register based on the state of the
i-th qubit in the control register. Specifically, if the i-th qubit of
the control register is in the state |1), then G is applied to the i-th
element of the data register. This operation can be expressed as a
controlled gate CG, where each qubit of the control register acts as
the control for the corresponding element in the data register.
Reflection operators. Reflection operators are quantum operators
that perform a reflection of a quantum state through a specific sub-
space. We denote by R, the operator that reflects a quantum state
around the subspace spanned by the state |&). Its action is defined
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Algorithm: genCircuit
C?NOT(R[2] | R[0], R[1])
NOT(R[0])

Rv(0)(R[1])

Z(R[0])

CNOT(R[1]. R[2]) (d

repeat &~ 1/\/e

(©

Figure 1: (a)—(c). Three conventions to represent a sequence of operations applied to a quantum state: (a) matrix-vector
multiplications between the quantum operators (the unitaries U., with I, denoting the identity matrix of size 4x4) and the
quantum state (|a)); (b) gate-based circuit, with the dashed lines dividing layers composed of gates that can be applied in parallel;
(c) pseudocode description. (d) High-level representation of the circuit associated to the Quantum Amplitude Amplification
framework, with the Uy operator generating the input superposition of the basis states labelled as the bitstrings of the domain
X, the reflection operator R )¢ changing the amplitude of the bitstrings belonging to the marked set M, and the reflection
operator Ry performing a reflection around the input superposition. ¢ denotes the ratio M/X.

as: Ry ) = |a) and R, |a*) = — |at), where |at) represents the
state orthogonal to |a). Similarly, R,. denotes the operator that
reflects around the subspace spanned by |a™).

Two reflection operators are of particular interest in the circuit
model. The Ry operator inverts the sign of the amplitude asso-
ciated with the basis state labelled by the all-ones bitstring |1™).
It corresponds to a C™Z gate, where all m qubits participate in a
controlled-Z operation targeting the state |1™). The Ry operator
inverts the sign of the amplitude associated with the basis state
labelled by the all-zeros bitstring |0™). Its implementation involves
a layer of NOT gates applied to each of the m qubits, followed by a
C™Z gate, and finally another layer of NOT gates.

Quantum Phase Estimation (QPE) algorithm The algorithm
is used to estimate the phase ¢ of an eigenvalue associated with a
unitary operator U. Given an eigenstate |/) of U, where U |¢/) =
e?7? ), the algorithm determines ¢ with high precision. QPE
works by preparing a superposition of states using ¢ qubits as phase
registers and applying controlled U operations for k =0,...,t—1.
A Quantum Fourier Transform [28] is then performed on the phase
register to extract a binary representation of ¢ to t bits of precision.

2.2 Quantum Amplitude Amplification (QAA)

Quantum Amplitude Amplification (QAA), proposed in [6], is a gen-
eralization of Grover’s algorithm [16]. Let f : X + {0,1} be a
Boolean function, where X C {0, 1}", and define the set of marked
elements as M = {x € X | f(x)=1}. A classical probabilistic al-
gorithm requires, on average, 1/¢ evaluations of f to identify an
element of M, where ¢ = | M|/|X| denotes the fraction of marked
elements.

In contrast, when provided with two quantum operators, namely
Uy, generating a uniform superposition of all the basis states la-
belled as bitstrings of X, and Uy, implementing f, QAA identifies a
solution with probability close to 1 using approximately 1/+/¢ ap-
plications of Uy, providing a quadratic improvement over classical
approaches. In [5] the authors proved that the same complexity can
be achieved even if the size of M is not known in advance by itera-
tively increasing the number of Uy applications and observing the
outcome. The QAA algorithm, schematically illustrated in Fig. 1(d),
is based on three stages.

1) Input Preparation (Uy ). This operator initializes the quantum sys-
tem into a uniform superposition of all basis states corresponding
to the bitstrings in the function domain X. The resulting state can

be expressed as | y) = ﬁ Ziex i)

2) Oracle (R a2 ). The oracle is a reflection operator that inverts the
sign of the amplitudes associated with all the basis states labelled
as bitstrings belonging to M. When given the quantum operator
Uy, the oracle operator can be expressed as U;Rli Ur.

3) Diffusion (Rx ). This operator performs a reflection around the
initial superposition state prepared by Uy. It can be expressed as
Rx =UxRynUyx T,

2.3 Quantum Walk (QW) search over Johnson
Graphs

Quantum Walk (QW) search generalizes the QAA scheme by adapt-
ing the random walk search strategy to the quantum computing
paradigm. A random walk on a graph G = (V, &), with V the set of
vertices and & the set of edges, is a stochastic process characterized
by probabilistic transitions between adjacent vertices. These proba-
bilities are represented by a stochastic matrix P of size |'V| x |V,
where P[i, j] gives the probability of transitioning from vertex v;
to vertex v;. The state of the walk at time step t is described by a
probability vector s; of size |'V|, where each entry represents the
probability of being at a specific vertex.

When the next transition, or step, of the walk depends only
on the current state, the process forms a Markov chain [29]. For
stationary Markov chains, starting from any initial state, the system
converges to a stationary distribution s, after approximately 1/6
steps, where § is known as eigenvalue gap or spectral gap — the
difference between the two largest eigenvalues of P.

In random walk-based search algorithms, the domain of a Bool-
ean function f is modeled as the vertices of G; that is, f : V —
{0, 1}. A step on this graph corresponds to transitioning between
elements of the domain. The structure of G and the resulting transi-
tion rules determine the efficiency of the walk. A promising choice
is the use of a Johnson graph J(n, k), which is an undirected and reg-
ular graph where each vertex represents a k-subset S of {1,...,n}.
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Figure 2: (a) An example of a Johnson graph J(n = 4,k = 2). (b) High-level representation of the circuit associated to the QW
search framework of [25], as implemented in [24]. With respect to Fig. 1(d), it relies on the additional BIX routine, used to
generate a superposition of all the nodes, the update operator U,, used to generate a superposition of edges, and the QPE routine
applied to the walk operator U,,, replacing the QAA diffusion operator. (c) An example of an undirected, unweighted graph and
(d) its associated adjacency matrix. The edges in blue belong to the 3-clique formed by the nodes {1, 2, 3}.

In this graph, two vertices are connected by an edge if their corre-
sponding subsets differ by exactly one element. The Johnson graph
has |V| = (Z) vertices and a spectral gap § = k(nn_—k) =0(1/k) [32],
which is fixed and sufficiently small to enable efficient mixing.
Fig. 2(a) shows an example of a Johnson graph.

Using a uniform Markov chain—one in which the stationary
distribution corresponds to the uniform distribution—the search
algorithm begins with a uniform distribution s, over the vertices.
The algorithm samples one element v; from it and checks if f(v;) =
1. If not, the algorithm performs 1/§ steps of the random walk to
reestablish the uniform distribution and repeats the process.

The best quantum adaptation of this approach for Johnson graphs,

known as the MNRS framework from the authors’ initials, was in-
troduced in [25] and implemented in the quantum circuit model
in [24]. This framework achieves the same asymptotic speedup
as QAA while outperforming QAA in the finite regime for spe-
cific problems. Below, we outline the key distinctions between the
MNRS quantum walk framework and QAA. Fig. 2(b) illustrates the
high-level circuit for this approach.
1) Input Preparation (Ug ). While QAA initializes a uniform superpo-
sition | y) over all bitstrings € X, the MNRS framework generates
a uniform superposition |€) over all the edges € &. In [24], this ap-
proach is realized by combining the operator Ux used in QAA with
two additional quantum circuits: a Binary Index Extractor (BIX),
generating a superposition of all the nodes in V starting from | y);
and the update operator U, creating a uniform superposition over
all edges. At the end of this stage, the state is:

= — > lo)low).
\/ﬁ (vp,0R)€E

in which the left side (vy.) represents the starting vertex of an edge,
while the right side (vg) represents the target vertex.

2) Oracle (R p ). The oracle operator Ry in the MNRS framework
is almost identical to that in QAA. It operates on the left side of the
state to invert the amplitude of each state labelled as a bitstring of
the marked set M.

3) Reflection (Rg ). The primary innovation of the MNRS framework
lies in the amplitude amplification process, traditionally realized as
the diffusion operator in QAA. The MNRS framework introduces the
walk operator U,,, which corresponds to a unitary representation
of P. In [25] the operator U, is realized by two applications of

U,Ry.U,. To perform the reflection Rg, the framework employs
a QPE circuit, applying % times the controlled version of U,,.
Indeed, if the phase is 0, the corresponding eigenvalue is 1, which
corresponds to the quantum state representing the stationary (and

uniform) distribution s.

2.4 k-clique problem

A graph is denoted as G = (Vi,8¢g), with Vi = {1,2,...,n}
denoting the set of vertices, and E¢g € Vi X Vi the set of edges.
We consider finite, undirected, and unweighted graphs, with no
self-loops. A graph is called complete if every pair of vertices is
connected by an edge. Formally, a complete graph satisfies (i, j) €
&g foralli, j € Vg with i # j. A cliquein G is a subset Vg, €V
such that G; = ((VGI, Ec N Vg, X(VGl) is a complete subgraph.

Definition 2.1 (k-clique problem (search version)). Given a graph
G = (V5,E¢) and a value k, find a clique of k nodes in G.

k-clique through adjacency matrix. A graph G can be repre-
sented by an adjacency matrix Ag, where a;; = a;; = 1if (i, j) € Eg
and a;; = aj; = 0 otherwise. As an example, Fig. 2(c) shows a graph,
and its adjacency matrix is depicted in Fig. 2(d).

Given k indices corresponding to the rows of the adjacency
matrix, the sum of these rows yields a vector where the value at the
k indices equals k—1 if and only if the selected k rows correspond
to a k-clique in the graph. For the running example, summing rows
{1, 2,3} of the adjacency matrix results in the vector [1,2,2,2,1,3].
At indices {1, 2, 3} of this vector, the value is exactly 2, confirming
that these three nodes form a 3-clique.

3 Implementation

This section outlines the subcircuits required to implement the QAA
and QW search strategies for identifying a k-clique in an n-node
undirected, unweighted graph G = (Vg, Eg). As the QAA strategy
utilizes a subset of the subcircuits needed for the QW strategy, we
focus on describing the QW implementation, highlighting in the
text and algorithms the components that differ between the two
approaches.

Given the unknown structure of G, exploiting the graph directly
in a QW poses non-trivial challenges, including but not limited
to the eigenvalue gap 8, for which a small value may reduce the
efficiency of the strategy, and the implementation of a resource
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Algorithm 1: Uy

Algorithm 2: U,

dickeState(D, n, k)
binaryI ndexExtractor(Q, L, E)

// generates Uy

efficient update operator Uy, preparing the uniform superposition
of all the edges in &g, which may require a high number of gates.

To overcome these challenges, our strategy exploits the regular
structure of the Johnson graph J(n, k) to perform a QW search.
The core idea underlying the functioning of the quantum circuit is
to use the k integers encoded in a single node of J(n, k) as indices
of the row of the nxn adjacency matrix Ag of G to sum together.
If such rows form a k-clique, the resulting vector will contain, on
the k indices, a value equal to k—1, as explained in Sec. 2.4. The
uniform superposition of all the nodes of the Johnson graph can
then be exploited to assess the k-clique property for all the distinct
(7) combinations of k rows out of n of Ag in superposition.

In the rest of this section, we focus on the design of the operators
Uy, Uy, and Uy introduced in Sec. 2.3, adapting them to address the
specific requirements of the k-clique problem. Following standard
conventions in quantum computing, we assume that the quantum
state is initialized to the all-zero basis state |0).

3.1 Superposition of J(n, k) nodes (Uy)

This stage prepares a uniform superposition of all the nodes belong-
ing to the Johnson graph J(n, k). While in a pure QAA strategy the
first stage is limited to the Ux operator, producing a uniform su-
perposition of all the (}) binary strings of length n with Hamming
weight k, our QW approach extends this process by preparing a su-
perposition over all the (}) nodes in V. Alg. 1 outlines the functions
used to construct the quantum circuit for the QW strategy.

1) Dicke State generation circuit. The first quantum circuit, gen-
erated by the dickeState function, prepares the Dicke state D]} on
a quantum register D of size n. The Dicke state is defined as the
uniform superposition:

PNLE

0 = —
\/(Tkl) ieB]'c’

in which B} represent the set of all the (Z) length-n binary vectors
that have a Hamming weight of k.

The most efficient algorithm to generate such a state, as de-
scribed in [3], starts by initializing the quantum state to |1%0" %)
and then leverages the recursive nature of the Dicke state to apply
a sequence of controlled rotations that incrementally build the bal-
anced superposition. This strategy achieves a circuit depth of O (k),
using O(nk) CNOT and Ry gates without auxiliary qubits.

2) Binary Index Extractor. The second step, needed only in the
QW technique, while not necessary for the QAA strategy, creates
a uniform superposition of all nodes in the Johnson graph, en-
coding them into a quantum register L of size k log,(n). For this
purpose, the binaryIndexExtractor function, as proposed in [24],
processes the Dicke state superposition encoded in D. Specifically,
this function generates a quantum circuit composed by only con-
stant additions and controlled shifts, both performed on L, to ex-
tract the binary representation of the indices corresponding to the

1

5

7

9

—-

1

copyState(L, R) 2 copyState(L R

~—~

wState(W, k, 1) 4 wState(E, n—k, 1)

removeElement(R, T | W)

=)

removeElement(Ei | E)

3

binaryToOneHot(L B) binaryToOneHot(i i)

5]

insertElement(i B) 1 insertAtIdx(LE)

updateDicke (Q, Ty, i)

k qubits in D equal to |1), encoding these indices into L. Moreover,
such indices are stored in ascending order, allowing to exploit a
history-independent data structure [21] that is used to perform
non-random accesses to quantum register locations.

At the conclusion of this step, L encodes the state:

1
V)= — lor) .,
V|(V| ZJLZE;V '

where each |v) represents the binary encoding of a node of the
Johnson graph J(n, k). The subscript indicates that the node will
correspond to the left part of an edge.

Simultaneously, the indices of the n—k qubits in D equal to |0)
are stored in a register L of size (n—k) log,(n). The quantum state
of L, which encodes the complement of L with respect to the total
set [n], is crucial for generating a uniform superposition of all edges
in & during subsequent steps.

The circuit implementing binaryIndexExtractor has a depth
of O(n?log,(n)), as outlined in [24]. Its gate complexity includes
O (n*log,(n)) C®NOT and CNOTgates, alongside O(nlog,(n)) NOT.

3.2 Superposition of J(n, k) edges (U,)

The operator U, is only required by the QW strategy to build a
superposition of edges adjacent to those encoded in L, encoding
them into another register R having the same size. Since in J(n, k)
two nodes are adjacent if they differ by only a single element, the
core idea of this stage is to first copy the content of L and L into
R and R respectively, and then to perform a uniform sample of an
element of R, and replace it with a uniform sample of an element
of R.

Alg. 2 provides an overview of this process, with steps detailed
below. The structure of the algorithm highlights the parallelism
and independence between the two sides, as they operate on com-
plementary registers (e.g., R and R).

1-2) Initialization of adjacent nodes. Since adjacent vertices in
the Johnson graph differ by only one element, the algorithm begins
by copying the labels of the basis states from L into an auxiliary
register R of the same size. This operation involves k log,(n) CNOT
gates, all of which can be applied in parallel. Similarly, the labels in L
are copied into another auxiliary register R through (n — k) log, (n)
independent CNOT gates.

3-4) W State generation circuit. In this step, a W state — a Dicke
state superposition where exactly one qubit is in the state [1) —
is generated for two quantum registers: W, of size k, and W, of
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Figure 3: Circuit encoding the binary representation of the
integer encoded in T into a one-hot representation in T;.

size n — k. The registers are used to drive a uniform sample of the
elements of R and R respectively in the next stage. For this stage, we
use the implementation of [10], that achieves a logarithmic depth
using a linear number of Ry gates and does not require auxiliary
qubits.
5-6) Removing an element from R and R. The register W (resp.,
W) is used as a control in a Boolean masking operation to remove
one element from R (resp., R), and store it in a temporary quantum
register T (resp., T) of size log,(n) (resp., log,(n)). The removal
relies on the Johnson vertex deletion circuit presented in [21], re-
quiring: a depth of O(klogn) (resp., O(n — k) log,(n)) for T (resp.,
1__"). Most importantly, such deletion keeps the elements of R (resp.,
R) ordered, leaving an empty element only in the last position of
the register.
7-8) Binary to one-hot encoding. This circuit, generated by
the binaryToOneHot function, converts the binary value stored in
log, (1) qubits T (resp., T) into a one-hot encoding in an additional
quantum register Ty (resp., Ty) of size n. Specifically, if T holds the
binary representaﬁon of an_integer x € [n], the register Ty will
contain the state |1) only at the qubit corresponding to index x,
with all other qubits in state |0).

The circuit for this operation is depicted in Fig. 3 for the registers
T and T;. It comprises n identical steps. In each step, the binary
value in T is decremented by 1. The circuit then checks if T equals
0; if so, it sets the first qubit of Ty to 1. This is followed by a cyclic
shift of all qubits in T;. After conTpleting all n iterations, Ty contains
the one-hot encodirE corresponding to the original value stored in
T. Finally, the circuit restores T to its initial value by adding +n.

The circuit requires n + 1 adders and n equality checks, while the
shifts correspond to a logical relabelling of the qubits and requires
no quantum gate. The adders can be realized using the proposal
of [34], giving a depth and a number of gates of log, (n) for each of
them, and a total depth and total number of gates of nlog,(n). The
equality check, on the other hand, corresponds to a multi-controlled
version of a NOT gate, in which all the control qubits should be in
state |0) to apply the NOT gate on the target qubit T[0]. This can be
implemented by employing a C'°22(")NQT gate, using a layer of NOT
gates on the control qubits right before and right after it.
9-10) Adding an element to R and R. This step inserts the ele-
ment encoded in T into R, and analogously the element encoded in
T into R. After this stage, the register R encodes a superposition of
basis states, each one representing the node adjacent to the one in

1
2

3
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Algorithm 3: Uy
addRows(Ag, S| D)
isEqual(S, E, k—1)
isClique(E, D)

L. That is, L and R contain the quantum state

&= > lou)lor).

(op,0R)€8

The first part of the quantum circuit generated through the
insertElement function is identical to the one generated by the
deleteElement function, in which the gate are applied in reverse
order. Additionally, the quantum circuit performs a final sequence
of operations to reset the data present into the quantum register T
and T to the all-0’s bitstrings.
11) Update Dicke state. The final step updates the label encoded
in D with the one from T; and E by performing CNOT gates between

T; and D, and from E and D. At the end of this stage, D contains
the one-hot encoding of the integer encoded in R. Such a state is
required to drive a Boolean masking in the next steps.

3.3 Checking the k-clique condition (Uy)

The oracle, a critical component for both the QW and the QAA
strategy, is responsible for determining whether the original graph
contains a k-clique. This step leverages the k integers encoded in R,
corresponding to a node of the Johnson graph J(n, k), as indices for
the rows of the adjacency matrix Ag encoded in A. By summing
these rows and checking if the resulting vector contains the value
k—1 at the specified indices (as detailed in Sec. 2.4), the oracle can
verify the k-clique condition.

Alg. 3 outlines the steps involved in implementing the Uy op-

erator within the oracle framework. As described in Sec. 2.2, the
oracle operator Ry is defined as U;RIJ. Uy, where U; reverses the
order of gates in Uy. Below, we detail the quantum operations that
constitute Uy.
1) Adding Rows of Ag. The addRows procedure generates a quan-
tum circuit that conditionally sums the rows of the adjacency matrix
Ag based on the labels encoded in the quantum register D. The
results are stored in an auxiliary register S of size nlog,(n).

Specifically, for each qubit D[i], with 0 < i < n, if A[i,j] =1,
we perform a controlled +1 addition to S[j], conditioned on D[i]
being in the |1) state. Since D encodes basis states with a Hamming
weight of k, this step effectively computes all (Z) row sums in
superposition.

Each addition involves summing the value +1 in S[j], repre-
sented using log,(n) qubits, whenever D[i] = |1) and A[j, j] = 1.
In the worst-case scenario, when Ag is dense, there are ~ ('2') ad-
ditions performed, each involving two log, (n)-qubit registers and
controlled by n qubits in D. To optimize this process, we interlace
the control operations across different qubits and targets, enabling
up to n additions to be performed in parallel.

The quantum adder circuit from [34] is employed for these addi-
tions. This adder circuit requires O (log,(n)) C2NOT and CNOT gates,
achieving a depth of O(log,(n)). As a result, the overall gate com-
plexity and circuit depth for this step are O (nlog,(n)).
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Table 1: Complexity metrics as a function of n and k for the quantum subcircuits described in Sec. 3, showing the dominant terms
for each cell. Lower-order terms are omitted for clarity. Shaded columns indicate subcircuits exclusive to the QW approach,
while the QAA approach relies solely on the non-shaded columns.

Cost Ux (Alg. 1, Sec. 3.1) U, (Alg. 2, Sec. 3.2) Ur (Alg. 3, Sec. 3.3)
metrics 1) 2) 1-6, 9-10) 7-8) 11) 1) 2-3)

Ry 4nk — 4k? 0 2n 0 0 0 0

- NOT k n 2 log, (n) 0 0 2n
+ CNOT 6nk — 5k? 2n?log, (n) 29nlog, (n) — 20n 5nlog,(n) 2n 5n%log, (n) n
5 C2NOT 0 n*log, (n) 9nlog,(n) — 4n 2nlog, (n) 0 2n*log, (n) 0
“ Depth klog,(n/k) n*log, (n) nlog,(n) — klog,(n) 2nlog, (n) 2nlog,(n) 1
Qubits n nlog,(n) nlog,(n) 2n 0 nlog,(n) 0

2) Computing k-Clique Condition. This step verifies in super-
position whether the selected rows of Ag form a k-clique. The
isEqual procedure compares each element of S with the value k—1.
If a comparison succeeds, the corresponding qubit in the quantum
register E (of size n) is set to |1). For a fixed k, as it is the case
for our algorithm, each comparison employs multi-controlled NOT
gates having log, (n) control qubits. At the conclusion of this stage,
the register E contains |1) at index i if and only if the sum of the
selected k rows of Ag equals k—1 at the specified indices.

3) Checking the k-Clique Condition The final step involves
verifying that the indices in D match those in E, which indicates
that the selected rows satisfy the k-clique condition. This is achieved
using a bitwise XOR operation, where D is XORed with E. If D
and E align (i.e., they both contain |1) at the same positions), the
resulting state in E will be the all-zero bitstring.

To complete the oracle operation, a layer of NOT gates is applied
to all qubits in E, marking the indices that satisfy the k-clique con-
dition. The output of E is then fed into the R;1 operator, finalizing
the oracle implementation.

4 Performance Evaluation

In this section, we analyze the performance of the proposed quan-
tum algorithms for solving the k-clique problem by comparing
our QW and QAA strategies with state-of-the-art approaches. Our
analysis is conducted at the logical level in a hardware-agnostic
manner, focusing on algorithmic complexity and expected quan-
tum speedup while disregarding issues related to error-correction,
decoherence, and qubit connectivity. Although we tested and vali-
dated all the individual components, simulating the full circuit is
infeasible even for small graphs due to the exponential overhead in
classical simulation.

Quantum circuit complexity is commonly evaluated using three
fundamental metrics: depth, which measures the length of the long-
est sequence of gates acting on any qubit; width, indicating the
number of qubits required; and depth-times-width, used to cap-
ture trade-offs relevant to physical implementations [30]. While
practical implementations are constrained by factors such as qubit
connectivity, error rates, and coherence times, this work focuses
on the logical description of the quantum circuits, and therefore
assume a quantum architecture with all-to-all qubit connectivity
and logical qubits with perfect reliability.

4.1 Performance Analysis using NCT+Ry gates

To align with the constraints of realistic quantum hardware, typi-
cally limited to 1- and 2-qubit gates, we evaluate the algorithms us-
ing the NOT, CNOT, Toffoli (NCT) gate set, comprising {NOT, CNOT,
C?NOT} gates, augmented with the Ry gate. In this framework, gates
involving more than two qubits are decomposed into simpler gates,
except for C2NOT gates, which are treated as primitives. Multi-
controlled gates requiring decomposition appear in subcircuits
generated by Alg. 2 (line 7-8) and Alg. 3 (line 2). These gates,
controlled by log,(n) qubits, can be decomposed into O (log,(n))
C2NOT gates using O (log,(n)) auxiliary qubits, achieving a depth of
O (log,(log,(n))) [18, 30]. Tab. 1 summarizes the resource require-
ments of the key algorithmic components discussed in Sec. 3.
Total Resource Estimates. As described in Sec. 2.2 and Sec. 2.3,
the full implementation of both the QAA and QW approach requires
O(1/+/¢) applications of the R u operator, whose implementation
is provided in Sec. 3.3. The QAA approach further requires O (1/+/e)
applications of the Ry operator, requiring the Dicke state genera-
tion circuit explained in Sec. 3.1. The QW approach, on the other
hand, includes O(1/+f) applications of the Quantum Phase Esti-
mation (QPE) circuit, each one involving 0(1 / \/S) applications of
the U,, operator detailed in Sec. 3.2.

The parameter ¢ = | M|/|X| depends on the number of k-cliques,
| M|, present in the graph G. As | M| is unknown at circuit genera-
tion time, this introduces uncertainty into the circuit complexity
estimates. Amplitude amplification schemes rely on iterating an
operator a precise number of times to maximize solution probability.
Deviation from the optimal iteration count reduces the likelihood
of detecting a k-clique. To address this challenge, [5] proposes an
iterative strategy in which amplitude amplification is repeated mul-
tiple times, incrementally increasing the number of iterations until
a solution is identified. The strategy requires around three times the
number of iterations required if the number of solutions is known
in advance.

4.2 State-of-the-Art comparison using Clifford +
T gates

The only state-of-the-art proposal explicitly addressing the k-clique
problem is presented in [27], which employs a QAA-based approach
to solve the problem. In the work, the quantum circuit uses n qubits,



CF 25, May 28-30, 2025, Cagliari, Italy

Simone Perriello

T-Depth Width T-Depth x Width
70 1 1
604 — QW _
QAA
50 o ===+ [22] (Sparse) e
—— [22] (Dense)

40

T T T T T
4 8 12 16 20 4 8

Complexity Metric (log2 scale)

T T T T T T T
12 16 20 4 8 12 16 20

Number of Nodes (log2 scale)

Figure 4: Comparison of resource requirements for solving the k-clique problem using our proposed approaches (QAA and
QW) and the state-of-the-art method from [27]. The analysis evaluates T-depth and width (number of qubits) for the Clifford +
T gate set, targeting the worst-case scenario with k = 0.5n and a single solution. For [27], results are presented for both dense

graphs (|Eg| = (;)) and sparse graphs (|Eg| = n).

each representing a node in the graph G, and a Dicke state genera-
tion circuit D! is used to create a uniform superposition of length-n,
weight-k bitstrings. The oracle of this approach operates by ma-
terializing all edges in the edge set &g using multi-controlled NOT
gates. Specifically, each edge, involving two qubits, acts as a control
to increment an edge counter register. Similarly, a node counter
register is incremented using again multi-controlled NOT gates. The
k-clique condition is confirmed when the edge and node counters
reach the values (;) and k, respectively.

We assess our proposal and the one of [27] using the Clifford + T
gate set, considered to be the most promising one for fault-tolerant
quantum computing. This gate set includes {H, S,CNOT, T} gates.
Since T gates are expected to dominate resource consumption in
fault-tolerant implementations, minimizing T-depth is a priority. In
the Clifford + T gate set, C2NOT and Ry(g)ates require decomposi-
tion. A C2NOT gate can be implemented with T-depth 1 and T-size 4
using one auxiliary qubit [19]. On the other hand, arbitrary Ry rota-
tions, used in Dicke and W state generation, require angle-specific
synthesis. These gates can be approximated using the algorithm
in [23], with an average T-depth of 149 [31].

Fig. 4 presents a comparative analysis of resource requirements
for our proposals and the approach from [27], specifically focusing
on T-depth and width in the Clifford + T gate set. The comparison
assumes k = 0.5n and | M| = 1, representing the worst-case scenar-
ios. For the state-of-the-art approach, we evaluate its complexity
for both dense graphs (|Eg| = (})) and sparse graphs (|| = n), as
its resource requirements scale with the number of edges |E¢|.

The results highlight that both of our proposed approaches re-
quire significantly fewer resources compared to [27], particularly
for dense graphs. Specifically, the QAA-based approach achieves
a substantial reduction in T-depth, with gains proportional to the
number of nodes n, albeit at the expense of requiring a larger num-
ber of qubits. In contrast, the QW-based approach provides more
modest improvements in T-depth with respect to [27], and becomes

less efficient then our QAA-based approach when the number of
nodes in G is greater than > 21°. Finally, considering the aggregate
metric of T-depthxwidth, both of our proposed approaches outper-
form [27], with the gap growing exponentially as the number of
nodes increases.

5 Conclusion

We presented two novel quantum circuit designs for solving the
k-clique problem, leveraging the adjacency matrix structure of
the graph. The first approach is a tailored Quantum Amplitude
Amplification algorithm, while the second exploits the Johnson
graph’s regularity within the Quantum Walk search framework [24,
25], preserving its quadratic speedup. A notable contribution of
this work is demonstrating how the Johnson graph’s regularity can
be leveraged to address problems on irregular graphs. Notably, our
approach is independent of any specific graph structure, making
it suitable for a wide range of graph instances without requiring
structural constraints or preprocessing assumptions. Our proposed
algorithms scale with the number of nodes n, in contrast to state-
of-the-art approaches that depend on the number of edges. This
makes our techniques particularly effective for dense graphs, where
the number of edges approaches ('2') Notably, our methods achieve
significant speedups for graphs with up to 22° nodes, improving
both the number of gates and circuit depth across a range from 2°
to 22° nodes. This comes at the cost of requiring approximately 2°
to 27 additional qubits within the same range, while still achieving
an improvement of up to 21> in the depth X width metric.

Future work will explore extensions to weighted clique problems,
maximum clique finding, and other combinatorial problems.
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