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A B S T R A C T   

This paper proposes a novel limit analysis block element to model the ring behavior in masonry arch bridges, 
with consideration of axial deformation induced by both bending and axial compressing motions. The governing 
formulation is established based on the kinematic theorem. After constructing the velocity field of the block 
element, the new compatibility condition is put forward, followed by a discussion of possible linearization for the 
element constitutive model. A new heterogeneous limit analysis formulation that accounts for the deformability 
of the elements is given at the end. For benchmarking purposes, the collapse of an 80-block arch is first inves
tigated to understand the influence of using different constitutive linearizations. Then, the proposed element is 
applied to analyze the collapse of a practical bridge involving arch-fill interactions. The results indicate a great 
necessity of considering the deformability of the ring when analyzing the collapse of masonry arch bridges. 
Compared with previous experimental results of Prestwood Bridge, employing the rigid modeling for the ring 
will lead to a significantly overestimated load prediction (about 46.3%) while the proposed deformable brick 
element with quadrilateral-linearized constitutive can produce a very accurate prediction (bias within 1%). 
Adoption of the hexagon linearization will give rise to a comparatively inflexible block behavior and the cor
responding ring performs analogous to the rigid case. Finally, the model proposed gets over the main short
coming exhibited by a beam discretization of the ring, namely the potential over-flexibility of the bridge arch, 
induced by the simplification of the actual geometry.   

1. Introduction 

Being one of the widespread typologies of ancient infrastructure, 
masonry arch bridges have gained great popularity in both Western and 
Eastern world due to their high structural efficiency and elegant con
struction aesthetics. Even now, several of those ancient infrastructures 
remain in service at a fair load-carrying capacity. However, the presence 
of cracks or damages, usually caused by long-term exposure to natural 
circumstances or transportation burdens, may let them take risks when 
subject to earthquakes, floods, or other extreme conditions. Necessary 
protective interventions and retrofitting measures should be imple
mented to further improve their resistance. Before that, however, nu
merical investigations on the collapse performance of these bridges 
should be made. 

Failure analysis of those bridges is a complicated topic due to the 
involvement of multiple materials. Besides the stone-like elements (e.g., 
arch, pile, spandrel, etc.), the backfill on the ring exhibits very different 
material properties from the stone. The popular commercial package of 

Finite Element Method (FEM) has difficulties in precisely representing 
the large deformation or cracking propagation of the soil-like part (e.g. 
backfill) when analyzing the progressive failure (see [1,2] for instance). 
Nevertheless, heterogeneous limit analysis has great edges in tackling 
these aspects. This theoretical framework can conveniently include the 
velocity discontinuities in the structure and also precisely represent the 
real bond pattern of the masonry. If the associated flow rules are 
employed, the governing formulation can be stated as a standard form of 
Linear Programming (LP). The collapse mechanism and ultimate load of 
the structure will thus be solved in a quick but robust manner without 
iterations. This approach has been widely applied to failure analysis of 
both block systems [3–7] and geotechnical problems [8–12]. 

The modeling of the masonry arch bridge in heterogeneous limit 
analysis remains an open question. We can read several contributions 
that discussed the backfill modeling [13,14] while how to model the 
arch ring was less concerned since the employment of rigid blocks seems 
to be a widely accepted solution. This element only takes into account 
the rigid body motion without the involvement of other deformation- 
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induced modes. Such modeling of the masonry has been widely applied 
to the collapse analysis of walls [15–18], and due to the low-cost 
description for the block velocity field, it becomes very promising 
when applied to many large-scale scenes [19–21]. In this paper, how
ever, we will illustrate that such rigid block modeling, may not be 
reasonable for the arch or vault masonry structure. Actually, we have 
noticed some indications from the previous literature. As reported by 
Gilbert et al. [22], using rigid modeling for the ring may bring about an 
overestimated collapse load prediction. In contrast, Cavicchi and Gam
barotta [13,14] introduce deformability into the arch of the Prestwood 
Bridge and the prediction gets quite close to the on-site test. This in
dicates that the consideration of the deformability of the brick is 
important when modeling the ring of masonry arch bridges. The over
estimation from using rigid arch modeling could be attributed to the 
neglect of the axial strain field induced by the compressing and bending 
motion, and the overall deformation of the ring will thus be significant, 
which may further lead to a large containment stress produced by the 
backfill. As a result, the prediction of the load-bearing capacity of the 
bridge increases. To keep benefit from the high efficiency of rigid ele
ments, several contributions have attempted to reduce these in-element 
axial deformations to the interfaces between the bricks. However, this 
simplification may lead to a negative interfacial dilation in the predicted 
mechanism. The homogenous-deformed element proposed by Sloan 
[23,24] may also not be an accurate solution for this case where the axial 
deformation is dominant, as the brick will present homogenous dilation 
in all directions, again giving rise to an unrealistic mechanism predic
tion. The beam element proposed by Cavicchi and Gambarotta [13,14] 
could be a good alternative to deformable modeling of the ring while the 
beams cannot explicitly account for the thickness of the arch. This may 
bring unreliable predictions when considering the ring-fill interaction. 

Absorbing the innovation of Cavicchi and Gambarotta, this paper 
proposes a more general solution for the arch ring modeling in the limit 
analysis of masonry arch bridges: a novel block element with axial 
deformation only. The governing formulation is established based on the 
Upper Bound (UB) theory. The organization of the paper is structured as 
follows: Section 2 first constructs the velocity field of the element 
induced by compressing and bending motions. Then, constitutive 
models that describe the deformation of the block are investigated. The 
corresponding flow rule is assumed as associated. The section will close 
by giving the new optimization formulation of limit analysis accounting 
for the deformability. Implementing the proposed elements, in Section 
3, we present the collapse analysis of a 2D 80-block with several further 
parametric studies. In Section 4, a case study of Prestwood Bridge with 
full consideration of the backfill is carried out, through which we can 
further understand how the arch ring modeling influences the collapse 
involving the ring-fill interaction. Section 5 compares the acquired 
outcomes to the numerical simulation and experiments reported in 

previous literature. Critical conclusions are finally summarized in 
Section 6. 

2. Methodology 

2.1. Geometric compatibility 

In this section, we start with constructing the velocity field of this 
novel element to update the geometric compatibility condition of the 
upper bound (UB) limit analysis. The velocity field of the block u(r) can 
be decomposed into the field induced by the rigid body motion uR (r)
and the axial deformation uA (r). The representation of the rigid body 
mode is quite straightforward, which can be described through trans
versal and rotational velocities at the centroid under the global frame 
(see Fig. 1a). Through the matrix Hi

R

(
ri), we can obtain the velocity at 

each point of block Ei, mapped from these centroid unknowns (Eq. (1a)); 
ri denotes the position coordinates of the point relative to the centroid of 
the element (Eq. (1b)). Columns of Hi

R

(
ri) collect all the basis functions 

of the space of rigid body motion R (as defined in Eq. (2)) over element 
Ei, corresponding to each centroid component. 

ui
R

(
ri) =

[
1 0 −

(
y − yi)

0 1
(
x − xi)

]
⎡

⎣
ui

vi

ωi

⎤

⎦ = Hi
R

(
ri)ui (1a)  

ri := [ x − xi y − yi ]
T
, xi :=

1
4
∑4

k=1
xi

k, y
i :=

1
4
∑4

k=1
yi

k (1b)  

R (Ei) :=
{

r0 + BAS⋅ri : r0 ∈ ℝ2,BAS ∈ ℝ2×2,BT
AS = − BAS

}
(2)  

Construction of the axial deformation space of the block element refers 
to the classical beam theory. Only axial deformation, caused by both 
axial compression and bending, is allowed in this element (see Fig. 1a). 
According to the beam theory, these two deformation modes can be 
described by axial strain εi

α and curvature κi (Eq. (3a)), through which 
the axial strain rate and the velocity field in the element Ei can then be 
given (Eq. (3b)). Note that here, the representation of the given velocity 
field is under the local frame (eα, eβ), where the axial basis vector eα is 
defined along the midpoint of two block sections. Again, matrix Hi

A

(
ri)

collects all the basis functions of the space of axial deformation mode 
A (Ei) (Eq. (3c)). The space of velocity field for the element V (Ei) is the 
direct sum of spaces R (Ei) and A (Ei). Namely, the velocity field of the 
element can be regarded as a superposition of rigid body motion and 
axial deformation mode (Eq. (4)). 

εi
α
(
xα, yβ

)
= εi

α − κiyβ, xα := ri⋅ei
α, yβ := ri⋅ei

β (3a) 

Fig. 1. Axial-only deformable block element: (a) consideration of the element velocity mode; (b) geometric compatibility.  
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ui
α
(
xα, yβ

)
=
(
εi

α − κiyβ
)
xα ⇔ ui

A

(
ri) = Hi

A

(
ri)εi, εi :=

[
εi

α κi ]T (3b)  

Hi
A

(
ri) = ei

α

[
ri⋅eα

(
ri⋅ei

α
)(

ri⋅ei
β

) ]
(3c)  

ui( ri) = ui
R

(
ri)+ ui

A

(
ri) = Hi

R

(
ri)ui + Hi

A

(
ri)εi (4)  

qj =
[
Δuj

n,1,Δuj
t,1,Δuj

n,2,Δuj
t,2
]T

=

⎡

⎣
Qjub( rb

1

)
− Qjua( ra

1

)

Qjub( rb
2

)
− Qjua( ra

2

)

⎤

⎦

=

[

−
(

Aa
j,u

)T (
Ab

j,u

)T
][ua

ub

]

+

[

−
(

Aa
j,ε

)T (
Ab

j,ε

)T
][ εa

εb

]

(5a)  

Qj =
[

ej
n ej

t

]T
,Ai

j,u =

[
QjHi

R

(
ri

1

)

QjHi
R

(
ri

2

)

]T

,Ai
j,ε =

[
QjHi

A

(
ri

1

)

QjHi
A

(
ri

2

)

]T

, i = a, b

(5b)  

After obtaining the velocity field of the element, the interfacial discon
tinuity is thus computable, collected in vector q. Every specific joint j has 
4 degrees of freedom assigned at two interfacial nodes, accounting for 
the normal and tangential velocity discontinuities of each node (denote 
as Δuj

n,k and Δuj
t,k, k = 1 or 2). Now considering two adjacent blocks a 

and b (Fig. 1b), the velocity jump for joint j can be calculated through the 
subtraction of the velocities at the corresponding vertex of the elements 
(Eq. (5a)). Then we use the rotational matrix Qj to project the velocities 
to the interfacial frame (en, et) (Eq. (5b)). Assembling this equation over 
all the interfaces, the matrix form of the geometric compatibility con
dition can be written as Eq. (6). Compared with the formulation of 
classical rigid block limit analysis [25,26], the new compatibility con
dition supplements a term of the velocity contributed by the element 
deformation. 

AT
u u + AT

ε ε = q (6)  

2.2. Constitutive model and flow rule 

Then, we proceed to investigate the constitutive model and flow rule 
for the interfacial discontinuities and supplemented in-element strain 
components. Regarding the ones for the interfaces, we use the classic 
Mohr-Coulomb friction model (Eq. (7)), illustrated in Fig. 2), which is an 
established solution accepted by the scientific community (see 
[21,25,26,6]). Matrix representative of this constitutive relation is given 
in Eq. (8a). Here, x denotes the vector of interfacial resultants (Eq. (8c)). 

For each joint j, it contains the normal and tangential resultant forces 
applied at two interfacial nodes. z0 is the slack variable (Eq. (8c)), whose 
components indicate the orthogonal distance from the current force 
state to each limit surface (as illustrated in Fig. 2). The value is negative 
if the current force state is in the limit domain. As Mohr-Coulomb 
relation needs to be applied to two pairs of nodal resultants, for each 
interface, we require four slack variables in total and all of them should 
be non-positive. The cohesion force vector c0 and constitutive operator 
N for specific joint j are given in Eqs. (8b) and (8d) (see [25,26] for 
details). Remark that the components of c0 are the effective nodal 
cohesion force for each node, which can be computed from the integral 
of interface cohesion c0 on half of the section. On the kinematic side, we 
adopt the associated flow rule to correlate the unknown velocity jumps q 
and plastic multipliers p (Eq. (9)). Due to the associativity, the mapping 
operator for the flow rule is the transpose of the one in the constitutive 
law (see Eq. (10a)). It is also worthwhile to remark on the comple
mentary property of slack variable z0 from the static side and plastic 
multipliers p from the kinematic side (defined in Eq. (10b)). In fact, a 
static force state must imply zero plastic flow at the interfaces and vice 
versa. Therefore, for each pair of slack variable and plastic multiplier, 
only one can be non-zero, i.e. zT

0p = 0 (complementary property). The 
dissipation at the interfaces is defined as the inner dot of interfacial 
resultant x and velocity jump vector q. Applying Eqs. (8a) and (10a) as 
well as considering the complementary property of z0 and p, it can be 
represented by the cohesion force vector c0 and the plastic multiplier p 
(Eq. (11)). 

F(n, s) = nsinφ+ |s|cosφ −
1
2

c0Acosφ⩽0 (7)  

Nx − z0 = c0, z0⩽0 (8a)  

Nj =

⎡

⎢
⎢
⎣

sinφj cosφj
sinφj − cosφj

sinφj cosφj
sinφj − cosφj

⎤

⎥
⎥
⎦ (8b)  

xj :=
[

nj
1 sj

1 nj
2 sj

2

]T
, z0,j :=

[
zs+

1,j zs−
1,j zs+

2,j zs−
2,j
]T (8c)  

c0,j :=
[

cs+
0,j cs−

0,j cs+
0,j cs−

0,j
]T
, cs+

0,j = cs−
0,j =

1
2
c0,jAjcosφj (8d)  

Δun,k = ps+
k sinφ + ps−

k sinφ,Δut,k = ps+
k cosφ − ps−

k cosφ, (k = 1, 2) (9)  

NT p = q, p⩾0 (10a)  

pj :=
[

ps+
1,j ps−

1,j ps+
2,j ps−

2,j
]T (10b)  

PC
D := xT q = xT NT p = cT

0 p + zT
0 p = cT

0 p (11)  

The constitutive relation and flow rule for the supplemented in-element 
variables are established again referring to the beam theory. Following 
the assumed velocity field in Eq. (3b), the distribution of the strain rate is 
linear along the height of the section (Eq. (12a)), which can be 
decomposed into uniform (due to axial force) and centrosymmetric- 
linear (due to bending) distributions (Fig. 3a). Correspondingly, the 
stress distributions for the two deformation modes are thus uniform and 
centrosymmetric-uniform, respectively (Eq. (12b)). Here in the consti
tutive relation, we introduce the generalized axial force Ñ and moment 
M̃ for the sake of being energy conjugation with the employed defor
mation variables εα and κ. b, h and d are the width, height and depth of 
the block element, respectively, and W and A represent the plastic 
modulus and the area of the section. 

ε
(
yβ
)
= εα − κyβ (12a)  

Fig. 2. Interfacial constitutive model: Mohr-Coulomb friction model, associ
ated flow rule. 
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σ
(
yβ
)
=

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

Ñ
Ab

−
M̃
Wb

, yβ ∈ [0, h/2]

Ñ
Ab

+
M̃
Wb

, yβ ∈ [ − h/2, 0]

Ñ := Nb, M̃ := Mb,W =
h2d
4
,A = hd

(12b)  

Fb

(
Ñ, M̃

)
=

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

Ñ
Ab

+

⃒
⃒
⃒
⃒
⃒

M̃
Wb

⃒
⃒
⃒
⃒
⃒
− σt⩽0

−
Ñ
Ab

+

⃒
⃒
⃒
⃒
⃒

M̃
Wb

⃒
⃒
⃒
⃒
⃒
− σc⩽0

(13)  

We check the stress at the top and bottom surface of the blocks being in 
the range of tensile strength σt and compressive strength σc (Fig. 3a). The 
constitutive constraint can be expressed as Eq. (13), which can also be 
written as a linear matrix constraint Eq. (14a). Components of the 
operator M for specific element i are given in Eq. (14b), where ̃σ collects 
the generalized internal forces of all the elements. c1 here contains the 
tensile and compressive strength of the brick material (Eq. (14c)). z1 is 
the corresponding slack variable with a similar definition to the inter

facial constitutive model (see Eq. (8b)). Graphically, the region of the 
static-allowed force state defined by the constitutive law Eq. (13) is 
quadrilateral (blue region in Fig. 3b). Corresponding associated flow 
constraint can be expressed through the same matrix form Eq. (15a), 
using the mapping operator that is the transpose of constitutive operator 
M. 

Mσ̃ − z1 = c1 (14a)  

Mi =

⎡

⎢
⎢
⎢
⎣

1
Aibi

−
1

Aibi

1
Aibi

−
1

Aibi

−
1

Wibi

1
Wibi

1
Wibi

−
1

Wibi

⎤

⎥
⎥
⎥
⎦

T

, σ̃i :=
[

Ñi M̃i

]T
(14b)  

ci := [ σt σc σt σc ]
T
, zi :=

[
z1+

i z1−
i z2+

i z2−
i

]T ⩽0 (14c)  

MT λ = ε (15a)  

λi :=
[

λ1+
i λ1−

i λ2+
i λ2−

i

]T ⩾0 (15b)  

The dissipation in the element can be computed through the integral 
strain energy density over the element volume (Eq. (16)), which is equal 
to the inner dot of the conjugate stress and strain vector defined in Eqs. 
(14b) and (3b). Applying the constitutive and flow relations (Eqs. (14a) 
and (15a)), it can be transformed into an expression with only variables 
from the kinematic side (cohesion c1 and plastic multiplier vector λ, 
defined in Eqs. (14c) and (15b)). Note that all these constraints for the 
constitutive and flow rules as well as the expression of the dissipation 
present a very analogous form to the counterparts for the interfaces 
(compare Eqs. (14a) and (15a)) to Eqs. (8a) and (10a)).  

In the aforementioned contribution of Cavicchi and Gambarotta [14], 
the constitutive model for the beam element is also applicable to the 
proposed block element, which could be another optional modeling of 
the deformable ring. The basic idea is to linearize the limit domain of 
non-tensile resistant (NTR) material. The standard limit domain for the 
NTR material is bounded by the quadratic curves (see black curves in 
Fig. 3b, Eq. (17)), and the optimization problem will no longer be a 
Linear Programming (LP) once including this constraint. To avoid this, 

Fig. 3. Constitutive model of the block element: (a) sectional strain and stress distribution; (b) comparison of real NTR limit surface (17), quadrilateral linearization 
(13), and hexagon linearization (18). 

PE
D =

∑NE

i=1

∫

V
σi( yβ

)
εi( yβ

)
dV

= d
∑NE

i=1
bi

⎛

⎝
∫ hi/2

0

⎛

⎝ Ñi

Aibi
−

M̃i

Wibi

⎞

⎠
(
εi

α − κiyβ
)
+

∫ 0

− hi/2

⎛

⎝ Ñi

Aibi
+

M̃i

Wibi

⎞

⎠
(
εi

α − κiyβ
)

⎞

⎠dyβ

=
∑NE

i=1
Ñiεi

α + M̃iκi = σ̃T ε = σ̃T MT λ = cT
1 λ

(16)   
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the linearization technique was employed to approximate the curve 
boundaries into polylines (Eq. (18)). The constraint can then be written 
as a linear matrix form that is consistent with Eqs. (14a) and (15a). Eq. 
(19) gives the M matrix and c vector for specific block i when the line
arization precision pb is set as 6. In this case, the real quadratic limits for 
NTR material are approximated by a hexagon boundary (dash lines in 
Fig. 3b). 

fb

(
Ñ, M̃

)
=

⃒
⃒
⃒M̃
⃒
⃒
⃒

Wbσc
+

2Ñ
Abσc

(

1 +
Ñ

Abσc

)

⩽0 (17)  

f k±
b

(
Ñ, M̃

)
= ±

M̃
Wb

+
Ñ
Ab

2(pb + 2 − 4k)
(pb − 2)

−
8(k − 1)2

(pb − 2)2σc⩽0, k = 1, 2,…,
pb

2
(18)  

M∗
i =

⎡

⎢
⎢
⎢
⎢
⎣

2
Aibi

0 −
2

Aibi

2
Aibi

0 −
2

Aibi

1
Wibi

1
Wibi

1
Wibi

−
1

Wibi
−

1
Wibi

−
1

Wibi

⎤

⎥
⎥
⎥
⎥
⎦

T

c∗i =
[

0
σc

2
2σc 0

σc

2
2σc

]T

(19)  

In Fig. 3b, we can note that the linearization proposed in the paper of 
Cavicchi and Gambarotta [14] circumscribed the actual limit boundary, 
giving rise to an expansion of the static-allowed domain. Oppositely, the 
region defined by Eq. (13) proposed in the present paper lies within the 
quadratic limit domain, which can be understood as a conservative 
linearization of the NTR constitutive equation. We also plot in Fig. 3b 
the limit domain with tensile strengths. As indicated by the gray line, the 
parabolic limit surface will enlarge in proportion when the tensile 
strength increases. Nevertheless, given that the tensile strength of the 
brick material is usually quite limited, such expansion of the limit 
domain can be ignored. Therefore, for the sake of simplicity, we will 
always assume NTR model for the brick element (i.e. σt = 0) in the below 
analysis. Both quadrilateral (lower-bound-approximated) and hexagon 
(upper-bound-approximated) linearizations for the constitutive model 
will be taken into account. The corresponding collapse results of the arch 
ring will be presented and compared in the result section. 

2.3. Limit analysis formulation 

Now we have obtained all the elements updated for the Upper bound 
(UB) limit analysis. The optimization problem can be formalized as Eq. 
(20a). We collect the new geometric compatibility condition (6) and 
flow rule for interfaces (10a) and elements (15a). Note that the external 
load must produce positive work on the structure, i.e. fT

L u > 0, and 
normalized form of this condition can be stated as fT

L u = 1 according to 
[27], known as the positive work condition. The in-element dissipation 
is also supplemented in the objective function. Here, fD and fL are vec
tors collecting all the dead and live loads applied to the blocks. 

minimize − fT
Du + cT

0 p + cT
1 λ

subject to fT
L u = 1

AT
u u + AT

ε ε = q
NT p = q, p⩾0
MT λ = ε, λ⩾0

(20a)  

minimize − fT
Du + cT

0 p
subject to fT

L u = 1
AT u = q
NT p = q, p⩾0

(20b)  

Removal of the terms that account for the deformability of the block 
elements will make the formulation degraded into the rigid block cases 

(Eq. (20b)) and the optimization formulation becomes the same as the 
one of classical rigid block limit analysis [25,28]. 

maximize α
subject to Aux = αfL + fD

Aεx + σ̃ = 0
Nx − z0 = c0, z0⩽0
Mσ̃ − z1 = c1, z1⩽0

(21a)  

maximize α
subject to Aux = αfL + fD

Nx − z0 = c0, z0⩽0
(21b)  

The Lower Bound (LB) formulation (Eq. (21a)) can be obtained through 
writing the dual problem of Eq. (20a). Compared with the standard LB 
limit analysis for rigid block system (Eq. (21b)), we have to add a bal
ance condition that associates the interfacial resultant x and in-element 
generalized force ̃σ, as well as a constitutive condition to constrain these 
generalized force unknowns. 

Finally, we observe the energy balance implied in the equilibrium 
and compatibility conditions. We pre-multiply the velocity u and strain 
rate vector ε by the equilibrium constraints in the LB formulation and 
sum them together (left side of Eq. (22)). The right-hand-side expression 
can be deduced by substituting the compatibility condition Eq. (6). Here, 
PE

D and PC
D are the internal power induced by interfacial and 

deformation-induced dissipation while the PE and PG are the external 
work done by dead and live loads. As a result, we see a balance of the 
internal dissipation and external works in each pair of static-equilibrium 
systems and compatible mechanisms. 

uT Aux + εT Aεx + εT σ̃ = uT αfL + uT fD⇒ qT x
⏟⏞⏞⏟

PE
D

+ εT σ̃⏟⏞⏞⏟
PC

D

= uT αfL⏟̅̅⏞⏞̅̅⏟
PE

+ uT fD⏟̅⏞⏞̅⏟
PG

(22)  

3. Benchmark case study 

To gain deep insight into the properties of the proposed block 
element with different constitutive linearizations, we perform the 
collapse analysis of a circular arch ring with 80 blocks in this section as a 
benchmark study (Fig. 4). The geometric characteristics follow the ring 
of Prestwood Bridge, investigated in [13,14]. The span of the bridge is 
6550 mm, with a rise of 1428 mm. The thickness of the arch ring is 220 
mm. The out-of-plane depth of the arch is 3800 mm. The external load is 
applied at approximately the quarter span of the arch. 

Material characteristics of the bricks are set referring to [14] 
(Table 1). The collapse of the rigid arch ring will also be presented 
(solved by Eqs. (20b) and (21b)) as a comparison to further understand 
how deformability influences the ring behavior at the collapse. When 
investigating the collapse of the deformable ring, as mentioned above, 
both quadrilateral- and hexagon-linearized constitutive (Eqs. (13) and 
(18)), will be taken into account. 

3.1. Collapse of rigid and deformable arch ring 

The collapse mechanism of the rigid arch ring is a standard 4-hinge 

Fig. 4. Geometric features, loading and boundary conditions of the 80-block 
arch ring. 
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(S4H) mechanism (Fig. 5). Two extrados hinges are located at the 
loading point and left springer of the ring and two intrados ones are near 
the left quarter-span point and right springers. Such overall motion of 
the ring is commonly reported in the previous works (see [28–30,6,7]). 

Adoption of the hexagon linearization could bring about the brick 
elements with insufficient consideration of the deformability. The 

predicted collapse mechanism of the ring remains unchanged: the ring 
remains a 4-hinge collapse (Fig. 6c and d), being no different from the 
rigid case as well as the same load prediction (Fig. 5). That makes sense 
given the expansion of the static-allowed area caused by the upper 
bound approximation. As we can read in Fig. 3b, the ultimate moment of 
the hexagon-linearized constitutive is twice the quadrilateral one in a 
low-compression condition, and the brick elements will thus perform a 
high resistance to the bending deformation. As a result, the dissipation 
of such element is more expensive than the appearance of the interfacial 
separations, resulting in the same ring collapse as the rigid modeling. 
The plot of the power dissipation further illustrates such consistency 
(compare these two cases in Fig. 7). 

The collapse of the ring becomes different after applying the 

Table 1 
Material feature of the bricks.  

Density ρb 

[kg/m3] 
Interfacial 
cohesion cbb 

[MPa] 

Compressive 
strength σbc 

[MPa] 

Tensile 
strength σbt 

[MPa] 

Frictional 
angle φbb [◦] 

2000 10-6  4.5 0 37  

Fig. 5. Collapse of the rigid arch ring: (a) mechanism; (b) interfacial dissipation.  

Fig. 6. Collapse of the deformable arch ring: (a) quadrilateral linearization, interfacial dissipation; (b) quadrilateral linearization, in-element dissipation; (c) hexagon 
linearization, interfacial dissipation; (d) hexagon linearization, in-element dissipation. 

Fig. 7. Power dissipation in the collapse of the 80-block arch: comparison of rigid modeling, hexagon linearization, and quadrilateral linearization.  
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quadrilateral linearization. In this mechanism, all the interfacial sepa
rations, originally presented in the previous two S4H mechanisms, are 
shared by the bending deformation of the brick, and the magnitude of 
the overall motion is thus scaled down. The location of the deformed 
bricks agrees with the 4 hinges of the S4H motion (compare Fig. 6b and 
Fig. 5b) and these deformations present almost zero dissipation. Such 
moderate collapse deformation is manifested, in the aspect of power 
dissipation, as a lower potential power (see Fig. 7). Compared with the 
rest two cases, we can note the decline of the potential power has 
exceeded 50 %. Note that the load prediction in this benchmark case is 
dominantly contributed by the potential power (the magnitude of the 
dissipation is infinitesimal, around 100–10-3, see Fig. 7). The reduction 
of the potential power will directly impact the capacity prediction. 
Therefore, the collapse load predicted from the quadrilateral lineariza
tion becomes discrepant from the other two rings, with a remarkable 
drop of 57.5 %. These results further demonstrate that the lower bound 
property of quadrilateral linearization gives the brick element better 
flexibility (in particular the deformation with zero dissipation), corre
sponding to the insertion of extra degrees of freedom in the structure. 
The displacement of the ring can thus be moderated when the collapse 
happens. 

3.2. Parametric studies 

Below we proceed to conduct several sensitivity analyses to better 
investigate the collapse performance of the ring under different material 
conditions. We start from the parametric study on the friction angle φbb, 
which ranges from 3◦ to 40◦. As the curves illustrated (Fig. 8), hexagon 
linearization always gives a higher collapse load prediction because of 
its upper bound approximation. The sliding will appear at the interfaces 
when the friction condition degrades. If the friction angle drops below 
14◦, the collapse will transform from the S4H motion to the one mixed 
with hinges and sliding (HS). Sliding-hinge-mixed failure appears at the 
loading point and the hinge originally presented at the left springers is 
replaced by pure sliding. Further reduction of the friction (below 4◦) will 
make the ring present a three-part collapse, purely with sliding failure at 
the interfaces (PS). Note that when using the hexagon linearization, all 
the block elements in the ring are not deformed in the investigated range 
of the friction angle, and this will also reason from the upper bound 
property of the hexagon linearization, which makes the brick element 
more resistant to the bending failure. 

However, regarding the ring adopting the quadrilateral-linearized 
constitutive, the resistance of the brick elements is relatively low: we 

note several bricks deform with remarkable bending motion. Two 
collapse mechanisms with sliding are observed at a low friction level as 
well. TS1 mechanism presents a similar deformed configuration to the 
HS mechanism. Only the hinges in the HS mechanism are substituted 
with the bending bricks with zero dissipation. When the friction angle 
reduces below 3◦, the location of the right failed brick in the mechanism 
(TS2) will be closer to the keystone and the collapse load further de
creases. The decrease of the collapse load is almost linearly associated 
with the friction angle after the appearance of the sliding, no matter 
which linearization is employed. In the case of extremely low friction, 
the difference in load prediction from quadrilateral and hexagon line
arization will be narrowed. 

Then, the collapse performance of the arch with different compres
sive strengths of the brick (or macro block of masonry) is investigated. In 
this parametric study, the friction angle φbb is fixed at 37◦, with a 
variation of the compressive strength σbc from 0.14 to 1 MPa. We keep 
holding the assumption of NTR material for the bricks, i.e. the tensile 
strength σbt is always zero. The results are illustrated in Fig. 9. 

Again, we see a greater load prediction when employing the 
hexagon-linearized NTR constitutive. Thanks to the high resistance to 
bending failure, in all the collapse mechanisms that we find, only 
crushing of the block takes place. When the strength drops to a moderate 
level (0.45–0.6 MPa), the brick at two springers begins to fail due to 
compression. Two hinges at the middle of the arch remain unchanged 
(2C2H). Corresponding to this crushing-hinge-mixed mechanism, the 
evolution of the collapse load is nonlinear. After the strength drops 
below 0.45 MPa, no hinge appears in the mechanism anymore, instead 
by the crushing-induced failures of the bricks (4C1). The most severe 
crushing happens at the bricks near the loading point. At this stage, the 
capacity of the ring becomes linearly influenced by the compressive 
strength of the brick, as the dissipation power now almost stems from 
the compressing failure of the bricks. Once we employ the quadrilateral- 
linearized constitutive, bending failure of the bricks (see blocks with red 
frame highlighted in Fig. 9) will take place instead of the separations at 
the interfaces. Regarding this modeling, it seems that the capacity of the 
ring is less sensitive to the brick strength since the range of the brick 
strength corresponding to the stable stage of the curve is quite broad. 
This could arise from the presence of those bending bricks, which re
duces the collapse motion of the arch, and the compressive stress at the 
springers could thus decrease. When we notice the first appearance of 
the crushing in the mechanism, the compressive strength of the brick has 
degraded to a deficient level (<0.26 MPa). When the capacity of the 
brick further decreases (<0.2 MPa), crushing will also be presented at 

Fig. 8. Sensitivity analysis on friction angle of brick interfaces φbb: comparison of quadrilateral and hexagon linearizations, σbc = 4.5 MPa, σbt = 0 MPa.  
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the middle of the arch and the drop in the load capacity of the arch is 
accelerated. In addition, the load prediction from two linearized 
constitutive models will get close when the compressive strength of the 
brick is low. 

4. Application to masonry arch bridge with full consideration of 
backfill 

In this section, we apply the proposed elements to analyze the 
collapse of the entire Prestwood Bridge with full consideration of the 
backfill, to investigate the robustness of such modeling in a more 
practical and large-scale scenario. The thickness of the fill at the top of 
the ring is 165 mm and the width of the wings on two sides is 2000 mm 
(Fig. 10a). The considered load pattern is also a quarter-span loading 
acting on the super surface of the fill. The width of the pressure is 300 
mm. The boundary conditions at the side and bottom of the backfill as 
well as the springer are all unilateral contacts (Fig. 10b). 

The backfill region is discretized by constant-strain triangular ele
ments (Fig. 10b, left circle), proposed in the work from Sloan and 
Kleeman [23] (also being followed in the contributions of Cavicchi and 

Gambarotta [13,14]). Below we first elaborate on the integration of this 
element into the theoretical framework proposed in Section 2. Eq. (23) 
defines the space for the constant-strain mode C . The induced velocity 
field can be generated from the strain components through the same 
standard form (Eq. (24)). Thus, using Hi

C

(
ri) to update the deformation 

space mapping Hi
A

(
ri) in Eq. (5b), we can soon get the new compati

bility condition for the homogenous-deformed element, and this 
constraint shares the same matrix form as the proposed brick element 
(see Eq. (6)). 

C (Ei) :=
{

BS⋅ri : BS ∈ ℝ2×2,BT
S = BS

}
(23)  

ui
C

(
ri) =

[
x − xi 0 y − yi

0 y − yi x − xi

]

⎡

⎢
⎢
⎢
⎣

εi
x

εi
y

εi
xy

⎤

⎥
⎥
⎥
⎦
= Hi

C

(
ri)εi (24)  

Regarding the constitutive model, we employ the standard Mohr- 
Coulomb yield criterion (25a) [31] with tension cut-off (25b) to 
describe the behavior of the fill elements, following the modeling in 

Fig. 9. Sensitivity analysis on compressive strength of the brick/masonry σbc: comparison of quadrilateral and hexagon linearizations, φbb = 37◦, σbt = 0 MPa.  

Fig. 10. Modeling of Prestwood Bridge: (a) geometric characteristic; (b) backfill modeling, external load and boundary conditions.  
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[14]. Due to the nonlinearity of Mohr-Coulomb criterion and tension 
cut-off (Fig. 11a), we again adopt the linearization technique to 
approximate the real limit surfaces (Fig. 11b) [32], and then the asso
ciated flow rule can be stated as a linear constraint. The linearizations of 
these two criteria have very similar expressions (Eq. (26a)). We use in 
total p planes to linearize each criterion and Ak, Bk and Ck are the co
efficients to represent the kth plane. The subscript “c” or “t” indicates 
linearization coefficients for the Mohr-Coulomb or tension cut-off model 
(Eq. (26b)). In this study, the precision of the linearization p for the 
backfill is set as 24 referring to [14]. All these constitutive constraints, 
flow rule, and dissipation terms can be expressed as the same linear 
matrix form to Eqs. (14a), (15a) and (16). Interfacial flow among the 
backfill elements and bricks uses the same associated Mohr-Coulomb 
flow rule (see Eqs. (8a), (10a) and (11)). Therefore, we can keep 
employing the same equations (Eqs. (20a) and (21a)) to solve the 
collapse of the bridge after the consideration of the fill. 

Fc
(
σx, σy, τxy

)
=
(
σx − σy

)2
+
(
2τxy
)2

−
(
2ccosφ −

(
σx + σy

)
sinφ

)2
= 0

(25a)  

Ft
(
σx, σy, τxy

)
=
(
σx − σy

)2
+
(
2τxy
)2

−
(
2σt −

(
σx + σy

) )2
= 0 (25b)  

Fk
c

(
σx, σy, τxy

)
= Ak

cσx + Bk
cσy + Ck

cτxy − 2ccosφ = 0
Fk

t

(
σx, σy, τxy

)
= Ak

t σx + Bk
t σy + Ck

t τxy − 2σt = 0
(26a)  

⎧
⎪⎪⎨

⎪⎪⎩

Ak
c = sinφ + cosak

Bk
c = sinφ − cosak

Ck
c = 2sinak

,

⎧
⎪⎪⎨

⎪⎪⎩

Ak
t = 1 + cosak

Bk
t = 1 − cosak

Ck
t = 2sinak

, ak = 2πk
/

p, k = 1, 2,…, p (26b)  

Triangular mesh for the backfill region is generated through a MATLAB- 
based package “MESH2D” [33]. The typical size of the element is about 
131 mm. The total amount of the element for backfill is 1605. Material 
parameters for the brick, backfill, and interfaces are given in Table 2. We 

use the same properties for the brick and its interfaces as the ones in the 
previous section. Parameters of the fill and its interfaces refer to [14]. 
The cohesion for the brick-to-backfill interfaces is also basically ignored. 
Similarly, below we will present the collapse of the bridge with the rigid 
or deformable ring, also investigating the effect of using different line
arized constitutive model in the scenario involving ring-fill interaction. 

4.1. Collapse of the bridge with different modeling of the arch ring 

We first investigate the collapse of the bridge with the rigid ring 
(Fig. 12). After considering the backfill, the overall motion of the rigid 
ring is basically consistent with the S4H mechanism (see Fig. 5) while 
the number of hinges significantly increases. Clusters of intrados hinges 
occur near the keystone and right springer. The location of the pre
senting hinges agrees with the one indicated in S4H. Regarding the 
motion of the backfill, the external loaded area moves downward, and 
the left side rises due to the passive extrusion from the ring. Below the 
external surface loading, there is a trapezoid region of backfill elements 
that presents a large strain rate. Note that the distance between the 
extrados hinges is larger than the origin width of the surface pressure. 
This indicates that the load has been dispersed by the backfill before it is 
transferred onto the arch ring. Meanwhile, the left passive-extruded 
backfill experiences large deformation as well, with a distribution of 
high dissipation energy. The crack propagation in the backfill follows 
the region of large dissipation. We also notice some short cracks 
spreading at the backfill above the right springer, which could be 
attributed to the occurrence of the separation at the extrados of the right 
springer. 

Involving the ring deformability generally does not influence the 
overall collapse motion of the bridge. When applying the hexagon- 
linearized constitutive, we only note that the keystone brick deforms 

Fig. 11. Limit surface of 2D Mohr-Coulomb friction model with tension cut-off: (a) original limit surface; (b) linearizing approximation of the real surface.  

Table 2 
Material parameters for the brick, backfill and interfaces.  

Elements 

Brick Density ρb [kg/m3] 2000 
Compressive strength σbc [MPa] 4.5 
Tensile strength σbt [MPa] 0 

Backfill Density ρf [kg/m3] 2000 
Frictional angle φf [◦] 37 
Cohesion cf [MPa] 0.01 
Tensile strength σft [MPa] 0 

Interfaces 

Frictional angle Brick to brick φbb [◦] 37 
Brick to backfill φbf [◦] 37 
Backfill to backfill φff [◦] 37 

Cohesion Brick to brick cbb [MPa] 10-6 

Brick to backfill cbf [MPa] 10-6 

Backfill to backfill cff [MPa] 0.01  

Fig. 12. Collapse of Prestwood Bridge, rigid arch ring: (a) interfacial dissipa
tion; (b) in-element dissipation. 
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due to bending failure, and the locations of other hinges remain the same 
as the one presented in the rigid-arch case (Fig. 13). Thanks to the 
bending of the keystone, the deformation of the backfill upon the 
keystone becomes more continuous. However, those changes in the 
mechanism have a minor impact on the load capacity of the bridge, with 
a deviation of only 0.32 % compared to the case of rigid-ring modeling. 

The adoption of quadrilateral linearization will significantly cut 
down the load prediction thanks to its lower-bound-approximated 
property. Compared to the case of the rigid arch, the drop of the load 
could reach 46.3 %, and this prediction exceptionally agrees with the 
experimental study [34] (with only a bias of 0.98 %). Regarding the 
mechanism, again we see a more flexible behavior of the brick elements 
when the collapse happens. All the interfacial discontinuities of the ring 
vanish, being shared by the deformation of the bricks (Fig. 14). Zero 
dissipation of these failed bricks indicates that those failures are caused 
by the occurrence of tensile stress on the section. Compared to the 
location of the left hinge in the previous two cases, we note that in this 

case, two bending bricks at the left side get closer to the keystone, and 
the passive motion of the ring in the predicted mechanism is moderated. 
As a consequence, both the passive-extruded area and the crack propa
gation at the left part of the backfill are shrunk. The cracks at the right 
springers also become fewer. 

These aspects can be quantitatively demonstrated again through the 
power proportion chart of the bridge collapse (Fig. 15). Given that 
negligible dissipation appears in the brick elements and at their in
terfaces, only the dissipation power of the fill is plotted here. We also 
distinguish the potential power of brick or backfill elements (subscripts 
“f” or “b” in Fig. 15 denote brick or backfill, respectively). Note that in 
the collapse that involves the ring-fill interaction, the power dissipation 
in the backfill gains a considerable proportion, and a more flexible ring 
modeling (quadrilateral linearization) will give rise to a remarkable 
decline in this part of dissipation, resulting in a more conservative 
collapse load prediction. The decrease in plasticity dissipation of backfill 
is caused by, as we have mentioned, the reduction of the passive- 
extruded backfill, among which the decrease of element dissipation is 
more prominent (about 34.3 % compared to the case of hexagon line
arization). Besides, the degradation of the potential power in the backfill 
is even more noticeable, which can reach 59.7 %. This should also be a 
consequence of the shrinkage of the passive-extruded backfill since it 
will contribute to the alleviation of the backfill motion at the left. 
Therefore, we can conclude that the different modeling of arch flexi
bility majorly impacts the prediction of the passive-extrusion area in the 
backfill. Benefiting from the flexible ring modeling, both dissipation and 
potential power that take place in this area will be prominently lower, 
and load prediction thus becomes conservative. 

4.2. Parametric studies 

Below we conduct the sensitivity analysis on the compressive 
strength of the brick (or macro block of masonry) to further understand 
how the deformability of the ring affects the load capacity of the bridge. 
All the setting of the material features follows the previous analysis. We 
vary the brick strength σbc from 0.5 to 8 MPa and the tensile strength of 
the brick σbt is again neglected, keeping the assumption of no-tensile 
resistance (NTR) for brick material. 

The predicted curves for the two considered constitutive models 
demonstrate very analogous characteristics (Fig. 16) presenting also 
very similar trend to the curves in the previous pure arch investigation 
(see Fig. 9). When the compressive strength is high, the collapse load 
remains stable, and then it decreases associated with the fall of σbc. At 
the beginning, the drop of the load present non-linearity, indicating that 
the collapse mechanism of the bridge may transit. If the brick is 
vulnerable enough, the decline of the load capacity becomes linear. 
When employing hexagon linearization, the non-linear stage will begin 
at 3.5 MPa and the linear-drop stage follows when σbc is below 2 MPa. 
However, those strengths are still quite high for the case using quadri
lateral linearization, where the load capacity of the bridge remains at the 
constant stage. The following non-linear stage is very narrow in this case 
and the drop of the collapse load soon reaches the linear stage (σbc < 1 
MPa). At the constant-load stage, the load prediction given by the 
hexagon linearization gets very close to the result of the rigid arch 
modeling whereas the overestimation compared with the prediction of 
quadrilateral linearization, as well as the experiment result, becomes 
significant. Oppositely, when the σbc is small, the load prediction from 
the two different linearizations will become close (difference within 10 
%). 

We also give the collapse motion of several representatives (green 
squares denoted on the curves in Fig. 16), to demonstrate the transition 
of mechanism when the compressive limit of the bricks falls. Taking the 
results of the quadrilateral linearization as an example (left column of 
Fig. 17), along with the decline of the brick strength, we can observe an 
increasing occurrence of crushing failure at the bricks. The location of 
the crushing bricks is basically in line with the hinges in the S4H 

Fig. 13. Collapse of Prestwood Bridge, deformable arch ring, hexagon- 
linearized constitutive: (a) interfacial dissipation; (b) in-element dissipation. 

Fig. 14. Collapse of Prestwood Bridge, deformable arch ring, quadrilateral- 
linearized constitutive: (a) interfacial dissipation; (b) in-element dissipation. 
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mechanism. The bricks at the right springer firstly crush due to the 
presence of high compressive stress (Fig. 17a). Then, at the non-linear 
drop stage, the severe deformation with a combination of axial 
compression and bending takes place at the keystone brick, presenting a 
remarkably high dissipation (Fig. 17c). After entering the linear drop 
stage, additional crushing happens at two bending blocks below the 
surface loading (Fig. 17e). When σbc drops to an extremely low condi
tion, the two deformed bricks at the left span can also present 
compressive failure to some extent (Fig. 17g). The presence of those 
crushing bricks reduces the overall motion of the ring, and the dissipa
tion in the backfill caused by the passive extrusion drops. Such con
version of the collapse mechanism for the case that adopts hexagon- 
linearized constitutive is analogous (right column of Fig. 17) while the 
predicted collapse load corresponding to a similar deformed configu
ration is higher. 

On the other hand, to investigate the influence of backfill properties 
on the collapse behavior of the bridge, we then implement parametric 
studies on the cohesion and friction angle of backfill. Again, other ma
terial features are the same as in the previous analysis, and both rigid 
and deformable modeling, with different linearizations, for the ring are 
considered. The compressive strength of the brick σbc returns to 4.5 MPa. 
Corresponding interfacial parameters of the backfill vary along with the 
element ones (i.e. we keep cff = cf, φff = φf). 

Fig. 18 gives the sensitivity curves of the collapse load regarding 
backfill cohesion cf. The load curve for the case of adopting quadrilateral 
linearization exhibits a linear variation, which implies no change in the 
collapse mechanism. Regarding the rest two modelings for the arch, the 
trend of the sensitivity curves is bilinear. The slope of these two curves 

slightly decreases when the backfill cohesion is large. The collapse load 
predicted in these two cases is always overestimated compared with the 
result from quadrilateral linearization. The maximum overestimation 
could reach 56 %. The consistency of employing the rigid modeling and 
the deformable modeling with hexagon linearization only holds when 
the backfill cohesion is low (cf < 0.01 MPa) whereas they will deviate 
along with the growth of the cohesion. When applying the backfill with 
high cohesion, the load predictions given by the three considered 
modeling of the ring can be quite different. That is to say, the predicted 
load will become more sensitive to different modelings of the arch in this 
case. 

The influence of the friction angle of the backfill on the load capacity 
of the bridge is then investigated (Fig. 19). In the considered range of the 
backfill friction, the collapse load for all three bridges monotonically 
increases along the growth of the friction angle, with some slight non- 
linearity. Such a trend demonstrates that no distinct change in the 
collapse mechanism takes place. Again, we see a conservative prediction 
of the collapse load when employing the quadrilateral-linearized 
constitutive for the arch ring, and the rest two modelings give almost 
the same solution. A very small bias can be recognized when the friction 
angle is large. On these two curves, we note a significant turning point at 
φf = 22◦, below which the drop of the collapse load will accelerate. In 
addition, compared with the backfill cohesion, the capacity of the bridge 
is less sensitive to the backfill friction. 

Finally, we observe the effect of the material features of the backfill 
on the collapse motion of the bridge. The left column of Fig. 20 gives the 
collapse mechanism of the bridge applying a high-cohesion backfill (cf 
= 0.08 MPa). In the case of quadrilateral linearization, the overall mo
tion of the bridge agrees with the case under low cohesion, with a slight 
shrinkage of the left dissipation area (see Figs. 20a and 14b). However, 
we note a conversion of the collapse mechanism in the case of rigid arch 
after the increase of backfill cohesion. Comparing Fig. 20e with Fig. 12b, 
the passive-extrusion area of the backfill at the left significantly reduces, 
with also a remarkable drop of dissipation in this area. The possible 
reason could be that the large backfill cohesion will lead to worse 
deformability of the backfill and the containment stress that restrains 
the motion of the ring increases, which precludes the passive motion of 
the arch. Moreover, such large containment stress leads to the occur
rence of sliding near the keystone. The presence of these slidings also 
moderates the deformation of the ring. Regarding the case of hexagon 
linearization, the effect of such large containment stress is manifested as 
the crushing failure of the brick that takes place at the keystone and 
springer (see Figs. 20c and 13b). This explains why the load prediction 
from the hexagon linearization deviates from the rigid modeling when 
the backfill cohesion is large. 

The right column of Fig. 20 gives the collapse of the bridge with a 
low-friction fill (φf = 22◦). Again, regarding the case that uses 
quadrilateral-linearized constitutive, the mechanism of the bridge is not 
influenced by the decrease of the backfill friction (see Figs. 20b and 
14b). In contrast, in the other two cases, we see a severe local collapse of 
the backfill at the external loading area when applying the backfill with 

Fig. 15. Power dissipation in the collapse of Prestwood Bridge: comparison of rigid modeling, hexagon linearization, and quadrilateral linearization.  

Fig. 16. Collapse load of the bridge Pu vs. compressive strength of brick/ma
sonry σbc: comparison of deformable and rigid arch. 
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weak friction while the deformation and dissipation of the left part of the 
backfill become inconsiderable (see Fig. 20d and f). As a result, when the 
fill friction degrades, the decline of the collapse load for these two cases 
speeds up and presents a completely linear trend associated with the 
drop of friction (Fig. 19). 

5. Discussions 

The collapse of Prestwood Bridge is an important benchmark study 
that has also been documented by pioneering researchers. As mentioned 
above, the contributions from Cavicchi and Gambarotta [13,14] are 
critical numerical works on this bridge, where thorough limit analysis 
investigations with full modeling of the backfill are carried out. Instead 
of using brick elements, they simplified the arch ring bricks into 80 beam 
elements, and the arch-fill interfaces are modeled through quadrilateral 

cohesion elements. Below discussion, we will first revisit some of their 
results and discuss the consistency and discrepancy compared with our 
predictions. 

Before that, we would like to reproduce the collapse of the 80-block 
arch through the beam element modeling proposed by Cavicchi and 
Gambarotta [14], as a verification. This element consists of two nodes 
with three freedom each and one mid node that allows only the axial 
displacement. Compared with the construction of the velocity field 
proposed in this paper, these variables can further represent the space of 
axial deformation mode with high order in that the left and right half of 
the beam can have different axial strain and curvature. However, in their 
modeling, no velocity discontinuities were considered between the two 
beam elements. All the dissipation is reduced into two plastic hinges 
near the end nodes (Fig. 21a), and as mentioned in Section 2, the 
constitutive model employed for these hinges is the hexagon 

Fig. 17. Collapse mechanism of Prestwood Bridge under different brick strength conditions: in element dissipation.  
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linearization (Eq. (18)). Fig. 21b gives the collapse result of the arch ring 
through this beam element. Both overall motion and the location of the 
hinges predicted from the beam elements are in line with the collapse 
given by the brick elements (see our results of the hexagon linearization, 
Fig. 6c and d), with also a very comparable load prediction (bias within 
1 %). This verifies the good accuracy of the proposed brick elements 
being applied to the collapse analysis of the pure arch case. 

In Table 3, we also compare the computational efficiency of the brick 
elements and the beam element in the case of 80-block arch collapse. As 
we could expect, compared with the brick elements, usage of the beam 
element will lead to fewer constraints for the problem since the velocity 
jumps between the beams are ignored, while the optimization variables 
increase due to the assignment of more plastic hinges in each beam. 
Comparing the two deformable brick cases, the case of quadrilateral 
linearization has a comparably smaller problem size thanks to the 
adoption of fewer approximation planes in the linearization, and thus it 
comes up with lower time consumption (about 37.5 % lower than the 
case of hexagon linearization). The beam element performs an even 
faster prediction, whose time cost is about 47 – 73 % of the two 
deformable brick elements. However, we would still say the computa
tional budget of the deformable brick element is acceptable given its 

extra consideration of the real geometry characteristics and interfacial 
discontinuities. These aspects were neglected in the beam elements. 

We now proceed to compare our prediction of Prestwood Bridge to 
the simulation from Cavicchi and Gambarotta [14]. To make the results 
comparable, here we plot the distribution of the normalized plasticity 
multiplier over the bridge instead of the in-element dissipation (Fig. 22). 
We see that actually, the overall motion of the collapse is quite consis
tent, with the only discrepancy in the location of the left hinge. How
ever, the location of this hinge is very critical to the final prediction as it 
defines the area of passive-extrusion backfill. As remarked in our results 
above, a large passive-extrusion area will significantly increase both 
plasticity dissipation and potential power in the backfill, leading to a 
high prediction of collapse load. When adopting the quadrilateral- 
linearized constitutive for the brick element, the location of the left 
hinge is the most adjacent to the keystone wherefore the area of the 
passive extrusion is the smallest (Fig. 22b). In contrast, this area pre
dicted from the other two modelings is much more considerable 
(Fig. 22c and d), because of the remarkable passive motion of the arch. 
The passive-extrude area of the backfill given by the beam element 
modeling is between them (Fig. 22a). Note that, however, the predicted 
collapse load is significantly lower than the counterpart case that uses 
the deformable brick modeling with hexagon-linearized constitutive 
(Fig. 22c). Therefore, employing the beam element could give rise to 
over-deformable modeling of the ring in the collapse analysis that in
volves ring-fill interaction, which may arise from the simplified 
consideration of the arch geometry. The actual thickness of the arch is 
not explicitly taken into account in the analysis. Besides, the modeling of 
the cohesion element they proposed for the ring-fill interaction could be 
too conservative. Consequently, although Cavicchi and Gambarotta 
adopted a linearization with upper-bound property, the predicted load 
remains at a low level, matching the prediction from the brick element 
that uses the lower-bound-approximated (quadrilateral) linearization. 

Another comparable numerical work could be the finite element 
analysis of Prestwood Bridge carried out by Drosopoulos et al. and Betti 
et al. [35,36]. In their analysis, the arch ring is discretized by 40 elastic 
blocks with interfaces modeled through unilateral frictional contact 
(Fig. 23). The backfill region is meshed by two-dimensional plane strain 
elements with Mohr-Coloumb plasticity. As illustrated in Fig. 23, we 
observe a considerable area of passive-extruded backfill, being very 
comparable to our prediction in the case where the ring lacks flexibility 
(i.e. the hexagon linearization or rigid ring cases, see Fig. 22c and d). 
Such overestimation of the passive motion may arise from the insuffi
cient consideration of the discontinuities in the backfill region, resulting 
in more dissipation in the elements. However, the load prediction from 
the finite element analysis is more conservative than the limit analysis 
counterpart, which should be thanks to the usage of non-associated flow. 
In their modeling, the dilation angle of the backfill is smaller than the 
friction angle, giving rise to less pseudo-dilation in the fill region. This 
could imply the possible inaccuracy of assuming the associated flow for 
the backfill triangles. Overestimated element dilation could also lead to 
higher load prediction in limit analysis. Revisiting our predictions, the 
appliance of associativity for the joints should be acceptable since the 
interfacial dilation presented in the bridge collapse is quite limited. 
However, different assumptions of the element dilation mode may 
significantly affect the prediction of passive-participated fill, and this 
will further bias the load prediction. This sensitive factor will be highly 
considered in our future work. 

Finally, we make a comparison to the previous experimental results. 
Prestwood Bridge is a real bridge that has been experimentally tested on- 
site. As reported by Page [34], the collapse load given from this on-site 
test is 228 kN (Fig. 24a). Compared with this experimental result, as 
mentioned above, the most accurate prediction from our numerical 
investigation is produced by the deformable brick element with the 
quadrilateral-linearized constitutive (225.747 kN), with a very 
compatible prediction of the collapse mechanism to the experiment re
sults as well (Fig. 24b). In particular, the prediction of the location of the 

Fig. 18. Collapse load of the bridge Pu vs. backfill cohesion cf: comparison of 
deformable and rigid arch. 

Fig. 19. Collapse load of the bridge Pu vs. friction angle of backfill φf: com
parison of deformable and rigid arch. 
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left hinge as well as the area of passive-extruded infill is in good 
agreement with the experimental mechanism, which is, as discussed 
above, very critical for a precise prediction of the load capacity. 
Regarding the other two considered cases, as we expected, the predicted 
area of the left passive-extruded backfill is noticeably larger than the 

experimental result. Furthermore, according to the parametric study of 
backfill properties (see Figs. 18 and 19), the predicted load of these two 
cases is still overestimated when the concerned parameters are reduced 
to an infinitesimal level. Although when the compressive strength is very 
low, the collapse load predicted in these two cases can be comparable to 

Fig. 20. Collapse mechanism of the bridge under different backfill cohesion and friction conditions: in element dissipation.  

Fig. 21. Collapse of 80-block arch using the beam element proposed by Cavicchi and Gambarotta: (a) configuration of the beam element; (b) collapse results.  

Table 3 
Summary of collapse analysis on the 80-block arch case.  

Element type Element constitutive model Load prediction [kN] Problem size Computational time [s] 
Constraints Variables 

Deformable Beam NTR, hexagon linearization  41.440 326 1283  0.02283 
Rigid brick –  41.414 324 564  0.02014 
Deformable brick NTR, hexagon linearization  41.414 484 1204  0.04797 
Deformable brick NTR, quadrilateral linearization  17.598 484 1044  0.03028  
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the experiment result, the corresponding mechanism deviates (see 
Fig. 17f). Therefore, it can be concluded that the overestimation of the 
load prediction of these two modelings arises from the insufficient 
consideration of the ring flexibility, instead of the bias of the material 
properties. 

We would point out at last that in the report from Page [34] no 
relevant material properties test on the stone or backfill is provided. The 
material parameters employed in our analysis are the calibrated values 
from the previous numerical works [13,14], and the accuracy of these 
material parameters could be debatable. Therefore, in the following 
works, we will apply the proposed element to other laboratory-tested 
benchmarks with available material properties. An in-scaled labora
tory test of bridge collapse could also be expected in the future for the 
benchmark purpose. 

6. Conclusions 

In this paper, we have put forward a new limit analysis modeling for 

the arch ring in masonry arch bridges considering the deformability of 
the bricks. The velocity field of the proposed deformable brick element 
accounts for both the rigid body mode and the axial deformation mode 
induced by axial compression and bending deformation. No-tension 
resistance (NTR) constitutive relation has been applied to describe the 
material characteristic of the brick. Two different linearizations for this 
relation have been employed to preclude the nonlinearity in the con
straints. As a consequence, the updated heterogenous limit analysis 
formulization with the inclusion of the deformable bricks remains a 
Linear Programming (LP) problem. Employing the proposed elements, 
we have performed the collapse analyses of an 80-block arch and the 
real Prestwood Bridge that involves the arch-ring interaction. Exhausted 
parametric studies on brick and backfill material properties have then 
been conducted. Finally, we have compared our predictions to the 
previous experimental and numerical pioneering contributions, discus
sing the influence of using different modelings of ring flexibility. 

We have first investigated the properties of the proposed brick ele
ments and different constitutive linearizations through the benchmark 

Fig. 22. Distribution of the normalized plasticity multiplier, collapse of Prestwood bridge, cf/cff = 0.01 MPa, σbc = 4.5 MPa, φf/φff/φbb = 37◦: (a) prediction of 
Cavicchi and Gambarotta, Pu = 228 kN; (b) deformable arch ring, quadrilateral linearization, Pu = 225.747 kN; (c) deformable arch ring, hexagon linearization, Pu =

419.134 kN; (d) rigid arch ring, Pu = 420.462 kN. 

Fig. 23. Result of finite element analysis of Prestwood bridge carried out by Drosopoulos et al. and Betti et al.: 40-block ring, non-associated plasticity for the 
backfill, Pu = 225.4 kN. 
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study of the 80-block arch. The element with hexagon-linearized 
constitutive performs comparably stiffer, whose behavior can be very 
close to the rigid block elements in the pure-arch case. In contrast, the 
quadrilateral linearization gives rise to a conservative load prediction 
due to its lower bound property. Such linearization will make the brick 
elements more vulnerable to tensile failure. Therefore, under a low axial 
compression condition, bending of the brick is more likely to take place. 
These bending deformations share separation at the interfaces, causing a 
moderate collapse motion of the ring. Crushing happens only when the 
compressive strength of the brick is extremely low (<0.6 MPa). In 
addition, the reproduced collapse analysis of this 80-block arch through 
the beam element (put forward by Cavicchi and Gambarotta [14]) also 
gives a compatible prediction to our results. 

Collapse analysis on Prestwood bridge has further demonstrated that 
the proposed deformable brick elements can perform with good accu
racy when applied to a practical and large-scale collapse analysis. When 
employing quadrilateral-linearized constitutive, the predicted collapse 
load is exceptionally close to the previous experimental result tested in- 
situ (with a deviation of 0.98 %). However, the hexagon linearization 
will give rise to an overestimated load prediction (discrepancy reaches 
46.3 %), being again very comparable to the prediction of rigid 
modeling. This demonstrates that the modeling of the ring deformability 
is even more essential when analyzing the arch-fill interaction. Different 
modeling of the ring majorly influences the prediction of the passive 
extrusion of the fill. As indicated in the previous 80-block arch case, 
bricks with weak deformability will give rise to significant overall 
deformation of the ring, and in the collapse that involves arch-fill 
interaction, such large ring deformation will further enlarge the 
passive-extruded area of the backfill. The predicted load will thus in
crease since more dissipation, as well as potential power, is present in 
the backfill. 

In conclusion, when investigating the arch-fill interaction of masonry 
arch bridges, the brick element with quadrilateral linearization is a 
recommended solution, considering its compatible prediction of both 
load and collapse mechanism to the experimental result. Nevertheless, 
given that the results predicted from the hexagon linearization are also 
in good agreement with the one from the reproduced beam element in 

the case of the 80-block arch, such upper-bound linearization may be 
accurate in the collapse analysis of some pure-arch cases. In addition, we 
would remark that the beam elements give rise to significantly conser
vative load prediction for Prestwood Bridge compared with the brick 
modeling when using the same hexagon linearization. This indicates 
that when analyzing the arch-fill interactions, employing beam elements 
for the ring modeling may present lower flexible resistance, which could 
be attributed to the neglect of the thickness of the ring. Although such 
modeling for the case of Prestwood Bridge can predict a precise collapse 
load, deviation may appear when applied to other practical cases due to 
such simplification. The deformable brick element proposed in this 
paper can be regarded as a theoretical generalization of the beam 
element, where both the real geometric characteristics and interfacial 
discontinuities between the blocks are taken into account. If the 
constitutive model for the element is properly considered, it can also be 
used as a macro-block modeling for the masonry material. Therefore, the 
proposed brick element can provide the community with a more general 
alternative to modeling the arch or vault structures in limit analysis. 

Future work will implement this modeling to analyze the collapse of 
other benchmark examples to further test the robustness of the proposed 
elements and different constitutive linearizations. An in-scale laboratory 
test on the collapse of a masonry arch bridge will also be arranged for the 
benchmark purpose. On the other hand, an investigation of the different 
modeling of the backfill will be conducted. In particular, we will study 
the effect of assuming different dilation angles for the backfill material. 
The possibility of introducing the auto re-meshing procedure for the 
backfill region will also be studied to speed up the analysis. 
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