Downloaded from orbit.dtu.dk on: ott 19, 2022

DTU Library

=
=
—

i

LRLC-shunted piezoelectric vibration absorber

Berardengo, M.; Hagsberg, J.; Manzoni, S.; Vanali, M.; Brandt, A.; Godi, T.

Published in:
Journal of Sound and Vibration

Link to article, DOI:
10.1016/j.jsv.2020.115268

Publication date:
2020

Document Version
Peer reviewed version

Link back to DTU Orbit

Citation (APA):

Berardengo, M., Hagsberg, J., Manzoni, S., Vanali, M., Brandt, A., & Godi, T. (2020). LRLC-shunted
piezoelectric vibration absorber. Journal of Sound and Vibration, 474, [115268].
https://doi.org/10.1016/j.jsv.2020.115268

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright
owners and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

e Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
e You may not further distribute the material or use it for any profit-making activity or commercial gain
e You may freely distribute the URL identifying the publication in the public portal

If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.


https://doi.org/10.1016/j.jsv.2020.115268
https://orbit.dtu.dk/en/publications/0797eb59-ef79-44dc-a727-914f2897c08d
https://doi.org/10.1016/j.jsv.2020.115268

LRLC-shunted piezoelectric vibration absorber

M. Berardengo!, J. Hggsberg?, S. Manzoni®, M. Vanali!, A. Brandt*, T. Godi®

1. Department of Engineering and Architecture - Universita degli Studi di Parma
Parco Area delle Scienze, 181/A
43124 Parma, Italy
2. Department of Mechanical Engineering - Technical University of Denmark
Nils Koppels Allé, building 403
DK-2800 Kongens Lyngby, Denmark
3. Department of Mechanical Engineering - Politecnico di Milano
Via La Masa, 34
20156 Milan, Italy
4. Department of Technology and Innovation - University of Southern Denmark
Campusvej 55
DK-5230 Odense M, Denmark

Abstract

This paper addresses a new approach for mono-modal vibration reduction by
means of a piezoelectric shunt. It is based on an innovative shunt impedance
which allows to improve the attenuation performance and the robustness to
mistuning compared to the use of the classical resonant shunt. This result
is achieved by building a network, composed of two inductances, one capaci-
tance and one resistance, which generates two resonances, instead of the single
resonance imposed by the classical resonant shunt. All the theoretical results
discussed in the paper are validated by an experimental campaign on a tailored
set-up. These tests show a good agreement between theoretical and experimen-
tal results and thereby validate the benefits of the new approach.
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1. Introduction

The use of piezoelectric actuators shunted to electric impedances to attenu-
ate vibrations is a widely studied topic and has recently been thoroughly inves-
tigated (e.g. [1, 2, 3, 4]). In this control approach, the piezoelectric transducer
acts at the same time as a sensor and as an actuator and the layout of the elec-
tric impedance depends on the required type of attenuation. As an example, an
impedance composed of either the series or parallel connection of an inductance
and a resistance (named resonant shunt or LR shunt) is effective for single-mode
control [5, 6, 7, 8, 9, 10]. Conversely, in case of multi-mode control, the use of a
resistance coupled to one or two negative capacitances offers good performance
[11, 12, 13, 14]. Furthermore, other approaches, based on different and more
complex networks, are also possible, as shown in [15, 16].

Among all the possible approaches, the use of an LR shunt (even with cou-
pling to negative capacitances [17, 18]) has been found to be the most effective
approach for controlling a single mode. Different methods have been proposed
in the literature to set the values of the inductance L and the resistance R [19].
They can rely on the shape of the frequency response function (FRF) of the
controlled system [6, 8] or exploit the pole placement theory, requiring defined
conditions on the damping associated with the poles of the system [20, 21, 22].
Among the approaches of the latter category, the so-called balanced calibra-
tion stands out for desirable features such as its high attenuation levels and
good robustness to possible mistuning thanks to the way of setting the value
of the resistance R [21, 22]. The robustness of the control is very important
in LR shunts because this type of control suffers from significant performance
loss because of mistuning [19, 23, 24]. Indeed, the effect of the LR shunt can
be seen as equivalent to that of tuned vibration absorbers (TVAs), with all the
related advantages and drawbacks, such as sensitivity to possible mistuning and
parameter uncertainties.

To overcome this limitation, this paper presents a new shunt impedance

which uses similar principles as those adopted in [21, 22] for the balanced cali-
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bration, while improving the attenuation performance both in tuning and with
respect to mistuning. This is achieved by adding a capacitance and an induc-
tance to the existing LR shunt (LRLC shunt, see Sections 3.1 and 3.2) to create
an additional resonance for the whole electro-mechanical system, compared to
the LR shunt (i.e. the LRLC shunt introduces two resonances in the system,
while the LR shunt just one). This LRLC shunt is found to improve both the
robustness and performance of the control action.

This approach already showed to be effective in the field of mechanical TVAs;
where multiple TVAs are used to add more than one eigenfrequency to the whole
system [25, 26] and are tuned for attenuating the vibrations of a single mode
of the primary system. The technique, applied in different fields, such as for
example civil engineering [27, 28, 29, 30] and acoustic control [31], has proven
to be able to improve the attenuation provided by a single TVA. TVAs can
be used with different layouts, such as series (e.g. [32, 33, 34]), parallel (e.g.
[33, 34, 35, 36, 37, 38]) or other configurations (e.g. [39, 40]). Moreover, it is
possible to base this technique on smart materials or electro-magnetic interac-
tions (e.g. [41, 42, 43]), which allow to develop new configurations for devices
able to add more than one eigenfrequency to the whole system. Unfortunately,
most of the time, when smart materials are employed, the obtained equivalent
mechanical schemes are different from those typical of multiple TVAs and thus,
in these cases, specific optimisation procedures are needed to set the values of
all the elements in the control system. Oftentimes, due to the complexity of the
problem with additional resonances, these techniques rely on either numerical
minimisation of target functions, without analytical formulas, or the numeri-
cal solution of a system of polynomial equations and the consequent numerical
analysis of the obtained solutions.

The idea of the present work is to exploit the special features of piezoelectric
materials for developing an LRLC shunt impedance that adds two eigenfrequen-
cies to the whole system and aims at improving the attenuation performance
and robustness of the resonant shunt. To do this, a specific procedure based on

a mixed analytical-numerical approach is proposed for the tuning of the elec-
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tric parameters, providing closed analytical formulations for the basic circuit
components.

The structure of the paper is as follows: Section 2 presents the model used for
describing the electro-mechanical structure and recalls the balanced calibration
approach for setting the values of L and R presented in [21, 22] for the tradi-
tional LR shunt. Section 3 presents the new shunt impedance together with its
theoretical discussion. Section 4 describes a numerical case aimed at showing
the advantages provided by the proposed approach and Section 5 explains how
to predict the attenuation that it provides. Finally, Section 6 addresses the

experiments carried out to validate the theoretical outcome.

2. The system model and the balanced calibration

Piezoelectric
actuator /

Figure 1: Vibration attenuation by means of a piezoelectric shunt.

A generic structure excited by an external force f, is considered. A piezo-
electric actuator is bonded on it, and it is shunted with an electric impedance
Z (see Fig. 1), composed of a resistance R and an inductance L which can be
connected either in parallel or series (see Figs. 2a and b). The displacement U
of any given degree-of-freedom x of the structure at time ¢ can be represented

in modal coordinates:
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(a) (b) (d)

Figure 2: Traditional resonant shunt impedance in parallel (a) and series (b), and the new

LRLC shunt impedance in parallel (c) and series (d).

Ule.t) = 3 6u()us(t) (1)

where N is the number of modes of the system, ¢ is the s-th eigenvector (scaled
to the unit modal mass and with the piezoelectric actuator short-circuited) and
us is the s-th modal coordinate.

In case of low modal coupling, the motion of the system for w ~ wy (where
w is the angular frequency and ws is the s-th eigenfrequency of the system with

the piezoelectric actuator short-circuited) can be approximated as:

Ulx,t) ~ ds(x)us(t) (2)

and the equation of motion of the structure becomes:

(—w2ms + iwcs + k's)us + f = fe,s (3)

where my, ¢s and ky are the modal mass, damping and stiffness (ws = \/M),
respectively, and f, s is the modal forcing. Furthermore, i is the imaginary unit.
From here on, the modal mass will be set equal to 1 (ms;=1) and thus the
eigenvector components are scaled to unit modal mass, as mentioned previ-
ously. Furthermore, f is the force exerted by the piezoelectric transducer on

the structure and it is expressed as:
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f =0,V (4)

where 65 is the coupling coefficient and V is the voltage across the electrodes of
the piezoelectric actuator (see Fig. 1).

The sensor equation couples the electric and mechanical behaviours:

Q= —b0us + C;V (5)

where the charge @ on the transducer surfaces depends on two contributions: the
mechanical deformation (—6,u,) and the capacitive effect (CsV'). For vibration
damping of a flexible structure with multiple modes, the modal capacitance
Cs = Cy + C’ is composed of two contributions: the capacitance associated
with constrained transducer boundaries Cy, and a static correction term C/
accounting for the contribution from higher modes [44, 45].

If the shunt impedance Z is considered as in Fig. 1, the equation linking the
charge on the surfaces of the piezoelectric transducer and the voltage across its

terminals can be written as:

V= —Z(w)] = —iwZ(w)Q (6)

where I is the current flowing in the circuit (see Fig. 1). According to the type
of shunt impedance used, the expression of Z changes. If the classical LR shunt
is considered, Z either represents the series or parallel connection of a resistance
R and an inductance L. These specific cases are shown in Figs. 2a and b and

treated in the next subsection.

2.1. The classical resonant shunt and its balanced calibration

Relying on the electrical analogy of mechanical systems and knowing that an
electrical series connection corresponds to a parallel mechanical connection and
vice versa, it is possible to translate the electrical model of Fig. 3a (L and R
connected in parallel) into an equivalent mechanical model, as shown in Fig. 3b

(m and c¢ in series). In this equivalent representation, the mechanical parameters



115

116

117

118

119

120

122

123

Piezoelectric
actuator

meooo oo
(a) | p ]

|

l |

! i

|
R

chargei ) g—i '
sourcei T

l |

! |

|

L
ORI

N

m=02L c=62R

Us
Figure 3: Circuit diagram of the parallel LR shunt (a) and its mechanical equivalent (b).

are obtained by multiplying the electrical parameters by 2. A similar approach
can be adopted for the series connection between L and R (see Figs. 4a and b).

Using Egs. (4), (5) and (6) in Eq. (3), the FRF of the electro-mechanical
system is obtained. According to the type of connection between inductance
L and resistance R (i.e. parallel or series in Figs. 2a and b, respectively), the
mathematical description of Z changes and two different FRF's are achieved. In

the case of a parallel link, the FRF is:

Usks ks(—w? + 2iCowew + w?)

fos  [~w? + 2iGwsw + (1 + £2)w2](—w? + 2iewew + w2) — Kow2(w?2 + 2iCewew)
(7)

while in case of a series link, the FRF is instead given as:

Uk ks(—w? + 2iCewew + w?
_ ( ) ®)

fes [—w? 4 2i¢swsw + (1 + K3)w?2](—w? + 2iCewew + w2) — Kow2w?

The symbol (, indicates the non-dimensional damping ratio associated with the
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Figure 4: Circuit diagram of the series LR shunt (a) and its mechanical equivalent (b).

structural eigenfrequency w,, while w, and (. are the electric eigenfrequency
and non-dimensional damping ratio, respectively. The electric eigenfrequency
we is related to L by the following relation:

1

We = \/?C; (9)

The expression of {, depends on the connection of L and R. For the parallel

connection, its expression is:

1

- 2w RC (10)

Ce

whereas for the series connection, it is given as:

(1)
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Moreover, a normalised coupling coefficient kg is expressed as (see Figs. 3b
and 4b):
kg 62
"0 ks T Ciks
It is noted that ,/kg is the modal electro-mechanical coupling coefficient [21],
which can be estimated as [44, 46, 47]:

(12)

Csw?  w

Ko =

where w; is the system eigenfrequency for the piezoelectric actuator with open-
circuited electrodes.

The FRFs in Egs. (7) and (8) are characterised by four poles. More pre-
cisely, for low to moderate damping values, they appear as two pairs of complex
conjugate eigenvalues. The balanced calibration, considered here as the start-
ing point of the proposed method, is based on the requirement of equal modal
damping of the eigenvalues. This tuning approach for the shunt impedance has
already demonstrated to provide simultaneously high attenuation values (close
to those provided by minimisation criteria on the FRF amplitude) and a high
robustness to possible mistuning due to an increased value of R (see e.g. [21]).

As demonstrated in [21, 48, 49], plotting the absolute value of the real and
imaginary parts of the eigenvalues (normalised by a real-valued reference fre-
quency wp) is a good way to investigate whether the condition of equal modal
damping is fulfilled. Indeed, the condition of equal modal damping is achieved
when the normalised eigenvalues lie on the same line containing the origin of
the complex plane (plotting them in terms of absolute value of the real and
imaginary parts) and thereby appear as inverse points with respect to a unit
circle. The value of wy is automatically obtained when the equal modal damp-
ing condition is imposed (see [21]) and represents the anti-resonance frequency
in the FRF when (.=0. For the parallel connection of L and R, the reference

frequency is:



155

156

157

158

159

160

161

162

163

164

165

166

167

168

169

170

W = Ws (14)

while, for the series connection, it is:

wo :ws\/].—‘rl{o (].5)

Following this tuning procedure, it is thus possible to derive the expressions
of we and (. which secure equal modal damping, denoted as woP® and (2Pt

respectively. For the parallel connection of L and R, they are:

WP = w (16)
o ko
o= 2 (7)

while, for the series connection, their expressions are:

WP = wy (1 + ko) (18)
opt [0 19
¢ 2(1 + /430) ( )

From this tuning procedure, obtaining a robust LR shunt, the authors pro-
pose a new layout for the shunt impedance Z, composed of two inductances (L
and L), a capacitance C and a resistance R (see Figs. 2c and d). It is conceived
to further improve the performance and the robustness of the LR shunt by in-
troducing an additional resonance in the system. As mentioned, it is referred

to as an LRLC shunt and introduced in the next section.

3. The LRLC shunt

The LRLC shunt proposed in this paper is calibrated based on the require-
ment of equal modal damping, as introduced for the classical resonant shunt in
Section 2.1. The shunt circuit, its coupling with the electro-mechanical struc-

ture and its tuning procedure are presented in this section. Particularly, two

10
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different electrical circuits will be considered. The parallel LRLC and the series
LRLC, discussed in Sections 3.1 and 3.2, respectively. The absorber system
is similar to a mechanical vibration absorber, suspended by either a shunted
piezoelectric [50] or electromagnetic [43] transducer. However, in the present
case, the absorber is realized entirely by a shunt and thus without a physical

vibratory mass.

3.1. The parallel LRLC

Piezoelectric
actuator

@i 1 7]

charge }CD
source|

m=62L c=02R k=02C™

| )
I L
Us

Figure 5: Circuit diagram of the parallel LRLC shunt (a) and its mechanical equivalent (b).

The shunt impedance discussed in this section has the layout shown in Fig.
2c. When it is connected to the piezoelectric actuator, the electrical model of
Fig. 5a is obtained. Figure 5a shows that a null value of R short-circuits its
branch. Therefore, no current flows through L and C (i.e. the current flows
through the short-circuited branch) and, consequently, only a single resonance is

created by the transducer capacitance Cs and the leading shunt inductance L.

11
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Conversely, when R is not null, current flows through the L and C branches and,
thus, an additional resonance is introduced. In comparison with the classical LR
shunt, the proposed layout adds a supplementary resonance that will improve

performance and robustness, when calibrated properly.

3.1.1. FRF

As already mentioned for the LR shunt, using the impedance analogy be-
tween electrical and mechanical systems, the electrical model of Fig. 5a may be
translated into the equivalent mechanical model shown in Fig. 5b. The applied
electro-mechanical equivalence is similar to that employed in the previously
referenced works [21, 22] related to the balanced calibration of the LR shunt,
in order to obtain a parallelism between the analytical treatments. Thus, the
mechanical parameters are again simply obtained by multiplying the electrical
parameters by 62.

Using the approach employed in Section 2.1, and taking into account the
parallel impedance layout in Eq. (6), the FRF of the parallel LRLC system can

be derived as:

usks (—r%uo + Ko)G — r2uk (20)
fes (=124 2ir¢s + D{(=r2p0 + 10)G — r2pn} — 2o (koG + kpr)
where the frequency function G for the parallel circuit in Fig. ba is:
G=—r’u+ ir% +K (21)
while r is the normalised frequency:
w
== 22
-2 (22
The remaining system ratios in Eq. (20) are:
ko mo k m c
Ko ks7 Ho ms7 K ks, M ms7 6 msks ( )

where mg, kg, m, ¢ and k are the parameters of the equivalent mechanical

representation of the LRLC circuit, as defined in Fig. 5b.

12
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The denominator of the FRF in Eq. (20) is of sixth order and, for low
to moderate values of damping, three complex conjugate pairs of eigenvalues
thereby exist. For the balanced calibration of the circuit, it is possible to follow
the same procedure used for the LR shunt calibration, briefly summarised in

Section 2.1.

3.1.2. Characteristic equation

This tuning technique is based on the pole placement principle and the
optimal parameters for the electrical circuit are derived by imposing some con-
straints on the system poles when neglecting structural damping (¢;=0). More
specifically, the first requirement is to have two pairs of eigenvalues with equal
modal damping. As mentioned, according to [22], this implies that two eigenval-
ues are inverse points with respect to a circle of radius wq in the complex plane.
This condition is secured by the following characteristic polynomial equation

[49]:

wt —2(1 + 2xHwpw? + wi — dixTwew(w? —wi) =0 (24)

where x and 7 are parameters depending on the frequency and the damping
associated with the eigenvalues.
The second requirement on the pole positions is to have the last pair of poles

at a frequency value equal to wyp, thus leading to the following polynomial form:

—w? + 2iGwow +wi =0 (25)

where (3 is the non-dimensional damping ratio associated with the considered
eigenvalues. Using the conditions of Eqs. (24) and (25), the following resulting

equation can be constructed as:

[wh = 2(1 4 2x*)wiw? + wj — dixTwow(Ww? — wd)](—w? + 2iCzwow + w2) = 0 (26)

Equation (26) can also be expressed as a function of the dimensionless root

& =w/wy =1/Q with Qy = wp/ws, leading to:

13
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Table 1: Conditions on the coefficients of Eq. (27)

quantity value
ratio between the coeflicients of 1
the 6-th and 0-th order terms of Eq. (27)
ratio between the coeflicients of )
the 5-th and 1-st order terms of Eq. (27)
ratio between the coefficients of 4

the 4-th and 2-nd order terms of Eq. (27)

—&0 + €5(2i¢s + 4ixT) + €11+ 8CxT + 2(1 4+ 2x%)] +
E3[—8ixT — 2i¢3(2 + 4x?)] + &3 [—1 — 8CxT — 2(1 4+ 2x*)] +

€(2i¢s + 4ixT) +1=0 (27)

3.1.3. Equal damping calibration

From Eq. (27), it is evident that the condition of equal modal damping for
four of the poles and the condition related to the value of the eigenfrequency on
the other two translate into the three conditions gathered in Tab. 1.

To derive the tuning conditions it is sufficient to apply the abovementioned
requirements about the pole locations to the actual poles of the characteristic
polynomial, which can be obtained from the denominator of Eq. (20). In-
deed, the denominator of Eq. (20) can be expressed in terms of £ and posed
equal to zero in order to derive the eigenvalues in terms of the lumped physical

parameters:

1 K+Ky K 1 &k Ko K K
6 | o4 2
€8 4 &' (14 ko + F o) = S (14 ko) + (14— + — 4 K)] +
¢ 693( ot e T gﬂé[u( Ot T T
kKo R SR | Ko Ko
o e [t — €2 (14 2+ Ko) + =] = 0(28
R N i T T

Requiring the equality between the coefficients of Egs. (28) and (27) (thus
obtaining six equations: from the 5-th order to the 0-th order) allows to find the

14
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259

values of the physical electrical parameters, which thereby satisfy the condition
of equal modal damping. Three of these equations can be replaced by imposing
the three conditions stated in Tab. 1, simplifying the solution process. Applying
these three conditions to the coefficients of Eq. (28) (terms of order 0, 1, 2, 4,

5 and 6), the following three equations are obtained:

RKQ

— =1 29
quuo (29)
Ko
— =1 30
Qgko (30)
1 K+Ky K 1 k Ko K K
(1 + kKo + +-)=-Q+k)+—(1+—+-—+k 31
gp(1ro+ B = Gk + R ) (a)

whose solution leads to the following parameter relations:

Ko - KR
1+/<,0)2, p= 1—}—%07

The value of k¢ depends on the physical properties of the electro-mechanical

uo:( 02 =1+ ko (32)

system and is therefore considered known, while the value of pgy (thus Lg) can
be readily found from Eq. (32). When deriving the value of p (thus L) as a
function of x (thus C) using Eq. (32), five parameters are still unknown: &, §,
(3, x and 7. Three equations out of the six original equations of the problem
have been already used to derive Eq. (32) (see Tab. 1). Hence, the problem
is overdetermined and two parameters must be chosen by the user or derived
by adding additional constraints to the problem. In this paper, it is chosen to
formulate an additional control target to derive the values of xk and 5. Their

tuning procedure is described in the next subsection.

3.1.4. Amplitude minimisation
The additional requirement in this case is the minimisation of the H,, norm
of the FRF. Indeed, the value of 8 that guarantees, for a given value of k, the

minimisation of the peak of the dynamic amplification (i.e. Hy, control) has

15
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Figure 6: Trends of the absolute values of the real and imaginary parts of the squared roots
(LRLC in parallel layout): k = 0.10kg (a), & = 0.15k0 (b) and k = 0.20kg (c). The value of
ko is 0.02.

been chosen in this paper. To find this optimal value, a numerical minimisation
of the maximum of the FRF amplitude of the electro-mechanical system must be
carried out. Indeed, an analytical solution is not straightforward to be found. It
is also noticed that the user can choose the 3 value according to another control
target (e.g. Ha control) or to the desired level of vibration mitigation. Once the
conditions for equal modal damping are set, providing closed-form analytical
formulas for the values of pg and u, the subsequent numerical minimisation
finds the optimal k and S values according to the desired performance target
(Hoo optimisation in this case).

The choice of the optimal k value arises from considerations on the shape of
the root locus of the controlled system as a function of this parameter. Figure 6
shows the complex root trajectories in the £2-plane for three different values of
k/ko, chosen as an example. In the plots of Fig. 6, the red crosses indicate the
roots for § — oo, the circles are for 5 = 0, while the asterisks represent the roots
obtained with the optimal § value from an H,-norm optimisation. As expected
from the requirements imposed on the pole positions in Egs. (27) and (28), one

of the squared poles lies on a circle with unit radius, while the other two are

16
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inverse points with respect to this circle. It is possible to demonstrate that,
if the normalised eigenvalues lie on the same line containing the origin of the
complex plane, and thus represent inverse points with respect to a circle of unit
radius, the same holds for the squared eigenvalues. Looking at the three loci of
Fig. 6 (that are all characterised by the equal modal damping condition), it can
be noticed that, by decreasing the value of k/kg, the trajectories described by
two of the squared poles (those not on the circle with unitary radius) separate
into two different side lobes (see Fig. 6a) passing through a bifurcation condition
(see Fig. 6Db), where all three squared poles coincide for a certain value of 3.
Although this bifurcation point looks as the best choice from the modal damping
point of view, it actually leads to a high modal coupling and thereby to a non-
optimal solution in terms of dynamic amplification, as explained in [21, 48].
Furthermore, a shunt without roots near a bifurcation point in the complex
plane is expected to be robust with respect to calibration because the roots are
well separated. Therefore, the optimal solution in terms of H., optimisation is
achieved with a k value such that the complex roots are sufficiently separated,

which is furthermore expected to provide good robustness.

8.1.5. Bifurcation point

The condition mentioned above (to guarantee the desired amount of modal
damping, while keeping the complex roots sufficiently separated) occurs for a x
value that is lower than for the bifurcation point, as indicated by the asterisks
in Fig. 6 (optimal by the Ho, norm of Eq. (20)) and their respective FRF
amplitudes shown in Fig. 7. The dynamic amplification for the optimal 8 value
and k = 0.1k¢ (see Fig. 7a) is indeed lower than for the other two cases in Figs.
7b and c. From this analysis, it can be concluded that the optimal value of
must be searched numerically among all the values lower than that leading to
the bifurcation point of the three squared roots. This threshold thrp, can be
derived analytically by noticing that all the three squared poles have the same
frequency and damping values in the bifurcation point and thus are all placed

on the circle with unitary radius in the complex £2-plane. Therefore, they must
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Figure 7: Amplitude of the FRF (LRLC in parallel layout, see Eq. (20)): « = 0.10k0 (a),
Kk = 0.15k0 (b) and k = 0.20k0 (c). The value of k¢ is 0.02 and the  value is set according

to the Hoo-norm optimisation (see the asterisks in Fig. 6).

satisfy the following condition:

(—€2 4+ 2i6C+1)3 = 0= —£% + 6¢ie®

+(34+12¢%)e — (12¢ + 8¢3)ig® — (3+12¢%)E% +6¢iE+1=0 (33)

If the first, second and third order terms of Eq. (33) are equated to those of

Eq. (28), using the expressions in Eq. (32), the value of K, p is found as:

2
8K§

B 4
1+ Ko (34)

Rthr,p =

The optimal x value is then in the following chosen less than k¢, , to avoid

the bifurcation point (see Section 3.3).

3.2. The series LRLC

The shunt discussed in this section has the layout shown in Fig. 2d and
the approach used to derive the FRF of the controlled system is the same as

described for the parallel shunt in Section 3.1. As in the case of the parallel
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Figure 8: Circuit diagram of the series LRLC shunt (a) and its mechanical equivalent (b).

LRLC, the electrical model of Fig. 8a can be converted into the equivalent
mechanical model shown in Fig. 8b.

Figure 8a shows that, for R — oo, a single resonance is created by the
transducer capacitance Cs and the leading shunt inductance L, while, for finite
values of R (i.e. decreasing R from oo to zero), an additional resonance is

introduced by the shunt components C' and L.

3.2.1. FRF
Using the same approach as employed in Section 3.1, the FRF of the system

can be derived:
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usks (—=r?po + ko) E — r?puoko

= 35
fers (=12 4+ 2ir¢s + 1){(—r2po + ko) E — r2poko} — r2ropo B (35)

s2s where the frequency function F is defined as:
E=—ru+irf+x (36)

»s The parameters ko, 1o, K, 1 and 3 are defined as in Eq. (23). Furthermore, by
2 looking at the functions F and G (see Eq. (21)), it is possible to notice that
»s  the damping term is defined differently in the series and parallel layouts.

329 As already mentioned, the optimal shunt parameters are derived from con-
10 ditions on the system poles. The system eigenvalues can be found by expressing
s the denominator of the FRF in Eq. (35) as a function of the dimensionless
s frequency £ (neglecting the mechanical damping) and letting it equal zero:

1 K 9 1 KoK 1 1+ k& K

1 1
—O+ ¢S+ rol+ —+ =)+ =) =€ 5[—— + ro(— + + -1+
93( ( tho u) u) Qé[uou (Mo I ) u]
KKo o B 21 ko ko
Fi— -1 +kro+—)+ =037
QB ko fQou[E ¢ 93( ’ uo) Qéuo] (37)
3 3.2.2. Equal damping calibration
334 The three conditions of Tab. 1 can then be applied to the coefficients (of the

15 terms of order 0, 1, 2, 4, 5 and 6) of Eq. (37) to require equal modal damping,

16 leading to the following three equations:

KKQ

——— =1 38
QB o (38)
Ko
—— =1 (39)
Qo

1 1 1 K 1 Kok 1 14+ &k K
S+ ro(l+—+ =)+ =)= 57[— +ro(— + )+ =1 (40)

Q4 po  pl ot S pop o p 1
337 The solution to these equations gives the following three parameter relations:
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po = Ko, =k, Q3 =1 (41)

As in the case of the parallel LRLC shunt, the value of ug (and thus of
Lo) can be set according to Eq. (41), while the other parameters must be
derived solving the overdetermined system of three equations and five unknowns.

Therefore, also in this case, the values of 8 and x need to be set by a numerical

minimisation.

3.2.8. Amplitude minimisation

1 T T T 1 T T 7 1 T T
(a) (b) ©
0.9f 1 0.9t 1 0.9f 1
0.8f 1 0.8F 1 0.8f
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Figure 9: Trends of the absolute values of the real and imaginary parts of the squared roots

(LRLC in series layout): k = 5k (a), K = 10k (b) and k = 20k0 (c). The value of ¢ is 0.02.

The value of § is obtained from the same criterion as before, looking for
the minimisation of the peak of the dynamic amplification for a given value of
k relative to kg. To set the k value, it is again possible to look at the system
root locus. Figure 9 shows, for the series LRLC, the trajectories of the squared
roots in the complex plane for three different values of k/ko with respect to
varying values of 8. The crosses represent the roots when 3 — oo, while the
circles are the roots when (3 is null. Moreover, the asterisks are related to the
optimal 3 value. Also in this case, a condition where the complex poles follow

separated trajectories is achievable by increasing the x value above a threshold
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Figure 10: Amplitude of the FRF (LRLC in series layout, see Eq. (35)): k = 5ko (a), & = 10ko
(b) and k = 20k0 (c). The value of k¢ is 0.02 and the § value is set according to the Hoo-norm

optimisation (see the asterisks in Fig. 9).

value represented by the bifurcation of the roots (see Fig. 9b). By looking at
the optimal positions of the roots in Fig. 9 (i.e. the asterisks) and their corre-
sponding FRF amplitudes in Fig. 10, it is found that the situation characterised
by two separated side lobes provides the highest attenuation level and the de-
sired separation of the roots relative to the bifurcation point. Therefore, the
ratio k/kp=20 secures the desired damping and response mitigation, as shown

in Figs. 9c and 10c.

8.2.4. Bifurcation point

As in the case of the parallel LRLC, it is possible to find the threshold
value of K = K¢nrs, above which the separation of the side lobes in Fig. 9c
is guaranteed. This threshold value is the x value for which it is possible to
have the bifurcation point, where all the roots exhibit the same frequency and
damping and lie on the circumference with a unitary radius in the complex
&2-plane. This condition is achieved if the poles of the system, expressed by
Eq. (37), satisfy the requirement of Eq. (33). Therefore, by equating the first,

second and third order terms of these two equations and then applying the equal
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modal damping conditions in Eq. (41), the value of fp,s becomes:

1
Rthr,s = g (42)

It should be noticed that in this case the value of x must be increased
above this value for the two desired individual loci to appear (as in Fig. 9c).
Conversely, in the parallel case, a decrease of the k value leads to the desired
separation of the loci. According to Egs. (32) and (41), this implies that the

optimal values of the inductance L will be larger in the series than in the parallel

LRLC shunt.

3.8. The optimal value of K

Sections 3.1 and 3.2 showed that the optimal value of £ must be sought in a
range of values either below or above a certain bifurcation threshold, according
to the circuit layout considered (parallel or series). The optimal x value will be in
the considered range that guarantees the maximum attenuation level when the
corresponding optimal § value minimises the Ho,-norm of the FRF amplitude
in Egs. (20) or (35). For the case of the parallel LRLC, the value of x must be
smaller than tnr p, and thus obtained between zero and kip,p. The problem
is more complicated in the case of the series LRLC. Indeed, from the analysis
performed in Section 3.2, it has emerged that the value of x must be larger
than k¢hes but no information is available regarding a possible upper bound.
However, it is possible to find the optimal value of k searching in a range such
that the value of 1/k is between zero and 1/K¢nr,s, which is numerically more
convenient.

Section 4 will show a numerical simulation where the classical LR shunt
with balanced calibration and the new LRLC shunt will be compared in terms

of attenuation performance and robustness with respect to potential mistuning.

4. The performances of the LRLC shunt

This section presents a numerical analysis in which the LRLC shunt is com-

pared to the classical balanced calibration of the LR shunt in terms of vibration
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Figure 11: FRF amplitude. kK = 40k for the LRLC shunt. Series configuration for both the
LRLC and LR shunts.

Table 2: Values of the system parameters

ws/(2m) [Hz] @o/(2m) Hz] ¢ /R Ca nF] 6] [kg~(/2NV]
100.00 100.50  3.0107% 0.1 40.0 0.0126

attenuation. This comparison has been carried out for both perfect tuning and
mistuning. Indeed, the situation of mistuning is likely to be faced in real appli-
cations due to changes of the parameters of either the shunt impedance or the
primary system to be damped by, for example, thermal shifts. The performance
analysis in mistuned conditions also allows to validate the overall robustness of
the proposed LRLC shunt.

The analysis is presented here considering a specific system chosen as an
example, whose characteristics are gathered in Tab. 2. Nevertheless, the out-
comes of the analysis can be generalised to any mechanical system equipped
with a piezoelectric actuator; just a single example is shown here for the sake
of conciseness. Figure 11 shows the amplitude of the FRF in perfect tuning for
the LRLC shunt (series layout) with x = 40k. This value is very close, but not
exactly equal, to the optimal value of k. However, this difference is negligible

in terms of attenuation performance, as the attenuations achieved by x = 35k
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Figure 12: The value of Agg num as a function of a. The values used for s in the LRLC shunt

are: 35k0, 40ko and 45k¢. Series configuration for both the LRLC and LR shunts.

and k = 45k are marginally worse than that for kK = 40ky. Therefore, a more
detailed search for the actual optimum of x is practically useless. This point
will be addressed again at the end of this section.

Looking at the curve related to the LRLC shunt in Fig. 11, it can be
noticed that the presence of an additional resonance (compared to the classical
LR shunt) characterises the proposed circuit and provides an improvement in
terms of attenuation performance over the traditional LR shunt. Figure 11
shows the FRF amplitudes for both the LRLC and the LR shunt with balanced
calibration and in series layout, clearly indicating the improved performance
in terms of Hy, control of the LRLC shunt, with an increase in attenuation of
approximately 2.3 dB for this specific case.

Considering the robustness analysis with respect to possible mistuning of

the shunt, a parameter o has been used and defined as:

Weal
= — 43
@ Wg ( )

where wcy; is the frequency to which the shunt impedance has been tuned. The

parameter « thus represents the amount of mistuning experienced by the system.
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Figure 12 shows the attenuation value as a function of «, where the attenu-
ation is expressed as:
H
AdB,num = 2010g10%

shunt,num

(44)

where Hy. is the maximum of the amplitude of the system FRF with the piezo-
electric actuator short-circuited, while Hghunt,num is the maximum of the am-
plitude of the system FRF with the considered shunt circuit in the simulated
mistuned condition.

Figure 12 shows that the LRLC shunt improves the attenuation compared
to the LR shunt, even in presence of mistuning for reasonable values of . The
higher robustness of the LRLC shunt is demonstrated by the trend of the curves
for a values between 0.99 and 1. Indeed, in this range, the LRLC shunt curves
show an almost flat plateau, while the classical LR shunt exhibits steep curves
with a very local optimum. Therefore, the LRLC shunt appears more robust
than the LR shunt, thanks to the additional resonance introduced by the new
circuit, which allows to obtain a wider and flatter shape of the FRF of the
controlled system. It is also noticed that a range of « of approximately 1%,
which corresponds to the plateau of the LRLC curves, is close to the natural
uncertainty that can be encountered in real applications and to the possible bias
effects due to, for example, environmental changes. Furthermore, the width
of the flat plateau increases significantly when the value of kg increases, as
evidenced with the system used in the experiments of Section 6. Therefore, when
the characteristics of the piezoelectric actuator are optimised for controlling a
given mode, which is a reasonable assumption in practical applications, the
coupling factor is large [46] and the LRLC shunt becomes consistently more
robust than the corresponding LR shunt.

Furthermore, it is noted that, if it is desired to lift the LRLC curves of
Fig. 12 far from a=1, it is sufficient to slightly decrease the value of k (using
the corresponding optimal value of ), accepting a slight (and often negligible)

decrease in attenuation for a=1. In addition, this increases the robustness of
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the shunt due to a corresponding reduced slope of the curves.

Figure 12 also shows that for a value of K = 35k (thus, lower than the value
of kK = 40k¢ used in Fig. 11) and for a value of k = 45k (thus a higher value
than in Fig. 11), the attenuation performance for o« = 1 (i.e. perfect tuning) is
sufficiently close to that achieved with x = 40k, which is therefore considered
optimal, as mentioned at the beginning of this section.

Outcomes similar to those presented so far for the series layouts are also
found in case of a comparison between the classical parallel LR shunt and the
new LRLC shunt in its parallel layout.

The tuning methods for both the LR and LRLC shunts are developed under
the hypothesis of low modal coupling, as mentioned in Section 2. This means
that the contribution of the out-of-band modes to the mechanical behaviour of
the electro-mechanical system dynamics is neglected. Instead, the contribution
of the out-of-band modes is taken into account in the electrical behaviour of
the electro-mechanical system by the term with Cy in the model of Section 2.
However, it is important to underline that in case the contribution of the out-of-
band modes to the mechanical part of the electro-mechanical system dynamics
is not negligible, because they are close in frequency to the target mode, the
effects on the attenuation provided by the two different shunts is expected to
be similar. Therefore, this additional effect will not affect the results of the
comparison between the two shunt impedances and the outcome of the analysis.
Moreover, looking at Fig. 11, it is evident that the FRFs related to the two
different shunts differ in a frequency range of about +10 to 20% of wy (see also
Section 6). Therefore, the out-of-band modes can change the results of the
comparison between the LR and LRLC shunts only in case they are very close
to the targeted mode, whereby the low modal coupling hypothesis (which is
the foundation of the proposed method) is not applicable anymore. However,
since the robustness of the LRLC shunt is higher than that of the LR shunt,
the LRLC shunt is expected to still provide a higher attenuation level compared
to the LR shunt, even in case of high influence from the out-of-band modes.

Finally, it is worth evidencing that even in the case the hypothesis of low modal
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coupling is not satisfied, the result of the proposed LRLC shunt optimisation
procedure (as well as in the case of an LR shunt) can be used as the starting
point for a minimisation aimed at tuning the LRLC impedance using a multi-

degree-of-freedom model like that described in [15].

5. Attenuation by the LRLC shunt
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Figure 13: The value of Agp num as a function of \/kg for different values of (s (1072, 104,
1073, 1072 and 5-10~2) (a) and the corresponding attenuation improvement provided by the

LRLC shunt (b). Series configuration for both the LRLC and LR shunts.

The results shown in Fig. 11, obtained for a system chosen as an example,
can be generalised noticing that the FRFs associated to the classical LR shunt
(in normalised form using r in place of w in Eq. (8)) and the new LRLC
shunt (see Eq. (35)) are dependent on only two parameters of the electro-
mechanical system: kg and (. Therefore, it is possible to numerically compute

the attenuation provided by the two different impedance layouts as a function
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Table 3: Values of the experimental parameters

wo/(2m) M &./@m)[Hz] ¢ JRs  Cs[lF] |6 kg~ (/ONV]
34.29 35.44 45102 0.2602 39.92 0.0112

of ko and (. For kg, the authors chose to consider values from 0.012 (very
low value) to 0.312 (close to the largest value encountered in practice [46]). For
(s, the authors have used five different values (from very low to very high for
typical mechanical systems).

Figure 13a shows the resulting attenuation values A4g num (in tuning) for
the two different shunts. Usually, the LRLC shunt allows to have attenuation
improvements between 2 and 2.5 dB (see Fig. 13b), except for low values of
ko coupled to high values of (s where the improvement decreases. However,
this improvement is still significant since also the overall attenuation decreases
in this case. Therefore, Fig. 13 can be used as an abacus for predicting the
improvement provided by the LRLC shunt compared to the classical LR shunt
with equal modal damping calibration.

The improvement provided by the LRLC shunt is most of the time larger
than 2 dB, and thus, in percentage, the LRLC shunt allows to further decrease
the peak of the FRF amplitude of more than 25% (and many times of more
than 30%). This result is in accordance with the results usually obtained from
multiple-TVA configurations when compared to situations where a single TVA
is used (e.g. [40, 43]). The result is remarkable, especially in light of the fact
that the improvement is obtained by a completely passive approach. However,
it is important to remember that, in case operational amplifiers (OP-AMP) are
needed to build the inductances of the shunt circuit because of their high values
(see Section 6), the approach can be considered as passive from a dynamical
point of view, although not strictly passive with respect to power consumption

(i.e. OP-AMPs need a power supply).
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Figure 15: The electrical layout used for the LRLC shunt.
6. Experiments

This section presents the experimental tests carried out with the aim of
validating the theoretical outcomes shown previously. The set-up used was
made from a stainless steel cantilever beam with a length equal to 180 mm, a
width of 30.5 mm and a thickness of 1.1 mm. Two piezoelectric patches (length
70 mm, width 30.0 mm and thickness 0.55 mm, material PIC 151) were bonded
at the clamped end of the beam (one on each side of the beam) and electrically

connected in series. The system was forced by means of a contactless magnetic

30




527

528

529

530

531

532

533

0r s LR (numeric)

1]
n ———— LRLC (numeric)
=i i i LR (experimental)
1 i LRLC (experimental)
10 :' 11 == === short-circuit (experimental)
I
F | ]

[dB]

|FRF|

25 30 35 40 45
frequency [Hz]

Figure 16: Experimental and numerical FRF amplitudes (in terms of displacement over force)

in short-circuit and in tuned condition.

actuator [51] and the corresponding vibration response was collected by using
a laser velocimeter. This set-up, shown in Fig. 14, is the same already used in
[18], from which interested readers can find more details.

The first mode of the structure was considered for the tests because its
amplitude was higher than that of the other modes in the low frequency range.
Its eigenfrequencies with the patches in short- (wy) and open-circuit (@), as well

as the mechanical non-dimensional damping ratio (s, were identified by means of

Table 4: Values of the electrical parameters of the shunt impedances

type of shunt L[H R[kQ C[nF] Lo[H]

LR shunt (balanced calibration) 472.9  38.89 - -
LRLC 3100.7  367.0 6.95 539.7
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an experimental modal analysis (see Tab. 3). The value of 65 was estimated by
means of Eq. (13), where knowledge of the C value is required. This value was
estimated by measuring the capacitance of the piezoelectric patch as a function
of w with an LCR meter (see [18] for more details). All the estimated system
parameters are gathered in Tab. 3.

The classical LR shunt with balanced calibration (see Section 2.1) and the
new LRLC shunt (see Section 3) were compared in series layout. All the induc-
tances were built using OP-AMPs with the Antoniou’s circuit [6, 52] because
of the high inductance values required. The whole electrical layout employed
for the LRLC impedance is shown in Fig. 15. It is noticed that the layout of
Ly is different from that of L. Indeed, in the circuit of Ly, there is the variable
resistance P, o, which is used to compensate for the parasitic resistances usually
present when employing OP-AMPs to build inductances [6]. The presence of
this potentiometer for Ly is important because Lg is the only element on its
branch (see Fig. 2d) and thus the parasitic resistance must be minimised. The
value of P»( was set in order to have a parasitic resistance slightly positive and

not exactly null, as this would have increased the risk of instabilities from e.g.
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a thermal shift imposing a negative parasitic resistance. The value of the par-
asitic resistance was estimated close to 500 2. Numerical simulations showed
that such a resistance would not cause significant changes in the attenuation
performance compared to the ideal case without parasitic resistance. The vari-
able resistance P, was not necessary for L because this inductance is in series
with the resistance R and thus it was easy to compensate the presence of the
parasitic resistance by changing the value of R accordingly. All the OP-AMPs
(OPA 445 type) were supplied with a constant voltage of +30 V.

Figure 16 shows the numerical and experimental FRF amplitudes (in terms
of displacement over force) in the tuned condition for the classical LR shunt with
balanced calibration and the new LRLC impedance. The match between exper-
imental and numerical data is good. Furthermore, the LRLC shunt achieves,
as expected, a higher attenuation performance over the classical LR shunt (ex-
perimental improvement of approximately 2.1 dB). The values of the various
electrical parameters used for the shunts are provided in Tab. 4. It is noticed
that the value of the capacitance C' for the LRLC shunt is not optimal (opti-
mal value is 7.36 nF and used value is 6.95 nF). The use of this non-optimal
value was due to the available capacitors in the laboratory. However, this dif-
ference does not cause any significant change in terms of vibration attenuation
(as evidenced by numerical simulations) and thus it was considered acceptable.

In order to validate the results related to the robustness of the LRLC shunt,
also tests in mistuned conditions were performed, as shown in Fig. 17. This
figure presents the value of the attenuation A4 num as a function of the mistun-
ing index « (see Eq. (43)). It is worth highlighting that there is a difference in
the way of causing mistuning in the experiments with respect to what has been
described in Section 4, where the mistuning was obtained by simulating a shift
of the actual eigenfrequency value of the system (i.e. simulating a plausible real
situation). Conversely, the mistuning is here obtained by changing the frequency
value to which the shunt is optimised, while the actual eigenfrequency of the
structure does not change. However, the meaning of the coefficient o does not

differ and it is still an index of mistuning. As can be noticed by looking at the
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experimental points in Fig. 17, also in this case there is a good match between
numerical and experimental results. Moreover, the improved performance of the
new LRLC shunt is experimentally demonstrated, as the LRLC shunt provides
higher attenuation values compared to the classical LR shunt for all the tested
values of a. The higher robustness of the LRLC shunt is also demonstrated by
the trend of the theoretical curves in Fig. 17 for a values between 0.95 and
1, within which the LRLC shunt curve has an almost flat plateau, while the

classical LR shunt exhibits steep curves with a very local optimum.

7. Conclusion

The paper has presented a new type of impedance to be employed when
mono-modal vibration control is carried out with a piezoelectric shunt. The
new impedance can have two different layouts. However, in both cases the
driving idea is that the shunt impedance must be such that it generates two
different resonances. To this purpose, it is composed of two inductances, one
capacitance and one resistance, comprising the resulting LRLC shunt.

Guidelines are provided for setting all the electrical parameters of the shunt
impedance. The new shunt network is found to be reliable and to provide
better attenuation performance than the classical LR shunt based on balanced
calibration. The benefits of the newly proposed impedance are evident in both
tuned and mistuned situations.

The theoretical outcomes have been validated by means of a test set-up in
which the inductances used for the shunt have been built by OP-AMPs. Good
agreement between theory and experiments has been obtained, validating the
proposed shunt concept. A future study should address the power consumption

by the augmented LRLC shunt when using OP-AMPs to build inductances.
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