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RESUME

On considére des équations d’évolution stochastiques doublement non linéaires.
En supposant que le bruit additif soit suffisamment rugueux, nous prouvons
I’existence de solutions probabilistes faibles de type Friedrichs et étudions leur
unicité en loi. Cela implique la stabilité pour les approximations des équations
stochastiques doublement non linéaires dans un sens probabiliste faible. Un tel
effet est véritablement stochastique, car les équations doublement non linéaires ne
présentent méme pas d’unicité dans le cas déterministe.
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1. Introduction

We are interested in abstract doubly nonlinear evolution equations in the form
A(Ou) + B(u) 3 F(u), u(0) =wup, (1.1)

where the nonlinearities A and B are maximal monotone operators on a Hilbert space H, F': H — H is a
Lipschitz-continuous forcing, and ug is a given initial datum. Solutions w : [0,7] — H to (1.1) may describe
the dynamics of a given system, up to the final reference time 7' > 0. The term B represents the (sub-)
differential of the energy driving the system, whereas A corresponds to the dissipation. In typical examples,
B is a nonlinear differential operator while A is a nonlinear map, associated to a possibly multivalued
graph. Partial differential equations in doubly nonlinear form ubiquitously arise in applications to classical
thermodynamics, e.g. the well known two-phase Stefan problem, to mechanics, e.g. the quasistatic limit of
a damped oscillator, to electronics, e.g. in RC circuits, and viscoelastoplasticity: we refer to [19, Sec. 6] for
a brief survey of such examples.

The mathematical literature on deterministic doubly nonlinear evolutions is extensive. The special case
A = id corresponds to perturbed gradient flows, and is rather classical. The genuine doubly nonlinear case
has been originally tackled in [6,7,12], where existence of solutions was investigated. Solutions to (1.1) are
however not expected to be unique, see [2]. Some sufficient conditions for uniqueness can be found in [7,12].

As a consequence of nonuniqueness, the convergence of approximations of deterministic doubly nonlin-
ear equations may be restricted to subsequences only. More precisely, consider a family of approximated
problems

A(@tu,\)—kB,\(u,\) :F'(’Ll,)\)7 ’U,)\(O) :ué‘, (12)

where \ > 0 is a positive parameter, (By), is a family of single-valued approximations of B, and (up)y is a
family of regularisations of the initial datum wug. As the limiting problem (1.2) for A\ — 0 may have multiple
solutions, convergence of the full sequence (uy)y cannot be directly guaranteed, as different subsequences
may have different limits.

The purpose of this paper is to show that the addition of a suitable noise may restore stability for
such approximations, in a weak probabilistic formulation. The stochastic counterpart of doubly nonlinear
equations (1.1) was firstly introduced in [19] and reads

du = (Qpu?)dt + GdW ,
A(Ou?) + B(u) > F(u), (1.3)
u(0) = ug

where W is a H-cylindrical Wiener process and G is a Hilbert—Schmidt covariance operator. Let us briefly

comment on the formulation (1.3). First, notice that when the noise vanishes, i.e. G = 0, then the stochastic
equation (1.3) comes down to the deterministic one (1.1). In (1.3) we are assuming solutions to be of the

form
¢
u(t) = ul(t) + /GdW(s) , tel0,T],
0
where u? is an absolutely continuous process. Since the noise gives no contribution on average, the variation

rate of ¢ — E[u(t)] is given exactly by E[0;u?], where E denotes expectation. From the modelling point

d

of view, the process u® accounts for averaged dissipation along the dynamics, while the stochastic integral
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renders random perturbations of the trajectories. The second equation in (1.3) has then to be interpreted
as a stochastic generalisation of the usual energy-dissipation balance, where the energy acts on the whole
process u and the (averaged) dissipation acts on u? only. In [19], existence of solutions to (1.3) has been
obtained in the probabilistically weak and analytically strong sense. Stochastic doubly nonlinear equations
were also investigated in [4,16] in the context of the two-phase stochastic Stefan problem, in [18] in a more
abstract framework, and in [20] in the rate-independent case.

The stochastic version of the approximated problem (1.2) reads

duy = (8tu‘/{) dt + G dW
A(Orud) 4+ Ba(ux) = F(uy), (1.4)

ux(0) = ug ,

where (Gy), are possibly regularised operators approximating G. Under suitable assumptions on the ap-
proximating families (By)x, (u3)x, and (Gy)a, we prove that the addition of noise stabilises the dynamics
of the approximated problem (1.4). More precisely, we are able to show that, given the approximating
sequence, there exists a unique probability measure p on the space of trajectories of (1.2) such that the
probability distributions of any solution to (1.4) weakly converge to u as A — 0.

Let us briefly highlight the challenges of the analysis, as well as the technical strategy for overcome them.
Existence of solutions for the stochastic system (1.3) was proved in [19] in the analytically-strong sense
under the assumption that the noise coefficient G is coloured enough, precisely that G is Hilbert—Schmidt
from H to V, where V is the natural space associated to the weak formulation of B : V' — V*. Let us recall
that for doubly nonlinear problems, the analytically-strong formulation is usually the only one available:
indeed, since generally the operator A is of order zero on H, if one gives sense to the nonlinearity A(d;u?),
then by comparison in (1.3) it holds that B(u) € H at least almost everywhere, so that the variable w is
required to take values in the domain D(B) of B. In particular, weaker notions of solutions (e.g. variational
ones) are not directly available and existence of (analytically strong) solutions can be expected only under
the assumption that G is Hilbert—Schmidt with value in V.

The main technical idea is to rely on techniques from the research stream on regularisation by noise,
namely, to exploit the Kolmogorov equation associated to (1.3). Without any claim of completeness, we refer
to [1,5,8-10,14,15] and the references therein for the recent literature on uniqueness by noise for infinite
dimensional stochastic evolution equations.

Due to the unusual form of the doubly nonlinear equation, this calls for reformulating the stochastic
system (1.3) in a more classical way, namely

du+ B(u)dt = [F(u) + K(u)]dt + GdW,  u(0) = ug,
where the operator K : D(B) — H is defined as
K()i= A™'(F() ~ B(2)) - (F() - B(=)), =€ D(B).
The Kolmogorov equation associated to (1.3) formally reads
ag(r) — 5 T [GG* D?p(x)] + (B(x), De(a))y
= 9(2) + (F() + K(2), Do(a)y , = € D(B),

where a > 0 is fixed and g : H — R is a given forcing term. We point out that the Kolmogorov equation
is extremely pathological due to presence of both the perturbation term K, which is of the same order
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of the leading operator B, and the coloured coefficient G € .#?(H, V). This feature makes the first-order
perturbation term too singular and the second-order diffusion too degenerate, respectively. Consequently,
we do not expect to solve the Kolmogorov equation, not even in some suitably mild fashion.

In order to overcome this obstruction, we introduce a weaker notion of solution to the limiting stochastic
equation (1.3), allowing for rougher noise coeflicients G being only Hilbert—Schmidt with values in H. A
natural candidate is the concept of Friedrichs-weak solution for (1.3), which consists in defining solutions
to (1.3) as limit of solutions to the approximated problem (1.4). In this way, the limiting noise coefficient G
is allowed to be in Z2(H, H) \ £?(H,V), whereas the approximations (G) may more regular (e.g., even
in £2(H,V)). The drawback of such weak formulation is that for the limit problem (1.3) one can identify
the nonlinearity B(u) weakly in V*, while the identification of the nonlinearity A(d;u?) (or equivalently of
K (u)) is relaxed. For technical details, we refer to Definition 2.3.

The introduction of such relaxed notion of solution allows also to treat the operator K in the Kolmogorov
equation. The main idea is to consider a hybrid Kolmogorov equation of the form

aga(r) — 5 Tr [GG Dpx ()] + (Br(x), De(@))y
=g(z) + (F(z) + Kx(z),Dpx(x))y , =€ H, (1.5)
where K : H — H is defined as
Kx(2):= AN (F(2) — Bx(2)) — (F(2) = Ba(2)), z€H.

The term hybrid refers to the fact that this is not the natural Kolmogorov equation associated to (1.4),
due to the presence of the limit coefficient G. Since G' can be taken in #?(H,H) and K is no longer
singular, existence and uniqueness of strong solutions to (1.5) can be obtained via fixed point arguments
by exploiting strong Feller properties of the associated transition semigroup. Furthermore, by exploiting
structural assumptions on the data A and g, we show that the family (¢y)y is uniformly bounded in C} (H).
By exploiting suitable infinite dimensional compactness arguments, this allows to pass to the limit in the
Ité formula for py(uy), hence to show uniqueness of the law of the possible limiting points of the sequence
(ux)x. Eventually, such uniqueness-in-law result for Friedrichs-weak solutions to (1.3) can be reformulated
as a weak stability result for approximations of the stochastic equation (1.3) (see Theorem 2.8 below).

We briefly summarise here the contents of the paper. Section 2 presents the mathematical setting and
the main results. In Section 3, we present an example of deterministic doubly nonlinear PDE with multiple
solutions, whose stochastic counterpart falls within our setting. In Section 4 we prove existence of Friedrichs-
weak solutions for the equation (1.3). Section 5 contains the analysis of the Kolmogorov equation, while in
Section 6, we prove the main results on uniqueness and stability by noise.

2. Main results
2.1. Notation and setting

For a given Banach space E, the symbols B(F) and & (E) denote the Borel o-algebra of E and the space
of probability measures on B(F), respectively. We indicate the space of bounded measurable real functions
on E by %,(E). Moreover, for k € N and s € (0, 1], the symbol Cf’S(E) denotes the space of real-valued
bounded Borel-measurable functions on E which are k-times Fréchet-differentiable with s-Hoélder-continuous
derivatives. In particular, we indicate by C’g ’1(E; E) the space of Lipschitz continuous functions from E to
itself endowed with the norm

F u *F’U E
[El o1 (m:m) = sup [|F(v)|[z + sup M
' vEE u#vEE lu —v|E
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Given two Hilbert spaces K; and Kz, we use the symbols .Z(K1, K»), £ (K1, K3), and L% (K1, K>)
to indicate the spaces of bounded continuous linear operators, trace-class operators, and Hilbert—Schmidt
operators from K; to Ks, respectively. We shall use the subscript ‘4+’ to indicate the respective subspaces
of nonnegative operators.

For every probability space (€2, .%#,P) endowed with a saturated and right-continuous filtration (.%#;):>0
(i.e. (#1)1>0 satisfies the usual conditions), the progressive sigma algebra on € x (0, 4+00) is denoted by P.
Given a final reference time T' > 0, we use the classical symbols L*(Q; E) and L"(0,T; E) for the spaces of
strongly measurable Bochner-integrable functions on Q and (0,T), respectively, for all s, € [1,4o00] and for
every Banach space E. If 5,7 € [1,+00) we use L} (2; L™(0,T’; E)) to indicate that measurability is intended
with respect to P. In the case that s € (1,400), r = 400, and F is separable, we set

L3, (Q;L%°(0,T; E*)) := {v: Q — L*®(0,T; E*) weakly* measurable: E ||U||SL<>0(0,T;E*) < oo},
and recall that by [13, Thm. 8.20.3] we have the identification
Lo (@ L%(0, T3 B)) = (L1 (% LN0. T3 )

Throughout the paper, H is a fixed real separable Hilbert space, with scalar product and norm denoted
by (-,-)g and || - ||, respectively. The following assumptions will be assumed throughout the paper.

Al: A: H — 27 is a maximal monotone operator, and there exist constants c4,C4 > 0 such that, for all
u € H and v € A(u),

2
[ollg < Cal+ullg),  (v,u)m = callully —Ca.

Moreover, A=t € C%*4(H; H) for some s4 € (0,1), and there is a constant k4 > 0 such that the
operator A1 — k4I (I is the identity operator) has a bounded range, i.e.,

sup ||A71(v) - kAUHH =: C'y < +o0,
veH

for some C’) > 0.
A2: L is a linear, symmetric, maximal monotone, unbounded operator on H with effective domain D(L),
such that D(L) < H compactly. For every o € (0,1) we classically define L? by spectral theory, we set

‘/20' = D(Lg)7 V=W :D(L1/2)7

and we assume, with no loss of generality, that (Lu,u)y = |lu||?, for all u € Vo = D(L). Moreover,
f+ H — H is maximal monotone and bounded, i.e., there exists a constant C'y > 0 such that, for all
u e H,

1@l < O

The nonlinear operator B (of semilinear type) is then defined as
B:=L+f,

which is maximal monotone on H with effective domain D(B) = D(L) = V5.

A3: F': H— H is bounded Lipschitz-continuous, and we set Cp := ”F”CS’I(H;H)'
A4: G € £*(H, H) commutes with L and ker G = {0}.
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A5: ug e H.

We are interested in the doubly nonlinear problem

du = (Qpu?) dt + G AW, (2.1)
A(yu) + B(u) 3 F(u), (2.2)
u(0) = ug . (2.3)

We consider two notions of solution for (2.1)—(2.3), both in the probabilistically weak sense: analytically
strong solution and analytically weak solution in the sense of Friedrichs.

Definition 2.1 (Analytically strong solution). If ug € V and G € £%(H,V), an analytically strong solution
to (2.1)~(2.3) is a family (Q,.F, (Z1)i>0, P, W, u,u?,v) where, for all T > 0,

o (Q,F,(F)i>0,P) is a filtered probability space satisfying the usual conditions,
e Wisa cylin&rical Wiener process on H,

o u€ LA(C°([0,T); H)) N L2 (Q; L°°(0,T; V) N L3 (2 L2(0,T; Va)),

. udEL%(Q;Hl(QT;H)),

e vELL(Q;L*0,T;H))

and it holds that

¢ t
u(t) =up + /Otud(s) ds + /GdW(s) in H, Vt>0, P-as., (2.4)
0 0
v+ B(u) = F(u) in H, a.e. inQx(0,+00), (2.5)
v € A(Opu®) a.e. in Q x (0, +00). (2.6)

Existence of analytically strong solutions for doubly nonlinear equations (2.1)—(2.3) in the sense of Defi-
nition 2.1 has been proved in [19]. In particular, note that existence of analytically strong solutions cannot
be expected solely under A4, as the condition G € #?(H,V) is needed. This motivates the introduction
of a weaker notion of solution for (2.1)—(2.3) allowing for more general noise coefficients G satisfying only
assumption A4.

Before moving to the definition of the weak solution in the sense of Friedrichs, we need an equivalent
formulation of the concept of strong solution given by Definition 2.1. First of all, observe that equation (2.5)
and inclusion (2.6) satisfied by analytically strong solutions can be written equivalently as

Ou? = A7YF(u) — B(u)) in H, a.e.in Q x (0,400).

Consequently, when intended in the strong analytical sense of Definition 2.1, problem (2.1)—(2.3) can also
be formulated as

du = A"YF(u) — B(u))dt + GdW, u(0) = ug .
Now, taking assumption A1l into account, let us introduce the operator

K:D(L)— H, K(x) := AYF(2) — B(z)) — ka(F(z) — B(z)), z¢€Va, (2.7)
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which has bounded range, namely,
K@), <Ch  VYaels. (2.8)

Taking these remarks into account, an equivalent formulation of problem (2.1)—(2.3) in the strong analytical

sense is
du+kaB(u)dt = [kaF(u) + K(u)] dt + GdW u(0) = ug . (2.9)

Definition 2.2 (Analytically strong solution: equivalent formulation). If ug € V and G € £?(H,V), an
analytically strong solution to (2.9) is a family (Q,.7, (%)c(o,17, P, W, u) where, for all T' > 0,

o (. F,(F)i>0,P) is a filtered probability space satisfying the usual conditions,
e W is a cylindrical Wiener process on H,
e u€ LL(C°([0,T); H)) N L2 (Q; L°°(0,T; V) N L3 (2 L2(0,T; Va)),

and it holds that, for every ¢t > 0, P-almost surely,

t

u(t)+ka | B(u(s))ds =uo+ [ [kaF(u(s))+ K(u(s))] ds+ | GdAW(s) in H. (2.10)
/ [ /

The equivalence between Definitions 2.1 and 2.2 is immediate by means of position (2.7) above.

The doubly nonlinear evolution (2.1)—(2.3) inherits a semilinear structure from the structural form of A
and B. On the other hand, (2.9) cannot be viewed as a classical semilinear stochastic equation. Indeed, the
nonlinear perturbation K has the same differential order of the linear part L (i.e., K is defined on D(L)),
while in classical semilinear problems the linear component needs to be dominant with respect to the others.

Bearing these considerations in mind, we introduce a weaker notion of solution to (2.9). To this end, for
every A > 0 let By : H — H denote the Yosida approximation of B: it is well known that B) is A~!-Lipschitz
continuous (see for example [3] for classical results on monotone analysis). We define the operator

K,:H— H, Ky(z) := AYF(z) — B\(2)) — ka(F(z) — Bx(z)), z€H. (2.11)
Note that the Lipschitz-continuity of By and A1 ensure that Ky € Cy»** (H; H) with
| Kx(@)|l g < Ch Vee H. (2.12)

Definition 2.2 can be easily adapted to the case when K is replaced by K, so that one can speak of
analytically strong solutions for A > 0, as well.

Definition 2.3 (Friedrichs-weak solution). A Friedrichs-weak solution to (2.1)—(2.3) is a family (2,.7,
(Z)i>0, P, W,u,y, A), where, for all T' > 0,

(Q, Z,(F1)i>0,P) is a filtered probability space satistying the usual conditions,
o W is a cylindrical Wiener process on H,

we LE(Q;C([0,T); H)) N L3 (% L2(0, T; V),

ye Ly (@ x(0,T); H),

e A= (An)n C (07+OO)7



8 C. Orrieri et al. / J. Math. Pures Appl. 209 (2026) 103866

such that there exist a sequence of data (u?,G,), C H x £?(H, H), and a sequence of analytically strong
solutions (Q,.%, (%:)i>0, P, W, u,) to the problem

duy, + kaBy, (uy) dt = [kaF (upn) + Ky, (up)] dt + G, dW, un (0) = ufy, (2.13)
satisfying, as n — oo, for all T' > 0,

ug —>up in H,
G, — G in Z*HH),
A\ 0 inR,

*

wp = win L3 (Q; L°(0,T; H)) N Ly (Q; L2(0,T;V))

Up —u in L?(0,T;H), P-as.,
Kz, (up) =y in LF(Qx(0,T);H).

Remark 2.4. The concept of Friedrichs-weak solution in Definition 2.3 is related to the concept of closure of
analytically strong solutions. Let us stress that in Definition 2.3 the initial datum ug and the operator G are
allowed to satisfy assumptions A4—A5 only. In particular, neither ug is required to be in V nor G is required
to be in .Z?(H, V). On the other hand, one has much more freedom on the approximating sequences. These
can indeed be taken either more regular (e.g. in V and .£?(H,V)), or simply set as G,, = G for every n
if one is interested in the asymptotic behaviour of analytically weak solutions instead. Moreover, note that
even if (u?), and (G,), are only in H and #?(H, H), respectively, the existence of analytically strong
solution for n > 0 is guaranteed since D(B), ) = H (see [19]).

Remark 2.5. Let us point out that if (2, .7, (%:)i>0, P, W, u,y, A) is a Friedrichs-weak solution in the sense
of Definition 2.3 above, it holds that

t t

u(t) + kA/B(u(s)) ds = up + / [kaF (u(s)) +y(s)] ds + /GdW(s) in V* (2.14)
0 0 0

for every t > 0, P-almost surely. It is important to note however that one cannot infer that y = K(u),
due to the lack of regularity of the solution u and the fact that K is defined on D(L). This weak notion of
solution still features the identification of the nonlinearity B. In contrast, the limit of K is not identified and
the condition y = K (u) needs to be interpreted in a very weak sense via the limiting procedure highlighted
above. Equivalently, this corresponds to relaxing the identification of the nonlinearity A.

Our first result is an existence proof for Friedrichs-weak solutions.

Theorem 2.6 (Ezistence of Friedrichs-weak solutions). Assume A1-AS5. Then, problem (2.1)—(2.3) admits at
least a Friedrichs-weak solution in the sense of Definition 2.3 satisfying uff € V and G, € £*(H,V) for all
n.

Our main result concerns the uniqueness in distribution for Friedrichs-weak solutions. For this purpose,
we need the following additional structural assumption.

A6: there exists 0 € (0, ) such that G(H) = Va4 and

2
— > 2.
SA+1+26>
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Note that the condition § < 1 in A6 implies that the range of G cannot be V, and one has V — G(H)
compactly, hence G ¢ Z?(H,V). On the other hand, the requirement § > 0 is redundant as it is trivially
implied by the Hilbert—Schmidt conditions on G. All in all, it holds that V — G(H) — H compactly.
Moreover, we stress that for all § € (0,1), assumption A6 is satisfied with s4 € (%, 1). We have the
following.

Theorem 2.7 (Uniqueness in law). Assume A1-A6, and let
(@2, 7, (Ft)t=0, P, W ur,y1, A1) and (2, F,(F)i>0,P, W, uz,y2, A2)

be two Friedrichs-weak solutions to problem (2.1)—(2.3) with respect to the same initial datum ug and defined
on the same stochastic basis. If Ay = Ao, then uy and us have the same law on C°([0,4+o00); H), i.e.

P(uy € E)=P(uy € E) YE € B(C%[0,+00); H)).

As a corollary of Theorem 2.7 we are able to establish a stability-by-noise result. Indeed, let A = (A,), be
an infinitesimal sequence of positive real numbers, and let (ull, G,,), C H x £?(H, H) such that u} — ug in
H and G,, — G in £?(H, H). Given the sequences (B),,, K\, ), of approximated operators, problem (2.13)
cannot be assumed to show the uniqueness in law property, even if the approximating operators (K}, ), are
Hélder continuous on H. The reason for this is that G,, may be in #?(H, V) (hence the Ornstein—Uhlenbeck
semigroup associated to L and G,, may not be strong Feller). Let us set then

Sy, := {analytically strong solutions of (2.13) in the sense of Definition 2.2}
and let 2, be their respective distributions on C°([0, +oc0); H), namely

P i={p e 2(C°([0,400); H)) : (% F,(F)i50,P,W,u) €S, :
wE)=PueE) VEeBC0,+);H))} .

This means that for every n € N, 2, represents the set of distributions on C°([0, +oc); H) of all the
analytically strong solutions of (2.13). The weak stability-by-noise result is the following.

Theorem 2.8 (Weak stability). Assume A1-A6 and let
(A, ul, G € (0,4+00) x H x L*(H, H)

be such that, as n — 0o, Ay, \( 0, ufl — ug in H, and G, — G in L*(H, H). Then, there exists a unique
probability p € P (L2 (0,+00; H)) such that for every sequence (i), C P(C°([0,+00); H)) satisfying

fn € Py, VYneN,

as n — 00, it holds that ji, = p in L}, (0, +o0; H), i.e.,

lim / ¢ dpn = / pdu Vo e Oy (L (0,+00; H)) .
L2

loc

(0,400;H) L% (0,+00;H)

Moreover, u is concentrated on C°([0,+o00); H) N L?

loc

(0, 400; V).
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3. An explicit example
3.1. Nonuniqueness for a deterministic doubly nonlinear equation

The uniqueness-in-law result of Theorem 2.7 is of a genuinely stochastic nature and has no deterministic
counterpart. In fact, deterministic doubly nonlinear evolution equations may fail to have unique solutions
[6,7]. In order to illustrate this fact, we follow AKAGI [2] and present in this section the concrete example
of the deterministic parabolic PDE

|0su|P~20pu — Au = Au in (0,T) x D. (3.1)

Here, D C R? (d € N) is a nonempty, open, and bounded domain with smooth boundary dD and p > 2.
Note that equation (3.1) features a single nonlinearity acting on the time derivative, which does not satisfy
our assumption Al in general: this issue is overcome at the end of the section where a modified version of
(3.1) is presented. We complement equation (3.1) by homogeneous Dirichlet boundary conditions and by a
null initial condition, namely,

u=0 on (0,T)x3dD, (3.2)
u(-,0)=0 on D. (3.3)

Assuming that A > Ay where A; > 0 is the first eigenvalue of the Laplacian on D with homogeneous Dirichlet
conditions, Theorem 2.1 in [2] proves that equation (3.1) together with conditions (3.2)—(3.3) has infinitely
many strong solutions.

Indeed, one looks for solutions to problem (3.1)—(3.3) having the form wu(t,z) = 6(t)v(z). Here, one lets
v =0o0n dD and 6(0) = 0, so that conditions (3.2) and (3.3) are respectively satisfied. Equation (3.1) then
reads

10[P=20]v[P~%0 — Av = O v in (0,T) x D.
One finds a solution to the latter by splitting the variables and solving the decoupled system

6=10""2 in(0,7T), (3.4)
—Av+ [vP 2 = v inD, (3.5)

where 1/p/ + 1/p = 1. For all t, € [0,T], the functions 6,(t) = c,((t — t.)")/® ) with ¢, = (2 —
)Y/ 2=P) > 0 solve (3.4) with 6,(0) = 0. For later purposes, we remark that for all such functions 6, one
has maxjo 7} [0«] < e TV (=P = M.

As far as equation (3.5) is concerned, one considers the minimization of the functional

1 1 A
I(v) = / <§V02 + 5|v|p — §|v|2) dz
D

on Hi(D). As p > 2, global minimizers v, can be proved to exist and to be strong solutions to (3.5) with
homogeneous Dirichlet boundary conditions. On the other hand, setting v; # 0 to be the eigenfunction
related to the first eigenvalue Ay of the Laplacian with homogeneous Dirichlet boundary conditions and
using the fact that ||VU1H%2(D;R(,,) = )\1||v1||2L2(D), for all s > 0 one has that
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AL — A P
I(svl):/<s2 12 |Ull2+%’01|p> dx .
D

As A1 — A <0, one has that I(svy) < 0 for s small enough. In particular, I(v,) < 0 on the global minimizer,

which implies that v, # 0. This proves that (3.5) has at least two distinct nontrivial solutions, namely, v,
and —v,. All in all, we have checked that (3.1)—(3.3) has at least the solutions

ue(t, ) = £o,(2)(2 — p )Pt — )TV vz, t) € Q% [0,T], (3.6)

for any given t, € [0,T]. Note that u, =0 for t, =T.

Before moving on, in order to provide a nonuniqueness deterministic counterexample which still fits to
our assumptions, let us remark that any solution v, € Hg(D) of (3.5) is bounded in C°(D) in terms of data.
Given any ¢ > 1, multiply equation (3.5) by |v.|9"2v, and integrate in space and by parts. By using the
fact that

f/Av* |0, |9 %0, dz = (g — 1) / [0, |92 Vv, dz > 0
D D

one obtains

/|v*|p+q72dx§ )\/|U*\qu,
D D

which implies that v, is bounded in LPT4=2(D) in terms of data. This can indeed be made rigorous by a
bootstrap argument on ¢. In particular, one has that v, is bounded in L" (D) in terms of data for any r > 1.
Choose now r > d(p — 1)/2. By a comparison in (3.5) one has that —Aw, is bounded in L/®~1(D) in
terms of data, as well. By elliptic regularity and the fact that r/(p — 1) > d/2 one gets that v, is bounded
in C°(D) in terms of data. More precisely, there exists My = My (D, p,\) such that [v]lcom) < Ma.

At this point, we are ready to present a deterministic counterexample to uniqueness, which is fitting
within our setting. Consider the equation

a(Owu) — Au=£(u) in (0,T) x D, (3.7)

where the linearly bounded monotone mapping o € C'(R) is defined by

|x[P~22 for |z| < M,
o) = (p—1)MP 2z — (p— 2)Mp*1|—x‘ for |z| > M, (3.8)
x
and ¢ € C%1(R) is given by
Az for |z| < M
¢ = - ’ 3.9
(@) { AMz/|x| for |z| > M, (3:9)

for M := My Ms. The same argument leading to (3.6) ensures that equation (3.7) with conditions (3.2)—(3.3)
has infinite many solutions. In fact, for all u, from (3.6) one has |u.| = |0«||vs]| < M1 My = M, so that
a(Oyuy) = |Opus|P20us and £(u.) = Au,. We hence have that equations (3.1) and (3.7) coincide and w,
solves (3.7), as well. Note that the truncations allow the operators a and ¢ to satisfy A1-A3.
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3.2. Restoring uniqueness by noise

Before closing this section, let us consider the stochastic counterpart of the deterministic equation (3.7).
In the stochastic case, equation (3.7) together with the boundary and initial conditions (3.2)—(3.3) can be
variationally formulated as (2.1)—(2.3) by letting H = L?(D), A(v)(x) = a(v(x)) where « is given in (3.8),
B = —A with D(B) = Vo = H*(D) N H3(D), f =0, and F(v) = {(v) where £ is given in (3.9). By letting
ka:= M?77?/(p—1) we have

[o(@) [P 2(x) if Jo(@)] < MPH,
AT (v)(x) =

ka (v(x) +(p—2)MP-1 5%) if [v(z)| > MP1.

One easily checks that A= € C%?'~1(H; H) (recall that p > 2 > p/ > 1) and

sup || A7 (v) — kv
veH

= sup / ||U\pl_2v—k:Av\2dx+ / lka(p —2)MP~? dz
veEH
{Jv|<MP—1} {lv|>MP=1}

< |D|(M + kaMP~12 4+ |D|(ka(p — 2)MP~1)? =: (C})? < +o0.

At the same time one has that F' € C,?’l(H, H) with

-1

1120 s §2sup/|€(v)|2dx+2 sup /|€(u)—£(v)|2dx /|u—v|2dm
’ vEHD uFveH 7 b

< 2|DIM? 42X\ =: C% < +c0.

Letting G fulfill A4, we have that condition in A6 holds for any 6 € (0,1/3) by taking p > 2 large enough.
Given ug = 0, we have proved that Friedrichs-weak solution to (2.1)-(2.3) exist and are unique in law in
the sense of Theorem 2.7. On the other hand, taking G = 0, the deterministic equation (3.7) with wg =0
has infinitely many solutions.

4. Existence of Friedrichs-weak solutions
This section is devoted to the proof of Theorem 2.6 concerning the existence of Friedrichs-weak solutions.
First of all, since V' < H densely, there exists a sequence (uy), C V such that ||uf — uwo|lg — O as
n — 0o. Moreover, let us fix a sequence A = (A,,),, such that A,, \, 0 as n — co. Let us construct a sequence

(Gn)n C Z£2(H,V) such that |Gy, — G|| 22,y — 0 as n — oo. To this end, for every # € H and n € N
we define G« := x,, € H as the unique solution to the singular perturbation problem

1
T, + —Lxr, = Gzx.
n

In a more compact form, this means that we define G, := (I + 1L)7'G, so that clearly G,, € £*(H,V) for
every n € N. Let us show the convergence as n — co. Testing the equation above by z,, yields directly

1 1 1
SlGnl7 + ﬁ”an”%/ <5lGalfy VeeH,
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so that
limsup ||Gpz| < |G|} VzeH,
n— o0

hence Gpoz — Gz in H for every x € H. Moreover, given a complete orthonormal system (e;); of H,
choosing x = e;, and summing over j € N, we also obtain

1 1 1
§||Gn||§?2(H,H) + EHGHH?%?(H,V) < §||G\\?$2(H,H) :

This implies analogously that G,, — G in £?(H, H) as n — oc.

Since K, and F' are Lipschitz-continuous on H for every n € N, there exists an analytically strong
solution (2, 7, (Z)ieo. 17, P, W, uy) in the sense of Definition 2.2 for the problem with K replaced by Ky
ie.,

n?

un € Lp(2;C°([0, T); H)) N L, (5 L0, T5 V) N L (25 L2(0, T; Va))

and

for every t > 0, P-almost surely.
Now, the Itd formula for the square of the H-norm yields

t
1
Sl + k[ un(s) [ ds
0

t
1

= 51z +/(k‘AF(un(S)) + K, (un(s)) — kaf(un(s)), un(s)) y ds

t

t
1
+ 5 16wy ds + [ (als), GudW ()
0 0

By A2-A3, (2.12), and the properties of (uy, Gy,)n we deduce that

t t t
1
Sl Ol + ka [ Jun () ds <€ |1+ [ Jun()rds | + [ (o). GuaW ()
0 0 0

for some constant C' > 0 independent of n. A standard application of the Burkholder-Davis—Gundy in-
equality together with the Gronwall lemma implies that

[unll 2, ;00 (o, ;N2 0.0v)) < C-

Moreover, we recall also that by (2.12) and A2 we have

KN, (un) || Lss (x 0,7):1) + 1 (wn) [ s @x 0.1);m) < €
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while from the convergence G,, — G in .#?(H, H) it follows that

/Gn dW (s) — /GdW(s) in L%(Q; C°([0,T); H)) .
0

Since C°([0,T]); H)NL?(0,T; V) is compactly embedded in L?(0,T; H) as effect of the Aubin—Lions Lemma,
by identifying W with a constant sequence of random variables in C°([0,T]; H), where H is a Hilbert—
Schmidt extension of H, by the Prokhorov and Skorokhod theorem there exists a probability space (Q, Z, P)
and a sequence (I',),, such that T',, : O — Q satisfies (I',,) 4P = P for every n € N and

Gp =u,ol, -4 in L?(0,T;H), P-as.,
Gy =4 in L2 (4 L%°(0,T; H)) N L2(; L2(0,T; V),
Ky, (i) =9 in L®(Qx (0,T); H),
W,:=Wol, »W inC°0,T);H), P-as.,

I, = /Gn dW(s) | o), — I in c°(jo,T); H), P-as.,

In particular, these convergences imply also that
L, — La in L*(Q; L*(0,T; V")),

and, by the strong-weak closure of maximal monotone operator f and by the Lipschitz-continuity of F',

A

Define now the filtrations (ﬁn,t)t and (%) by
Fni= 0 {ii(s), Tn(s), Wals) s s € 0,11}, Fii= o {als),3(s), 1(s), W(s) 1 s € [0, .

It is a standard matter (see [17] for details) to check that W,, and W are H-cylindrical Wiener processes
with respect to (ﬁn’t)t and (ﬁt)t, respectively. Moreover, by using classical martingale arguments, it also
holds that I,, = [; G, dW,(s) and I = [, G dW(s). We now note that

ﬁn(t)—i-kA/B(ﬁn( zug—&-/ [kaF (i (5)) + K, (Un(s))] ds+/Gnde(s) in H,
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for every t > 0, P-almost surely. By using the convergences above and classical arguments we infer then
that o € L2(€; C°([0, T]; H)) with

t

¢
+kA/B ds—uo+/kAF ) +9(s)] ds+/GdW s) in H,
0 0

for every t > 0, P-almost surely. This concludes the proof of Theorem 2.6.
5. The Kolmogorov equation

Let us focus now on the Kolmogorov equation associated to the stochastic evolution equation (2.1)—(2.3),
as this will be crucial in proving uniqueness.

The equivalent reformulation (2.9) of the doubly nonlinear problem (2.1)—(2.3) suggests the form of the
associated Kolmogorov equation, namely

ag(x) — 3 Tr [QD%p(w)] + ka (L, Do)
= 9(0) + (kaF(2) + K (@) ~ ka f(2), Dile))y » @ € Vo, (51)

where o > 0 is fixed and g is a suitable forcing term. Clearly, due to the singularity of the perturbation
K, in general one cannot expect to prove existence of mild solutions to (5.1) via classical arguments, i.e.,
by directly exploiting the possible regularising properties of the Ornstein—Uhlenbeck semigroup. The idea
is then to characterise the solution of (5.1) in a different way, still relying on approximating arguments a la
Friedrichs.

From now on, for brevity of notation we will assume with no loss of generality that

ka=1.
Furthermore, we recall that by assumptions A2-A3 one has
I1F@)g <Cry f@)llg <Cr  VeeH. (5.2)
This will be essential in the analysis of the Kolmogorov equation.
5.1. The Ornstein—Uhlenbeck semigroup

We collect here some preliminary results on the Ornstein—Uhlenbeck semigroup associated to (5.1). First,

note that by assumption A2 we have that —L generates a strongly continuous semigroup (e=*F);>q of
contractions on H. Introducing then the operator
t
Q; = /eiQSLst, t>0, (5.3)

0
with Q = G*G, it is clear that Q; € L (H, H) for every t > 0 since G € £?(H, H) by assumption A4.
With this notation, we define the Ornstein—Uhlenbeck semigroup as

(Reg)(z) = / plea+y)Ng,(dy), zeH, @eBH), >0, (5.4)
H
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where Ng, denotes a Gaussian measure on H, centred at 0, and with covariance operator ();. Note that an
easy computation shows that

Qi = %L‘l (I—e?)Q vt=>0.

Lemma 5.1 (Strong Feller property). Assume A2, A4, and A6. Then, the semigroup R is strong Feller.
More specifically, there exists a constant Cr > 0 such that, for every t > 0 and ¢ € By(H), it holds that
Rip € Cp°(H) and

sup [(Re) ()] < sup ()], (5.5)
rxEH xeH

sup [ D(Bep) @)l < 1 5 sup (). (5.6)

xeH t

Moreover, for every p € CL(H), it holds that
5 Cr
swp [|D*(Rep) @)l 2o < 235 sup | De() o (5.7)
x

Furthermore, for every e € (0,4 —8) and n € (0, hgg) there exist constants Cr,Cr, > 0 such that, for

every t >0 and p € By(H), it holds that D(Ryp)(H) C Vae and

Cr
sup || L°D(Ryp)(2) | < 3 sup |p(2)], (5.8)
z€H t2tote el
Cr.y

sup [p(z)| (5.9)

| Betllornen = ammire S

The proof of Lemma 5.1 follows immediately from [5, Lem. 4.1-4.2].

Remark 5.2. Note that since by assumption A6 one has ¢ € (0, 1), it follows that the exponent 1+ also

1-2%) ensure that also 3+d+¢ € (0,1)

belongs to (0, 1). Moreover, the conditions on e € (0, 3—4) and n € (0, 1+25

and (1 +7)(5 +6) € (0,1), as one can easily check.
5.2. The regularised Kolmogorov equation

The main technical challenge in the study of the Kolmogorov equation (5.1) is that of taming the singu-
larity of K. We proceed by approximation and, for all A > 0, argue with K € C’O’SA (H; H), which satisfies
the uniform bound (2.12), and with the Yosida approximation fy : H — H of f.

Given a fixed @ > 0 and a forcing g € Cp (H) (some additional qualification for a and g will be introduced
later), the regularised Kolmogorov equation reads, for A > 0,

1
apA(x) = 5 Tr [QD?px ()] + (L, Dpx (@)
=9(z) + (F(z) + Kx(z) — fa(z), Dpa(x)) gy, € V. (5.10)
Solutions to the regularised Kolmogorov equation (5.10) can be intended either in the mild sense, by ex-

ploiting the representation formula for the resolvent of the semigroup R, or in the strong classical sense, as
specified in the following.
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Definition 5.3 (Mild solution). A function ¢ € C}(H) is said to be a mild solution to (5.10) if

+o00
V() = /e‘“th g+ (F+ Ky — fr,DY) ] (x)dt  VreH.
0

Definition 5.4 (Classical solution). A function ¢ € CZ(H) is said to be a classical solution to (5.10) if it is
a mild solution and it satisfies, for every = € Vo,

ay(x) — %Tr [QD*¢(2)] + (Lo, Dy () i = g(x) + (F(x) + Kx(z) — fa(z), D(x)) p -

The following result ensures that the regularised Kolmogorov equation (5.10) is well posed in both the
mild and strong sense, and provides estimates on the solution ¢, which are uniform with respect to the
parameter A.

Proposition 5.5 (Well-posedness of the Kolmogorov equation). Assume A1-A6, let g € C’l?’“ (H),e€(0,4—

), and n € (0, %)' Then, there exists ag > 0 such that, for every a > ag, the following holds:

(i) for every A > 0, equation (5.10) admits a unique mild solution ¢y € CL(H);
(ii) there exists a constant C1 > 0, independent of A\, such that

leallegy <C1 VA>0;5 (5.11)
(iii) there exists a constant C. > 0, independent of A, such that Dpx(H) C V. and
IL=Dorllcopm < Cc - VA>0; (5.12)
(iv) there exists a constant C, > 0, independent of X\, such that
loallgzngny < Cp YA >0; (5.13)

(v) for every A > 0, the unique mild solution satisfies @5 € CZ(H) and is also a classical solution of
equation (5.10);
(vi) there exists a constant Cy > 0, independent of A, such that

Proof of Proposition 5.5. (i). We exploit a fixed point argument. Let S, : C}(H) — CP(H) be defined as

o0

Sav(z) = /e_o‘th[g+ (F+ Kx — fx, Dv)g](z)dt, ve Cy(H).
0

Note that

e |DR[g + (F + Kx — fr, Dv) ] (2)| 1

(5.6)
< Cg

e—at
1

T3 S l9(y) + (F(y) + Kx(y) — faly), Dv(y))m|

yeH

efat

< Cr (allogum + (Cr + Clt C IDYopnam) 75 -



18 C. Orrieri et al. / J. Math. Pures Appl. 209 (2026) 103866
Hence, thanks to the Dominated Convergence Theorem and to a differentiation under the integral sign, we
get that S, is well-defined as a map from C}(H) into itself, and it holds that

o

D(Sav)(x) = / e~ DR+ (F + Kr — fr, Do)ul(x)dt, ve CL(H).
0

Furthermore, for every vy, v2 € C}(H), by arguing on the difference of the respective equations it is imme-
diate to see that

1
[Savi(w) = Sava(w)| < —(Cr + Ch + Cy) [|Dvr = Dvzllcg gz, mry

and

+oo

1
| DSav1(2) ~ DSava(2)ir < Cr(Cr + Cy + Cy) | Doy — Dvall o e / e
0
Cr (1
=S (5 6) (©r + Ca+ ) 1Dos — Dual

where I is the Riemann I-function. It follows that S, is a contraction on C}(H) provided that « is chosen
sufficiently large, e.g., for & > aq for some « only depending on Cr, C’y, C, 6, Cr. Existence and uniqueness
of a mild solution is then a consequence of the Banach Fixed Point Theorem.

(ii). This is an immediate consequence of the computations in point (i). Indeed, since for o > g one has in

particular that agﬁ =T (% — 5) (Cr+ C’y + Cf) < 1 and the already performed computations yield
Cgr 1 Cr 1
<1 - FF (2 - 5) (Cr+Cy + Cf)) IDoxlleo (zr;m) < FF (2 - 5) lgllcocary »

hence (5.11) follows.
(iii). By (5.8) and the Dominated Convergence Theorem, we have that

69 T . Cg
IL*Doxllco iy < /e tt%ﬂ;’ig Slelg(|9($)|+(CF+Cf4+Cf)HD<PA($)||H) dt
0
CR,E 1 /
< a%_é_gf 5~ 0-¢ (||9Hcg(H) +(Cr+Ch +Cy) ||D<PAHcg(H;H)) :

Hence, by possibly choosing a larger aq such that for all & > «y it also holds that

1
: F<§—5—5> (Cr+CH+Cp) <1,

1
a§_5_5

estimate (5.12) follows.
(iv). For every n € (0, (1 —20)/(1 + 26)), by (5.9) one has, for all ¢t > 0,
e | DRy[g + (F + Kx = fr, Dox) ulll oy

(5.9) Cr 70[
< me t(||9H0g(H)+(CF+Cf4+Cf)||D<p>\HCg(H;H))7
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where (1+n)(2 +6) € (0,1). Using the Dominated Convergence Theorem and estimate (5.11) one has that
ox € Cp"(H) and

o0

||<10/\||C;w77(H) < Cpry (”gHCS(H) +C(Cr+CY —I-Cf /t TG e~ dt
0

so that also the estimate (5.13) is proved.
(v). We use the Schauder estimates as in [11, Prop. 6.4.2]. Let n € (0,(1 — 2J)/(1 + 2J)) and set 1y :=
min{s,n}. Then, recalling that g € C’g’sA (H), we note that
x> g(x) + (F(z) + Ka(2) — fa(2), Doa(@))
is no-Holder continuous and bounded in H. It follows then by [11, Prop. 6.4.2] that
ox € O T (5)
This implies then that
1-26
Dy € )T (1 ).

By iterating the argument, this implies that

2= g(x) + (F(2) + Kx(z) = fa(@), Do (@)1

is min{sa,no + %}—Hélder continuous and bounded in H. Again by [11, Prop. 6.4.2] we infer that

()0)\ c C;ﬂi“{SAJrH%moJrﬁ%g}(H) )
This implies then that

Dy € ¢t I, gy

By iterating the argument, there exists k sufficiently large such that 7y + 2122
that

I +26 > s4: hence, one deduces

on € Oy T ().
Since

SA + > 2

2
1+20

by assumption A6, this implies in particular that ¢\ € CZ(H). Moreover, the same result [11, Prop. 6.4.2]
also ensures that ¢, is a strong solution to the regularised Kolmogorov equation in the sense of Definition 5.4.
(vi). Again by [11, Prop. 6.4.2], since

z = g(x) + (F(x) + Kx(z) — fA(®), Dox(z))m

is bounded in Cy*4(H) uniformly in A, one has that
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leallezmy < Ca?=salstd) = ¢,
for a positive constant C' independent of A, so that (5.14) follows. O
5.8. Passage to the limit in the Kolmogorov equation

We are now ready to address the asymptotic behaviour of the solutions (px)x>o to the Kolmogorov
equation (5.10) as A — 0. We show that the sequence of approximated solutions (¢))aso admits a limit ¢,
which may be interpreted as a Friedrichs-type solution of the limiting Kolmogorov equation (5.1). This is
rigorously stated in the following result.

Proposition 5.6 (Convergence of vy ). Assume A1-AG, let g € C’I?’SA (H), let a > ag be fized, and let (px)r>o
be the family of solutions to (5.10) as given in Proposition 5.5. Then, for every sequence A = (\,), with
An \( 0 as n — oo, there exists a unique

1-26
peCy T (H)  with  Dpe COH; D(LG=)7),
depending only on A, B, F', G, and A, and a subsequence (@Ank)keN satisfying, as k — oo,

lim |oy, (z) —@(z)] =0 Ve H,
k— oo k

lim ||Depy, (2) — Do(z)||lg =0 VeeH.
k—o0

Proof of Proposition 5.6. STEP 1. For every r > 0, set BY := {z € V : ||z||y < r} to be the V-closed ball
of radius r. Let A = (\,),, be an arbitrary sequence satisfying A, \, 0 as n — oo. Let also 7 € N} be
fixed and let us consider (py, ), restricted to BJV : since V — H compactly, the ball B]V endowed with the
H-distance is a compact metric space. Thanks to (5.11) it readily follows that the sequence ¢y, : B]V - R
are uniformly equicontinuous and bounded: hence, by the Ascoli-Arzela Theorem there exists a subsequence
(@AZ% )k and ¢, : BJV — R, continuous with respect to the topology of H, such that

lim sup ‘90/\1;,6 (z) —¢j(z)] =0.

k—o0 IGBJV

Clearly, it follows that ¢;41 = ¢; on BJV for every j € Ny, so that the family (¢;);>0 uniquely determines a
function ¢ : V' — R. Moreover, via a standard diagonal argument one can work with the same subsequence
(gp,\"k) r for every j € N. Specifically, we have

lim sup |px,, (z) —@(z)|=0 VjeN;. (5.15)

k— o0 xEBJV
In particular, this implies the pointwise convergence
lim @y, (z) =¢(z) VzeV.
k—o0 k

Let us prove that ¢ uniquely extends to a function in C"'(H). To this end, thanks to (5.11) we note that
for every x1,zo € V we have

lp(21) — p(a2)]
<lp(@1) = @a,, (@)] + lor,, (@1) = or,, (@2)] + |or,, (T2) — (22)]
<lp(z1) —a,, (@) + Cr |z — 22| + |@a,, (22) — p(z2)]
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for every k € N, so that letting k — oo yields
lp(z1) —p(22)| < Ci|lz1 —22lly V22 € V.

By density of V in H this shows indeed that ¢ € C,? ’1(H ), where we have used the same symbol for the
extension. Moreover, for every z € H, let (2m)men C V be such that x,, — x in H as m — oo. Then, again
by (5.11) and the Lipschitz-continuity of ¢, and ¢ we have

[ox,, () = ()|
< e, (@) = ox,, (@) +[@x,, (@m) = @(@m)| + lp(@m) — e(2)]
<20 [|zm — 2l g + loa,, (@m) — o(@m)]

and it is a standard matter to see that this yields
lim ¢y, (z)=¢(x) Vxe H.
k—o0 k

STEP 2. Let us consider now the sequence of derivatives Dy, : BJV — H, for j € N, fixed. Thanks
to (5.13) it follows that (D), ), is uniformly equicontinuous, while (5.12) implies that for every x € BY
the set (Dpx, (z))n is relatively compact in H. Again by the Ascoli-Arzela Theorem, for every j € N there

o BJV — H, continuous with respect to the topology of H on BJV, and a subsequence (AZLk) k such

exists ¢ :

that

lim sup ||D<,0)\g%($>_<ﬂg'(m>||H:O'

oo mEBJV

As before, we note that the sequence (¢}); uniquely determines a function ¢’ : V' — H such that, by
possibly using a diagonal argument,

lim sup |Dgy, (z) —¢'(z)]=0 VjeN;. (5.16)

k
o0 acEBXj
In particular, the pointwise convergence

lim Dy, (2) —¢'(@)|lu =0 VzeV
k—o0

follows. Let us prove that ¢’ uniquely extends to a function in Cg’"(H; H), where 1 € (0, L_r—gg) is fixed. To

this end, thanks to (5.13) we note that for every x1,z2 € V we have

¢’ (1) = &' (22) ||
<|¢'(@1) = Dgn,, (1)l + D, (21) — Do, (22)|ir + ([ Dpn,, (x2) — ¢ (22)]
< ¢’ (@1) = Don,, (1)l + Cy |21 — 2|3 + ([ Depn,, (x2) — @' (x2)llm

for every k € N, so that letting k — oo yields
1" (1) = @' (@2)llm < Oy llar — w2y Vo, 22 € V.

By density of V in H this shows indeed that ¢’ € Cz? "I(H; H), where again we have used the same symbol
for the extension. Furthermore, for every x € H, let (2, )men C V be such that x,,, — x in H as m — oo.
Then, again by (5.13) and the Holder-continuity of Dy, and ¢’ we have
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Do, (@) = ¢ ()l m
< 1Dgx,, (@) = Dox,,, (@m)lla + 1 Dox,, (2m) = @' (@m) Lo + 16" (2m) — ' (@)l 1
<20y |zm — 23y + Do, (@m) = &' (@m)]a

so that we deduce the convergence
lim |[Dyy, (2) —¢'(2)[lg=0 VzeH.
k—o0

STEP 3. Let us show that ¢ € C1"(H) and Dy = ¢’. By the convergences (5.15)—(5.16) proved above
one has that

(¢, )k is Cauchy in Cg(B]V) VjeNy.

It follows in particular that ¢ satisfies Py € Cl(B;/) and D(<p|B]y) = cpr)/ for every j. In particular,
this implies that ¢ € C1(V) and Dy(z) = ¢/(z) in V* for every z € V. Furthermore, let z,h € H be
fixed, and let (2, )m, (hm)m C V such that z,, — 2 and h,, — h in H as m — oo. Since ¢ € C*(V) with
Dy = (¢)y : V= V*and ¢’ € CO(H; H), one has that

1 1
(T + him) /Dgoxm—i—ah ), h / "(@m 4 ohum), hum) g do.
0 0

Letting m — oo yields, by Dominated Convergence Theorem,
1
olx+h) — / "(x 4+ oh),h)y do Ve, he H,
0
showing that ¢ : H — R is Gateaux differentiable with Dy = ¢’ : H — H. Since ¢’ € CS’W(H; H), this
implies then that ¢ € C;’” (H), as required. O
6. Uniqueness in law and weak stability

6.1. Proof of Theorem 2.7

This section is devoted to the proof of our main result concerning uniqueness in law, namely, Theorem 2.7.
To this end, let ug € H be fixed, and let

(Qaya (yt)tG[O,T]JPJ VVyUhZ/hA) and (97,?7 (yt)tE[O,T]7P7Wu27y27A)

be two Friedrichs-weak solutions to problem (2.1)-(2.3) with respect to the same initial datum wg, defined
on the same stochastic basis, and with the same approximating sequence A = (A,). Let (uf;, G})n C
H x £?(H,H) and (0, 7, (%)) P, W, ul,), for i = 1,2, be some sequences of data and analytically
strong solutions that approximate u; and wus, respectively, in the sense of Definition 2.3: in particular, one
has for ¢ = 1,2 and for all T' > 0 that

ug,; —>ug in H, (6.1)

G\ — G in Z*HH), (6.2)
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ul, Sugin L2,(Q; L°(0,T; H)) N LS (Q L2(0,T3V)) (6.3)
ul, —wu; in L*(0,T;H), P-as., (6.4)
K, (u,) =y in L (Qx (0,T); H). (6.5)

Let (pa)x be the sequence of solutions to the regularised Kolmogorov equation (5.10) as given in Propo-
sition 5.5, associated to the same sequence A. Then, Proposition 5.6 ensures that there exists subsequence
(A, )k and

1 1—26

0eC, P (H) with DypeC)H;D(LE"97),

depending only on A, B, F, G, and A (but not on u; and us), such that, as k — oo,

lim |pa, () —p(x)]=0 VzeH, (6.6)
k—o0 k
lerr;O D, (x) — Do)l =0 Ve H. (6.7)

Now, let i € {1,2} be fixed. Since ¢y, € C7(H), It6 formula for ¢y, (uj,,) yields

n

i
) 1 ) . .
B, (u,(0) - 3B [ Tr[G(G1) Do, (uf, (5)] ds
0

H

+E/(Luik(s),D@Ank(u;‘k(s))) ds
0

= o, (0,) + B [ (Pl (9) + K, (1, (5)) = £ (1, (5)). Do, (1, (5)) , ds.
0

Recalling that ¢, solves (5.10), we deduce that
¢
Epa, (1, () ~ o [ ox,, (i, (5)) ds
0

+3E [ T](@- 61 (G1)) Do, (1, (o))] ds+ E [ gl (5))ds
0 0

t

= o, (0 4 E [ (i, (01,(9) = Sl (). D, (1, (), s

H
0

for every t € [0,T]. Now, since f : H — H is maximal monotone, single-valued, and of bounded range with
D(f) = H, by the Dominated Convergence Theorem as k — 400 one has that

P, (ub, ) — flul, ) =0 in Ly (Q;L%(0,T; H)),

Nk

which yields in turn, thanks to (5.11), that
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E [ (Fun, (i, (5)) = £ (0, (5)). Do, (1 (5)) s

H

< G|, () = £l )

Ly (;L2(0,T5H))

Moreover, given a fixed n € (0, ;—gg), thanks to (5.13), (6.1), and (6.6), we have

Nk Nk

@r, (155) = 9(u0)| < [, (Wg%) = P, (o) + [ior,, (w0) = (o)
< C s = o[}, + |, (o) = (o) = 0

Similarly, exploiting again (5.13) we have

Pny (Wl (1) = 9i(0)] < [, (Wl (1) = o, ()| + [0, (il)) = p(wa(®))]
< Cy [l () = wil®)[[ 3 + [, (alt)) = pwalt))| e € [0,71,
which yields, thanks to (6.4), (6.6), and the Dominated Convergence Theorem, that

P, (ul (1)) — o(u;(t)) in LY(Q) Vte[0,T].

Nk

Eventually, using (5.14) we get for every s > 0 that

T [(Q - G2, (Gh,)) Don,, (uh, ()]

(5.14) " i ioyk
< C2HGG -G, (GL) Hxl(H,H)

<Gy [”Gsz(H,H) HG* o (G;k)* £2(H,H) + HG o Gilk”fz(H,H) H(G;k)* $2(H,H)}

22(H,H) (HG||$2(H,H) +]|Gh, ffz(H,H)) :
Hence, by (6.2) we obtain

t

E / 1 [(Q - G, (G4,)") Dor,, (i ()] ds| < ot G = G [y = -
0

Putting everything together and letting k — 400, for ¢ = 1,2 we infer by the arbitrariness of 7' > 0 that

t t

Ep(us(t) ~ aE [ plus(s)ds +E [ glui(s) ds = plun) Y20
0 0

An elementary computation yields then

e E o(u;(t)) + E/e_asg(ui(s)) ds = p(ug) Vt>0,

so that letting t — 400 yields
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+o0 +oo
o(ug) =E / e “g(ui(s))ds = E / e " g(us(s))ds. (6.8)

Since g is arbitrary in C,?’SA (H) and uy,us € L% (£;C°([0, +00); H)), this implies that u; and us have the
same law on CY([0, +00); H), as desired. For additional details, the Reader is referred to [5, sec. 4.1].

6.2. Proof of Theorem 2.8

The proof is a direct consequence of the arguments presented in the previous section. Indeed, given a
sequence (fin,), as in Theorem 2.8, one has that p, is the distribution of an analytically strong solution
uy, of (2.13). Since (u}),, are bounded in H and (G,,), are bounded in .#?(H, H), the same arguments of
Section 4 ensure that (u,), is bounded in L% (Q;C°([0,T]; H) N L*(0,T;V)), hence that (), is tight in
L?(0,T; H). We infer that, possibly extracting a subsequence, one has that u,, — uin L*(0,T; H). Moreover,
the proof of Theorem 2.7 also ensures that such g is unique and coincides with the law of u, where u is a
Friedrichs-weak solution in the sense of Definition 2.3: hence, the convergence p, — pu hols for the entire
sequence ([t )n, and this concludes the proof.
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