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1. Introduction

In this paper, we are concerned with homoclinic and heteroclinic solutions for the equation

v '
S ——— ) 49O f(v)=0, teR, 1.1
() +ator) (1)
where § > 0, ¢ € L*°(R) and f:]0,1] — R is a sign-changing function satisfying f(0) = f(1) = 0.

% Work written under the auspices of the Gruppo Nazionale per I’Analisi Matematica, la Probabilitd e le loro Applicazioni
(GNAMPA) of the Istituto Nazionale di Alta Matematica (INAAM). The authors are supported by INAAM-GNAMPA project,
Italy “Analisi qualitativa di problemi differenziali non lineari”. The first author is also supported by PRIN Project, Italy
20227HX33Z “Pattern formation in nonlinear phenomena”. The second author acknowledges the support of the PRIN Project,
Italy 201758MTR2 “Direct and inverse problems for partial differential equations: theoretical aspects and applications”.

* Corresponding author.

E-mail addresses: guglielmo.feltrin@uniud.it (G. Feltrin), maurizio.garrione@polimi.it (M. Garrione).

https://doi.org/10.1016/j.na.2023.113419
0362-546X/© 2023 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).


https://doi.org/10.1016/j.na.2023.113419
https://www.elsevier.com/locate/na
http://www.elsevier.com/locate/na
http://crossmark.crossref.org/dialog/?doi=10.1016/j.na.2023.113419&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:guglielmo.feltrin@uniud.it
mailto:maurizio.garrione@polimi.it
https://doi.org/10.1016/j.na.2023.113419
http://creativecommons.org/licenses/by-nc-nd/4.0/

G. Feltrin and M. Garrione Nonlinear Analysis 239 (2024) 113419

The second-order operator appearing in (1.1), given by (¢(v'))’, with

§

0O = (1.2)
is usually found in the theory of nonlinear electromagnetism, where it is referred to as Born—Infeld operator,
and in general relativity, since it can be seen as a mean-curvature operator in the relativistic Lorentz—
Minkowski space. We refer, for instance, to [11] and to the extensive discussions in [4, p. 3] and in [2,12]
for further considerations in this respect.

The investigation of homoclinic and heteroclinic solutions for second-order ODEs is a very classical topic;
in the autonomous case we make reference, among the others, to [5,17,18] and to the bibliography in [1].
In particular, a significant deal of attention has been received by such a problem in presence of nonlinear
operators of curvature type, mainly as a byproduct of the search for traveling fronts, see, e.g., [8,14,16,20] and
the references therein. Also in the non-autonomous case there are contributions, though in minor quantity; we
mention, for instance, the papers [10,19] for equations governed by the linear second-order operator and [3,7]
for more general problems dealt with through an abstract functional approach. In this respect, particularly
significant in relation to the present manuscript is the paper [4], where the authors make use of variational
methods to find heteroclinics whenever f is the derivative of a double-well potential.

The presence of the nonconstant weight ¢ in (1.1) makes indeed the considered problem non-autonomous
and, in principle, prevents one from obtaining the desired solutions via a simple study of the orbits associated
with the equivalent first-order system. Anyway, in this paper we will maintain a geometric phase-plane
approach, aiming to obtain heteroclinics and homoclinics by gluing suitable branches of solutions. In this
respect, it is useful to mention that, since ¢ is not necessarily continuous, by a solution of (1.1) we mean
a continuously differentiable function v:R — [0, 1], with v absolutely continuous, which satisfies Eq. (1.1)
almost everywhere. Moreover, if v is strictly increasing with v(—o0) = 0, v(+00) = 1, we say that v is
a heteroclinic solution, while if v(+£o0) = 0 and v displays a unique change of monotonicity, we call v a
homoclinic solution; in both cases v'(+£00) = 0 by the monotonicity. We also observe that in each interval of
monotonicity of any solution v = v(¢), one can write the inverse function ¢ = ¢(v), so that v(t(v)) = v, and
regard v as an independent variable. Setting

1 o (y(v))? + 2y(v)
y(v) = -1 implying o'(t(v)) = , 1.3
)= e ( (1)) = VL (1)
we thus have
d " (t(v
Dy = "D i),
v (1= (v'(#(v)))?)2
Since v'(t(v))t'(v) = 1, from (1.1) we conclude that y satisfies
. fv
i) = —a(t(w) ", (1.4
where from now on we denote by “-” the differentiation with respect to v. The solution y of (1.4) is meant

in the absolutely continuous sense, so that g is well defined almost everywhere. Moreover, noticing that
y(v) = 0 is equivalent to v'(¢(v)) = 0 by (1.3), for heteroclinics one has #(0) = —oo and t(1) = +o0, so
that the corresponding function y defined by (1.3) satisfies the boundary conditions y(0) = 0 = y(1). For
homoclinics, instead, one has to reason separately on each of the two monotone branches in order to obtain
boundary conditions for y; it will be y(v) = 0 if the solution of (1.1) changes monotonicity when taking the
value v.

As for the assumptions on f, when ¢ is constant the existence of heteroclinics and homoclinics necessarily
requires that the primitive

F(v) = /Ov f(s)ds
2
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(always fulfilling F'(0) = 0) vanishes at some vy € ]0,1], to which purpose f has to change sign. To fix
ideas, we consider a reaction term f which is negative in a right neighborhood of 0 and positive in a left
neighborhood of 1; more precisely, henceforth we assume that f: [0, 1] — R is a Lipschitz continuous function
with Lipschitz constant L > 0, such that

(f1) f(0) = f(1) = 0 and there exist a, § € ]0,1[, with a < 3, such that f(a) = f(8) =0, f(s) < 0 for all
s€]0,af, f(s) >0 forall s €]3,1];

and
(f2) F(1) > 0;

or

(f2) F(1) = 0.
Whenever useful, we will extend f in a continuous way to the whole real line by setting f(s) = 0 for all
s € R\ [0,1]. Notice that since F(a) < 0 and F(1) > 0, by the continuity of F there exists vy € ]a, 1] such
that F(vg) = 0.

Particularly common, in literature, is the case when f is bistable, that is, « = 8 and f displays a single
change of sign. Under this assumption, we can give a first result for a stepwise constant weight ¢ with a
single jump, which can be immediately proved by elementary considerations in the phase-plane (see Fig. 1).

Proposition 1.1. Let § > 0 be fized and let ¢ = ¢1 in |—00,tg] and ¢ = ca in [to, +00[, with ¢1,co > 0. Let
f be a Lipschitz continuous function satisfying (1) and (f2). Then, the following hold:

e if cy > c1, then any solution of (1.1) such that v(—o0) = 0 is “definitively periodic”, that is, v(t) = v(t+T)
for every t € [tg, +oo[ for a suitable T > 0;
e if co = c1, then there exists a homoclinic solution of (1.1), unique up to t-translation;

—F
F(l)(i_)'() for all p €10,a], then all the solutions of (1.1) for which v(—o0) =0
—F(p
take either value 0 or value 1 (with nonzero derivative) in finite time;

—F(p)
F(1) = F(p)

On the other hand, if (f}) holds instead of (f2), then

o ifco < c1 and co # 1

e ifca=0c1 for some p € 10, ], then there exists a heteroclinic solution of (1.1).

o if ca > c1, then any solution of (1.1) such that v(—oo) = 0 is “definitively periodic” in the above sense
(in particular, there are no homoclinic solutions of (1.1));

e if co = ¢y, then there exists a heteroclinic solution of (1.1);

e if co < c1, then all the solutions of (1.1) for which v(—o0) = 0 take either value 0 or value 1 (with nonzero
derivative) in finite time.

We explicitly remark that the statement of Proposition 1.1 does not depend on the fixed value of §.
Our first goal is to extend Proposition 1.1 to the case of a nonconstant weight ¢ satisfying more general
assumptions (see Theorems 3.5-3.9). In this respect, our results can be compared with the statements in [4],
where (f}) is assumed (see Remark 3.4). The assumption of balancedness for f, exploited therein to reason
through variational techniques, is however quite specific and does not survive under small perturbations
of the reaction term, while we are here interested in results holding for general bistable nonlinearities. We
thus seek heteroclinics and homoclinics adopting a different technique, based on a shooting method and on a
precise phase-plane analysis, with the drawback of having to impose some more restrictive assumptions than
in [4]. Since the problem is non-autonomous, we will indeed have to suitably control a family of branches of
solutions in order to have or prevent intersections between them.

3
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1
Fig. 1. Qualitative graph of f (on the left) and representation of the level lines £(v,w) = 4/1+ w2 — 1+ CgF(’U) for two values of

the constant c¢ (on the right; the blue lines correspond to a higher value of ¢). (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)

Subsequently, we investigate the asymptotic behavior of the constructed solutions for § — 07 and for
0 — +o00; namely, by interpreting § as a diffusion parameter, we consider a vanishing or a large diffusion
limit, respectively (see, e.g., [12,15] for a similar procedure in the framework of solutions of traveling front
type). The a priori bound |v'| < 1 for the derivative of regular solutions, coming from the expression of
(1.1), ensures that there is uniform convergence of the considered profiles to a Lipschitz continuous function,
whose shape will here be our object of interest, on the lines of the considerations, e.g., in [6,12,13]. For the
Minkowski operator, it is quite usual (even if some exceptions may arise, see for instance [12]) to expect
limit profiles which are piecewise linear with slope 0 or 1, since the small parameter may compensate the
diverging denominator of the second-order operator when v' — 1. Indeed, we will prove a result of this kind
(see Theorems 3.10 and 3.11).

The main results of this paper are contained in Section 3. The preceding Section 2, where we review the
autonomous case (i.e., ¢ = 1), has the purpose of providing some motivation and some preliminary analysis
for our study and exemplifying, also through some pictures, the relative scenarios.

2. Motivation: The autonomous case

In this section, we briefly review the existence and the qualitative properties of homoclinics and hetero-
clinics for (1.1) in the autonomous case ¢ = 1. The results are an immediate consequence of an elementary
phase-plane analysis and will serve as a basis for the study in Section 3; for the reader’s convenience, we
will sometimes give some brief comments about the proofs, whenever not immediate. Notice that here the
solutions of (1.1) are of class C2.

To be more precise, recalling (1.2), we are dealing with the autonomous equation

5(o(' (1) + f(v(t)) =0, teR, (2.1)
or equivalently with the autonomous planar system
v = ¢ N w) = o ,
e 2
1 (22)
w' = _Sf(v)u

in dependence on the diffusion parameter § > 0. The associated energy function (vanishing at (0,0)) is given
by

E(v,w) = VIt w? 1+ %F(v). (2.3)

4
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Fig. 2. Qualitative graph of F, for fixed v € ]0, af, assuming F (1) > 0.

Homoclinic (or heteroclinic, according to the assumption fulfilled by F) solutions for (2.1) are simply
obtained by considering the orbit of (2.2) through (0,0), which intersects the v-axis in vy (recall that vy
is such that F(vg) = 0 and vg = 1 in case F'(1) = 0). Indeed, the Lipschitz continuity of f guarantees that
the equilibrium (0, 0) can only be reached in infinite time. In other words, the time

vo 5 F
To,s - ®)

0= o /F )—2(5

spent by the orbit to travel from (0,0) to (vg,0) satisfies

Tos = oo, for every § > 0.

We first assume F'(1) > 0, leaving to the end of the section some comments about the case of a balanced
reaction term (that is, F'(1) = 0). We preliminarily observe that, for fixed ¢ > 0, any homoclinic to 0 can
naturally be seen as the limit of periodic solutions of (2.1). Indeed, the assumptions on f imply that, for
v €10, af, the function F,(v) := F(v) — F(v), depicted in Fig. 2, has exactly two zeros in the interval [0, 1],
given by v and a second value ((vy) € Ja,vo[ (see also the left picture in Fig. 1), for which it is clear that
lim, o+ ¢ (7) = vo. For future convenience, we can extend the definition of F, for v = 0 by setting Fy := F.

The orbit of (2.2) passing through the points (v,0) and ({(~),0) corresponds to a periodic solution of

(2.1) having minimal period
¢ 5 ) ( )

v \/F —20)

It is straightforward to check that T’ 5 is finite for every v > O and every 6 > 0; moreover, since

_[" 6 — Fy(v) ) do
v _/0 V5 (0) (P, (v) — 20) Liy,con(v) dv,

where 1 denotes the indicator function of the interval [y, {()]), a direct application of Fatou’s lemma
[v,¢(M)]
yields lim7 _o+ Tys = To,s = +00. Therefore, denoting by v, s and v 5, respectively, the solutions of the

5((v, 5))" +f(m)=0 ( $(vp,s )) + f(vo,5) =0, (25)
vy,6(0) =C(v), ) 5(0) = 0,5(0) = vo =
the continuous dependence on the initial data ensures that v, s — vps in CIOC(R) as 7 — 0T, so that the

homoclinic solution passing through v can be seen as a (locally uniform) limit of 2T, s-periodic solutions.
We now deepen our analysis of the asymptotic behavior of the periodic solutions v, s defined in (2.5) as

2T, 5 = 2 (2.4)

problems

§ and v vary. First, we discuss the behavior of vy s for § — 0.
5
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Proposition 2.1 (y =0 and 6§ — 01). For § — 0%, it holds that vy s — o0 locally uniformly in t, where

—1 + v, ift S [O,Uo],
’00,0(t) = t + vp, th S [71)0;0];
0, if t € |—00, —vp] U [vg, +00].

For the proof, it turns useful to deal with (1.4) via the change of variable (1.3), valid in each monotonicity
interval of a solution v of (2.1). In particular, fixed v € [0, a[ and § > 0, we denote by y., s the unique solution
of (1.4) such that y. s(v) = 0, namely

Yy,s(v) = —%Fv(v), v € [0,1].

We observe that y, s vanishes in correspondence of v and {(v) and g, s(v) = 0 if and only if v € {0, c, 1}.

Proof of Proposition 2.1. We first notice that since 0 < v 5(t) < vo and |vg 5(t)] < 1 for every ¢ € R, by
the Ascoli-Arzela theorem we deduce that there exists a Lipschitz continuous function 99 such that vy s — 0o
locally uniformly in R, for § — 0. Moreover, 99(0) = vg > 0 and thus 9y # 0. To simplify the argument, we
now show that 9g(t) coincides with @ o(t) for every ¢ € ]—o00,0[, in order to take advantage of the positive
sign of v(’)} 5 therein; of course, a completely analogous argument works for ¢ € |0, +-00].

By the discussion after formula (1.4) and recalling that the homoclinic vy s satisfies v 5(0) = v and
1)675(0) = 0, we then notice that the corresponding y;s defined by (1.3) satisfies the two-point problem

W)
5 9
y<0) = 07 y(UO) = 07
that is, ys(v) = —3F(v). Consequently, ys(v) — 400 as § — 0T for every v € ]0,vo[. Since from (1.4) one

has that

PRV ) R AT CTYI)
’ 14 ys(vo,5(2))

it follows that lims_,o+ v 5(t) = 1 for every ¢ € |—o0, 0[ such that lims_, o+ vo,5(t) & {0,vo}. Next we remark

that the quantity

b

vo 60— F(v)
vo—e VE@)(F(v) — 20)
representing the time needed by v s to move from the value vg to the value vy — ¢, is finite and positive for
every fixed € > 0 (and it converges for § — 07, since it is monotone increasing with respect to d); moreover
it converges to 0 as € — 0T. Therefore, 9y # vp in any neighborhood of 0, since otherwise for sufficiently
small € > 0 we would reach a contradiction. Consequently, |9)] = 1 in a neighborhood of 0.
Furthermore, {v{ 5}s is bounded in L .(R), so (up to subsequences) it has a weak limit w € Lj (R)
satisfying 0 < w < 1, which coincides with the distributional derivative of 5. Thanks to the dominated
convergence theorem, fixed an interval [tg,?1] C ]—o0, 0] we then have

/ ' ds Z / ' ’UJ(S) ds = @O(tl) — @o(to) = lim (Uo’g(tl) — ’Uo,(;(t()))

to to §—0t

dv,

t1

t1
= lim véyé(s)ds:/ ds

§—0Tt to to

and hence w(t) = 1 for almost every ¢ € [to,t1]. Being 99 absolutely continuous, for every ¢ € |—o0, 0] we
have that

0
oo — Bo(t) = B(0) — do(t) = / w(s)ds = —t,

whence the conclusion, since 9y is non-decreasing in |—o0, 0]. The same argument holds for ¢ € ]0, +oo], with
reversed sign. [J
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We now discuss which picture appears inverting the way the two parameters v and é converge to 0: first,
working at fixed v and sending § — 07, we obtain the following.

Proposition 2.2 (y € 10, af and 6 — 01). For every v € 10, af, it holds that v, 5 — v locally uniformly in
t as § — 0T, where

v — —t+ C(f}/)a ift € [Oa C(’.Y) - 7]’
7o) {t FC), e [=C) +m0], 26)

extended by 2(¢(vy) — v)-periodicity.

Proof. We can use an argument similar to the one in the previous proof to construct the limit profile v, g
of vy 5 for § — 0" and to infer that, in any point, its slope is either 1 or —1. By the dominated convergence
theorem, moreover, we can pass to the limit for § — 0% in (2.4) to find

<) —F,(v)
T7:= lim T,s = ————dv = — .
e A (& X ) AL
On the other hand, passing to the limit for § — 07 in the equality v, 5(0) — vy,5(=T5.5) = ¢(y) — 7, using
the uniform Lipschitz continuity of v, s, we deduce
07,0(0) = vy,0(=7) = C(7) =7

More in general, with the same argument one has, for every integer k,

0y,0(2k7) —vy0((2k = 1)7) = C(7) =7, v3,0((2k +1)7) — v4,0(2k7) = v — ((7).

Being [v7, o| = 1, v, is periodic with minimal period 2(¢(y) — ) and the thesis follows. [

Finally, we consider the limit of v, o for v — 0.

Proposition 2.3 (6 — 0" and v — 0%). It holds that vo — Uo,0 uniformly in t, asy — 07, where

5 (t) . —t+wvy, ifte [O,Uo],
00 t 4+ vo, ift e [—Uo,O],

extended by 2vg-periodicity.

Proof. Since lim,_,o+ ((y) = vo, we deduce lim. o+ (lims_, o+ T 5) = lim,_,o+({(7) —7) = vo and the
thesis follows. O

We have thus seen, on the one hand, that the profiles obtained in the limit for § — 0% are piecewise
linear, in accord with several results in literature for the Minkowski operator (like, e.g., [6]). On the other
hand, exchanging the order with which the parameters v and ¢ are considered when computing the limit
leads to different results. The above presented results are illustrated in Fig. 3.

Remark 2.1 (The case F(1) = 0). In case F'(1) = 0 (and hence vy = 1), for v = 0 one would have, for every

d, a heteroclinic connection between 0 and 1. In this case, with reference to the previous results, one cannot

reason on the solution vg 5 which satisfies vg,s5(0) = 1, vg 5(0) = 0, because by uniqueness this coincides with

the constant function 1. However, it is possible to proceed similarly as for the previous results by defining
V4,5 as the solution of

5(o(e% 5(8) + f(v.5(1)) = 0, (2.8)

v4,5(0) = 09’6(0) =dg, '

7
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(B) Graphs of the solutions v, of (2.5)
for 6 = 0.1 and v € {0.1,0.05,0.01,0.005,
0.001} (coloured from purple to magenta).

(A) Graphs of the homoclinic solutions
vo.s of (2.5) (v = 0) for § € {0.1,0.05,
0.002,0.007,0.001} (coloured from red to
yellow).

- A,

(c¢) Graphs of the solutions vy, of (2.5)
for v = 0.1 and § € {0.1,0.05,0.01,
0.005} (coloured from green to turquoise).

(D) Qualitative graphs of the solutions
V4,5 of (2.5) for “§ = 0” and v € {0.2,
0.1,0} (coloured from ocher to dark green).

Fig. 3. Qualitative representation of the discussed convergences as § and v tend to zero, for f(s) = s(1—5s)(s—0.4) (and so F(1) > 0).
(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

where d,, is such (e, dy) = 2 F(7). In this way, v o will be the right shift of the function defined in (2.6) by
the quantity ((v) — a, whose limit for v — 0" coincides with the right shift of the function defined in (2.7)
by 1 — . On the other hand, v s will be the (increasing) heteroclinic connection between 0 and 1 such that
v0,6(0) = ¢, which will then be approximated by means of the periodic solutions v, s, having larger period
the more v approaches 0. Finally, with the same proof as for Proposition 2.1, taking into account that vg s
is now everywhere increasing, one can show that vg s converges locally uniformly to

t+a, ifte|-a,l-aql,
’17070(1*,) = 0, ifte ]—OO, —Oé],
1, ifte]l —a,+o].

for § — 07. In Fig. 4, we give a visual snapshot of these two convergences; the remaining two cases are
similar to the ones depicted in Fig. 3(c) and Fig. 3(D), noticing that ¢(y) — 1 as v — 0. N

3. A parametric problem with a non-constant positive weight

In this section, we deal with the non-autonomous differential equation

3(o(v' (1) + () f(v(1)) = 0, 3.1

defined in R, where § > 0 and ¢ € L*(R) is a non-constant weight. We look for nontrivial homoclinic and
heteroclinic solutions of (3.1).
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(A) Graphs of the heteroclinic solu- (B) Graphs of the solutions v+,s of (2.8)
tions wvos of (2.8) for & € {1,0.5,0.1, for 8 = 0.1 and v € {0.2,0.1, 0.05, 0.005,
0.05,0.01} (coloured from red to yellow). 0.0005} (coloured from purple to magenta).

Fig. 4. Qualitative representation of the discussed convergences as § and v tend to zero, for f(s) = s(1—s)(s—0.5) (and so F(1) = 0).
(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

In more detail, in Section 3.1 we first provide the existence of solutions of (3.1) satisfying mixed Dirichlet—
Neumann conditions at the boundary of a bounded interval. Next, in Section 3.2, we determine the behavior
of these solutions when one of the endpoints of the interval (the one with the Neumann condition) goes to
“+00 (or —c0). In Section 3.3, we will exploit such a construction to find existence and non-existence results
for homoclinic and heteroclinic solutions. At last, Section 3.4 is devoted to the investigation of the asymptotic
behavior of these solutions as § — 07 and § — +oo0.

3.1. Boundary value problems in bounded intervals

Let to € R and T' > 0. We deal with the mixed Dirichlet-Neumann boundary value problems

5(6(") + a(t)f(v) =0,
{ Ul(to - T) =0, U(to) =p, (32)
and ( ( ))/ (
5(o(v"))" +q(t)f(v) =0,
{ v(to) =p, V'(to+171)=0, (3.3)

where p € |0, 1[. Notice that both (3.2) and (3.3) have mixed boundary conditions of Dirichlet—Neumann

type.
Preliminarily, we show that every solution of (3.1), with (v(tp — T),v'(to — T)) = (w,0) and w > 0
sufficiently small, remains (positive and) small and with positive derivative in [to — T, to].

Lemma 3.1. Letd > 0,ty € R and T > 0. Moreover, let ¢ € L>®(tg — T,t0) be a positive weight and
let £:]0,1] — R be a Lipschitz continuous function fulfilling (f1). Then, for every v € 10, there exists
wy €10, af such that for every w € |0, w, [ and for every solution v of (3.1) with (v(to—T),v'(to—T)) = (w,0)
it holds that

(v(t),v'(t)) €]0,9] x ]0,4+00[, for everyt € Jto — T\ to].

Proof. Let v € ]0, o] be fixed; we show that the statement holds choosing w., € |0, a which satisfies

_1 2
wy < e sllallLoo(tg—r1) LT 7 (3.4)

where L > 0 is the Lipschitz constant of f. To this end, let w € ]0,w,[ and v be a solution of (3.1) with
(v(to = T),v'(tg — T)) = (w,0). First, we write Eq. (3.1) in the equivalent form

V() + 5a()F ) (1~ (' (1)?)

9
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and then we integrate twice in [tg — T, t], thus obtaining

U(t) to— +’U to—T)(t—t0+T)

L eneen - ver)
_w+o_f/t o(€)(1 = (v (€)2)2 (t — &) e,

for every t € [tg — T, tg], where the last equality follows by an application of Fubini’s theorem. Next, using
the fact that f is Lipschitz continuous and ||v'||s < 1, we have that

1 ¢
v(t) <w+ EHQHLOO(tO—T,tU)L(t —to+ T)/ v(€)d¢, for every t € [to — T\ to).
to—T

The Gronwall’s inequality and (3.4) imply that
1 2
v(t) <w esllalzee (to—7.19) LE—t0+T)™ v, forevery t € |tg — T, to].

Therefore, f(v(t)) < 0 for every t € |to — T, to] and thus

V(1) = g F WD) (1 - (1))

3
2 >0, foralmost everyt € [tog— T, to].

As a consequence, we deduce
t
V() = o'ty — T) +/ V(€)dE > 0, for every £ € Jto — T to).
The proof is complete. [

We can draw analogous considerations regarding the solutions “starting near 1”. Precisely, with the
sole change consisting in integrating on [to,to + T instead of [to — T),%o], it is possible to show that for
every v € |B,1[ one can find w, € ]3,1[ such that if w € Jw,,1[, then the solution v of (3.1) satisfying
(v(to + T),v'(to + T)) = (w,0) is positive and increasing for every t € [tg,to + T/, as a result of the fact
that it is concave and arrives with zero derivative at the time instant tg 4+ 7. It is then possible to state the
following result.

Lemma 3.2. Let§ > 0,tg € R and T > 0. Moreover, let ¢ € L>®(to,to + T) be a positive weight and
let £:]0,1] — R be a Lipschitz continuous function fulfilling (f1). Then, for every v € |B,1[ there exists

€ 15, 1] such that for every w € |wy, 1] and for every solution v of (3.1) with (v(to+T), v (to+T)) = (w,0)
it holds that

(0(t), v/ (1)) € ], 1[ x J0, +00[,  for every t € [to,to + TT.

Next, we prove the existence of a (positive) strictly increasing solution of the boundary value problem
(3.2).

Theorem 3.1. Letd > 0, tg € R and T > 0. Moreover, let ¢ € L™ (to — T,tg) be a positive weight and
let f:]0,1] — R be a Lipschitz continuous function fulfilling (f1). Then, for every p € ]0,a], there exists a
strictly increasing solution of problem (3.2).

10
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Fig. 5. Representation of the deformation of the set [0,1] X {0} in the phase-plane (v,w) = (v, ¢(v’)), through the Poincaré map
to
to—T"

Proof. The proof is based on a shooting technique in the phase-plane (v,w) = (v, ¢(v')); we divide it into
two steps.

Step 1. Existence. First, as mentioned in the Introduction, we extend the function f continuously to the whole
real line by setting f(v) = 0 for v € |—o00,0[ U |1, 400, still denoting such an extension by f. Accordingly,
we consider the planar system

V=67 (w), s
W = —<a(0)f (v), |

which is equivalent to the differential equation in (3.2). Since the function f is Lipschitz continuous, the
solutions of the associated Cauchy problems are globally defined on any compact time interval. Thus, fixed
[t1,t2] € R with t; < t2, we can introduce the associated Poincaré map P;?:R? — R, which is the global
diffeomorphism of the plane onto itself defined by

P2 (v, wy) = (v(tasty, o1, wi), w(ta; tr, v1,w1));

here, (v(+;t1,v1,wy),w(-;t1,v1,wq)) is the unique solution of (3.5) satisfying the initial condition (v(t1), w(t1))
= (v1,w1). Our goal is to describe the deformation of the set [0,1] x {0} in the phase-plane (v,w), through
the Poincaré map Pttg,T.

To this end, we first recall that v = 0 and v = « are trivial solution of (3.5), so that

Po_r(0,0) = (0,0), P _p(a,0) = (o, 0);
therefore, by a continuity argument, for every p € ]0, o we deduce that there exists w, € |0, af such that
Pfg_T(wp,O) €{p} xR

(see Fig. 5 for a qualitative representation of the phase-plane). We conclude that the first component of
(v(-;to — Ty wp, 0), w(-;t0 — T, w)y, 0)) is a solution of the boundary value problem (3.2).

Step 2. Monotonicity. Let p € ]0,a[. We aim to prove that the “first intersection” between the continuum
Pttg_T([O, a] x {0}) and {p} x R corresponds to a strictly increasing solution of (3.2). Accordingly, let
&, = inf{w € ]O,a[:Pttng(w,O) € {p} xR}

and let 0(-) = 0(-;&,, 0) be the solution of (3.1) with initial condition (v(to — T),v'(to — T)) = (&,,0). We
claim that
0(t) € [0,p], forallte]tg—T,to]. (3.6)

11
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In order to prove it, let
@, = sup{w €10,a[: P, _1(1,0) € [0,p X R, Vi € [to — T, to], Vv € [0,w]}.

Notice that @, is well-defined, since, by an application of Lemma 3.1 (with v = p), we deduce that there
exists v, € |0, af such that

’PttO_T([O, vp) x {0}) € [0,p[ x ]0,+0c[, forallte [to—T,to]

If we prove that @, = @,, then (3.6) follows. It is obvious that @, < @,. Let us suppose, by contradiction,
that @, < &,. Then, since @, < a (being PfofT(a,O) = (a,0)), due to the definition of &,, for all v < &,,
the solution v(+; v, 0) is such that

1 t

4 to—T

oV (t;1,0)) = q(&) f(v(&v,0))dE >0, for every t € Jto — T, o], (3.7)
thanks to (f1). Hence, v'(t;1,0) > 0 for all ¢ € [to — T, to], whence maxp, 7] v(t;v,0) = v(to;1,0). In
particular,

v(to; @p, 0) = te[trglii%to] v(t;@,,0) = p; (3.8)

the last equality holds true since otherwise the continuous dependence with respect to the initial data would
imply the existence of &}, > &, such that P _5(,0) € [0, p[ x R, for every t € [to — T, to] and v € [0,&}],
contradicting the definition of @,. We observe that (3.8) and the assumption @, < @, lead to a contradiction
with the definition of &,. The claim (3.6) is proved. From (3.6) and (3.7), we then have that o’(t) > 0 for
every t € |to — T, to], implying that ¢ is a strictly increasing solution of (3.2). The thesis follows. O

In a similar manner, working with the Poincaré map ’Pttg 7 one can prove the following existence result
for the boundary value problem (3.3). We omit the proof, which is similar to the one for Theorem 3.1.

Theorem 3.2. Letd > 0, tp € R and T > 0. Moreover, let ¢ € L>®(to,to + T) be a positive weight and

let f:]0,1] — R be a Lipschitz continuous function fulfilling (f1). Then, for every p € |8,1], there exists a
strictly increasing solution of problem (3.3).

3.2. Solutions in unbounded intervals: Passing to the limit for T — 400

Let ty € R and consider the differential problems

3(6(v")" + gt f(v) =0,
{’U(OO) =0, U(to) =p, (3.9)
and ( )/
d(o(v)) +aq(t)f(v) =0,
{v(to) =p, v(+o0) =1, (3.10)

where p € ]0, 1[. We prove that the limits of the solutions of (3.2) and of (3.3) for T' — +00 solve, respectively,
(3.9) and (3.10).

Theorem 3.3. Let § > 0 and ty € R. Moreover, let ¢ € L>®(—00,ty) be a positive weight such that
lgllz1(,ey) — +00 ast — —oco and assume that f:[0,1] — R is a Lipschitz continuous function fulfilling
(f1). Then, for every p € ]0,a|, there exists a strictly increasing solution of (3.9).

12
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Proof. Let p € ]0,af and T > 0. Theorem 3.1 ensures the existence of a strictly increasing solution vy of
(3.2) in the bounded interval [ty — T, t]; the goal is now to pass to the limit for 7' — 4o00. To this end, we
first prove that vy, v/, v/ are uniformly bounded in [ty — T, to]. Indeed, we observe that

vr(t) €10,af, forall ¢t € [tg — T, o).

Moreover, we have

Nl

0 < op(t) = —q(t) f(or(t) (1 = (vp(1)?)

< gl poo (—co,tg) max | f[ =: M,

[0,a]
for almost every ¢ € [to — T,t]. Recalling the discussion in the Introduction and in Section 2, we then
consider the first-order reduction associated with (3.1), reading as

i) = —atr() L. (3.11)

Integrating such an equality between vy (to—T') (where y(vr(to—T)) = 0) and v € Jor(to—T), p[, we deduce

that . £(s)
v == [ et as

and thus M
ly(v)] < aT, for all v € Jur(to — 1), p[.

Then, recalling the latter equality in (1.3), we deduce that there exists K > 0 such that
vip(t) € [0, K], forall t € [tg — T, o). (3.12)

Consequently, there exists a continuously differentiable function v, such that vr — ve and v — vl for
T — 400, with uniform convergence. Using (3.1), also v — v/ almost everywhere for T — +o0. We
deduce that vy, is a strictly increasing solution of Eq. (3.1) on the interval |—o0, 0. It remains to show that
Voo (to) = p and ve (—00) = 0, thus proving that v, solves (3.9).

The former claim immediately follows from the fact that vr(tg) = p for all T > 0. In order to prove
that ve (—00) = 0, we observe that vr(tg — T) € |0, p[ for all T > 0; hence, passing to a subsequence if
necessary, there exists £ € [0, p| for which limg_, o voo (k) = ¢. By contradiction, assume that £ > 0; then,
since 0 < ¢ < v (t) < p < a and v (t) > 0 for every t € |00, to], recalling (3.12) we have

O(K) > (v (t0) = d(vh(t0) — S0 (1) = - / ’ q(g)w a

ming ) (—f)
> gz 00) — 25— > 0,

V

for every t € |00, to]. The fact that [|q|[;1(;,) — +00 for £ — —oc then yields a contradiction. Hence, £ =0
and the proof is complete. [

Proceeding in an analogous way, integrating in particular (3.11) between vr(tg+T) and v € |p, vp(to+T)],
where p € |3, 1] is fixed, one can prove the following.

Theorem 3.4. Let § > 0 and ty € R. Moreover, let ¢ € L>®(ty,+00) be a positive weight such that
lallL1(tg,e) — +00 ast — +oo and assume that f:[0,1] — R is a Lipschitz continuous function fulfilling
(f1). Then, for every p € 18, 1], there exists a strictly increasing solution of (3.10).

13
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3.3. Heteroclinic and homoclinic solutions

We now exploit the results of the previous sections to construct heteroclinic and homoclinic solutions.
We deal with a bistable reaction term, providing the existence of a strictly increasing heteroclinic solution
v of (3.1) with v(tg) € ]0, a. Some remarks for the more general case a < ( are given as well.

Theorem 3.5. Let d > 0 and let g € L>®(—00,tg) for some ty € R. Assume that q satisfies the following
two assumptions:

o there exists n > 0 for which q(t) > n for almost every t € |—o0, to[;
o there exists ¢ > 0 for which q¢ = ¢ in [ty, +00].

Moreover, let f be a Lipschitz continuous function satisfying (f1) and (f2) and assume that f is bistable, that

is, a« = 3. Then, if ()
—Fl(a

“=TED) - Fla)

there exists a strictly increasing heteroclinic solution of (3.1).

(3.13)

Proof. First, let us focus our attention on the interval |—oo, to]. Since ||| f1(z+,) — +00 as t — —oo, for
each p € ]0, o we can consider the strictly increasing solution v2, of (3.9) provided by Theorem 3.3, and we
set k(p) = P(vE,'(to)). Accordingly, we define
1
Yo (v) = -1, (3.14)

VI= )P

where v — £(v) is the inverse function of ¢ — v2_(¢). From the comments in the Introduction and in Section 2,

yP_ is a solution of the first-order equation

y(v) = 5 f(v)7 vE [07p]'

Hence, recalling that f <0 on [0, p], we have

—gf(v) < gh(v) < —Mﬂv), for all v € [0, p].
By the definition of F' and the fact that y2 (0) = 0, integrating on [0, p] gives
n ||q||L°° —o0,
— SF(p) < yu(p) < — (). (3.15)
Next, observing that

P05,/ (1) = \/(yé’o(vﬁo(t)))2 + 2y% (v (1)),

and since the function s — v/s? + 2s is strictly increasing, from (3.15) we deduce that

VZEF(”’ e \/nqnm o) p 2 ||q\|Loo6 t0) ) (3.16)

Finally, it is straightforward that

lim (p, x(p)) = (0,0). (3.17)

p—0+
Second, let us consider the interval [tg, +00[, where the equation is autonomous. Defining £(v,w) as in
(2.3), the solutions (v, w) of the associated planar system (3.5) whose orbit lies on the level line £ (v, w) =

£(1,0) satisfy .
\/1+w2—1+3F(’U):

14
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Therefore,

w=w) = \/52(F(1) —F(U))2—|—25(F(1) — F(v)). (3.18)

In order to prove the existence of a heteroclinic solution, we have to show that the two parametric curves
(v,k(v)) and (v, w(v)) intersect. To this end, we show that the function v — w(v) — k(v) changes sign at

least once in ]0, a[. Due to (3.17) and the fact that w(0) = \/g—i(F(l))2 +2$F(1) > 0 (since F(1) > 0), we
have that lim,_, o+ (w(v) — k(v)) > 0. On the other hand, we prove that (3.13) implies that w(v) — x(v) <0
for some v € |0, a[. By contradiction, assume that w(v) — x(v) > 0 for every v € ]0,a[. Then, thanks to

(3.16),

2

S(F() = F©)?* + 25(F(1) — F(v)) = w(v) > #(v) > \/T’QF(UV 2" p().

5 52 5
Using again the fact that the function s — /52 + 2s is strictly increasing, for every v € ]0, a[ one then has

c n
g(F(l) - F(v) > —gF(U)a
whence _F(v)
c > ’I’]Wz_w(w, (319)

a contradiction with (3.13), since the right-hand side in (3.19) is monotone in v. The proof is complete. [

Remark 3.1. Since

wp PO —Fl)
w0 FO) — F(o) ~ F() — Fla)’

condition (3.13) is sufficient for the above argument. Moreover, in case ¢ is constant in |—o0, tg[, it produces
the fourth alternative in the statement of Proposition 1.1, allowing one to recover the existence result for
the problem with a two-step weight q. <

The analog for the case when ¢ is definitively constant at —oo, involving problem (3.10), provides a strictly
increasing heteroclinic solution v of (3.1) with v(tg) € Ja, 1[ and can be formulated as follows. We give an
outline of the proof for the reader’s convenience.

Theorem 3.6. Let 6 > 0 and let g € L (tg, +00) for some tg € R. Assume that q fulfills the following two
assumptions:

o there exists n > 0 for which q(t) > n for almost every t € |tg, +00[;
e there exists ¢ > 0 for which q = ¢ in |—00, to).

Moreover, let f be a Lipschitz continuous function satisfying (f1) and (f2) and assume that f is bistable, that

is, a = 3. Then, if
F(1) - F(a)
c> ||QLoo(t0,+oo)()F(a)(> (3.20)

there exists a strictly increasing heteroclinic solution of (3.1).

Proof. Similarly as in the proof of Theorem 3.5, one first considers the interval ¢y, +00], working with the
strictly increasing solution v%, provided by Theorem 3.4. Defining y%_ as in (3.14), recalling the positive sign
of f in [p,1] and the fact that y2 (1) = 0 one then has

(F(1) ~ F(p) < ot p) < 1VE=002) () — ),
15
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yielding

\/”‘IHLOO t0,+00) (F(1) — F(p))? — QM(F(U — F(p)),

where k(p) = ¢(v2,'(to)). On the other hand, the energy curve corresponding to the solutions (v, w) of (3.5)
whose orbit emanates from (0, 0) is given by

2
Vitw? -1+ gF(v) =0, namely w(v)= \/§2F(v)2 + 2§F(v),
making sense only for v € [0, vg]. Now, the function v — w(v) — k(v) is such that w(vg) — k(vg) < 0, hence
it suffices to show that k(v) < w(v) for some v € |8, vg[ in order to prove the statement. If by contradiction

it were w(v) — k(v) < 0 for every v € ]38, vg[, thanks to the above estimates this would lead to

¢ oo Nl o
~SF() < ML) (p() - F(u))

(recall that F(v) < 0 for v < vg), whence

c< ||q||L°°(t0,+oo)%(v) (3.21)

for every v € |8, vg[, a contradiction with (3.20) since the right-hand side in (3.21) is monotone in v. O

Remark 3.2. If a # 3, the argument in the proofs of Theorems 3.5 and 3.6 still works but will not
provide, in general, an increasing heteroclinic. However, as for Theorem 3.5, one will find a heteroclinic
which is definitively increasing both at —oo (thanks to the construction in Section 3.2) and at 400 (due
to the positive sign of f in a left neighborhood of 1), possibly displaying a certain number of monotonicity
changes in between, according to the number of sign changes of F'(1) — F'(v). The picture for Theorem 3.6
can be obtained similarly. 5

Concerning homoclinics, one can carry out a similar argument in order to intersect, in the upper phase-
plane, the orbit corresponding to the solution of (3.9) with the solution of (3.5) passing through the point
(vg,0) (which for ¢ — 400 converges to (0,0)). One then simply has to replace F(1) with F(vg) (which is
equal to 0) in the statement of Theorem 3.5, yielding the existence of a homoclinic solution v of (3.1), taking
vp as maximum value, with v(tg) € [0, «[. For simplicity, we only give the statement in case ¢ is definitively
constant at +oo.

Theorem 3.7. Letd > 0 and let ¢ € L™(—00,tg) for some ty € R. Assume that q fulfills the following two
assumptions:

o there exists n > 0 for which q(t) > n almost everywhere in |—oo, to|;
e there exists ¢ > 0 for which q = ¢ in [tg, +00].

Moreover, let f be a Lipschitz continuous function satisfying (f1) and (f2) and assume that f is bistable, that

is, a = B. Then, if ¢ < n, there exists a homoclinic solution v of (3.1) taking vy as mazimum value.

Similarly, replacing the branch through (vg,0) with the one through (w,0) for w < wg, one can find
solutions starting increasingly at —oo and then being definitively periodic, in line with the shape of the
solutions of system (3.5) with a stepwise constant weight g.

16
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(A) Representation of the (B) Representation of the (c) Representation of the
intersection in the setting intersection in the setting intersection in the setting
of Theorem 3.5. of Theorem 3.7. of Theorem 3.8.

Fig. 6. Qualitative representation of the strategy of the proofs of the main existence results about heteroclinic, homoclinic, and
“definitively periodic” solutions.

Theorem 3.8. Let o > 0 and let ¢ € L>®(—00,tg) for some tg € R. Assume that q fulfills the following two
assumptions:

e there exists n > 0 for which q(t) > n almost everywhere in |—oo, to;
o there exists ¢ > 0 for which q¢ = ¢ in [ty, +00].

Moreover, let f be a Lipschitz continuous function satisfying (f1) and (f2) and assume that f is bistable, that
is, « = B. Then, if there exists w < vg such that

—F(a)
S — Fla)

there exists a solution v of (3.1) satisfying v(—oo) = 0 which is definitively periodic.

(3.22)

Condition (3.22) ensures that the two parametric curves (v, k(v)) and (v, w(v)) defined in the proof of
Theorem 3.5 intersect (with the only difference that the latter one emanates from (w,0), with w < wvg, rather
than from (vg,0)). Of course, the possibility that these two curves always intersect for ¢t = ¢y is due to the
possibility of shifting the time along the latter branch. As before, condition (3.22) is independent of the value
of §. Similar statements to Theorems 3.7 and 3.8 can be given in case ¢ is definitively constant at —oo, but
we omit the details for briefness. In Fig. 6, we outline the strategies of proof of our main existence results.

We now turn to nonexistence. Here, it is natural to expect that if ¢ is sufficiently large (respectively, small)
then the intersection argument used in the statement of Theorem 3.5 (respectively, Theorem 3.6) will not
hold. To prove this claim, we first give a necessary condition on p for (3.9) to be solvable.

Lemma 3.3. Let q and f fulfill the assumptions of Theorem 3.5. Moreover, assume that
> gl i C)
n q L (—o0,tg) F(].) _ F(Oé) .

Then, there exists M < 1 such that, if (3.9) has a solution, then p < M.

(3.23)

Proof. By contradiction, let us assume that there exist p,, — 1 and a sequence of solutions v,, of (3.9) such
that v, (to) = pn. Then, there exist &, € [—oo,to[ and £, € ]—o0,ty], with £, < &, such that v/ (f,) = 0,
Vn(tn) = pn and v/, > 0 on ]t,,%,[. Defining y,(v) = 1/1/1 — (v}, (t(v)))% — 1, it follows that y,, (v, (,)) = 0

and hence, integrating on |t,, ,[, one has

Un(in) _ s
Yn(Un () = / ., ) 55y g,

17
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If v, (fn) > «, this is trivially a contradiction, since the right-hand side is strictly negative while the left-hand
one is positive. Otherwise, from the above we have

m(onlt) < [ a@ )qﬁ’;“”ﬂs) as+ |

[e3

< S (Mallze oo F(@) = n(F(pn) ~ Fla).

Using (3.23), we then get the same sign contradiction, proving the statement. O

r—q(t(s))

5 f(s)ds

We remark that (3.23) implies that
for every ¢ € |—o0, to],

thus the smaller 7, the smaller the oscillation allowed for q.
The nonexistence result then reads as follows.

Theorem 3.9. Let q and f fulfill the assumptions of Theorem 3.5. Then, if (3.23) and

—F(a)

c> ||q||L°°(7oo,t0)m (3.24)

hold, no heteroclinic solutions of (3.1) exist.

Proof. Assume by contradiction that there exists a heteroclinic solution v; let p = v(¢g) and denote by v2;~
and v2 ", respectively, the restrictions of v to the intervals |—oo, to] and ]to, +00[. Since v2;~ is a solution of
(3.9), by Lemma 3.3 one has p < M. Our aim is now to prove that the set of points {(p, v2~'(t0)): p € [0, M]}
and the level set {(v,w):E(v,w) = £(1,0)} for the energy & defined in (2.3) (which depends on ¢) cannot
intersect (in the upper phase-plane {¢(v’) > 0}) for ¢ sufficiently large, implying a contradiction. We will
achieve this goal by showing that (3.24) implies v2~'(to) < v2t'(to) for any p € [0, M].

Thus, let p € [0, M] be fixed. The conclusion trivially holds if v2:~"(ty) < 0, since v (t9) > 0 thanks to
(3.18). Hence, we can assume v2 /(o) > 0; being v2:~' > 0 in a left neighborhood ], to[ of ¢, We can repeat
the argument in the previous lemma (with t, =tand t, = to) to obtain

Yo (p) < %(—HQIMOO(—OO,tO)F(Oé) —n(F(p) — F(a))) = B(p),

where y2 is defined as in (3.14). Since
$(v8" (t0)) = \/(yé)o(p))2 +2y8o(p) < V/B(p)* + 2B(p),
we will obtain a contradiction if it holds
2
VB(p)? +2B(p) < ¢ 5(F(1) = F(p))? + 25(F(1) = F(p)) = ¢(v ' (t0)).

As s — /82 + 2s is strictly increasing, this is equivalent to

o lallzecootg Fle) = n(F(p) = Fla))
F(1) = F(p)

= C(p). (3.25)

Since

C(p) = fp)((FQ) = F(o)) + llall oo (—o0,t0) F (@)
= 5 ,
(F(1) = F(p))
conditions (3.23) and (f1) ensure that C'(p) > 0 for every p € ]0, ], and C'(p) < 0 for every p € o, M]. As
a consequence, max,co,a] C(p) = C(a) and (3.24) implies (3.25), concluding the proof. [
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Remark 3.3. If M < «, the bound in (3.24) can actually be improved since the above argument holds in
the same way for
- ~lalles s Fl@) = n(FOM) - Fa)
F(1) = F(M)

Moreover, notice that in the stepwise constant case ¢ = ¢; on |—00,tg], ¢ = ¢ on Jtg,+o0] (as in
Proposition 1.1), one has that M = vy and, taking into account that n = c¢1, condition (3.24) becomes
co > —c1F(a)/(F(1) — F(a)), in accord with the result stated in Proposition 1.1. At last, we point out that
it would be more difficult to provide the nonexistence result in the case o < 3, since a precise knowledge of
the sign of f seems essential to carry out a non-intersection argument. <

One can deal similarly with the case when ¢ is definitively constant at —oo, first proving that there exists
M < 1 such that, if (3.10) has a solution, then p > M, and next using a similar argument as the one in
the proof of Theorem 3.9. In the same way one can also deal with homoclinics, this time considering the
autonomous branch emanating, in the phase-plane, from the point (vg,0). We omit these statements for
briefness.

Remark 3.4 (The case F'(1) = 0). We provide some comments regarding the balanced case F'(1) = 0, which
was extensively dealt with by means of variational methods in [4]. Here the entire discussion can be carried
out in the same way as above, but the sufficient condition (3.13) for existence becomes ¢ < 7, necessarily
implying that for every t > ¢y and s < g, it holds ¢(t) < ¢(s). Under this assumption, we are able to find
a heteroclinic solution. Comparing with [4, Corollary 1.4], we actually see that the two results overlap only
for some precise choices of the weight ¢, but are in general quite different. Due to the technique used, in our
result we allow g to have a general behavior on the left of ¢ty but we have to require g constant on the right,
while [4, Corollary 1.4] exploits the assumption that ¢ asymptotically converges to its upper bound both at
400 and at —oo, leaving more freedom in between. However, as already remarked, our result holds in the
case F(1) > 0 as well, differently from [4, Corollary 1.4]. <

3.4. Behavior of heteroclinics and homoclinics in dependence on ¢

In this section, we analyze the behavior of heteroclinic and homoclinic solutions of (3.1) in dependence
on 4, taking into account both the cases § — 0" (vanishing diffusion) and § — +oo (large diffusion). First,
we focus on heteroclinics.

Theorem 3.10.  For any 0 > 0, denote by vs the increasing heteroclinic solution of (3.1) provided by
Theorem 3.5 and let v, = lims_ o+ vs(to) € ]0,@]. Then, for every t € R it holds that

0, if t € ]—o0,tg — v*],
lim vs(t) =0(t) == < t —to + v, ift€E [to— vi,to— v +1],
§—0+

1, if t € Jto — vi + 1,400,

li t) = v,
s, valt) = v

where the former convergence is uniform on R, while the second is locally uniform.

Proof. We preliminarily observe that by the Ascoli-Arzela theorem there exist nondecreasing Lipschitz
continuous functions 9y and 95, such that vs — 9y for § — 01 and vs — 9 for § — 400, where both the

convergences are locally uniform in R.
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As for the case § — 07, we first work in the time interval |—oo, y[; we recall that vs < « on such an
interval, due to the construction in the previous sections. Since vy is strictly increasing on |—oo, to[ for every
J, the corresponding function ys given by (1.4) is well defined and satisfies the problem

o) = LS
ys(0) =0,
for v € [0,v5(to)]. On any compact set [v1, vs] C ]0,v.[, one has g5(v) > —2% f(v) and hence ys(v) > —ZF(v),

implying ys — +oo uniformly, for § — 07. Consequently, fixed [v1,v2] C ]0,v.] and letting [tl,tg] =
g ([v1,v2]), one has

uh(t) = Vys(vs (1) (2 + ys (vs(t)))
o 1 + ys(va( )

for every t € [t1,t2]. However, {v}}s is bounded in L2

—1, asd—0t, (3.26)

(R), so (up to subsequences) it has a weak limit
w € L% (R) satisfying 0 < w < 1, which coincides with the distributional derivative of 9.
Proceeding as in Section 2, thanks to the dominated convergence theorem, we then have

to to to to
/ ds > / w(s)ds = dg(ta) — Do(t1) = lim vs(s)ds = / ds
11 t1

§—0t 1 2

and hence w(t) = 1 for almost every ¢ € [t1,t2]. Repeating the argument for every v, v, one has that
the distributional derivative of 9y coincides almost everywhere with 1 whenever ¥y is strictly positive on
]—00, to[. Being 6y absolutely continuous, for every t € |—oo, to[ such that () > 0 we have that

0. = 0(t) = o) — du(t) = [ w(s)ds =to 1,

whence the conclusion follows (recall that 7y is nondecreasing). In particular, 9 has to be identically equal
to 0 on the left of the time ¢ in which ¢ — ¢y + v, vanishes.
On the other hand, on Jvs(tg), 1] the function ys given by (1.4) satisfies

ef(v)

and hence it is explicitly given by ys(v) = —§(F(v) — F(1)). Fixed [wy,ws] C Juv,,1[ and letting |11, 2] =
05 (Jwy, we]), one then has

Vys(s(t))(2 4 s (vs (1))
1+ ys(vs(t))
Ve(F(1) — F(us(1))) (20 + ¢(F(1) — F(vs(1))))

= -1, asé—0T,

6+ c(F(1) = F(us(t)))

for every t € [r1,72]. The argument can then be concluded as before: for any time ¢t > ¢, for which

5(t) =

Do(t) € v, 1], the distributional derivative of ¥y is equal to 1 and hence 9y coincides with the function
in the statement. The uniform convergence follows as in [9, Lemma 2.4].

As for the case § — +oo, here the function ys defined on [0, 1] trivially satisfies y5 — 0 uniformly,
implying via (3.26) that v§ — 0 locally uniformly. Consequently, vs converges locally uniformly to a constant,
which is necessarily equal to 9., (tg) = vs; notice that the convergence is not uniform on the whole R since
vs(—00) =0, vs(+00) =1 for every §. O
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Similarly, one can discuss the behavior of homoclinic solutions as § — 07 and § — +oco. Here one can
proceed as in the proof of Theorem 3.10, first considering t € |—o0, to[ and then working with the autonomous
problem in the complementary interval. This gives rise to the following statement, which is in accord with
Proposition 2.2.

Theorem 3.11. For any 6 > 0, denote by vs the increasing heteroclinic solution of (3.1) provided by
Theorem 3.7 and let v, = limg_, o+ vs(to) € |0, a]. Then, for every t € R it holds that

0, if t € ]—00,ty — v*[UJv* — tg, +00],
6lim+ vs(t) = 0(t) == t —tg + vs, if t € [to — v, to — Vi + Vo],
—0

—t 4+t — vy, iftE]to—U*+U0,t0—U*],

li t) =
D ) = v

where the former convergence is uniform on R, while the second is locally uniform.
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