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Abstract

We prove an existence result for the Poisson equation on non-compact Riemannian mani-
folds satisfying weighted Poincaré inequalities outside compact sets. Our result applies to
a large class of manifolds including, for instance, all non-parabolic manifolds with mini-
mal positive Green’s function vanishing at infinity. On the source function, we assume a
sharp pointwise decay depending on the weight appearing in the Poincaré inequality and
on the behavior of the Ricci curvature at infinity. We do not require any curvature or spec-
tral assumptions on the manifold. In comparison with previous works, we can deal with a
more general setting on the curvature bounds and without any spectral assumption.

Keywords Poisson equation - Riemannian manifolds - Green’s functions - Weighted
Poincaré inequality

Mathematics Subject Classification 53C21 - 35R01

1 Introduction

The existence of solutions to the Poisson equation
-Au=f

on a complete Riemannian manifold (M, g), for a given function fon M, is a classical prob-
lem which has been the object of deep interest in the literature. Malgrange [11] obtained
solvability of the Poisson equation for any smooth function f with compact support, as a
consequence of the existence of a Green’s function for —A on every complete Riemannian
manifold. Under integrability assumptions on f;, existence of solutions has been established
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by Strichartz [17] and Ni—Shi—Tam [16, Theorem 3.2] (see also [15, Lemma 2.3]). Moreo-
ver, in the same paper, the authors proved an existence result for the Poisson problem on
manifolds with nonnegative Ricci curvature under a sharp integral assumption involving
suitable averages of f. This condition in particular is satisfied if

c

< - =
Feol < (1 + r(x))a

for some C > 0 and a > 2, where r(x) : = dist(x, p) is the distance function of any x € M
from a fixed reference point p € M. In fact, they proved a more general result where the
decay rate of fis just assumed to be of order 1 + €. Note that this result is sharp on the flat
space R".

From now on let us consider solutions u of the Poisson equation —Au = f which can be
represented as

u(x) = / G(x, y)f(y) dy,
M

where G(x, y) is a Green’s function of —A on M (see Sect. 2 for further details). Mun-
tenau—Sesum [12] addressed the case of manifolds with positive spectrum, i.e., 4,(M) > 0,
and Ricci curvature bounded from below, obtaining existence of solutions under the point-
wise decay assumption

C

< - =
Feol < (1 + r(x))a

for some C > 0 and a > 1. Note that this result is sharp on H". Their proof relies on very
precise integral estimates on the minimal positive Green’s function, which are inspired by
the work of Li—~Wang [10]. Note that in [12, 13] the authors also study the behavior of the
solution at infinity.

In [4] the authors generalized the existence result in [12], obtaining existence of solu-
tions on manifolds with positive essential spectrum, i.e., /ITSS(M) > 0, for source functions
[ satisfying

o Or(m+ 1) — 0x(m)

o sup [f| <o,
m=1 /II(M\Bm—l(p)) M\B,,_(p)

for any R > 0, where 0(m) is a function related to a lower bound on the Ricci curvature,
locally on geodesic balls with center p and radius 2R + m. In particular, the authors showed
in [4, Corollary 1.3] existence of solutions on Cartan—-Hadamard manifolds with strictly
negative Ricci curvature, whenever

1

—C(1+47()" <Ric < —=(1+70)", 0] £ —=

(1+r)"

a

for some C > 0and y;,7, 2 O witha > 1+ 2 —y,.

Observe that the results in [4, 12] cannot be used whenever the Ricci curvature tends
to zero at infinity fast enough (see [19]) since, in this case, one has AT*(M) = 0 (and so
A (M) = 0). In particular, the case of R" is not covered. On the other hand, the result in
[16] does not apply on manifolds with negative curvature. The purpose of our paper is
to obtain a general result which includes, as special cases, both manifolds with strictly
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negative curvature and manifolds with Ricci curvature vanishing at infinity. Moreover, our
result is sharp on spherically symmetric manifolds, and in particular on R" and H".
Note that the condition A, (M) > 0 is equivalent to the validity of the Poincaré inequality

/ll(M)/udeS/ [Vul|?>dv
M M

for any u € C*(M). On the other hand, one has positive essential spectrum if and only if,
for some compact subset K C M, one has A,(M \ K) > 0 and

AI(M\K)/u2dVS/ |Vu|?dV
M M

for any u € C®(M \ K). Generalizing the previous inequalities, one says that (M, g) satis-
fies a weighted Poincaré inequality with a nonnegative weight function p if

/pvdeS/IVvlde (1)
M M

for every v € C*(M). If for any R > R, > 0, there exists a nonnegative function py defined
on M such that (1) holds for every v € C*(M \ Bx(p)) and for p = p,, we say that (M, g)
satisfies a weighted Poincaré inequality at infinity. In addition, inspired by [10], we say that
(M, g) satisfies the property (Pf) if a weighted Poincaré inequality at infinity holds for the
family of weights pj and the conformal pgp-metric defined by

gﬂk ::pRg

is complete for every R > R,. The validity of a weighted Poincaré inequality on some
classes of manifolds has been inve;stigated in the literature. It is well known that on R” ine-
quality (1) holds with p(x) = %% It is also called Hardy inequality. More in general,
it holds on every Cartan—-Hadamard manifold with p(x) = % for some C > 0 (see [1, 3]
for some refinement of this result).

In order to state our main results, we need to introduce a (increasing) function w(s)

related to the value of the Ricci curvature on the annulus Bs (p) \ B: (p) (see (4) for the
1 1°
precise definition). In this paper, we prove the following result.

Theorem 1.1 Let (M, g) be a complete non-compact Riemannian manifold satisfying the
property (va") w.r.t. the family of weights pgr, R > R, and let f be a locally Holder continu-
ous function on M. If

Z (a)(m+ 1) — w(m) + 1) sup m < o,
m M\B,,(p) Pm

then the Poisson equation
—Au=f inM

admits a classical solution u.

Assume that A7*(M) > 0 and
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Ric > —C(1 + r(x))’
for some y > 0. Then, it is direct to see that
w(m + 1) — @(m) ~ c(eR(m +1)— 0R(m)) ~ Cmii

for every R > 0 and the property (P;") w.r.t. the family of weights pgp, R > R, holds for
every R with pg(x) = 4, (M \ Bg(p)). Thus,
Op(m+ 1) — 0p(m
<w(m+ 1) — w(m) + 1) sup m ~ CM sup |f];
M\B,,(p) Pm M (M\B,(p) mB,»

therefore, our existence result is in accordance with those in [4, 12].

We recall that by [10, Corollary 1.4, Lemma 1.5] the validity of a weighted Poincaré
inequality (1) on M implies the non-parabolicity of the manifold; on the contrary, if (M, g)
is non-parabolic, then a weighted Poincaré inequality holds on M, with weight

o) = IVG(p,x)|?
P = e

where G is the minimal positive Green’s function on (M, g). Exploiting this result, using
similar techniques as in Theorem 1.1, we obtain the following refined result on complete
non-compact non-parabolic manifolds.

Theorem 1.2 Ler (M, g) be a complete non-compact non-parabolic Riemannian manifold

with minimal positive Green’s function G. Let p(x) = lZ(G;z(I(;Xiiz and let f be a locally Holder

continuous function on M. If

Z <a)(m +1) - a)(m)) sup ﬂ < 00,
m M\B,(p) P
then the Poisson equation

—Au=f inM
admits a classical solution u.
Remark 1.3 We explicitly observe that in Theorem 1.2 the completeness of the conformal

metric g, = pg is not required. As it was observed in [10], the completeness of g, would
hold if G(p, x) — 0 as r(x) — o0, a condition that we do not need to assume here.

It is well known that R” is a non-parabolic manifold if » > 3, with minimal positive
Green’s function G(x,y) = —=— for some positive constant c,. Moreover, the weighted

e

Poincaré — Hardy’s inequality holds on R” with

o VOOIP _-2p 1
PO= 460,00 - 4 P

In this case, using the definition (4) of the function w(s), it is easy to see that
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mm+n—mm~cmgQ+l)~§.
m m

Hence, we can apply Theorem 1.2, with

(a)(m +1)— w(m)) sup m ~Cm sup [f]
M\B,(p) Pm M\B,,(p)
and the convergence of the series follows, whenever [f(x)] < C/(1 + r(x))* for some a > 2.
This condition is optimal, as it can be easily verified by explicit computations.
In general, concerning Cartan-Hadamard manifolds, by using Theorem 1.1 we
improve [4, Corollary 1.3] allowing the Ricci curvature to approach zero at infinity.

Corollary 1.4 Ler (M, g) be a Cartan—-Hadamard manifold, and let f be a locally Hélder
continuous, bounded function on M. If

1

—C(1+r)" <Ric<—=(1+r®)"”, [f@I|< ¢

(1 + r(x))a’

a

forsomeC > 1,y,,v, €R,y, > 7,5, 7, > 0and a satistying

then the Poisson equation

admits a classical solution u.

Remark 1.5 In the special case y; = y, = y > 0 the condition on « in the previous corollary
becomes

=L ify>-2
L >
“>{2 ify < —2.

In particular, in (M, g) is the standard hyperbolic space H", and then y = 0. Thus, we need
that @ > 1 and this condition is sharp as observed above. We will consider also the case
y < 0in Sect. 6.2 on model manifolds.

The paper is organized as follows: In Sect. 2 we collect some preliminary results
and we define precisely the function w; in Sect. 3 we prove a refined local gradient esti-
mates for positive harmonic functions; in Sect. 4 we prove key estimates on the positive
minimal Green’s function G(x, y) of a non-parabolic manifold, by means of the property
(Pff) w.r.t. the family of weights pp, R > R;; in Sect. 5 we prove Theorem 1.1; finally,
in Sect. 6 we prove Corollary 1.4 and show the optimality of the assumption in Theo-
rem 1.2 for rotationally symmetric manifolds.

Finally, we note that some results concerning the Poisson equation on some mani-
folds satisfying a weighted Poincaré inequality have been very recently obtained in [14].
However, their assumptions and results apparently are completely different to ours.
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2 Preliminaries

Let (M, g) be a complete non-compact n-dimensional Riemannian manifold. For any x € M
and R > 0, we denote by By(x) the geodesic ball of radius R with center x and let Vol(Bg(x))
be its volume. We denote by Ric the Ricci curvature of g. For any x € M, let u(x) be the
smallest eigenvalue of Ric at x. Thus, for any V € T,M with |V| = 1, Ric(V, V)(x) > u(x)
and we have pu(x) > —w(r(x)) for some w € C([0, )), @ > 0. Hence, for any x € M, we
have

@ (r(x))
P(r(x)

for some @ € C®((0, »)) N C1([0, )) with (0) = 0 and ¢’(0) = 1. Note that @, ¢, ¢’ are
positive in (0, o). We set

Ric(V,V)(x) > —=(n— 1)

2

@"(r(y)

Kp(x) := S
YEB, (1R (P)\B, (- (P) (p(r(y))

forr(x) > R > 1;

VK@) coth (\/KR(x)R/2) if Kp(x) > 0
Ip(x) 1= ) ]
z if Kz(x) =0;
I
Or(x) :=max {KR(x), %, % } 3)

Note that Qr(x) = Qg(r(x)). For any z € M, let y be the minimal geodesic connecting p to
z. We define the function

7(z)
0@ =006 i= [ Qi) s @

for a given @ > 0. Note that r = w(¢) is increasing and so invertible.
Under (2), we know that

R
Vol(Bg(p)) < € / @@ de. &)
0

Moreover, let Cut(p) be the cut locus of p € M.

It is known that every complete Riemannian manifold admits a Green’s function (see
[11]), i.e., a smooth function defined in (M X M)\ {(x,y) € M XM : x =y} such that
G(x,y) = G(y,x) and A, G(x,y) = —6,(y). We say that (M, g) is non-parabolic if there exists
a minimal positive Green’s function G(x, y) on (M, g), and parabolic otherwise.

We say that (M, g) satisfies a weighted Poincaré inequality with a nonnegative weight

function p if
/ pvdes/ |Vv|?dV (6)
M M
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for every v € C*(M). If for any R > R, > 0, there exists a nonnegative function pp such
that (1) holds for every v € C*(M \ Bg(p)) and for p = pp, we say that (M, g) satisfies a
weighted Poincaré inequality at infinity. In addition, inspired by [10], we say that (M, g)
satisfies the property <PZ) if a weighted Poincaré inequality at infinity holds for the family

of weights p; and the conformal pg-metric defined by
8y “= PR
is complete. With this metric we consider the p-distance function

() = ilylf L)

where the infimum of the lengths is taken over all curves joining x and y, with respect to
the metric g,. For the fixed reference point p € M, we denote by

r,(x) = 1,(p, x).
Note that |Vrp(x)|2 = p(x). Finally, we denote by
By(p)={x€M : r,(x) <R}.

Let A;(M) be the bottom of the L?-spectrum of —A. It is known that A, (M) € [0, +oc0) and it
is given by the variational formula

Sy lVvPav
AM)= inf —m—

vecsan - [ v2dV
If A,(M) > 0, then (M, g) is non-parabolic (see [6, Proposition 10.1]). Whenever (M, g) is
non-parabolic, let Gg(x, y) be the Green’s function of —A in By(z) satisfying zero Dirichlet
boundary conditions on dBg(z), for some z € M. We have that R = Gg(x,y) is increasing
and, for any x,y € M,

G(x,y) = R{“; Gr(x,y), 7

locally uniformly in (M X M)\ {(x,y) € M XM : x=y}. We define 1,(Q), with Q an
open subset of M, to be the first eigenvalue of —A in Q with zero Dirichlet boundary condi-
tions. It is well known that 4,(€2) is decreasing with respect to the inclusion of subsets. In
particular, R = A,(Bg(x)) is decreasing and A, (Bg(x)) = A,(M)as R — oo.
For any x € M, for any s > O and for any 0 < a < b < 400, we define
Ls):={yeM : Gxy) =s},
L(a,b) :={yeM : a<G(x,y) < b}.

3 Local gradient estimate for harmonic functions

In this section, we improve [4, Lemma 3.1]. We set

)
k =
R )
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798 G. Catino et al.

forze M and R > 0;

o { Vg coth (yE@R/2) if ke(2) > 0
v4

2 if kp(z) =

Lemma 3.1 Let R > 0 and z € M. Let u € C*(Bg(z)) be a positive harmonic function in
By(2). Then,

|VM(5>|sc\/max{kR<z) Rl(j) Rﬂ}u(:) forany & € By(2).

for some positive constant C > 0.

Proof Following the classical argument of Yau, let v : = log u. Then,
Av = —|Vy|2.

Let n(&) = n(d(&)), with d(&) := dist(&, z), a smooth cutoff function such that #(£) = 1 on
Bgy(2), with support in Bg(z),0 <n < land
/ |n//| 8

n
1/250 and . Sﬁ'

<

x|+~

Let w = #%|Vv|2. Then,
%Aw _ %nzvaF + %wvﬁmf + (VY2 Vi),
Then, from classical Bochner—Weitzenboch formula and Newton inequality, one has
-A|Vv|2 [V2v]? 4+ Ric(Vv, Vv) + (Vv, VAV)
1 2 (pN 2 2
> —(Av) = (n— D=—|Vv|" =(V|Vy|*, Vv)
n @
1 4 (P” 2 2
—|Vv|* = (n = 1)—|Vv|” = (V|Vy|7, Vv).
n @
Moreover, by Laplacian comparison, since Ric > —(n — 1)kz(2) in Bg(z), we have
1
SA = Ap -+ + (')
> (n— Dig@nn’ +nn" + (')’
4 . 2
>~ (0= Dig) + 2 )

pointwise in Bg(z) \ ({z} U Cut(z)) and weakly on Bg(z). Thus,
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1 1 w? " 4 . 2\ w
Awz %= E((n— Dig(2) + §>;

2
|7’ I2
w+ = (Vw Vn) — (Vw, Vv) + (Vv Viyw

1 w? " . w
2;?—(n—l)—w——((n—l)lR(z)+E);
64w 8 w2
+ - <VW VI’])—(VW Vv>_ﬁ;_ﬁrl3/2
1 w2 " 4 . 18 +8n\w
_ﬁﬁ—(n—l)gw—k<(n—l)lR(Z)+ R )—

+ —(Vw, V) = (Vw, Vv).
n

Let ¢ be a maximum point of w in ER(z). Since w = 0 on 0B(z), we have g € By(z). First

assume g ¢ Cut(z). At ¢, we obtain

0> —(n—1)%—%((1’[—1)1’R(z)+mk+&1)]w
So
"(r@)  Sn(n—-1) 144n + 64n°
w(g) <2n(n—1) ir(2) + .
o(r@) R *° R

Thus, for any & € By »(2),
"(H@)  8n(n—1), | 144n + 64n”

Vv(&)|? < 2n(n -1 ,
[Vv(©)|° < 2n(n )(p(r(q)) R ir(2) R2
n-1), 144n + 64n?

n(n
< 2n(n — Dkg(2) + TIR(Z) + R

We get
[Vu(®)| ig(2) 1
=|V <C k
e = VOl < Cyfmax k@, S5 5
for some positive constant C > 0. By standard Calabi trick (see [2, 5]), the same estimate
can be obtained when g € Cut(z). This concludes the proof of the lemma.
O

As a corollary, we have the following

Corollary 3.2 Let (M, g) be non-parabolic. If r(z) > R > 0, then
IVG(p,2)| < Cv/Og(2) G(p, 2),

for some positive constant C > 0.
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4 Green’s function estimates

4.1 Pointwise estimate

Lemma 4.1 Ler (M, g) be non-parabolic, and leta > 0andy € M \ B,(p). Then,
A exp (B () < G(p.y) < Aexp (Ba(y)).

where A := max {maxaB”(p) G(p, ), (minaBa(p) G(p, -))_1 } and B > 0 is a positive constant
depending on C from Corollary 3.2.

Proof Let y € M \ B,(p) with a > 0 and consider the minimal geodesic y joining p to y

and let y, € 0B,(p) be a point of intersection of y with dB,(p). Since G(p, -) is harmonic in
B, ;)/4(2)s for every z € y with r(z) > a, by Corollary 3.2 we get

IVG(p,2)| < C1/ 0, /4(2) G, 2).

‘We have

)
G(p,y)zG(p,yo)+/ (VG(@,y(5)), 7(s)) ds

r(y)
<G,y +C / \/Qrwy» (r(r(s))G(p, 7(s)) ds.

By Gronwall’s inequality,

r(y)
G(p.y) < G(p, o) exp (c / Qe (7 (5)) ds> < Aexp (Bo(y)),

with A := max {maxoB“(p) G(p, ), (minaBy(p) G(p, -))_l }and B = C. Similarly,

G(p,y) > A" exp (B w(y)).

Remark 4.2 One has
G(p,y) > A" exp (—Bw(a))

for any y € B,,(p). This follows from Lemma 4.1 with y € 0B,(p) and the maximum princi-
ple, since y = G(p,y) is (weakly) superharmonic in B,(p). In particular,

L,(0,A exp(—Bw(a))) C M \ B,(p).
Remark 4.3 We also note that
EP(A exp (Bw(a)), ) C B,(p).

In fact, let y € M \ B,(p) and take j > r(y). Since G;(p,y) < G(p,y) and G;(p,-) =0 on
dBj(p), by Lemma 4.1, we have
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Gi(p,y) < Aexp(Bw(a) on d(Bi(p)\B,());

note that the right-hand side is independent of y. Since y + G;(x,y) is harmonic in
B;(p) \ B,(p), by maximum principle,

Gi(p.y) < Aexp(Bw(@)) in By(p)\B,(p).
Sending j — o0, by (7), we obtain
G(p.y) <Aexp(Bw(a)) in M\ B,(p),

and the claim follows.

4.2 Auxiliary estimates

Lemma 4.4 Let (M, g) be non-parabolic. For any s > 0, there holds
[ vewpiam =1
L,(s)

where dA(y) is the (n — 1)-dimensional Hausdorff measure on L.(s). As a consequence, by
the co-area formula, for any 0 < a < b, there holds

[VG(p,y)|* b
——————dy=1log|(-).
</£,;(a,b) G@p,y) g <a>

For the proof see [12]. Moreover, we get the following weighted integrability property for
the Green’s function.

Lemma 4.5 Assume that (M, g) satisfies the property (P?) w.r.t. the family of weights pg,
R > R,. Fix m > R,,. Then, for any R, > 0 such that B,,(p) C BZ’I" (p), one has

/ o) G )P dy < oo,
M\B, )

Remark 4.6 Note that B,,(p) C Bz’:‘(p) for every R, large enough.

Proof In order to simplify the notation, let p = p,,. Fix R, > 0 such that B,,(p) C BZ‘ »)
and let ¢ be defined as

0 on B;l(p)
$@) 1= “o on B, () \ By ()
1 on M\ B;Rl(p).

Let R > 2R, and G4(p, y) be the Green’s function of —A in B#(p) satisfying zero Dirichlet
boundary conditions on 0By (p). Following the proof in [10], since G} is harmonic in By (p),
one has
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802 G. Catino et al.

/ |V(¢G;)|2dvz/ |V¢|2(G;;)2dv+/ IVG)¢? dV
B Bp) B0

+2/ (Vb VG2 )Gl AV
By)
=/ |V¢|2(G;;)2dv+1/ INCAR X\
B 2 Jem)
+2 / (Vb VGo)$Gh dV
By)

=/ IVeI*(G2)* av
By(p)
where the last equality follows by integration by parts and the fact that G;@, y) vanishes on
dBZ,(p). Hence, the weighted Poincaré inequality yields
2 1 2
/ p(Gh) ¢2dvs/ V(¢ Gp)lPaV < — p(Gh) dv
M\B, () Byp) Ry By, 0\B;, ()

Letting R — co, by Fatou’s lemma and uniform convergence of G; — G on compact sub-
sets, we get

/ pG*dV < iz pG*dV
M\B, (p) Ry JB, o\B;, ()

and the thesis follows. O

We expect a decay estimate similar to the one in [10, Theorem 2.1]. However, we leave
out this refinement since it is not necessary in our arguments.

4.3 Integral estimates on level sets

We begin by noting that using Remark 4.3 and the fact that G(p, ) € LIIOC(M) one has the
following integral estimate on large level sets.

Proposition 4.7 Ler (M, g) be non-parabolic. Choose A, B as in Lemma 4.1. Then,

/ G(p,y)dy < 0.
L, (A exp (Bw(a)),00)

For intermediate levels sets, we get the following key inequality.

Proposition 4.8 Assume that (M, g) satisfies the property (PY) w.rt. the family of
weights pr, R > R,,. Then, there exists a positive constant C such that for any function f and

any 0 < 6 < 1, € > 0 satisfying £p<%£, 25) C M\ B,,(p) for some m > R,,, one has
L1

<C(-logo+1) sup —.
L,(5e.€) Pm

/ G(p.y)fO) dy
L‘],(és,g)
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Proof We follow the general argument in [10, 12]; however, some relevant differences are
in order, due to the use of the property (P%°). Let ¢ := yy with

1 26(y) de
log2log( ™ ) 0n£p<2,65)
1 on L,(d¢, €)

x0) =9, g< 2 ) on L, (e, 2€)

G(p.y)
elsewhere

log2

and for any fixed R > 0

1 on B’ (p)
w() =4 R+1-r, () on By, (p)\ B”m(p)

0 on M\ B;{’H

By the weighted Poincaré inequality at infinity, we get

/ Gonsma| < [ GO F )] dy
L,(56.6)NBY" (p) L,(5e.6)NBR" (p)

< sup il pm(y)G(p M () dy

L,(6e.0NBY (p) Pm

< sup /‘ \/G(pycﬁ(y))

L, (3¢, E)OB""’ ») Pm

We estimate

VG(p.y)|*
[ (Ve[ a<) [ ES0 g 0o [ Gppivera
(00 GO:Y) M

=C(-logé + 1)+2/ G(p,y)|V|*dy
M

where we used Lemma 4.4 in the last equality. On the other hand,

/G(p,y)|V¢|2dysz/G(p,y>|w|2w2dy+2/G(p,y>|vtu|2x2dy
M M M

VG(p,y)|?
< 2(log 2)2 M dy
L0 G@:Y)
+2 / P G(p,y)x* dy
B} (P\B4(p)

<C(=logs+ 1)+ i/ Pn() G*(p.y) dy.
o€ Jgm B ()

Now we let R — oo and use Lemma 4.5. The thesis now follows. O

In the special case when M is non-parabolic with positive minimal Green’s function G

and with weight p(x) = |Zgz(f(”;;l2, we have the following refinement of Proposition 4.8.
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Proposition 4.9 Assume that (M, g) is non-parabolic with positive minimal Green’s

Junction G and with weight p(x) = %. Then, there exists a positive constant C such

that for any function f and any 0 < 6 < 1, € > 0 one has

< C(—logd) sup m
Lp(ﬁs,s) P

/ G, y)f(y)dy
L,(5¢.€)

Proof We have

I
< sup L G(p,y) p(y)dy
L,6e) P L,(5¢.€)

! p@/ V6@
4 r,6e00 P \Jr,6e00 G@,Y)

/ Glpoy) f) dy
EI,(5£,£)

= — Su

:1(—log5) sup m,
4 L,(ec) P

where we have used Lemma 4.4 in the last equality. O

5 Proof of Theorem 1.1
In order to prove Theorem 1.1, we will show that
()| = ‘ / GO dy‘ < v,
M

with v € C(M). We divide the proof in two parts, we first consider the case when (M, g) is
non-parabolic, and then, the case when it is parabolic.

Proof of Theorem 1.1 Case 1: (M, g) non-parabolic.

By assumption, (M, g) satisfies (Pﬁ) w.r.t. the family of weights pp, R > R). Letx € M
and choose R = R(x) > R, large enough so that x € By(p). One has

+

' / G () dy‘ <
M

/ G,y f()dy
Br(p)

/ G(x, y) f(y)dy
M\Bg(p)
<cw+ [ Gunroly
M\Bg(p)
since G(x, ) € LIIOC(M ). Hence, by Harnack’s inequality, we have

] / Gl ) ) dy’ <O+ G0 / G(p.3) /)] dy
M M\Bg(p) ®)

<O+ G / Gp.3) )] dy,
M
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where C,(x) can be chosen as the constant in the Harnack’s inequality for the ball B, (p).
For any a > 0, we estimate

/ G(poy) [f0)] dy = / Gip.y) [F)] dy
M ,CP(O,A exp (Bw(a)))

N / Gp.y) [FO)] .
L,(A exp (B w(a)),0)

By Proposition 4.7, Remark 4.3 we get
[ comvonas [ G [f )] dy + Cy@) ©
M E,,(O,A exp (B w(a)))

for some positive constant C;(a). To estimate the first integral, we observe that for any
my = my(x) > a one has

/ G, y) [fMldy = / G(x,y) [f()] dy
L,(0,Aexp (Bw(a))) £,(0,24)7! exp(—Bw(m)))

G(x, y) If ()] dy.

(10)
+ /
L,(2A)~! exp(—Baw(my)), A exp (B w(a)))

We need the following lemma.

Lemma 5.1 Choose A, B as in Lemma 4.1. For any m > my > a one has
L,(0,A™" exp(—~Bw(m))) C M \ B,,(p). (11

Proof Since m; > a, Remark 4.2 implies

L£,(0,A™" exp(—=Bw(my))) C L,(0,A™" exp(—Bw(a))) C M \ B,(p). (12)
If

z € L£,(0,A™" exp(—Bw(m))) C M \ B,(p).
then by Lemma 4.1
A~ exp(-Bax(m)) > G(p,z) > A™" exp(—Bw(2)).
Thus,
o(z) = w(m)
and, by monotonicity of @, we obtain r(z) > m. O
In particular, we get
£,(0,24)~" exp(=Baw(my))) C L,(0,A™" exp(-Bw(my))) C M\ B, (p).

Thus,
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L,((2A)™" exp(—Bw(my)), Aexp (Bw(a))) C B,, (p)

Then, since G(x, -) € L} (M), we get

/ G(x, y) [f] dy < Cyla, my). (13)
L,((24)~" exp(—Bw(my)), A exp (B w(a)))

Now, for any m > m,, let
€ := (2A4)7! exp(—Bw(m)), 6 := exp(Bw(m) — Bo(m + 1)). (14)
By Lemma 5.1,

£,(0,2¢) C M\ B,,(p).

Hence, we can apply Proposition 4.8 obtaining

/ G IF )] dy
L£,(0,24)" exp(—Ba(my)))

G, y) If ()] dy

mz /EI,((ZA)I exp(—Ba(m+1)),(24)~! exp(—Bw(m)))

<C Y (@m+1) = wm)+1) sup il 15)
m>my L‘,I,((ZA)‘1 exp(—Bw(m+1)),(2A)~! exp(—Bw(m))) Pm
< /1
<C ) (@m+1)—w(m)+1) sup =
mm, L,(0A=" exp(~Beo(m))) Pm
<C ) (@m+1)—w(m)+1) sup Ul oo,
m2my, M\B,,(p) Pm

where in the last inequality we used Lemma 5.1. The proof of Theorem 1.1 is complete in
this case.

Case 2: (M, g) parabolic.

Let G(x, y) be a Green’s function on M (which is positive inside a certain ball, and negative
outside). Fix any R > 0 and let p = p, . Note that arguing as in the proof of (8), it is sufficient
to estimate

/ G WIFO)] dy = / GO dy + / G IFO)] dy
M M\B4(p) By(p)
< / GE IO dy + C.
M\BL(p)

since G(p, -) € LIIOC(M ) and fis locally bounded. We have that

N

M\ Byp) = | J E.
i=1

where each E; is an end with respect to Bf?(p). Note that every end E, is parabolic. In fact,
if at least one end E; is non-parabolic, then (M, g) is non-parabolic (see [8] for a nice
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overview), but we are in the case that (3, g) is parabolic. Since every E, is parabolic, every
E; has finite weighted volume (see [9]), i.e.,

/pdy< 00.
E.

i

Now choose R large enough so that we can apply Lemma 4.5 obtaining

/ IGE IO dy
M\B(p)

< ( / p(y>|G<p,y)|2dy)
M\By(p)

<C sup m
M\Bg,(») P JM\B}(p)

1

2 3
/ p(y) < ol ) dy
M\B.() p(y)

pdy < oo.

(ST

This concludes the proof of Theorem 1.1.
O

Proof of Theorem 1.2 We start as in the proof of Theorem 1.1 using (8), (9), (10) and (13).
Then, similar to (15), using Proposition 4.9, we obtain

/ G 1) dy
L£,(0,4)" exp(—Bax(my)))

/ G ) [F)] dy
m>my, ﬁ,;((ZA)’l exp(—Bw(m+1)),(24)~! exp(—Bw(m)))

<C Z (w(m + 1) — w(m)) sup ﬂ < o0,
m>my, M\B,,(p) P

Then

] / Gy O) dy‘ <o
M

and the proof of Theorem 1.2 is complete. O

6 Cartan-Hadamard and model manifolds

We consider Cartan—Hadamard manifolds, i.e., complete, non-compact, simply connected
Riemannian manifolds with non-positive sectional curvatures everywhere. Observe that
on Cartan—-Hadamard manifolds the cut locus of any point p is empty. Hence, for any
x € M \ {p} one can define its polar coordinates with pole at p, namely r(x) = dist(x, p) and
6 € S""!. We have
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meas(0B,(p)) = / lA(r,9)d01d92...d0"‘1,
§717

for a specific positive function A which is related to the metric tensor [6, Sect. 3]. Moreo-
ver, it is direct to see that the Laplace—Beltrami operator in polar coordinates has the form

02
Azﬁ-%m(ré’) +A9,

where m(r, ) := %(log A) and A, is the Laplace—Beltrami operator on dB,(p). We have
m(r, 0) = Ar(x).
Let
= {f € C=((0,0)) N C'([0,0)) : f'(0) =1, f(0) =0, > 0in (0,00)}.

We say that (M, g) is a rotationally symmetric manifold or a model manifold if the Rie-
mannian metric is given by

g = d* + p(r)? do?,
where d6? is the standard metric on $"~!and ¢ € A. In this case,

9? ¢ 0 1
A=ﬁ+(n—1)—5 EAS,F[.
Note that ¢(r) = r corresponds to M = R”, while @(r) = sinhr corresponds to M = H",
namely the n-dimensional hyperbolic space. The Ricci curvature in the radial direction is
given by

@" (r(x))

Ric(Vr,Vr)(x)=—-m—-1) o0

6.1 Cartan-Hadamard manifolds

Concerning the validity of the property (73;") w.r.t. the family of weights pp, R > Ryon a
Cartan—-Hadamard manifold we have the following result.

Lemma 6.1 Let (M, g) be a Cartan—Hadamard manifold with
Ric(Vr, Vr)(x) < —C(1 + r(x))”
forsomey € R,C > 0and any x € M \ {p}. Then (M, g) satisfies the property (’P“f) with

Oy ify >-2
PR) = { Cr? ity <=2

for all R > 0 large enough and some C' > 0.

@ Springer



The Poisson equation on Riemannian manifolds with weighted... 809

Remark 6.2 As it will be clear from the proof, we have a weighted Poincaré inequality on

M if y <0 and a the weighted Poincaré inequality for functions with compact support in
M\ B,(p)ify > 0.

Proof We can find ¢ € A given by

exp (B r1+%) ify>-=2
p(r) =1 r ify =-2 (16)
r ify <=2

for r large enough, B > 0 small, § = 5(C) > 1 such that Ric(Vr, Vr)(x) < —% By the
Laplacian comparison in a strong form, which is valid only on Cartan-Hadamard mani-

folds (see [18, Theorem 2.15]), one has

Crxy?  ify>-2
Ar) 2 { Cr ify < -2,
Suppose y < Oand let @ := max{y, -2} < 0. For any u € C*(M), since [Vr|? = 1, we have
C / r(y)* u(y)* dy
M
< / u(y)’r(y)** Ar(y)dy
M

- / (Vi VAur 2y + & / WP rO) V)| dy
M M
<2 / 1 Vu() () dy
M
<$ [roruore+ 2 [ vuora.
M M
Thus,

/ O uo) dy < 2 / Vu(y) 2 dy
M M

and the weighted Poincaré inequality on M follows in this case.
Suppose now y > 0. By a Barta-type argument (see, e.g., [7, Theorem 11.17]),

A(M\ Bp(p)) > [CR:> in M\ B(p).
Thus, the Poincaré inequality reads

CR' / u(? dy < / IVu()|? dy (17)
M M

for any u with compact support in M \ Bg(p). Now let R > 1 and, for every k € N, define
the cutoff functions
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rx)—k+1, rix) e [k—1,k)
@) ;== k+1—-r(), rx) € [k,k+1)
0 otherwise.

Note that |Ve,| < 1 and for all x € M \ B,(p), X, ¢, = 1 and x € suppg; at most for two
integers k. If suppu € M \ B,(p), we have

2
/ r) u(y)*dy = / r(y)y(z wk(y)u(y)> dy
M M k

<2 ¥ [ 107 ooruor ey
k M

<cXh-17 [ o0rore
k M

<Y [ Winono)P o,
k

where in the last passage we used (17) with R = k — 1. Thus,

/ rOY u(yydy <C Y < / u(y)’ |V, )I* dy + / cpk(y>2|w(y)|2dy>
M T M M
<c [ wrac [ vumPe
M M
<c [ vuPe,
M
where in the last passage we used (17) with R = 1. Hence, the weighted Poincaré inequality
holds for functions with support in M \ B, (p).

Finally, the completeness of the metric g, := pg g follows. In fact, for any curve 5(s)
parametrized by arclength with 0 < s < T, the length of # with respect tp g, is given by

/ prds > 0 asT — oo.
n

|

Let us write some estimates which will be useful both in the proof of Corollary 1.4 and in
Sect. 6.2. Choose ¢ € A as in (16) with y = y, obtaining

@) [ Cren?  ify, > -2
pr(x)) | Cr™! ify, <=2

and

@) _ [ Cryt + /> ifyy 2 =2
o) |0 ity <=2

for r(x) > R > 1. A simple computation shows that for R = r(x)/4, one has
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_f Ccreon/? iy, > -2
K ‘{ 0 ify, < -2,
I(x) C r(xyn/>~coth (C'r(x)n/>+1) if yy > =2
= 2 .
R R ify, <=2
and
Crxn ify, > -2
Or) =4 2 ‘ _
o ify, < -2.
Thus,
71/2+1 : _
o =1 € ifnz-2
Clogr ify, <=2,
and, as m — oo,
cmnl?  ify, > =2
o+ v=oim ~{ G N2 1s)

On the other hand, using Lemma 6.1 with y = y,, we get the estimate

sup i<

{ Cm™ ify,>-2
M\B, () Pm

cm? ify, <-2"

Proof of Corollary 1.4 Fory, >y, and y, > 0, we get

f] CY> mn/zr= ify, >-2

; (w(m+ 1) — w(m) + 1) Mfl‘;f(p) o { CY > m*n/>e  ify, <=2,

and the thesis immediately follows. a

6.2 Optimality on rotationally symmetric manifolds

We show that the assumptions in Theorem 1.2 are sharp on model manifolds. Let (M, g) be a
rotationally symmetric manifold with ¢ € A defined as in (16) for any » > 1. One has

/ G, y)f(y)dy < o0 forany xeM << / G, y)f(y)dy < oo.
M M
Hence, a solution of —Au = f in M exists if and only if

_ [T s .
u(p)_/o (/, (p(l)n—ldt>f(r)(ﬂ(r) dr < .

Case 1: y > —2. With our choice of ¢, by the change of variable s = tl+§, it is easily seen
that for any r > O sufficiently large
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® o _r z
/r O dt ~ Cr 2 exp <—(n - D't ) (19)

Hence,

/100 r3 exp (—(n - 1)r1+%> (1 -:r)a exp ((n - l)rH% ) dr < |u(p)|

Ql—

< C/fo r3exp (—(n - 1)r1+§) i -:r)a exp ((n _ 1)r1+g>dr

Therefore,

1 /°° 1 ® 1
— ydrslu(p)lsC‘/ —dr.
C 1 ra+5 1 ra+§

This yields that

lu(p)] < oo ifandonlyif a>1- g

On the other hand, a direct computation, using (19), shows that

_ VG0

10 ~ Cr(x)".

p(x)

Furthermore, from (18), the assumption of Theorem 1.2 is satisfied if and only if

Y
>1-=,
¢ 2
and the optimality follows in this case.
Case 2: y = —2. We have,
/oo 1 dt = C 30D+l (20)
r o e
Thus,
1 /oo 3=+l 1 _ 0D 4 < Ju(p)] < C/Oo o=+ 1 _ D) g
C Jy (1+7) 1 (1+47)
Therefore,
1 1 1
E/l ra—l dr S |M(p)| S C[ ra_—ldr’
and

lu(p)] < 0 ifand only if a > 2.

On the other hand, a direct computation, using (20), shows that
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_ VG0l

o -2
1 (p) Cr(x)™~.

p(x)

Furthermore, from (18), the assumption of Theorem 1.2 is satisfied if and only if
a>2,

and the optimality follows in this case.
Case 3:y < —=2. We have,

R | 9
—dt=Cr ™. 21
/, oty @D

Thus,

/ rz_”—l ar"_] dr < |u(p)| SC/ rz_"—l ar"_] dr
1 (1+7) 1 (1+7r)

al=

Therefore,

1 [% 1 1
E/ a1 drs |l/t(p)| < C/l ra—_ldr,

lu(p)] < 0 ifand only if a > 2.

and

On the other hand, a direct computation, using (21), shows that

_ VG0l

- -2
px) = 1) Cr(x)™~.

Furthermore, from (18), the assumption of Theorem 1.2 is satisfied if and only if
a>2,

and the optimality follows in this last case.
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