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ABSTRACT

An analytic approximation of the distribution functions of scattering events occurring during photon migration in
scattering media is proposed. This allows extending the range of applicability of scaling relations for scattering coeffi-
cient to generate new simulations starting from an existing Monte Carlo simulation. Time Point Spread Functions for
a uniform variation in the scattering coefficient up to ±50% are calculated by using the analytic approximation of the
scattering event distribution functions and compared with the the exact Monte Carlo simulations: the largest devia-
tions from time point spread functions directly obtained by Monte Carlo simulations occur for late arrival times and
are ≲ 50%.
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1. INTRODUCTION

The execution of reliable Monte Carlo (MC) simulations to numerically describe photon migration in diffusive media
is in many case limited by the overwhelming computational time, even if the advancement in computational power
offered by graphic processing units (GPUs) is recently exploited in MC tools.1, 2 The possibility to use scaling relations
(SR) to MC simulations is, then, a great advantage.3 As a matter of fact, SR are already widespread used as an efficient
way to take into account properties of the medium absorption properties, by using the microscopic Lambert-Beer law.
On the contrary, the scaling approach applied to the scattering coefficient is more critical.4 As shown in two recent
papers,5, 6 the scaling of the scattering coefficient µs leads to convergence problems, mainly due to the dependence of
the scaling factor on the number of scattering events k each photon experiences during its travel through the diffuse
medium.

In this work we want to study the statistics of the scattering events in photon migration, by evidencing a key feature
of the probability function pℓ(k,µs ) for the number of scattering events k undergone by a detected photon along a path
of length ℓ, that will allows to apply the scaling of the scattering coefficient for a wider range of values than that found
in Ref. 6.

2. STATISTICS OF SCATTERING EVENTS IN HOMOGENEOUS DIFFUSE MEDIA

From a MC simulation, we can recostruct the Time Point Spread Function (T PSF ) by classifying the weights of the re-
ceived photons into a histogram of their time-of-flight t . Due to the presence of the number k of scattering interactions
in the SR for the scattering coefficient, a straightforward calculation of the T PSF (µs , t ) for a varied µs starting from the
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T PSF (µs0, t ) for an initial µs0 is possible once the probability function pℓ(k,µs0) for the number of scattering events k
undergone by the received photons with pathlength ℓ= v t is known,5 being v the speed of light in the medium:

T PSF (µs , t ) = T PSF (µs0, t )
∞∑

k=0
pℓ(k,µs0)

(
µs

µs0

)k

e−(µs−µs0)ℓ , (1)

In particular, in the case of an infinite non-absorbing homogeneous medium, the function pℓ(k,µs0) can be explic-
itly calculated: resulting a Poisson distribution with mean value k̄∞ =µs0ℓ:5

pℓ,∞(k,µs0) = (µs0ℓ)k

k !
e−k̄∞ , (2)

In the case of finite geometries, instead, the probability function pℓ(k,µs0) has to be reconstructed by using MC
simulations, where for each photon received is recorded not only the trajectory length ℓ, but also the number of scat-
tering events k it underwent. Some examples of these distributions, that we named pℓ,MC (k,µs0), are reported in Fig. 1
for a non-absorbing homogeneous cylinder and for reflectance geometry (where the source and detectors belong to
the upper face of the cylinder), considering different source-detector separations. In Fig. 1 also the corresponding
functions pℓ,∞(k) are reported as a reference. We explicitly note that in plots of Fig. 1 they are not reported lines for
those values of ρ that are greater than ℓ: as a matter of fact, pℓ,MC (k) is not defined when ρ > ℓ because no photon can
reach the detector in this case.

By inspecting Fig. 1, we can note that the distributions pℓ,MC (k,µs0) tend to the corresponding pℓ,∞(k,µs0) as long
as the pathlength ℓ increases, in particular becoming larger and larger than source-detector distance ρ. Only when
ℓ ≳ ρ the pℓ,MC (k,µs0) differ appreciably from the corresponding pℓ,∞(k,µs0). In the latter case, differences seem
mainly due to a shift in the peak position of the curves, that is moved towards smaller values of k for pℓ,MC (k,µs0)
with respect to the pℓ,∞(k,µs0). Instead, the shape of pℓ,MC (k,µs0) results quite similar to those of pℓ,∞(k,µs0), i.e. to
Poisson distributions. Finally, we note that the results reported in Fig. 1 are relative to a diffusive medium with the
anisotropy factor g = 0, but similar findings and observations can be done for anisotropic scattering functions with
g = 0.8 (data not shown).6

Taking into account these considerations, in order to describe analitycally the probability functions pℓ,MC (k,µs0),
we argue that they are still Poisson distributions, as in the infinite non-absorbing homogeneous medium, but with
the mean value given by the average k̄ of the scattering events k of each received photon. We named these Poisson
distributions pℓ,a(k,µs0):

pℓ,a(k,µs0) = (k̄)k

k !
e−k̄ , (3)

where k̄ is calculated considering the number of scattering events k of all the received photons that traveled the same
pathlength ℓ. In general, k̄ depends on the geometry, the pathlengh ℓ, the scattering coefficient µs0 and the source-
detector distance ρ.

In Fig. 2, we compare the probability functions pℓ,MC (k,µs0) already reported in Fig. 1 with the Poisson distributions
calculated according to Eq. (3). From this figure one can see that the distributions functions pℓ,MC (k,µs0) are very well
approximated by the Poisson distributions pℓ,a(k,µs0).

3. APPLICATION OF SCALING RELATIONS IN FINITE GEOMETRIES

In the previous section we found that, in the case of finite geometries, the Poisson distributions pℓ,a(k,µs0) are a good
approximation for the probability functions pℓ,MC (k,µs0) and, then, for the functions pℓ(k,µs0) present in Eq. (1). The
knowledge of an analytical expression for the latter distributions allows applying Eq. (1) to scale an initial T PSF (µs0, t )
when a different scattering coefficient is considered. In particular, by inserting Eq. (3) into Eq. (1), it is possible to
calculate an explicit expression for the scattering scaling factor Fs for T PSF (µs , t ):

Fs = T PSF (µs , t )

T PSF (µs0, t )
= e−(µs−µs0)ℓ

∞∑
k=0

(k̄)k

k !
e−k̄

(
µs

µs0

)k

= e−(µs−µs0)ℓ−k̄
∞∑

k=0

1

k !

(
k̄
µs

µs0

)k

= e−(µs−µs0)ℓ−k̄ e k̄µs /µs0 =

= e−(µs−µs0)ℓ−(1−µs /µs0)k̄ = e(1−µs /µs0)µs0ℓ−(1−µs /µs0)k̄ = ek∞(1−µs /µs0)(1−k̄/k∞) . (4)



Figure 1. Examples of probability functions pℓ,MC (k,µs0) for different pathlengths ℓ, i.e. different arrival times t = ℓ/v , being v
the speed of light in the medium, are reported for a non-absorbing homogeneous cylinder with radius 50 mm, thickness 10 mm,
reduced scattering coefficient µ′s0 = µs0(1− g ) = 1 mm−1, anisotropy factor g = 0, refractive index n = 1.4. For each ℓ different
source-detector distances ρ are considered. As a reference, the corresponding function pℓ,∞(k) is also reported in each plot.

Figure 3 compares the T PSF obtained with Eq. (1), referred to as “scaled T PSF ”, and the direct MC simulations,
referred to as “direct T PSF ”, in the case of a homogeneous cylinder with radius 50 mm, thickness 10 mm, for 3 source-
detector distances in reflectance geometry: ρ = 10, 20, 30 mm. Moreover, we assumed an anisotropy factor of the
medium g = 0 and a refractive index n = 1.4. In particular, in Fig. 3 we report results for different scaling factors of
the reduced scattering coefficient µ′

s = µs (1− g ) starting from an initial MC simulation performed with µ′
s0 = 1 mm−1:

in the first, second and third row we applied a scaling of 10%, 50% and -50% to the reduced scattering coefficient,
respectively. Again, similar findings can be found for g = 0.8 (data not shown).

From Fig. 3 we can observe that also for the largest considered variations of µ′
s the scaled T PSF are reasonably

close to the direct ones, the deviations being ≲ 50% and occurring for late arrival times.6

4. DISCUSSION AND CONCLUSIONS

In this work we focused on the feasibility of using SR for scattering coefficient to scale MC simulations. It results that for
scaling the scattering coefficient of a T PSF from an initial valueµs0 to a new valueµs the probability function pℓ(k,µs0)
for the number of scattering events k undergone by the received photons in the initial MC simulation is needed. To



Figure 2. The same distribution functions pℓ,MC (k,µs0) (solid lines) reported in Fig. 1 are here compared with the Poisson distribu-
tions pℓ,a (k,µs0) (dashed lines) calculated according to Eq. (3).

this extent, as first result, we observed that distributions pℓ(k,µs0) can be well approximated by Poisson distributions
with mean value given by the average k̄ of the scattering events k of received photons in the initial simulation (i.e.
µs = µs0). Then, we compared the scaled T PSF , calculated by using this method, with the exact MC simulations for
some geometrical and optical parameters, obtaining satisfactory results: in particular, this approach causes deviations
of scaled T PSF that occur for late arrival times and are ≲ 50% for variations of the reduced scattering coefficient up
to ±50%. As a general remark, the use of pℓ,a(k,µs0) promises to improve the convergence properties of SR for the
scattering coefficient, overcoming the under-sampling problems shown in Ref. 6.
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