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Spectral Structure and Doublon Dissociation in the
Two-Particle Non-Hermitian Hubbard Model

Stefano Longhi

Strongly-correlated systems in non-Hermitian models are an emergent area of
research. Herein, a non-Hermitian Hubbard model is considered, where the
single-particle hopping amplitudes on the lattice are not reciprocal, and
provide exact analytical results of the spectral structure in the two-particle
sector of Hilbert space under different boundary conditions. The analysis
unveils some interesting spectral and dynamical effects of purely
non-Hermitian nature and that deviate from the usual scenario found in the
single-particle regime. Specifically, a spectral phase transition of the
Mott-Hubbard band on the infinite lattice is predicted as the interaction
energy is increased above a critical value, from an open to a closed loop in
complex energy plane, and the dynamical dissociation of doublons, i.e.,
instability of two-particle bound states, in the bulk of the lattice, with a sudden
revival of the doublon state when the two particles reach the lattice edge.
Particle dissociation observed in the bulk of the lattice is a clear manifestation
of non-Hermitian dynamics arising from the different lifetimes of
single-particle and two-particle states, whereas the sudden revival of the
doublon state at the boundaries is a striking burst edge dynamical effect
peculiar to non-Hermitian systems with boundary-dependent energy spectra,
here predicted for the first time for correlated particles.

1. Introduction

The Hubbard model[1] provides a powerful theoretical model
in condensed matter physics and related fields, such as ultra-
cold atomic physics, that describes interacting electrons in a
lattice. Since its introduction more than half a century ago, it
has become a cornerstone of many studies, particularly in the
field of strongly correlated systems (see e.g., [2–4] and references
therein). The Hubbard model considers a lattice of sites and as-
sumes that electrons can hop between neighboring lattice sites,
with a Coulomb interaction occurring only when two electrons
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with opposite spins occupy the same site.
The interplay between electron hopping
and electron–electron interactions gives
rise to a complex and rich phase dia-
gram with various phases, such as un-
conventional superconductivity, Mott in-
sulators, and density-wave ordering, de-
pending on the values of the hopping am-
plitude, the interaction strength, and the
electron filling.[4] Even in the simplest
case of two interacting electrons with op-
posite spins, theHubbardmodel displays
an interesting physics, such as the for-
mation of the Mott-Hubbard band de-
scribing doublons, i.e., pairs of bound re-
pulsive electrons occupying the same lat-
tice site.[5–12] For sufficiently strong repul-
sion, doublons represent stable quasipar-
ticles that undergo correlated tunneling
on the lattice and cannot dissociate owing
to energy conservation.[13,14]

Recently, an enormous and increasing
interest has been devoted to the study
of non-Hermitian models, where the
Hamiltonian of the system is described
by a non self-adjoint operator.[15–21]

Effective non-Hermiticity originates from exchanges of par-
ticles or energy with the external environment and gives
rise to unusual and counterintuitive phenomena that are
not present in Hermitian systems,[15–55] such as novel topo-
logical phases and phase transitions,[16–18,21,22,24,25,30,32,39] ex-
ceptional points and lines,[20,54,55] the non-Hermitian skin
effect,[18,22,26,27,29,34,39,54] a generalized bulk-boundary correspon-
dence principle,[18,23,26,31,35,38,43] and a wide variety of dynamical
signatures and phenomena.[34,37,50–53] Non-Hermitian extensions
of theHubbard and relatedmodels have been considered in some
recent works.[56–67] Different forms of the non-Hermitian Hub-
bard model have been introduced, which depend on the specific
non-Hermitian terms included in the Hamiltonian. Generally,
they can involve non-reciprocal hopping terms between lattice
sites, complex on-site energies, or complex electron–electron in-
teraction terms. Most previous studies on non-Hermitian Hub-
bard models focused on the issues of non-Hermitian many-body
localization in the presence of disorder, the interplay between
correlation and the non-Hermitian skin effect, and many-body
non-Hermitian topology. Studying the non-Hermitian Hubbard
model involves analyzing the eigenvalues and eigenvectors of the
Hamiltonian to understand the system energy levels and wave-
functions, their topological properties and novel phase transi-
tions. The complexity of the analysis prevents rather generally
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to obtain exact analytical results, and large-scale numerical sim-
ulations are required even when dealing with few particles. The
study of simplemodels allowing for exact analytical results is thus
of main relevance and interest. On the experimental side, dou-
blon dynamics has been demonstrated in different physical plat-
forms, including ultracold atoms in optical lattices[5,13,14,68,69] and
classical simulators of two- or three-particle dynamics in Fock
space based on photonic[70] or topolectrical[71,72] lattices with en-
gineered defects. The current advances in experimental fabrica-
tion and control of synthetic matter, including the ability to real-
ize non-reciprocal hopping, make it possible to realize few- body
non-Hermitian Hubbard models in a laboratory,[72] thus motivat-
ing the study of correlated particle states and doublon dynamics
in non-Hermitian models.
The simplest non-Hermitian version of the Hubbard model

was introduced in Ref. [56] (see also [60, 61, 63]) and considers
non-reciprocal single-particle hopping amplitudes arising from
an imaginary gauge field. It can be regarded as a many-body
generalization of the Hatano-Nelson model[73–75] for interacting
particles, and can be thus referred to as the interacting Hatano-
Nelson model. The Hatano-Nelson model provides a paradig-
matic non-Hermitian model displaying a nontrivial point-gap
topology and the non-Hermitian skin effect in the single-particle
case.[18] One of the major results of single-particle band theory
in models displaying the non-Hermitian skin effect is the strong
dependence of the energy spectrum on the boundary conditions.
Rather generally, under periodic boundary conditions (PBC) or in
the infinite lattice limit (ILL) the energy spectrum is described by
a set of closed loops in complex energy plane; under open bound-
ary conditions (OBC) the energy spectrum shrinks into a set of
open arcs embedded in the ILL energy loops; finally, under semi-
infinite boundary conditions (SIBC) the energy spectrum is de-
scribed by an area in complex energy plane whose contours are
the ILL energy loops (see e.g. [39, 50]). As the spectral and topo-
logical properties of the interacting Hatano-Nelson model under
PBC have been numerically investigated in previous works,[60,61]

an open question is the dependence of the energy spectrum on
the boundary conditions, either PBC, OBC, or SIBC, and specifi-
cally how the general scenario found in the single-particle case[39]

changes in the many-particle regime. Also, the impact of non-
reciprocal coupling on the dynamical behavior of correlated par-
ticles, such as correlated hopping and the stability of doublons,
has been so far overlooked.
In this work we consider the interactingHatano-Nelsonmodel

in the two-particle sector and unveil emergent spectral and dy-
namical regimes arising from the interplay between particle cor-
relations and the non-Hermitian gauge potential, which have
been so far overlooked. By a suitable extension of the Bethe
Ansatz for the non-Hermitian Hubbard model, we provide an
exact analytical form of the energy spectrum for different types
of boundary conditions and unveil a new spectral phase tran-
sition of theMott-Hubbard band of purely non-Hermitian na-
ture when the interaction strength is increased above a criti-
cal value. Finally, we predict a novel dynamical regime of corre-
lated particles without anyHermitian counterpart, namely dou-
blon dissociation in the bulk of the lattice and sudden doublon
resurgence at the lattice edges. Particle dissociation observed in
the bulk of the lattice arises from the longer lifetime of single-
particle states over two-particle states, and it is thus a very dis-

tinct phenomenon that particle delocalization observed in the
single-particle Hatano-Nelson model with disorder.[73–75] On the
other hand, the sudden resurgence of the doublon state at the lat-
tice boundaries are a striking boundary-induced dynamical phe-
nomenon peculiar to non-Hermitian systems displaying the non-
Hermitian skin effect,[51,52] here demonstrated for the first time
for correlated particle states.

2. The Non-Hermitian Hubbard Model for Two
Interacting Particles

The starting point of our analysis is provided by a non-Hermitian
extension of the Hubbard model,[56,61] also referred to as the in-
teractingHatano-Nelsonmodel, which describes the hopping dy-
namics of interacting fermionic particles in a 1D tight-binding
lattice subjected to an imaginary gauge field.We indicate by J > 0
the single-particle hopping amplitude between adjacent sites in
the lattice, by h ≥ 0 the imaginary gauge field, and by U the on-
site interaction energy of fermions with opposite spins (U > 0 for
a repulsive interaction). The effective non-Hermitian Hubbard
Hamiltonian of the system reads[56,61]

Ĥ = −
∑
l,𝜎

(
J exp(h)â†l,𝜎 âl+1,𝜎 + J exp(−h)â†l+1,𝜎 âl,𝜎

)
+U

∑
l

n̂l,↑n̂l,↓ (1)

where âl,𝜎 , â
†
l,𝜎 are the annihilation and creation operators of

fermions with spin 𝜎 =↑, ↓ at lattice site l, n̂l,𝜎 = â†l,𝜎 âl,𝜎 is the
particle-number operator, and h is the imaginary gauge field
(magnetic flux). In the limit U = 0, the model reduces to the
many-particle non-interacting Hatano-Nelson model, whereas
for h = 0 it reduces to the standard (Hermitian) Hubbard model.
For pure states and considering open-system dynamics condi-
tioned on measurement outcomes such that the quantum evolu-
tion corresponds to the null-jump process, the state vector |𝜓(t)⟩
of the system at time t reads (see e.g., [57, 76–79])

|𝜓(t)⟩ = exp(−iĤt)|𝜓(0)⟩‖ exp(−iĤt)|𝜓(0)⟩‖ ≡
|Φ(t)⟩‖|Φ(t)⟩‖ (2)

where we have set |Φ(t)⟩ ≡ exp(−iHt)|𝜓(0)⟩. Basically, at each
time interval dt the state vector evolves according to the
Schrôdinger equation with an effective non-Hermitian Hamilto-
nian Ĥ, followed by a normalization of the wave function, with-
out undergoing any quantum jump.[57,76–79]

In the single-particle sector of Hilbert space, the Hamilto-
nian (1) describes the well-known disorder-free Hatano-Nelson
model,[73–75] which provides a paradigmatic model displaying the
non-Hermitian skin effect, a nontrivial point-gap topology and a
strong dependence of its energy spectrum on the boundary con-
ditions (see e.g., [16, 18, 39]). In this work, wewill focus our analy-
sis by considering two fermions with opposite spins. In this case,
we can expand |Φ(t)⟩ in Fock space according to
|Φ(t)⟩ = ∑

n,m

𝜙n,m(t)â
†
n,↑â

†
m,↓|0⟩ (3)
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Figure 1. Energy spectrum 𝜎(H) in complex energy plane of the single-
particle non-HermitianHubbardmodel (Hatano-Nelsonmodel) under dif-
ferent boundary conditions. The outer red loop (ellipse) is the energy spec-
trum 𝜎(HPBC) (or 𝜎(HILL)) under PBC, the straight segment on the real en-
ergy axis is the OBC energy spectrum 𝜎(HOBC), whereas the shaded blue
area is the SIBC energy spectrum 𝜎(HSIBC). Parameter values are J = 1 and
h = 0.5.

where |𝜙n,m(t)|2 is the (non-normalized) probability that the two
electrons with spin ↑ and ↓ occupy the two sites n and m of the
lattice, respectively. The evolution equations of the amplitudes
𝜙n,m(t) read

i
d𝜙n,m

dt
= −J exp(h)

(
𝜙n+1,m + 𝜙n,m+1

)
− J exp(−h)

(
𝜙n−1,m + 𝜙n,m−1

)
+U𝜙n,m𝛿n,m (4)

3. Energy Spectrum

Let us first briefly remind the spectral properties in the single-
particle sector of Hilbert space, where the non-Hermitian Hub-
bard model reduces to the clean (disorder-free) Hatano-Nelson
model. The results are summarized in Figure 1 (see e.g., [16, 18,
39] for details). The energy spectrum 𝜎(HILL) on the infinite lat-
tice (or equivalently under PBC) is given by

E = −2J cos(k − ih) (5)

where k is the Bloch wave number, that can take real values and
varies in the range −𝜋 ≤ k ≤ 𝜋. Clearly, the energy spectrum un-
der PBC describes a closed loop (an ellipse) in complex energy
plane (solid red curve in Figure 1). The corresponding eigenfunc-
tions are plane waves with a real wave number k. Under OBC,
the energy spectrum 𝜎(HOBC) is entirely real, independent of the
imaginary gauge field h, and reads (green solid curve in Figure 1)

E = −2J cos(k) (6)

(−𝜋 ≤ k ≤ 𝜋); the corresponding eigenfunctions are squeezed to-
ward one edge of the lattice (non-Hermitian skin effect). Finally,

under SIBC the energy spectrum 𝜎(HSIBC) reads (shaded blue
area in Figure 1)

E = −2J cos(k − ih) (7)

where now the wave number k is complex satisfying the con-
straint 0 ≤ Im(k) ≤ 2h. In complex energy plane, the SIBC en-
ergy spectrum describes the entire area (ellipse) enclosed by
the PBC energy loop, and the corresponding wave functions are
extended when k is real and squeezed toward the edge of the
semi-infinite lattice when k is complex. We mention that each
SIBC edge eigenstate, with eigenenergy E internal to the PBC
energy loop, is predicted from a bulk-boundary correspondence
principle[16,39] and should not be regarded as a mere mathemat-
ical object, because it can be selectively excited and it is thus of
physical relevance.[50,80]

In the two-particle sector ofHilbert space, the energy spectrum
E and corresponding eigenstates un,m of the non-HermitianHub-
bard Hamiltonian are obtained by solving the spectral problem

Eun,m = −J exp(h)
(
un+1,m + un,m+1

)
− J exp(−h)

(
un−1,m + un,m−1

)
+Uun,m𝛿n,m (8)

with suitable boundary conditions. The eigenstates can be clas-
sified as symmetric or antisymmetric for particle exchange, i.e.,
un,m = um,n or un,m = −um,n. Clearly, since for an antisymmetric
eigenfunction one has un,n = 0, the interaction term U does not
influence the energy spectrum. Hence, for antisymmetric states
the spectrum can be simply retrieved from the spectrum of the
single particle problem. Conversely, the interaction term is im-
portant for symmetric states. Therefore, in the following, we will
limit to consider the energy spectrum arising from thewave func-
tions which are symmetric under particle exchange, i.e., we im-
pose the further condition un,m = um,n to Equation (8).
The energy spectrum in the Hermitian limit h = 0 is exactly

solvable using the Bethe-Ansatz method.[3] Usually, the solution
is searched by assuming a lattice of finite size L with either PBC
or OBC, which provide suitable quantization conditions of wave
numbers via the Lieb-Wu equations.[3] However, a much simpler
situation occurs when considering an infinite lattice and the solu-
tions on the infinite interval,[3,6,81,82] which do not require quan-
tization of the wave numbers. In this case, the energy spectrum
is absolutely continuous and composed by two branches, corre-
sponding to (i) the scattering states of asymptotically free par-
ticles (E1-branch), and (ii) interaction-bound dimer states (dou-
blons; E2-branch).

[3,6] The energy spectrum of scattering states
(E1-branch) is simply given by

E1(k1, k2) = −2J cos k1 − 2J cos k2 (9)

where k1, k2 are arbitrary real wave numbers (quasi momenta)
of the two asympotically-free fermions. This spectrum is pre-
cisely the one found for two non-interacting particles; when con-
sidering both symmetric and antisymmetric states, this implies
that the above energies are doubly degenerate (the degeneracy is
lifted for a finite size L of the lattice[3]). For the symmetric states,
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Figure 2. Energy spectrum 𝜎(H) of the two-particle Hubbard model in
the Hermitian limit h = 0 versus the interaction energy U for J = 1. The
spectrum comprises two branches, E1 and E2 branches, corresponding to
asymptotically two-particle free scattering states and bound two-particle
states (doublons), respectively. An energy gap appears as U is increased
above the critical value Uc2 = 4J. In the non-Hermitian regime h > 0, the
same spectrum is obtained under OBC.

we have the additional energy spectrum describing the bound-
particle state (doublon) branch (E2-branch), given by

E2(q) =
√
U2 + 16J2 cos2(q) (10)

where q = (k1 + k2)∕2 is the real wave number of the particle
center of mass. The latter branch corresponds to the well-known
Mott-Hubbard band, with the formation of a gap when the in-
teraction energy U is larger than the critical value Uc2 = 4J; see
Figure 2. Clearly, in the Hermitian limit the above results can be
obtained from the finite lattice model, with either PBC or OBC,
in the thermodynamic limit L → ∞.
The situation drastically changes when we consider the non-

Hermitian Hubbard model with a non-vanishing imaginary
gauge field h > 0, which makes the energy spectrum 𝜎(H)
strongly dependent on the boundary conditions even in the ab-
sence of particle interaction (see e.g., [16, 18, 28, 29, 39]). In the
following analysis, we will provide exact results of the energy
spectrum 𝜎(H) for U > 0 in the two-particle sector of Hilbert
space by considering three different boundary conditions:

(i) OBC: a finite lattice comprising L sites withOBC in the large
L limit. In this case the spectral problem (8) is defined on the
domain n,m = 1, 2,… , L with the boundary conditions

u0,m = un,0 = uL+1,m = un,L+1 = 0 (11)

(ii) ILL: the infinitely-extended lattice, where the lattice indices
n and m vary over the entire infinite interval (−∞,∞). In
this case the spectral problem (8) is supplemented by the
condition that |un,m| remains bounded as n,m → ±∞, i.e.,

Suplimn,m→±∞|un,m| <∞ (12)

We mention that the ILL boundary conditions greatly sim-
plify the analysis than considering more common PBC on a
finite lattice of size L, in the large L limit. We will check by
numerical simulations that, as one would expect by consid-
ering theU = 0 limit, the PBC energy spectrum in the large

L limit is reproduced by the ILL energy spectrum, which can
be calculated in an exact form.

(iii) SIBC: a semi-infinite lattice. In this case the spectral prob-
lem (8) is defined over the semi-plane n,m = 1, 2, 3,… with
the boundary conditions

u0,m = un,0 = 0 (13)

and

Suplimn,m→+∞|un,m| <∞ (14)

3.1. Energy Spectrum Under Open Boundary Conditions

Assuming OBC, the spectral problem defined by Equations (8)
and (11) can be readily solved by introduction of a non-unitary
transformation of the wave function, which reduces the analysis
to the ordinary (Hermitian) Hubbard model. After letting

un,m = wn,m exp(−hn − hm) (15)

from Equation (8) one obtains

Ewn,m = −J
(
wn+1,m + wn,m+1 (16)

− wn−1,m + wn,m−1
)
+Uwn,m𝛿n,m

which corresponds to the spectral problem of the Hermitian
Hubbard model in the two-particle sector under OBC. In the
large L limit, the energy spectrum remains entirely real and is
thus given by Equations (9) and (10) and depicted in Figure 2. In
other words, like in the Hatano-Nelsonmodel under OBC the en-
ergy spectrum is notmodified by the application of the imaginary
gauge field h, however according to Equation (15) the eigenstates
are squeezed toward the corner n = m = 0, corresponding to the
non-Hermitian skin effect for the two interacting particles.

3.2. Energy Spectrum on the Infinite Lattice

In the infinite lattice, we can solve the spectral problem defined
by Equations (8) and (12) using the same procedure as in theHer-
mitianHubbardmodel, decomposing the wave function in terms
of the center ofmass and relative spatial coordinates (see e.g., [6]).
After letting

un,m = Φn−m exp[iq(n +m)] (17)

for m ≤ n, and un,m = um,n for m ≥ n, from Equation (8) one ob-
tains the following difference equation for the amplitudes Φl,
with l = n −m the relative spatial coordinate between the two
fermions

EΦl = −2J𝜎(Φl+1 + Φl−1) +U𝛿l,0Φ0 (18)

and Φl = Φ−l. In the above equation we have set

𝜎 ≡ cos(q − ih) (19)
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Figure 3. Energy spectrum 𝜎(HILL) of the two-particle non-Hermitian Hubbardmodel on an infinite lattice for increasing interaction energyU. Parameter
values are J = 1 and h = 0.5. The critical values of the interaction energy Uc1 and Uc2 are given by Equations (22) and (23), and for the specific parameter
values read Uc1 ≃ 2.0844 and Uc2 ≃ 4.9688. The upper row shows the energy spectra (E1- and E2-energy branches) as obtained by the exact analysis.
The shaded area, independent of U, describes the energy spectrum of the scattered two-particle states [Equation (20), E1 branch], whereas the solid
light curve describes the doublon (Mott-Hubbard) energy band [Equation (21), E2 branch]. For U < Uc1 (U > Uc1) the Mott-Hubbard band describes an
open (closed) loop in complex energy plane. For U > Uc2 a line gap separates the two bands. The lower row shows the energy spectra as computed by
numerical diagonalization of the matrix Hamiltonian in a finite lattice comprising L = 70 sites and assuming PBC.

and the parameter q = (k1 + k2)∕2 in Equation (17) plays the
role of the quasi-momentum of the center of mass of the two
fermions. Clearly, the asymptotic condition (12) requires q to be
a real number. The eigenstates and corresponding energy spec-
tra of Equation (18), which are bounded as l → ±∞, are calculated
in Appendix A and consists of two branches (E1- and E2-energy
branches)i) a set of scattered states with asymptotic behavior
Φl ≈ cos(Ql) as l → ∞, where Q = (k1 − k2)∕2 is an arbitrary real
parameter, which physically describes the quasi-momentum of
the relative particle motion; and (ii) a set of bound states, namely
Φl = exp(−𝜇|l|) (l ≠ 0) with 𝜇 > 0, corresponding to the bounded
two-particle state (doublon) branch. The dispersion curve of the
scattered two-particle states (E1-energy branch) is given by

E1 = −4J cos(q − ih) cosQ = −2J cos(k1 − ih) − 2J cos(k2 − ih)

(20)

whereas the dispersion curve of the bound two-particle states (E2-
energy branch) reads

E2 =
√
U2 + 16J2 cos2(q − ih) (21)

Note that the two above energy branches can be obtained
from the corresponding dispersion curves in the Hermitian limit
[Equations (9) and (10)] after the substitution k1,2 → k1,2 − ih and
q → q − ih. Typical examples of the energy spectra for increasing

values of the interaction energy U, as given by the analytical ex-
pression Equations (20) and (21), are shown in the upper row of
Figure 3. For comparison, the energy spectra numerically com-
puted in a finite lattice of size L = 70 by matrix diagonalization
and applying PBC are depicted in the lower row of Figure 3, indi-
cating that the analytical results well approximate the PBC energy
spectra in the large L limit. Note that the energy spectra associ-
ated to the two-particle scattered states cover an entire area of the
complex energy plane. Clearly, this result also occurs for non-
interacting particles and is due to the fact that we are dealing
with two particles and the energy dispersion curve E1 depends
on two real parameters k1 and k2. The fact that the two-particle
energy spectrum is described by an area in complex plane is the
clear signature of the non-Hermitian skin effect.[54] On the other
hand, the energy spectrum associated to the two-particle bound
states (doublon) is described by a curve in complex energy plane,
since in this case the dispersion curve of the E2-energy branch de-
pends only on one real parameter q = (k1 + k2)∕2. It can be read-
ily shown that such a curve describes an open arc whenU < Uc1,
whereas it describes a closed loop when U > Uc1, where the crit-
ical interaction energy Uc1 is given by

Uc1 = 4J sinh h (22)

Therefore, the doublon (Mott-Hubbard) E2-energy branch shows
a first spectral phase transition as U is increased above Uc1. The
fact that for U < Uc1 the energy spectrum of the Mott-Hubbard
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Figure 4. Energy spectrum 𝜎(HSIBC) of the two-particle non-Hermitian Hubbard model on an semi-infinite lattice for increasing interaction energy U.
Parameter values are as in Figure 3 (J = 1, h = 0.5). The dark shaded area, independent of U, describes the E1 energy branch, whereas the light shaded
area describes the spectrum of the doublon eigenstates (E2 branch). The critical values Uc1 and Uc2 are given by Equations (22) and (23).

band describes an open (rather than a closed) loop is a rather un-
expected and remarkable result, since in single-particle models
displaying the non-Hermitian skin effect the energy spectra are
described by open loops with a nontrivial point-gap topology.
At a larger interaction strength Uc2, given by

Uc2 = 4J
√
cosh2 h + sinh2 h (23)

the Mott-Hubbard spectral loop E2 fully detaches from the scat-
tered two-particle energy spectrum E1, which are separated one
other by a line gap. This behavior is clearly illustrated in the upper
row of Figure 3.While the detachment of theMott-Hubbard band
as the interaction energy U is increased above the critical value
Uc2 is similar to the behavior found in the ordinary (Hermitian)
Hubbard model (see Figure 2), the spectral phase transition of
theMott-Hubbard band occurring at the lower interaction energy
Uc1, from an open to a closed loop in the complex energy plane,
is a purely non-Hermitian phenomenon without any counterpart
in the Hermitian Hubbard model.

3.3. Energy Spectrum on the Semi-Infinite Lattice

The energy spectrum on the semi-infinite lattice 𝜎(HSIBC) re-
quires to solve the spectral problem defined by Equations (8),
(13), and (14). As compared to the infinite lattice case consid-
ered in the previous subsection, the analysis ismore involved and
the technical details are given in the Appendix B. The starting
point is provided by a Bethe-like Ansatz[3,83] of the wave function
un,m, given by the superposition of eight plane waves obtained by
the set of permutations of the complex wave numbers ±k1 and
±k2 for the two particles, suitably modified to account for a non-
vanishing imaginary gauge field h. As shown in the Appendix B
and illustrated in Figure 4, the energy spectrum consists of two
branches. The first branch (E1-energy branch) is defined by the
dispersion relation

E1 = −2J cos(k1 − ih) − 2J cos(k2 − ih) (24)

which is formally the same as the dispersion curve of two-
particle scattered states found in the infinite lattice case [Equa-
tion (20)]. However, under SIBC the wave numbers k1 and k2 can
be complex and should satisfy the minimal constraint

0 ≤ Im(k1,2) ≤ 2h (25)

By restricting k1 and k2 to be real, i.e., for Im(k1,2) = 0, we re-
trieve the E1-energy branch on the infinite lattice derived in Sec-
tion 3.2 and corresponding to scattered two-particle states. Re-
markably, under SIBC even though we allow the imaginary parts
of k1 and k2 to be non vanishing and to vary in the range con-
strained by Equation (25), the E1-branch of the energy spectrum
does not change and describes the same area in complex energy
plane as in the infinite lattice case (see the shaded dark areas
in Figures 3 and 4, which are the same and independent of U).
However, when the imaginary parts of k1 and k2 do not vanish,
the wave functions are not anymore extended (scattered states),
rather they become squeezed toward the edge n = m = 1 (two-
particle non-Hermitian skin effect). Finally, we note that by re-
stricting Im(k1,2) = h, the E1 branch of the SIBC energy spectrum
reduces to the E1-branch of the OBC energy spectrum [Equa-
tion (9)].
The second branch of the SIBC energy spectrum, the E2-

branch, is defined by the dispersion relation

E2 =
√
U2 + 16J2 cos2(q − ih) (26)

which is formally the same as the E2 branch on the infinite
lattice [Equation (21)]. However, under SIBC the wave number
q = (k1 + k2)∕2 is allowed to have a non-vanishing imaginary part,
satisfying the minimal constraint

0 ≤ Im(q) ≤ h (27)

As a consequence, while the E2-energy branch in the infinite
lattice is described by an open arc or a closed loop (Figure 3),
under SIBC the E2-energy branch describes an area in complex
energy plane, as shown in Figure 4. Since the Mott-Hubbard
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Figure 5. Dynamical behavior of the two-particle non-Hermitian Hubbard model. a) Temporal evolution of the two-particle occupation probabilities|𝜓n,m(t)|2 on the lattice as obtained by numerical integration of Equations (4) for the initial condition 𝜓n,m(0) = 𝛿n,0𝛿m,0, corresponding to the two
fermions occupying the same lattice site n = 0. Parameter values are J = 1, U = 6, and h = 0 (Hermitian limit, upper panels) and h = 0.5 (lower panels).
The occupation probabilities are plotted using a pseudocolor map and, at each time instant, they are normalized to the peak value. The lattice size is
large enough (L = 51) to avoid edge effects up to the largest observation time t = 16. b) Corresponding temporal evolution of the same-site occupation
probability P(t).

E2-energy branch emerges only when the interaction energyU is
non-vanishing, we can conclude that while in the interaction-free
regime U = 0 the two energy spectra 𝜎(HILL) and 𝜎(HSIBB) are
the same, particle interaction lifts such degeneracy and the two
spectra differ from one another under the two different bound-
ary conditions.

4. Two-Particle Dynamics: Non-Hermitian Induced
Doublon Dissociation and Burst Edge Revival

One of the major results of the Hubbard model in the Hermitian
limit is the formation of stable pairs of bound particles occupy-
ing the same lattice site, dubbed doublons.[5–12] For sufficiently
strong interactions, isolated doublons represent stable quasipar-
ticles, which undergo correlated tunneling on the lattice.[13,14]

Doublon dynamics has been experimentally observed using dif-
ferent platforms, such as ultracold atoms[5,13,14,68] and classi-
cal systems.[70,71] A natural question is whether two strongly-
interacting particles remain bounded and undergo correlated
tunneling on the lattice when we apply the non-Hermitian
gauge field.
The bulk dynamical properties of the two-particle system, i.e.,

far from lattice edges, can be captured by expanding the state
vector of the system on the basis of the eigenstates of the two-
particle Hamiltonian on the infinite lattice,[34,76,84] with ampli-
tudes given in terms of the scalar products of the initial state
with the left eigenstates of the Hamiltonian. In our case, left
and right eigenstates are just obtained from one another by a
sign flip of h, i.e., by the transformation h → −h. The resulting
asymptotic dynamics is dominated by the eigenstates with the
longer lifetime (for decaying states) or the larger growth rate (for
unstable growing states).[34,76,84,85] The energy spectra shown in

Figure 3 clearly show that the dominant eigenstates, with the
largest growth rate, belong to the E1-energy branch and thus they
describe dissociated particle states, i.e., fermions that do not oc-
cupy the same lattice site. Thismeans that, even for a strong inter-
action energy, two fermions with opposite spins initially placed at
the same lattice site and forming a doublon state do not remain
bounded any longer and they dissociate in the long time evolu-
tion. In other words, non-Hermiticity makes doublons unstable
quasi-particle states. This result is clearly illustrated in Figure 5.
The figure shows the numerically-computed temporal evolution
of the two-particle probability occupation probabilities |𝜓n,m(t)|2
[panel (a)] and of the probability P(t) that the two fermions at time
t occupy the same lattice site [panel(b)], i.e.,

P(t) =
∑
n

|𝜓n,n(t)|2 (28)

At initial time, the two fermions are placed at the same site
n = 0 of the lattice. While in the Hermitian limit the probability
P(t) reaches a stationary and large value, indicating the stability
of the doublon state, in the non-Hermitian regime the probabil-
ity P(t) rapidly decays toward zero, indicating particle dissocia-
tion. It should be mentioned that particle dissociation shown in
Figure 5 and induced by the imaginary gauge field is a very dis-
tinct phenomenon than non-Hermitian delocalization found in
the Hatano-Nelson model with lattice disorder.[73–75] Delocaliza-
tion concerns with the extended nature of either single-particle
or two-particle eigenstates; in presence of disorder, single- and
two-particle states that are Anderson localized undergoes a de-
localization transition when an imaginary gauge field is ap-
plied. On the other hand, dissociation concerns the lifetime
(rather than localized or extended nature) of the two-particle wave
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Figure 6. Edge burst revival of the same-site occupation probability P(t) due to boundary effects. The figure shows the behavior of the probability P(t)
for the same parameter values as in Figure 5b, but on a finite lattice comprising L = 31 sites. When the two particles reach the lattice boundary, a sudden
revival of P(t) is observed in the non-Hermitian regime.

functions. In our model, we do not have any disorder in the
system and so all states are delocalized, even when the imagi-
nary gauge field h vanishes: so dynamical delocalization is ob-
served for both single- and two-particle states. Dissociation of
doublon states observed in Figure 5 is not related to delocal-
ization, rather it originates physically from the larger growth
rates of asymptotically-free two-particle states than those of two-
particle bound states. This is because, when the two particles are
sticked together, correlated tunneling occurs and spreading of
bound states in the lattice is slower than that of single-particle
states.[86] Correspondingly, when the left/right hopping rates are
non-reciprocal, two-particle bound state wave packets (doublons)
experience a lower amplification than asymptotically-free two-
particle wave packets when they drift and spread along the bulk
of the lattice, resulting in the effective dissociation of the parti-
cles under continuous measurements of the system. It should be
mentioned that with additional non-Hermitian terms in theHub-
bard model, for example by including an additional two-particle
gain term by replacing U with U + iG (G > 0) in the last term
of Equation (1), the growth rates of doublon states could become
larger than those of asymptotically-free two-particle states, so that
in such a regime doublons do not dissociate, the two particles re-
main sticked together, yet the bound state wave packet spreads
and delocalizes in the lattice.
The doublon dissociation shown in Figure 5 is clearly a bulk dy-

namical phenomenon. Remarkably, when the particles reach the
boundaries of the lattice a burst revival of P(t), corresponding to
a sudden resurgence of the doublon state, is observed, as shown
in Figure 6. Such an edge burst revivial is a striking boundary-
induced dynamical phenomenon peculiar to non-Hermitian
systems displaying the non-Hermitian skin effect, and extend
to correlated particle systems, edge burst dynamical phenom-
ena predicted and observed in single-particle non-Hermitian
models.[51,52] From a physical viewpoint, the edge resurgence
of the doublon state provides a clear and experimentally-
accessible dynamical manifestation of the boundary-
dependent energy spectrum of the two-particle non-Hermitian
Hubbard model.

5. Conclusion

Non-Hermitian systems exhibit a variety of intriguing phenom-
ena that lack Hermitian counterparts, such as the strong de-
pendence of the energy spectrum on the boundary conditions,
the anomalous accumulation of bulk modes at the edges (non-
Hermitian skin effect), non-trivial point-gap topologies, and a
wide variety of exotic bulk and edge dynamical phenomena.
The physics of strongly-correlated systems described by effec-
tive non-Hermitian Hamiltonians has attracted a great interest
recently, owing to the unique and largely unexplored proper-
ties arising from the interplay between particle correlations and
non-Hermitian skin effect, such as non-Hermitian many-body
localization and a nontrivial many-body topology. The interact-
ing Hatano-Nelson model provides one of the simplest non-
Hermitian extensions of the Hubbard model, which is a corner-
stone theoretical model in condensed matter physics of strongly-
correlated systems. In this work, we presented exact analyti-
cal results of the spectral structure of the interacting Hatano-
Nelson model in the two-particle sector of Hilbert space under
different boundary conditions and unravelled emerging spec-
tral and dynamical effects arising from the interplay between
particle correlation and non-Hermitian terms in the Hamilto-
nian. These include i) a novel spectral phase transition of the
Mott-Hubbard band on the infinite lattice, from an open to a
closed loop in complex energy plane; ii) a correlation-induced
lifting of degeneracy between spectra on the infinite and semi-
infinite lattices; iii) dynamical dissociation of doublons, i.e., in-
stability of two-particle bound states, in the bulk of the lattice;
and iv) a burst revival of the doublon state when the two par-
ticles reach the lattice edge. The latter phenomenon is a strik-
ing boundary-induced dynamical phenomenon peculiar to non-
Hermitian systems displaying the non-Hermitian skin effect, and
should provide an experimentally-accessible dynamical signature
of the boundary-dependent energy spectrum of the two-particle
non-Hermitian Hubbard model. Our results shed new physi-
cal insights into the simplest non-Hermitian extension of the
Hubbard model in the few-particle regime, highlight the strong
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impact of non-Hermiticity on the spectral and dynamical features
of two strongly-correlated particles, and should stimulate further
theroertical and experimental studies on an emergent area of
research.[87]

Appendix A: Energy Spectrum on the Infinite
Lattice

The calculation of the eigenstates and corresponding energy spectrum on
the infinite lattice entails to determine the eigenfunctions Φl of the differ-
ence equation [Equation (18) in the main text]

EΦl = −2𝜎J(Φl+1 + Φl−1) + UΦl𝛿l,0 (A1)

with Φ−l = Φl and with the asymptotic condition that |Φl| is bounded as
l → ∞. In the above equation, we have set

𝜎 = cos(q − ih) (A2)

which is parametrized by the real parameter q = (k1 + k2)∕2, correspond-
ing to the quasi momentum of the particle center of mass. The spectral
problem defined by Equation (A1) with the appropriate boundary condi-
tions corresponds to the well-known single-particle scattering problem on
a lattice from a single impurity, but with a complex hopping amplitude 2J𝜎.
The solutions to the single-impurity problem, bounded as l → ∞, com-
prise two types of states.

(i) Scattered states, i.e., states that are bounded but do not vanish, i.e.,
oscillate, as l → ∞. They are given by

Φl =
⎧⎪⎨⎪⎩
∑

±

(
1
2
± U

8i𝜎J sinQ

)
exp(±iQ|l|) l ≠ 0

1 l = 0
(A3)

and the corresponding eigenenergies are

E1 = −4𝜎J cosQ (A4)

whereQ = (k1 − k2)∕2 is an arbitrary real parameter, corresponding to the
quasi momentum of the relative particle motion. Substitution of Equa-
tion (A2) into Equation (A4) yields

E1 = −4J cosQ cos(q − ih) = −2J cos(k1 − ih) − 2J cos(k2 − ih) (A5)

which is the energy branch of two-particle scattered states given by Equa-
tion (20) in the main text.

(i) Bound states, i.e., states such thatΦl → 0 as l → ∞. It can be readily
shown that the eigenstates corresponding to bound modes are given by

Φl =
⎧⎪⎨⎪⎩

U−E
4𝜎J exp(−𝜇) exp(−𝜇|l|) l ≠ 0

1 l = 0
(A6)

with corresponding eigenenergies

E2 = −2𝜎J cosh𝜇. (A7)

In the above equations, the complex parameter 𝜇 is given by

𝜇 = log
⎛⎜⎜⎝− U

4𝜎J
±

√
1 +

(
U
4𝜎J

)2⎞⎟⎟⎠ (A8)

where the sign on the right hand side of Equation (A8) should be cho-
sen such that Re(𝜇) > 0. Substitution of Equation (A8) into Equation (A7)
yields

E2 =
√

U2 + 16J2𝜎2 =
√

U2 + 16J2 cos2(q − ih) (A9)

which is the energy of the two-particle bound states given by Equation (21)
in the main text.

Appendix B: Energy Spectrum on the Semi-Infinite
Lattice

The spectral problem of the two-particle non-Hermitian Hubbard model
on a semi-infinite lattice is defined by Equations (8) with the boundary con-
ditions (13) and (14). In the spirit of the Bethe Ansatz,[3,81–83] generalized
to account for the imaginary gauge field h, we may look for a solution to
Equations (8) of the form

un,m = A1 exp(ik1n + ik2m) + A2 exp(−ik1n + ik2m − 2hn)

+A3 exp(ik1n − ik2m − 2hm)

+A4 exp(−ik1n − ik2m − 2hn − 2hm)

+A5 exp(ik2n + ik1m) + A6 exp(−ik2n + ik1m − 2hn)

+A7 exp(ik2n − ik1m − 2hm)

+A8 exp(−ik2n − ik1m − 2hn − 2hm) (B1)

for n = 1, 2, 3,… and 1 ≤ m ≤ n, with un,m = um,n for m ≥ n and with the
corresponding eigenenergy E given by

E = −2J cos(k1 − ih) − 2J cos(k2 − ih) (B2)

In Equation (B1), the amplitudes Al should be determined by imposing
the boundary condition un,0 = 0 for n = 1, 2, 3,… and the validity of Equa-
tions (8) for n = m, whereas the only constraint for the complex wave num-
bers k1 and k2 is the boundedness condition (14) of the wave function
as n,m → +∞. To solve the spectral problem, we should distinguish two
cases, that correspond in theHermitian limit h = 0 to the energy spectra of
the two-particle scattered states (E1 energy branch) and of the two-particle
bound states (E2 energy branch).

(i) E1-energy branch. In this case, all amplitudes Al (l = 1, 2,… , 8) in
Equation (B1) are non-vanishing. After imposing the boundary condition
un,0 = 0 for n = 1, 2, 3,… and the validity of Equations (8) for n = m, one
obtains the following set of linear homogeneous equations for the vector
A = (A1, A2,… , A8)

T of the wave amplitudes

A = 0 (B3)

where the non-vanishing elements of the 8 × 8 matrix are given by

11 = 13 = 22 = 24 = 35 = 37 = 46 = 48 = 1

51 = E − U + 2J exp(h + ik1) + 2J exp(−h − ik2)

55 = E − U + 2J exp(h + ik2) + 2J exp(−h − ik1)

62 = E − U + 2J exp(−h − ik1) + 2J exp(−h − ik2)

67 = E − U + 2J exp(h + ik2) + 2J exp(h + ik1)

73 = E − U + 2J exp(h + ik1) + 2J exp(h + ik2) = 67

76 = E − U + 2J exp(−h − ik2) + 2J exp(−h − ik1) = 62

Ann. Phys. (Berlin) 2023, 2300291 © 2023 Wiley-VCH GmbH2300291 (9 of 11)
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84 = E − U + 2J exp(−h − ik1) + 2J exp(h + ik2) = 55

88 = E − U + 2J exp(−h − ik2) + 2J exp(h + ik1) = 51 (B4)

It can be readily shown that, for arbitrary complex wave numbers k1,2, one
has det = 0. This means that there exist non-trivial solutions to the
spectral problem for arbitrary values of k1,2, the only constraint being given
by the boundedness condition (14). From Equation (B1), it readily follows
that the wave function un,m is bounded as n,m → +∞ provided that

0 ≤ Im(k1,2) ≤ 2h (B5)

Therefore, the first branch E1 of the energy spectrum is given by Equa-
tion (B2), where k1 and k2 are arbitrary complex wave numbers satisfy-
ing the only constraint given by Equation (B5). Note that, if we restrict k1
and k2 to be real, i.e., Im(k1,2) = 0, the E1-energy branch under SIBC re-
produces the E1-branch on the infinite lattice derived in Section 3.2 and
corresponding to scattered two-particle states. Remarkably, even though
we allow the imaginary parts of k1 and k2 to be non vanishing and to vary
in the range constrained by Equation (B5), the E1-energy spectrum is not
changed and describes the same area in the complex energy plane as in
the infinite lattice case (see the shaded dark areas of Figures 3 and 4).
However, when the imaginary parts of k1 and k2 do not vanish, the wave
functions are squeezed toward the edge n = m = 1, corresponding to the
two-particle non-Hermitian skin effect.

(ii) E2-energy branch. A different type of solutions is found by assuming
A2 = A4 = A5 = A7 = 0, so that the plane-wave expansion (B1) contains
only four components A′ = (A1, A3, A6, A8)

T . The boundedness condition
for the wave function un,m as n,m → +∞ is met provided that

0 ≤ Im(k1) ≤ 2h , −Im(k1) ≤ Im(k2) ≤ 2h. (B6)

Unlike the previous case, in order for the homogeneous system Equa-
tion (B3) to have non-trivial solutions it can be readily shown that the
following solvability condition

U = 4iJ sin
(
k1 − k2

2

)
cos

(
k1 + k2

2
− ih

)
(B7)

should be satisfied. The solvability condition (B7) basically indicates that
the two variables Q ≡ (k1 − k2)∕2 and q ≡ (k1 + k2)∕2 cannot be chosen
independently one another: once one of the two variables has been arbi-
trarily chosen, with the only constraint imposed by the boundedness of the
wave function un,m at infinity [Equation (B6)], the other one is determined
via Equation (B7). Let us assume

q ≡
k1 + k2

2
(B8)

as the independent variable. The boundedness condition (B6) yields the
constraint 0 ≤ Im(q) ≤ 2h. The corresponding eigenenergy of the E2-
branch is given by Equation (B2), which using Equation (B7) can be written
in the following form

E2 = − 2J cos(k1 − ih) − 2J cos(k2 − ih)

= −4J cos(q − ih) cos(Q) = 4J cos(q − ih)
√
1 − sin2 Q

=
√

U2 + 16J2 cos2(q − ih) (B9)

Note that Equation (B9) is formally the same as Equation (A9) describing
the energy dispersion curve of theMott-Hubbard band on the infinite crys-
tal, however while in the latter case the wave number qmust be real under
SIBC q is a complex number with the minimal constraint 0 ≤ Im(q) ≤ 2h.
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