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1. Introduction

The set Seg(k,n) of rank-one tensors in P (®f:1 (C") is a projective variety; it is
the image under the Segre embedding of a Cartesian product of projective spaces. Given
a non-zero endomorphism f of the vector space ®f:1 C™, the Zariski closure of the
set f(Seg(k,n)) is an irreducible algebraic set in P (®f:1 (C"), i.e. a projective variety
(Definition 3.1 and Proposition 3.2). Under the standard action of the symmetric group
Sk, the tensor product ®f:1 C™ has the structure of a module over the group algebra
C[Sk]- The induced representations of simple representations of a subgroup G C Sy
provide idempotents of C[Si] which are endomorphism of the tensor product above. The
images of such endomorphisms are the so-called symmetry classes of tensors (see e.g.
[24] for a general theory, [12] for a survey, and [23] for generalized matrix functions).

This construction allows us to associate to each simple character x of G C Sy a
projective variety Gr,(k,n) which we call immanant variety (Definition 3.17), since
for G = S) the parametric equations defining it are written in terms of immanants
(Theorem 3.16), which are generalizations of the determinant of a square matrix (see e.g.
[29] and reference therein). In our context we use in a wider sense the word immanant
for a matrix (see Definition 3.12), including the standard notions of immanants and
generalized matrix functions for simple characters of finite groups (see [23]).

Among immanant varieties there is a famous one, namely the complex Grassmannian;
it arises by considering the alternating character of a symmetric group and the immanant
involved in the parametric equations is the determinant. In this article we prove results
recovering part of the geometrical and combinatorial richness of Grassmannians for a
wide class of immanant varieties. The main features explored are the following ones.

x-matroids: it is well-known that the points of a Grassmannian Gre (k,n) correspond
to rank k matroids on the ground set [n], representable over C. A characterization of
matroids, due to Gale, is by their maximality property (see [5, Theorem 1.3.1]). A max-
imality property can be defined in the more general case of one-dimensional characters
x of any finite group, leading to the definition of y-matroid, see Definition 4.4. Although
the points of Gr, (k,n) are not x-matroids in general (Example 4.7), the points of the
varieties associated to trivial characters are y-matroids (Corollary 5.4).

Incidence stratifications: the notion of incidence stratification has been introduced by
the authors in [3]. The stratification of a Grassmannian variety by its Schubert varieties
is an example of incidence stratification (see [3, Proposition 4.16]). This construction
provides a correspondence between Schubert varieties and principal order ideals of the
Bruhat order on Grassmannian permutations, thanks to the maximality property of ma-
troids. In the same vein, for the trivial character 1¢ : G — {1}, the maximality property
of Gr, (k,n) guarantees the existence of an incidence stratification whose strata are pro-
jective varieties (Proposition 6.1 and Corollary 6.3) and whose inclusion poset is graded
by dimension (Theorem 6.4) and rank-symmetric (Corollary 5.9). These stratifications
are closely related to Seshadri stratifications, as recently introduced by Chirivi, Fang and
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Littelmann in [9]. In fact, all the axioms defining Seshadri stratifications are satisfied by
our stratifications, except possibly smoothness in codimension one (Example 6.5).

Chow vector spaces: it is well-known that the Chow group of the Grassmannian is
free, with a basis given by the classes of Schubert varieties (see e.g. [14, Section 14.7]).
By using the combinatorial results proved along the paper, we find a set of generators for
the vector space obtained tensoring by Q the Chow group of Gry (k,n) (Theorem 6.4),
namely the set of rational equivalence classes of the strata of the incidence stratification
explained above. Moreover, applying Proposition 5.8, we give an upper bound for the
Hilbert-Poincaré polynomial of the Chow vector space.

The last part of the paper is devoted to some conjectures and open problems. One of
them concerns shellability of intervals in posets arising from the geometry of Gry,, (k,n).
In parabolic quotients of Coxeter groups, the order complexes of Bruhat intervals are
shellable (see [2, Theorem 2.7.5]); in particular, this holds for the Bruhat order of
Grassmannian permutations, which is the inclusion poset of Schubert varieties in a Grass-
mannian. Since the latter is a distributive lattice, the shellability of its intervals can be
deduced from a general result of Bjorner [1]. The same can be easily proved for the
intervals of the inclusion poset of the incidence strata in Grig, (k,n) (see the end of
Section 5). Despite the fact that, for arbitrary groups G C Sy, this poset is not a lattice
in general (see Example 5.7), several experiments led us to conjecture that it is shellable
(Conjecture 7.2).

2. Notation and preliminaries

In this section we fix notation and recall some definitions useful for the rest of the
paper. We refer to [27] for posets and their incidence algebras, to [21, Chapter XVIII]
for the representation theory of finite groups, to [5] and [3, Section 2.3] for matroids, to
[20] and [24] for tensors, and to [14] for intersection theory.

Let Z be the ring of integer numbers, Q the field of rational numbers, R the field of
real numbers, C the field of complex numbers and N the set of positive integers. For
n € N, we use the notation [n] := {1,2,...,n}. For a finite set X, we denote by |X|
its cardinality, by P(X) its power set, by X™ or X*™ its n-th power under Cartesian
product. If x € X™, we denote by x; the projection of x on the i-th factor. If f: X — Y
is a function, we let Im(f) := {f(z) : « € X}. We denote by f also the induced function
f:PX)—=PEY).

If (X, <) is a poset, then X™ is the poset given by letting < y if and only if z; < y;,
for all i € [n] and z,y € X™. The set [n] is a poset under the natural order; so, for
k € N, the set [n]* is considered to be a poset. We denote by <I a covering relation in
a poset P, ie. x <y if and only if z < y and {z € P: 2 < z < y} = &. In the category
of graded posets, a morphism f : X — Y is an order preserving function such that
p2(f(z)) = p1(x), for all z € X, where p; is the rank function of X and ps is the rank
function of Y.
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Let O,0; and O3 be objects in a category. The notation Hom(O;,O2) stands for
the set of morphisms between O; and Oz. We let End(O) := Hom(O, O) and O; =~ Oy
denotes the existence of an isomorphism.

Let n € N and V be an n-dimensional C-vector space; define an equivalence relation
~ on V \ {0} by setting u ~ v if and only if dim (spanc{u,v}) = 1, for all u,v €
V'\ {0}. Then, for any subset X C V, we let P(X) := «(X \ {0}), where 7 : V'\ {0} —
(V' \{0})/ ~ is the canonical projection. In particular, P(V') is the projective space of
V. For v € V \ {0}, we let [v] := 7(v) € P(V). Let k € N; with V=¥ we denote the k-th
tensor power of V. We let segh™ : P(V)**k — P (V®k) be the function defined by

segk’"([vl}, k] = e @,

for all vq,...,vx € V'\ {0}. This is the so-called Segre embedding and we set Seg(k,n) :=
Im(seg® ™). It is well-known that Seg(k, n) is a k(n —1)-dimensional projective subvariety
of P (V®F).

We end this section by recalling the definition of incidence stratification of a projective
set, as appears in [3, Section 4]. Let P = ([n], <p) be a poset of cardinality n. An order
ideal of P is a subset I C P such that ¢ € I and j <p i imply j € I. The distributive
lattice of order ideals of a poset P is denoted by J(P). It is clear that there is a bijection
between J(P) and the sets {max(I): I € J(P)}. For € P, we define the principal
order ideal generated by x by setting

et ={yecP:y<pa}.

For h,k € N we denote by Maty ,(C) the algebra of matrices whose entries are
complex numbers. If A € Maty, ,(C), ¢ € [h] and j € [k], A;; is the entry in position
(i,7) of the matrix A.

Definition 2.1. The incidence algebra of P over C is
I(P,(C) = {A S Matn,n(C) ) 7{}9 j= Ai,j = 0}
The incidence group I*(P;C) of P over C is the group of invertible elements of I(P;C).

The subalgebra I(P;C) C End(C") has invariant-subspace lattice isomorphic to
J(P), where I(P;C) acts on the elements of C™ by left multiplication. Clearly this
action carries an action of I*(P;C) on P(C™), whose orbits are described as follows (see
[3, Theorem 4.2]).

Let {e1,...,e,} be the canonical basis of C™ and V; := spanc {e; : i € I'}, for any
subset I C [n]. An orbit of the action of I*(P;C) on P(C") is of the form

cr=Pv\ U PVrw),

i€max(I)
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for any I € J(P)\{@}, and the set of orbits {C; : I € J(P)\{@}} is a partition of
P(C™). The Zariski closure of C} is a projective space, given by

Cr= | cCu=PW),
HeJg(I)\{=}

for all I € J(P).

The notion of incidence stratification of a subset of a projective space, introduced
in [3], includes some known affine ones, such as the stratifications given by Schubert
varieties in Grassmannians and flag varieties (see [3, Propositions 4.16 and 5.5]); the
following is the formal definition.

Definition 2.2. Let X C P(C") and P be a poset of cardinality n. The set

{CinXx:TeJgP)}\{o}
is an incidence stratification of X.

For a projective variety X, A, X denotes the group of k-cycles modulo rational equiv-
alence on X (see [14, Chapter 1]). We let A, (X;Q) := A, X ®7 Q to be the Chow vector
space of X over Q.

3. The projective variety Grys(k, n)

Immanant varieties, which we are going to define in the following subsection, are
particular cases of a general construction that we describe here.

Let k,n € N, V be an n-dimensional complex vector space and {ey,...,e,} a basis.
Let {e, : © € [n]*} be the corresponding basis of V®* where e, :=¢,, ®...® e, and
x; is the projection on the i-th component of x, for all z € [n]*. For f € End (V®k)7 in
order to introduce the main objects of our study, define a function

F : Seg(k,n) \ P(ker(f)) — P (V)

~

by setting f([v1 ® ... @ vg]) = [f(v1 @ ... ®@vy)], for all vq,...,v, € V' \ {0} such that
flor®...@wv) #0.

Definition 3.1. Let f € End (V®*). The algebraic set Gry(k,n) C P(V®*) is defined by
setting

Gry(k,n) := Im( f),

where the overline stands for the Zariski closure.
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The notation Gry(k,n) is motivated by the fact that, for suitable choices of the
function f, this construction leads to combinatorial and geometrical notions naturally ap-
pearing in the study of Grassmannian varieties. We observe that Gry(k,n) C P (Im(f))
and that the set Im( f) is described by a system of n* parametric polynomial equations
with kn parameters. When Gry(k,n) # @, i.e. f # 0, by a standard result (see e.g. [10,
Proposition 4.5.5]), it is irreducible, hence a projective variety.

Proposition 3.2. Let f € End (V®k) \ {0}; then the algebraic set Gry(k,n) is a projective
variety.

In several cases, the set Im( f) is already closed in the Zariski topology, as the next
result shows.

Proposition 3.3. Let f € End (V®F); then
Seg(k,n) NP (ker(f)) =@ = Grs(k,n) =Im(f).

Proof. By [26, Theorem 5.2.2], given an algebraic set X C P(W) and W a complex vector
space, if F': X — P(W) is a polynomial function, then F' is closed. Since Seg(k,n) N
P (ker(f)) = @, it holds that f is a polynomial function from Seg(k, n) to P (V®*). From
the fact that Seg(k,n) is a projective variety it follows that fis closed. O

The simplest example of these varieties corresponds to f = Idyex; in this case
Im(f) = Gry(k,n) = Seg(k,n). By using Proposition 3.3, it is not difficult to show
that if f € End (V®¥) is invertible, then Gry(k,n) ~ Seg(k,n) as projective varieties.

The general situation is summarized in the following result.

Proposition 3.4. Let f,g € End (V®k) \ {0} with g invertible. Then Grgos(k,n) ~
Gry(k,n), as projective varieties.

Proof. The isomorphism is immediate since the parametric equations of Grgos(k,n) in
the basis {g(e;) : € [n]*} are the ones of Gry(k,n) in the basis {e, : z € [n]*}. O

Remark 3.5. For g € End (V®*) invertible, Gryog4(k,n) and Gry(k,n) could be not iso-
morphic as projective varieties. For example, let k = 2, n = 4, <jex be the lexicographic
order on [4]2, f(€x) = €(zy,29) — €(x2,z1)> and

Z €y, if £ <jex (37 1);
glez) = ¥Siexz
€x, otherwise,

for all z € [4]2. Then Gr¢(2,4) is the complex Grassmannian Gre(2,4) and Gryoy(2,4) =
P (Im(/)) ~ P(C®).
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Now we provide an example of a variety Gry(k,n) corresponding to a not invertible
endomorphism.

Example 3.6. Let k=3, n =2 and f € End (V®3) defined by setting

Flew) = e2,1,2) T e2,2,1) T e, ifre{(21,2),(221),(22,2)};
* €x, otherwise,

for all z € [2]3. Then Im( f) is described by the following parametric equations:

x111 = a1bicy
x112 = ar1bico
T121 = a1bacy
T122 = arbaco
T211 = azbicy
To12 = agbico + asbacy + azbaco
To21 = agbico + asbacy + azbaco
Tog2 = agbico + asbacy + azbaco

With the help of Sagemath [25], the Grobner basis method for implicitization by using
the monomial order degrevlex (see for instance [10]) provides the following Cartesian
equations for Gry(3,2):

(112 + 121 + T122)T211 — T1112222 = 0
Z112%121 — 1112122 = 0

Z212 — T222 = 0

Z221 — T222 =0

This is a projective variety of dimension 3, obtained as intersection of two hypersurfaces
of P (Im(f)) ~ IP(C"). Notice that the last two equations are the equations of P (Im(f))
inP (V®3). The set Im( ]?) is not Zariski-closed. In fact, if v := e(1 2.2) +€(2,1,1) —€(1,2,2)
then [v] € Grs(3,2) \ Im( 7).

We end this section by showing that some varieties Gry(k,n) are actually Cartesian
products. For h € N and a € N" let a(i) :== Y'_, a;, for all i € [h], and k := a(h).

j=1

Given f; € End (V®%), for all i € [h], we define f1 ® ... ® f; € End (V®*) by setting
(fl ®...® fh)(ez) = f1<eI[1,a(1)]) ®...Q fh(efr[a(h—l)+1,a(h)])7
for all z € [n]*, where, for i,j € [k], i < j, zij) == (xi, ..., ;) € [} 7L,

Proposition 3.7. Let h € N, a € N" and k := a(h). Let f; € End (V®%)\ {0}, for all
i € [h]. Then, as projective varieties,
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Grye..of, (k,n) ~ Gry (a1,n) x ... x Gry, (ap,n).

The following corollary provides a realization of a product of projective spaces as a
variety Gry(k,n).

Corollary 3.8. Let f1,..., fr € End(V) \ {0}. Then, as projective varieties,
Crpo..0f (k,n) = P(CP) x P(C™) x ... x P(C™),

where b; := dim (Im(f;)), for all i € [k].

3.1. Immanant varieties

In this section we introduce the class of varieties Gry(k,n) in which we are mostly
interested, namely the ones corresponding to an endomorphism of V®* arising from an
action of the symmetric group Si. For & > 0, a permutation w € Sy induces a graded
automorphism of the poset [n]*, where the action is defined by

w(:c) = (Iw—l(l), e 7Iw—1(k)) s

for all 2 € [n]*. Hence w € Sy, acts on V¥ by setting w(es) = €y(y), for all z € [n]".
This action induces an algebra morphism v : C[S;] — End (V®*), where C[S}] is the
group algebra over C of Sj.

Let G C Sk be a group. It is clear that the group algebra C[G] is a subalgebra of
C[Sk]. For P € C[Sy], we set PI") := 4(P) € End (V®*); hence, if P =3 . agg, with
ag € C for all g € G, we have

P(n) Z AgCy(z)>
geG

for every x € [n]*. The set {P™) : P € C[S,]} coincides with the set of endomorphisms
of V®* commuting with the action of GL(V') on V¥ defined by setting h(v1 ®...®@v;,) =
h(v1) ® ... ® h(vg), for all h € GL(V), v1,...,vx € V (see e.g. [7, Theorem 8.2.8]).

For a group G, let 1 : G — {1} be its trivial character. If y; : G — Cand xo : G — C
are characters, their scalar product is defined by (x1, x2) = > cc X1(9)x2(9~ D If y is
a simple character of a subgroup G C Si, then the element

Py = ZX (9 ")g € C[SK]

|G| =

is an idempotent, whose image is a representation of S; with character X(e)lndg’c (x)-

For such idempotents, we write Gr, (k,n) instead of Gr ) (k,n). The following are well-
X

known examples of varieties recovered in this way.
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Segre embeddings: if G = {e}, the trivial subgroup of Sy, there is only the trivial
character x := 1¢. In this case P>(<") = Idyer and Gry(k,n) = Seg(k,n).

Grassmannians: if G = Sj, and Y is its alternating character, then

1
P, = o Z sgn(o)o,

" o€Sy

where sgn (o) denotes the sign of the permutation . Hence, as vector spaces, Im (P;n)) ~

AV and, for k < n, Gry(k,n) = Im (ﬁ;&n)> is the complex Grassmannian Gre (k, n);
for k > n it is clear that Gr,(k,n) = @.

Chow varieties G(1, k,n): another important class of varieties are the so-called Chow
varieties G(1,k,n), the projectivization of the set of homogeneous polynomial of degree
k in n variables factorizing in polynomials of degree 1. These varieties are recovered as
follows. If G = Sk and x := 1g,, then

Hence, as vector spaces, Im (P,E")) ~ Sym*V and Gry(k,n) = Im (ﬁ,&")) is the Chow
variety G(1,k,n). For more details see e.g. [16, Chapter 4] and [20, Section 8.6].

The following construction realizes a Cartesian product of projective spaces differently
with respect to Corollary 3.8.

Cartesian product of projective spaces: let h € N, a € N" and k := a(h), where
a(j) :== >1_ja;, for all j € [h]. The symmetric group Sy is generated by the simple
transpositions {s1,...,sx_1}; for i,j € [k — 1], i < j, define the parabolic subgroup

S <Si78i+17"‘7sj71>7 lfl<j7
a7 fey, if i = j.

We define the parabolic subgroup G, C Si by

Ga = S,a1)] X Sla(n)+1,a2)] X - - X Sla(h—1)+1,a(h)]-
Hence P, = ﬁ deGa g € C[Sk] is the idempotent corresponding to the Young
module M? (see e.g. [7, Section 3.6.2]). Since, for k > 1, the Chow variety G(1,k,2) is

isomorphic to P(C k“) (because any homogeneous polynomial of positive degree in two
variables factorizes as product of degree one polynomials), we obtain

Grig, (k,2) @ P(CHTH) x P(CH!) x ... x P(C™ ). (1)
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For a simple character x of G C Sy, define Vx®k :=1Im Pén) . We denote by Res%(x)
the restriction to a group H C G of a character x of G. Given an action of a group G on a
set X, let G, be the isotropy group of the element x € X, i.e. G, :={g € G : g(z) = z}.

A set of generators and the dimension of the vector space V;@k are known, see [24,
Eq. 6.13 and 6.23].

Theorem 3.9. Let G C Sy be a subgroup and x a simple character of G. Then P;")(em) =
0 if and only if <Resgm (x), 1Gw> =0, for every x € [n]*, and

dim (V®k) _ x(e) Z X(g)nc(g),

k) =
G =
where ¢(g) is the number of cycles of the permutation g € Sy.

In particular, by Theorem 3.9, we have that

VX®]C = spangc {Pi”)(em) : <Resgw (x), 1Gac> #* O} .

For a more explicit description of the spanning set in Theorem 3.9 when G = Sy, see
[24, Theorem 6.37]. In general, this set is not a basis, as shown in the following example.

Moreover, this is an example of immanant variety where Gr, (k,n) # Im (ﬁ,ﬁn))

Example 3.10. Let n = 2, k = 3, G = S3 and x the two-dimensional simple character of
S corresponding to the partition (2,1). Then P, = 1 (2¢ — st — ts), where s = 213 and
t = 132 are the simple transpositions (we write permutations in one-line notation). By
Theorem 3.9, dim (Vx®k) = 4. We have that P)EQ)(e(l)Ll)) = P>(<2)(e(2,272)) =0 and

2
. Py %
2
o PP (ean) =1 (2eaan —e@iy) — ewi2):
2 1
Px 3

. )(6(2,1,1)) = (26(2,1,1) —€(1,1,2) — 6(1,2,1))o

Hence P>E2) (6(1,2’1)) = —P)£2) (6(1’1}2)) — P>£372) (6(2’1,1)) (smnlarly for P>E2) (6(2,1’2))) and a
basis for V% is

{Py)(e(m,z))v p>(<2)(€(2,1,1))7 P£2)(6(2,2,1))5 Pf)(@(l,z,z))} .

Parametric equations for Im (ﬁ;n)) are
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111 =0

T112 = 2a1b1c2 — azbicr — arbacy
T121 = 2a1bac1 — arbica — aszbicy
T122 = 2a1baca — azbica — asbacy
Ta11 = 2asbic1 — arbacy — arbico
Ta12 = 2asbico — asbacy — arbaco
To21 = 2asbacy — arbacy — agbicy
Ta22 =0

where (a1,as), (b1,b2), (c1,c2) € C*\{(0,0)}. Using Grébner basis method for impliciti-
zation, we find the following Cartesian equations for Gr, (3, 2):

Z112 + 121 + 2211 = 0
221 + T212 + T122 =0
2111 =0
ZTo22 =0

These equations are the ones for P(V®?) in P(V®3); hence Gry(3,2) = P(V#?) ~

P(C*). Tt is not difficult to see that Im (RE")) C Gry(3,2); in fact it can be checked by
hand that

|:P)(<2) (6(17172)) - P>((2)(€(2,171)):| € P<VX®3) \Im (Pin)> .

In the following, we are going to introduce a generalization of the immanant of a
square matrix to matrices with arbitrary size, depending on a subgroup G C S and a
simple character of G. Our definition extends to submatrices the notion of generalized
matrix function (see [24, Chapter 7]).

Let k,m,n € N; recall that V is an n-dimensional complex vector space. If W
is an m-dimensional complex vector space and f € Hom(V,W), the element f&®* ¢
Hom(V®k W®*) is defined by setting

f®k(ez) = flez,) ® ... ® flea,),
for all z € [n]*.
Remark 3.11. When W =V, we have that (f o g)®* = f®* 0 g®k for all f,g € End(V),
and (Idy)®* = Idy ek, i.e. the function f ~ f®* defines a monoid morphism End(V) —

End(V®F).

Given a matrix M € Mat,, ,(C), the matrix M®* € Mat,, ,« (C) is defined by setting

k
(M®k)a:,y — H My, s,
=1
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for all x € [m}*, y € [n]*, ie. if M is the matrix associated to f € Hom(V, W) with
respect to bases of V and W, the matrix associated to f®F is M®F. In the following
definition we extend the notion of immanant of a square matrix.

Definition 3.12. Let « € [m]*, y € [n]* and y a simple character of a group G C Si. The
Xa,y-tmmanant of a matrix M € Mat,y, ,,(C) is defined by

Xaw(M) =) x(g) (M®F), -
geG

Let M € Mat,, ,(C), k =n and x =y = (1,...,n) =: fi. In this setting, for G = S,,,
we recover some well-known numbers associated to M.

o If y is the alternating character of \S,,, then x7 7(M) is the determinant of the matrix
M.

o If x:=1g,, then x7 (M) is the permanent of the matrix M.

n?

o If x is any simple character of S,,, then x7 (M) is the so-called immanant of the
matrix M, see for instance [29] and references therein.

Example 3.13. Let M € Mat; 3(C) be the generic matrix

M= ail G2 ais
a1 G2 Q23 )’
Then, by ordering [2]? and [3]? lexicographically, the matrix M®? is

al;  anaiz a1a13  anaiz a3y Q12013 (11013 Q12013 Gig
11021 G11G22 (A11G23 Q12021 (A12G22 (412023 Q13021 Q13022 (413023
a21011 a21a12 G21013 G22011 (422012 G22G13 A23A11 (423412 423013

a3, a21G2 G123 22021 G35 22093 G23A1 2322 G3g

If x is the trivial character of S5, we have X(272))(2,3)(M) = 2a92a93. If x is the alter-
nating character of So, we have X (1,2),(1,3)(M) = a11a23 — az1a13 and x(2,2),(2,3)(M) = 0.

Let P € C[Sk]; it is clear that
f®k o P = pim) f®k,
i.e. f®% € Homcg,) (VE*, W), for all f € Hom(V,W).
The xgy-immanant of a matrix M is related to the (z,y)-entry of the matrix

M ®kP>(<"), as the next proposition asserts.

Proposition 3.14. Let x € [m]*, y € [n]*, x a simple character of a group G C Si. and
M € Mat,, »,(C). Then
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®k p(n) :@
(M P! )” G X (M)

Proof. Let y € [n]¥ and {w; : i € [m]} be a basis of the m-dimensional vector space W.
We have that

M®kpMe, = Pim M®Fe,

= %i) DoxtgTh) Yo (M), we

geG z€[m]k

:%eI)ZX(g_l) > (M) gy v

geG xz€[m]k

>|<g|) D | X xle) (M), | we B

z€[m]k \geG

Remark 3.15. For P € C[Si], we can define, by restriction, an element f5* ¢
Hom (Im(P(")),Im(P(m))); if P = P, for some simple character x of a group G C Sy,
then f}?k € Homcg (Im(P(”))Jm(P(m))), since gP,, = Py,g, for all g € G, and then
Im(P™), Im(P(™)) are C[G]-modules. See [22] for a more extended treatment on such
induced morphisms.

Now we provide parametric equations for the set Im (]3;(71)> in terms of immanants.
Let A € Mat,, (C) defined by

aix aiz - A1k

a21 Q22 - G2k
A=

an1  ap2 te Ank

where none of the columns is the zero vector.

Theorem 3.16. Let k,n € N and x be a simple character of a group G C Si. Then the
set Im(PXn)) cP (V®k) is described by the parametric equations

{mz = Xz,(l,...,k)(A) HEAS [n]k}a
where A is the generic matriz defined above.

Proof. Let v; = ajje1+. ..+ anien, for all i € [k], and let W be a vector space with basis
{€1,...,€r}. Then A € Hom(W,V) and, by Proposition 3.14,
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= PM A%k
= A% P®e

The statement of Theorem 3.16 leads us to the following definition.

Definition 3.17. If x is a simple character of a group G C Sk, we call Gry(k,n) an
immanant variety.

We observe that, if two subgroups G C S and H C S} are conjugated in Sk, i.e.
H = 0Go~! for some o € Sy, and y is a character of G, then, as projective varieties,
Gry(k,n) ~ Gryo (k,n), where x°(h) := x(c~'ho), for all h € H. In fact Pyo = cP,o~ .
Let f :=~(Pyo~!) € End (V®k), where 7 : C[S;] — End (V®k) is the algebra morphism
introduced above. Then Im( f) = Im(ﬁgn)) and

Gryo (k,n) = Gry(p)of(k,n) ~ Gry(k,n) = Gry(k,n),

by Proposition 3.4. In the following example we see that G ~ H and xg =~ xg do not
imply Gry,, (k,n) ~ Gry,, (k,n) as projective varieties.

Example 3.18. Let G := {e,2134} C Sy and H := {e,4321} C S4. Then Gri,(4,2) ~
P(C?) x P(C?) x P(C?), by (1), because G = G(2,1,1). Hence it is a smooth four-
dimensional projective variety. On the other hand, we checked by using Macaulay2 [17]
that Gry,(4,2) is a singular four-dimensional projective variety. Then, as projective
varieties, they are not isomorphic.

4. One-dimensional characters and x-matroids

In this section we restrict our attention to one-dimensional characters of a subgroup
G C Si. This includes, for example, the trivial character of G and all the simple charac-
ters of an abelian group.

For z € [n)*¥ we let O, := {g(z) : g € G} C [n]*¥ and <ex the lexicographic order on
O.. Then we define

T = min (Oy, Sex) - (2)
For completeness, we give a proof of the following theorem, ensuring that, for one-

dimensional characters, the spanning set of Theorem 3.9 provides a basis in a canonical
way. It is known in another formulation, see [24, Corollary 6.32].
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Theorem 4.1. Let G C Sy, be a subgroup and x a one-dimensional character of G, i.e. a
group morphism x : G — C\{0}. Then

{P;")(ef) cxen]®, G, C ker(x)}
is a basis of VEF.

Proof. By Theorem 3.9 we have that P)En)(ez) = 0ifand only if )  x(g) = 0and this is
9€Gy
equivalent to G, € ker(x). In fact, it is straightforward to see that Y x(g) = 0 implies
9€Gq
G, ¢ ker(x). On the other hand, let h € G \ ker(x); therefore > x(g9) = > x(hg) =
9€G: g€Gy,

x(h) > x(g) and we find that (1 — x(h)) > x(g) =0. This implies . x(g) =0.
9€G, 9€Gy 9€Gy

Let 2,y € [n]* with G, C ker(x) and G, C ker(x). Moreover assume y = g(z) for
some g € G. Notice that

1
P(n) €x) = 7~ X 6_1 €&(z)s
. (€x) GG Ceg/:cm (€7 )es()

for all z € [n]*, where ¢ is any representative of the class ¢ € G/G... By using this formula,
it can be easily shown that P>E7l)(ey) = X(g)Pyl)(em). It follows that it is sufficient to
choose an element for each orbit O, for instance Z. Since Zy,Ta, ..., T, € [n]* are in h
distinct orbits then clearly P)En)(efl), Pfcn) (ezy)s « - oy Pfcn)(egh) are linearly independent.
This concludes the proof. O
We define
By(k,n):= {72 € [n]F, G, Ckerx},

ordered by setting

z < y if and only if x < g(y),

for some g € G, for all z,y € B,(k,n), where < is componentwise. We need to prove
that this is really a partial order.

Proposition 4.2. The relation < on By (k,n) is a partial order.

Proof. We claim that = < g(z) if and only if g € G;. One implication is obvious. Let
r < g(z) for some g € G. Let p be the rank function of the poset ([n]*,<). Then
p(x) = p(g(x)). This implies that g(x) = x.

1. reflexivity: clearly = < e(x) = = and then = < z, for all = € B, (k,n).
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2. symmetry: let z < y and y < 2. Then = < g(y) and y < h(z), for some g,h € G.
Therefore < ¢g(y) < gh(x). Hence z < gh(x) and by our claim we conclude that
gh(z) = x. Then z = g(y), i.e. y € O, and z = y.

3. transitivity: let < y and y < z; then 2 < g(y) and y < h(z) for some g,h € G. This
implies < g(y) < gh(z), le. x < 2z. O

For example, if G = {e} is the trivial group, then By (k,n) = ([n]¥,<). When x is
the alternating character of Sy, the poset B, (k,n) is isomorphic to the poset Sﬁk)
Grassmannian permutations with the Bruhat order (see [3, Proposition 4.9]).

Example 4.3. [Lyndon words] Let Cj, := {e,k12...k —1,...,23...1} C Si be a cyclic
group of order k, o :=k12...k —1 € C} and x : Cy — C\{0} the character defined by
x(o") = exp (22), for all h € [k]. Since ker(y) = {e}, we have that B, (k,n) is the poset
of Lyndon words of length k over the alphabet [n]. The poset B, (k,n) has maximum

(n—1,n,...,n) and minimum (1, ...,1,2). The cardinality of B, (k,n) is given by Witt’s
formula:

By(km)] = 3 3 u(d)nt/,

dlk

where p is the Mdbius function. For more information on Lyndon words, see e.g. [28,
Exercise 7.89]. The following is the Hasse diagram of B, (6,2).

(1,2,2,2,2,2)

) ) ) )

/N

(1,1,2,2,2,2) (1,2,1,2,2,2)

(1,1,2,2,1,2) (1,1,1,2,2,2) (1,1,2,1,2,2)

9 ) )

(1,1,1,1,2,2) (1,1,1,2,1,2

N

(1,1,1,1,1,2)
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Now we extend the notion of rank k& matroids to all one-dimensional characters x of
a group G C S,. Let 0 € S,,; then o acts on [n]* by letting

o (z) = (o(x1),...,0(zk)),

for all € [n]*. Hence we have an action of S,, on V®* commuting with the previously
defined action of Sy, on V®F.

Definition 4.4. Let X C B, (k,n). We say that X is a x-matroid if, for every o € Sy,
the induced subposet {O’*(Z‘) xeX } C B,/(k,n) has a unique maximum, where for
x € [n]*, T is defined in (2).

Remark 4.5. A characterization of matroids, due to Gale, is by their maximality property
(see [5, Theorem 1.3.1]). Therefore, if y is the alternating character of G = Si, we recover
the set of bases of a rank k& matroid on the ground set [n].

For a one-dimensional character y of G C Si and [v] € P(Vx®k)’ we define a set
supp, [v] C By (k,n) by letting

supp, [v] := {z € By(k,n) : a, # 0},

where v = 30 a, P (es).
z€By (k,n)

We now introduce the mazimality property for Im (R&n)), whenever x is a one-
dimensional character of a subgroup G C Sg.

Definition 4.6. Let y be a one-dimensional character of a subgroup G C S;. We say that
Im (P;En)) has the mazimality property if the induced subposet supp, [v] is a x-matroid,

for all [v] € Im (ﬁ;n))

In the following example we see a case in which the maximality property does not
hold.

Example 4.7.Let n = 3, k = 4 and G = {e,g} = {e,3412} C S, and x
G — C defined by setting x(3412) = —1. Then the action of the group G on
V& is given by g (€(iy insissia) = €lissiayinia)» for all i1,4a,i3,34 € [3]. We have that
P;S)(e(&g’g,g)) = 0 and that the poset B, (4,3) has maxima (2, 3,3,3) and (3,2, 3, 3). Let
vi= PS’) ((ea + e3) ® (€2 + e3) ® e3 ® e3); therefore

v = P§3)(€(2,2,3,3)) + Pig)(€(2,3,3,3)) + P>E3)(€(3,2,3,3))-

Hence supp, [v] = {(2,2,3,3),(2,3,3,3),(3,2,3,3)} is not a x-matroid because this poset
has two maximal elements.
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Several important varieties have the maximality property. For example, the Grass-
mannian Gre (k,n) has this property. In fact, the elements of Gre(k,n) correspond to
representable matroids of rank k& and matroids can be defined by their maximality prop-
erty ([5, Theorem 1.3.1]). This is also the case for Segre varieties.

Proposition 4.8. The set Seg(k,n) has the maximality property.

Proof. For k € N, let e(k) be the identity in Sy. The statement is equivalent to say
that SUppPy ., [v1 ® ... ® vg] has a unique maximum for all vy,...,v; € V' \ {0}. Let
V:=01 ®...Q vg; hence

max(suppl{e(k)} [U]) = (max(suppl{e(l)} [Ul])’ ) max(suppl{e(l)} [’Uk]))
and this concludes the proof. O

More in general, when x is a trivial character, the set Im (R((n)) has the maximality

property, as we prove in the next section (see Corollary 5.4). We end this section with
one more definition.

Definition 4.9. We say that a subset X C B,(k,n) is representable over C if X €
{suppx[v] :[v] € Im (]3,%")> }

Notice that Im (ﬁ;&")) has the maximality property if and only if all representable
subsets X C B, (k,n) are xy-matroids. Differently to the Grassmannian case, there exist
representable subsets in B, (k,n) which are not y-matroids, see Example 4.7.

Remark 4.10. Let m := dim (Vx®k). If Gry(k,n) =Im (R&")) and the variety Gr, (k,n)
has the maximality property, then the action on P (Vx®k) of the group of invertible
diagonal matrices of size m (i.e. the incidence group of the trivial poset of cardinality
m), provides an incidence stratification of Gr, (k,n) whose strata are in bijection with
representable y-matroids. If x is the alternating character of Sy, we recover the matroidal
strata introduced in [15]. These strata provide a geometric interpretation of the Tutte
polynomials via the K-theory of Grassmannians, see [13].

5. The combinatorics of Gri, (k,n)

In this section we consider the trivial character 14 of a subgroup G C Sk. In this case
Bi.(k,n) = {7 : © € [n]*} because the condition G, C ker(1g) = G (see Theorem 4.1)
is trivially satisfied. Moreover we have that P (ker (P{Z))) N Seg(k,n) = @; this is a
consequence of the following more general result.
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Proposition 5.1. Let P € C[Sy] be such that P™(e;) # 0 for all x € [n]*. Then
Grpen) (k,n) = Im(P™),

Proof. Let v := v1 ® ... ® v, € V®*. Hence max (supp,,[v]) = {z} C [n]*, by the
maximality property of Seg(k,n). Let p be the rank function of [n]*; then p(y) < p(z) =
p(z), for ally € supp, , [v]\{z} and for all z € supp,, [P(™(e,)], because the action of S
on [n]* preserves its rank. This implies P(™) (v) # 0; hence Seg(k, n) NP (ker (P()) = &
and the result follows by Proposition 3.3. 0O

Corollary 5.2. Let G C Sy be a subgroup. Then Gry, (k,n) = Im (ﬁ{?)

Notice that, in the trivial character case, we have the following commutative dia-
gram of functions, where ~¢ is the equivalence relation on P(V)** defined by setting

([u], -+ o5 [ug]) ~a ([val, .-, [vg]) if and only if ([v1],..., [vk]) = ([ug-1 )], - -+ [ug—1()])s
for some g € G, and 7 is the canonical projection on the quotient.

P(V)<k =5 p(veR)\ P(ker(P{™))

ﬂcl JPI(;L;)

xk se k,n

k,n

The function seg" is the unique one such that 13{2)

o segh” = segg’n omg. It is an

injective function by [24, Theorem 6.60]; moreover Im(segh;™) = Gry,, (k, n).

Our next aim is to prove that the variety Gri,(k,n) has the maximality property.
We define an idempotent function pi, : [n]¥ — By, (k,n) by setting p1,(z) = 7, for all
x € [n]*.

Proposition 5.3. The function pi1., : ([n]¥, <) — Bi,(k,n) is order preserving.

Proof. Let x,y € [n]* be such that < y, and g,h € G such that py,(z) = g(v) and
P16(y) = h(y). Hence p1;(z) = g(x) < g(y) = gh™ (P16 (), 1€ p1c (@) S pra(y). O

Corollary 5.4. The set Gri,(k,n) has the mazimality property. In particular, supp, ,[v]
is a 1g-matroid, for every [v] € Gri,(k,n).

Proof. Let [Pl(g) (1 ®.... ® vk)} € Gry, (k,n). By Proposition 4.8, supp; . [v1 ® .... ® vg]
has a unique maximum m € [n]*. Hence, by Proposition 5.3, D1, (M) is the maximum of
suppy [Pl(z, (v1 ® ... ®vk)}. O

Let p : [n]*¥ — N U{0} be the rank function of [n]*, i.e. p(x) = Zle(ack — 1), for all
x € [n]¥. The restriction of p provides the rank function of the poset B (k,n), as the
next result shows.



D. Bolognini, P. Sentinelli / Linear Algebra and its Applications 682 (2024) 164—190 183

Proposition 5.5. The poset B, (k,n) is graded with rank function p.

Proof. The poset By (k,n) has maximum and minimum, (n,n,...,n) and (1,1,...,1),
respectively. Let <1y in By (k,n). Then z < g(y) for some g € G. Let z € [n]¥ be such
that < z < y. By Proposition 5.3 we have that © < p1,(2) < y. Since p(z) = p(h(2)),
for all h € G, we have x < p1,(2) < y, a contradiction. From this fact we conclude that
x <y in By, (k,n) implies p(y) = p(z) +1. O

Remark 5.6. Notice that Proposition 5.5 follows directly by [18, Lemma 7] since By, (k,n)
is a homogeneous quotient of the poset By {e}(k;,n). Moreover, by Propositions 5.3 and
5.5 it follows that pq, is a morphism of graded posets.

In the following example we depict the Hasse diagram of one of these posets.

Example 5.7. Let k = n = 3, A3 be the alternating subgroup of S3. The poset By,, (3,3)
has the following Hasse diagram:

(1,

By the weighted Pélya enumeration theorem, one can deduce the rank-generating
function of By, (k,n).

Proposition 5.8. The rank-generating function of the poset By, (k,n) is

Z qP(z) _ é Z H ([n]qi)ci(g) :

z€B1 (k,n) geGi=1
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n—1

where [n], := > ¢ is the g-analog of n and c;(g) is the number of cycles of length i € [k]
i=0
of the permutation g € Sy.

Proof. The result follows by using the weighted Pélya enumeration theorem with [n] as
set of colours and weights w(i) = i —1, for all i € [n]. Then the generating function of the
colours is [n], and p(x) = Zle w(x;), for all x € By, (k,n). Therefore the generating
function of the number of colored arrangements by weight is the rank-generating function
of B1,(k,n). O

Corollary 5.9. Let G C Sy, be a group; then the poset By, (k,n) is rank-symmetric.

k
Proof. Let B(q) := ﬁ ST1 ([n]qi)ci(g). Since deg(B(q)) = k(n — 1), the result can be
geGi=1

deduced by the easy equality ¢**~VB(¢~') = B(q). O

For the rest of this section, we focus on the case G = Si. As for the Bruhat order on
Grassmannian permutations, the poset By, (k,7) is an induced subposet of [n]* (see [3,
Proposition 4.9] for a similar statement in the Grassmannian context). It is not difficult
to prove that it is a distributive lattice. Then, a direct consequence of [1, Theorem 3.7
and Proposition 4.2] is that the intervals of By, (k,n) are shellable.

Remark 5.10. The poset B (k,n) could be not a lattice; see Example 5.7.
In the last result of this section we provide an easy way to produce 1g,-matroids.

Proposition 5.11. Let [z,y] be an interval of Bug, (k,n); then [z,y] is a lg,-matroid
representable over C.

Proof. We first prove that [z, y] is representable over C. This follows by noting that, if

[w] := [(Z ei1> ®...8 (Z eik>

then supp, {PI(ZZ (w)] = [z,y]. The inclusion [z,y] C supp, {PI(ZZ (w)} is trivial. The
other inclusion follows since z1 < o < ... <z and y1 < y2 < ... < Yk, and then the
following fact holds: if 1 <4 < j < k and a > b such that z; < a < y;, x; < b < y;, then

x; <b <y and z; < a < y;. By Corollary 5.4 we have that [z, y] is a 1g,-matroid. O

€ Seg(k,n),

Remark 5.12. Notice that a Bruhat interval [z,y] of Grassmannian permutations is a
matroid (see [3, Section 2.3] and references therein). In general, any Bruhat interval in
a parabolic quotient of a finite Coxeter group is a Coxeter matroid (see [6]).
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The result of Proposition 5.11 is not true for the trivial character of an arbitrary
group. In fact, consider the poset of Example 5.7, and its interval [(1,1,3), (1,3,3)].
Hence, if 0 = 132 € S3, we obtain

{o*(x): 2 €][(1,1,3),(1,3,3)]} = {(1,1,2),(1,2,3),(1,3,2),(1,2,2)}.

This set has two maxima, (1,2,3) and (1, 3,2), so [(1,1,3), (1, 3,3)] is not a x-matroid; in
particular, it is not representable over C, because Gry ,, (3,3) has the maximality property
by Corollary 5.4.

6. The geometry of Gri.(k,n)

In this section we use ideas from [3] and the combinatorial tools of Section 5 to realize
an incidence stratification of the variety Gri,(k,n). This stratification provides a set
of generators for the Chow Q-vector space of Gry(k,n), as we prove in Theorem 6.4.
We consider the incidence group over C of the poset By (k,n) acting on the projective
space P (Vl‘%k). Then, by [3, Theorem 5.1] the orbits of this action are in bijection with
the order ideals of By, (k,n). Given an order ideal I € J (Bi,(k,n)) let C; be the
corresponding orbit and define

C1¢ := Cr N Gryg (k,n).

Proposition 6.1. We have that C}G #+ & if and only if I is a principal order ideal. Hence
as posets

{I € J(B1y(k,n)): C¢ # @} ~ By (k,n).

Proof. Let I be principal with m := max(I). Then [P{Z)(em)} € CrNGry, (k,n). On the

other hand, let [v] € C; N Gry, (k,n) for some v € Vfik. By Corollary 5.4, we have that
max(I) = max(supp,, [v]) = {m} for some m € By, (k,n). The rest of the statement is
an immediate consequence. O

For x € By, (k,n), we set Cy := C;f By Proposition 6.1, it follows that

Gri,(k,n) = L—I_-J C,.

z€B1, (k,n)

Let # € [n]¥ and A € Mat, x(C) be the matrix of parameters (see Theorem 3.16).
We let A* € Mat,, (C) be the matrix whose entries are Afd» = A;; if ¢ < z;, and
A7 ; = 0 otherwise. We now provide a system of parametric equations for the algebraic
set Cp1 N Gryg (K, n).
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Theorem 6.2. Let x € By, (k,n). Then C, N Gri,(k,n) is described by the parametric
equations

{zy = |Gy\_1(lg)y7(17___7k)(A’C) jy € xi} U {zy =0:y¢ xi} .

Proof. First consider the case G = {e}, the trivial group. Let € [n]* and [u] €
C,+ N Seg(k,n); hence, by Proposition 6.1, z := max(suppy,[u]) < # and then
vo= 3 < (A%)] ’(“ _k)€y is a representative of [u], for the choice a;; = 0 whenever
i>z,forallien ] and for all j € [k].

Let G # {e}, ¥ € B, (k,n) C [n]* and [u] € C,.c ﬂGrlG(k n), 2% € J(Bi.(k,n)).
Then, by Proposition 5.3, a representative of [u] is w = \G\ Z gv, for some v € C,. N

Seg(k,n), where z+ € J([n]*) and 7 = z.
We claim that, if € [n]*, then py,(z%) = (p1(2))". First we prove that py,(z%) C
(p1o(2))". Let y € p1.(2t); then y = py,(z) for some z < z. By Proposition 5.3 th

[¢)

function py, is order preserving, hence y = p1.(2) < p1s (@), ie. y € (p1g(x))". We

prove now that (plc(x))i C p1g(zh). Let y € (pr1g(z )) then y < p1,(2), ie. y < g(x),
for some g € G. Therefore z := g~ 1(y) < z. Hence z € o+ and the result follows because

Y =p16(2).
Our claim implies that, as sets,

Tzt =le U A=)

<o {g€Gig(2)<a}

Therefore, by the previous case and our claim,

w= |G|Z ZAw flgl k) Gy

heG y<zx

- Y Sz e

heG  yszu€cO,

uLT
el Z > (A7 . Z Chly
yssz \u€O, heG
= > 1G T (X6)y 1, (AT P (). O

Yz

Corollary 6.3. Let x € By, (k,n). Then the projective algebraic set Cyi N Grig(k,n) is
irreducible. In particular

C, = C, NGry,(k,n),

where C, and C,1 are the Zariski closures in Gry.(k,n) and P (Vfik), respectively.
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Proof. As in Proposition 3.2, Theorem 6.2 implies that C, is irreducible. The equality
can be deduced by noting that C,. N Gri, (k,n) is an open set of the projective variety
O, NGry,(k,n). O

We have proved in the previous section that the poset By, (k,n) is graded; in the
last result of this section we interpret geometrically its rank function. Moreover we
provide a set of generators for the Chow vector space A, (Gri,(k,n); Q) of Gry,(k,n)
over Q. Recall from Proposition 5.8 that ¢;(g) is the number of cycles of length i € [k]
of the permutation g € Sj, and denote by HP5 the Hilbert-Poincaré polynomial of

A (Grlc (k7 n); Q)

Theorem 6.4. Let G C Sy be a group and x € By (k,n). Then:

1. dim(C,) = p(z); in particular dim(Gry, (k,n)) = k(n — 1).
2. {_ cx € Big(k,n } is a set of gemerators of the Chow wvector space over Q of
Gri, (k,n); in particular

HPc(q | Z H cz(g)

geGi=1

where the partial order on polynomials is taken coefficient-wise.

Proof. Let G = {e}. It is easy to verify that C, ~ Hle P(C%#) as projective varieties.

Hence dim(C,) = > (; — 1) = p(z). In this case the second statement is clear. In fact
i€ (k]

Seg(k,n) ~ Hle P(C") as algebraic varieties, and a basis for the Chow vector space
of the second is {Hle[éxi] ‘x € [n}k}; this basis corresponds to {[Cy]: x € [n]*} by
using the exterior product isomorphism (see [14 Example 8.3.7]).

Assume now {e} € G. The morphism P1 : Seg(k,n) — Gri, (k,n) has finite fibers
by [24, Theorem 6.60]. Since it is a surjective morphism between projective varieties, for
every subvariety X C Seg(k,n) of dimension d we have that P(n)(X ) is a d-dimensional
subvariety of Gry (k,n). As we stated in the proof of Theorem 6.2, p1,, (zV) = (p1, (2))%:
hence ]31(2) (Cpi) =Chic C P(Vf?;k ). Tt follows that

ﬁfz) (Cps NSeg(k,n)) C Al(g) (Cp1) N Gryg(k,n) = Cyic N Gryg (k,n).

Therefore, by Corollary 6.3 and the fact that ]S:EZ) preserves the dimensions, we obtain

]3{”) (Cps NSeg(k,n)) = Cypic N Gri, (k,n). This proves the first statement.

We prove now the second statement. The morphism P( n)

and then the push-forward

preserves the dimensions

(P, : A(Seg(k,n); Q) — A.(Grig(k,n); Q)

j¥el
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is surjective; so the result follows by the G = {e} case and the fact that ﬁ{g) (Cpu N

Seg(k,n)) = Cpic N Gri,(k,n). The inequality is a consequence of Proposition 5.8. O

For the Segre variety Seg(k,n), the strata of the incidence stratification defined above
are smooth. Hence, the incidence stratification of Seg(k,n) we have realized in this
section, is a Seshadri stratification, in the sense of [9, Definition 2.1]. Now we provide an
example of incidence stratification which is not Seshadri.

Example 6.5. Let £k =2, n = 3 and G = Ss. By using Theorem 6.2 and Corollary 6.3 for
r = (3,3), and the implicitization method, we obtain that the Chow variety Gry_ (2,3) C
P (Vf?f) is defined by the equation

2 2 2
T13T22 — T12T13%23 + T11T53 + ToT33 — 4T11722733 = 0.

Notice that this is a Brill’s equation, see [4, Section 5.4].

The variety 6(273) has dimension p((2,3)) = 3 and 6(272) is its singular locus, whose
defining ideal is (213, 23, 233) + I(G:lrls2 (2,3)) = (x13, 223, ¥33), and it has dimension 2.
Hence C' 3 3) is not smooth in codimension one, i.e. the incidence stratification {Cr:x €
Big, (2,3)} of Grig, (2,3) is not a Seshadri stratification.

7. Two conjectures and three problems

It is well-known that Schubert varieties of the Grassmannian are Cohen-Macaulay,
see [8], [11] and [19] and reference therein. Supported by several computations with
Macaulay2, we formulate a conjecture about the geometry of the incidence strata of
Gri, (k,n) defined in the previous section.

Conjecture 7.1. Let G C Sy, be a group and x € By (k,n); then Cy is Cohen-Macaulay.

If the techniques based on flat deformations of LS algebras would be available in our
context (see [8]), the previous conjecture could be related to the following one, which
has an independent interest.

Conjecture 7.2. Let G C Sy, be a group. Then the order complex of the poset By, (k,n)
is shellable.

In Section 4 we defined a poset B, (k,n) for one-dimensional characters x. In this
case, what we know is that if x is the alternating character of Sy, By /(k,n) is the Bruhat
order on Grassmannian permutations, hence it has shellable intervals (see [2, Chapter
2]).

Our conjecture does not extend to other characters, because, for instance, if G =
{€,4321} C S, and x(4321) = —1, then the order complex of B,(4,3) is not shellable.
This leads to the following problem.
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Problem 7.3. For which one-dimensional characters x have we that B, (k,n) is graded?
What is the topology of its intervals?

-~

In Proposition 3.3, we provide a condition ensuring that Im( f) is Zariski closed; this
condition is satisfied in the case of trivial characters (Corollary 5.2). Then the following
problem seems to be natural.

Problem 7.4. For which f € End (V®k) have we that Im( f) is Zariski closed, i.e.

~

Gry(k,n) =Im(f)?

Along the paper, we define y-matroids for a one-dimensional character x of a group
G C Sy (see Definition 4.4). We believe that this notion has an independent interest.

Problem 7.5. Find cryptomorphic definitions of y-matroids and explore their combina-
torial properties.
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