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 A B S T R A C T

This paper presents a new iterative method, called Moving Spheres (MS), for solving multi-objective design 
optimisation problems involving three-dimensional mechanisms. The method is suited to problems in which 
most of the design variables belong to the three-dimensional Euclidean space. MS method is able to explore 
efficiently the design space and identifies the regions where the optimal solutions are located, resulting in a 
clear spatial representation of optimal solutions. In this paper, MS method is applied to the elasto-kinematic 
optimisation of an automotive suspension system. The optimal locations of suspension joints are sought within 
spherical neighbourhoods of a reference suspension. This preserves the kinematic compatibility of the mecha-
nism and facilitates the exploration of the design space through iterative updates of the reference suspension. 
The rigorous 𝑘-optimality metric, which introduces a hierarchical sorting in the Pareto-optimal set, is employed 
to rank optimal design solutions. In the suspension test case, the Pareto-optimal set of approximated through 
Moving Spheres method is compared with the Pareto-optimal sets resulting from Parameter Space Investigation 
and multi-objective optimisation Genetic Algorithm with sorting (KEMOGA) methods, considering similar 
computational time. Moving Spheres method yields a more accurate approximation of the Pareto-optimal set.
1. Introduction

This work introduces a new multi-objective optimisation method, 
called Moving Spheres (MS), developed to optimise mechanisms de-
fined in the three-dimensional Euclidean space. The method is specif-
ically designed for problems in which most of the design variables 
corresponds to the Cartesian coordinates of the joints of the mechanism. 
The volume in which these mechanism joints are located is referred to 
as design space. In general, the design space is large, complex and often 
cluttered. In such scenarios, the exploration of the entire design space 
at once may be either undesirable or unfeasible.

It is undesirable because ensuring the geometric compatibility re-
quired for proper mechanism motion typically requires introducing 
constraints on the relative locations of the joints. This imposes an 
aprioristic bias on the exploration process.

It is unfeasible because, without such constraints, the design space 
exploration results unpractical in terms of computational time, both 
due to the vast size of the domain and the large number of faulty con-
figurations generated. Moreover, the unconstrained exploration of the 
design space may lead to mechanisms with shapes that are expensive 
to be manufactured.

Moving Spheres method addressed these limitations by performing 
a sequential exploration of the design space, progressively focusing on 
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regions where Pareto-optimal solutions have already been identified. 
To illustrate the method, this work applies MS to the optimisation 
of an automotive suspension system. The suspension is optimised for 
nine objective functions. The number of design variables is twenty-one: 
five hard points, with three coordinates each, and six scaling factors 
for the elastic characteristic of the bushings. The constraints imposed 
on the problem include the available design space for the hard point 
coordinates and the upper and lower bounds for the variation of the 
scaling factors of the bushings.

The paper is organised as follows. A literature review about the 
optimal design of mechanisms with high dimensionality, with a focus 
on the kinematics of automotive suspension systems, is provided in 
Section 1.1. In Section 2, the theoretical formulation of multi-objective 
optimisation problems is presented, together with the metric adopted 
inside MS method to rank optimal design solutions (𝑘-optimality, Sec-
tion 2.2). Section 3 describes the suspension problem. The design 
variables, the constraints and the objective functions are explained. 
Section 4 introduces Moving Spheres method and the flowchart of 
the method applied to the suspension case. Results of the case study 
optimised using Moving Sphere method are discussed and compared 
with the ones obtained through the Parameter Space Investigation (PSI) 
method [1,2] and KEMOGA [3] in Section 5.
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 List of abbreviations
 CD Cumulative database  
 DV Design variable  
 FNN Feedforward neural network  
 HP Hard point, suspension -  
 KEMOGA 𝑘𝜀 Multi-Objective Genetic Algorithm  
 LC Load case  
 MOP Multi-objective optimisation problem  
 MS Moving Spheres  
 NSGA Non-dominated Sorting Genetic Algorithm 
 OWT Opposite wheel travel  
 PSI Parameter Space Investigation  
 PSO Particle Swarm Optimisation  
 PWT Parallel wheel travel  
 SF Scaling factor  
 TB Traction and braking  

1.1. Literature review

The literature review covers the following topics:

- multi-objective optimisation problems, with a focus on high di-
mensionality;

- design problems of mechanisms characterised by high dimension-
ality;

- design of the kinematics of suspension systems.

The first notions of optimality in multi-objective optimisation prob-
lems were proposed by Edgeworth [4] and Pareto [5] at the turn of 
the 20th century. Nearly a hundred years later, the advent of modern 
computing made possible the development of powerful algorithms, 
known as Evolutionary Multi-Objective approaches [6]. These class 
of optimisation algorithms constructs an approximation of the Pareto-
optimal set (see Section 2.1) by evolving a population of solutions over 
successive generations.

In 1994, Srinivas and Deb proposed the Strength Pareto Evolu-
tionary Algorithm (SPEA), which combined Pareto dominance with 
a fitness assignment mechanism to improve convergence in multi-
objective optimisation problems [7]. This approach was further refined 
in 2000 by Zitzler et al. with SPEA2, a more robust and efficient 
method for real-world applications [8]. In 2002, Deb et al. introduced 
Non-dominated Sorting Genetic Algorithm II (NSGA-II), an elitist and 
computationally efficient genetic algorithm that uses non-dominated 
sorting and crowding distance to preserve solution diversity while 
enhancing convergence [9]. Fundamental references about this class of 
algorithms include the books by Deb [6] and Coello et al. [10].

As the number of objective functions increases, so does the ratio of 
dominant solutions over dominated [3,11]. When dealing with prob-
lems involving a large number of objectives, the Pareto-optimal set may 
become so extensive that Pareto optimality alone is not sufficient for 
selecting a final design solution. To address this limitation, Gobbi [3] 
proposed a hierarchical ranking within the Pareto-optimal set that 
allows for finer distinction among solutions. A further development 
of this concept is found in the work by Levi et al. introducing the 
𝑘𝜀-optimality [11] on which 𝑘𝜀 Multi-Objective Genetic Algorithm 
(KEMOGA) is based [3,12].

Referring to design problems of mechanisms characterised by high 
dimensionality, numerous papers have addressed the design of com-
plex mechanisms or structures. Nevertheless, dealing specifically with 
issues arising from high-dimensional design spaces remains relatively 
under-discussed [13]. Gao et al. [14] apply Artificial Intelligence to 
the design of spatial mechanisms. Zou et al. [15] optimise 3 design 
variables related to replacing spherical joints with planar joints. Huang 
et al. [16] focus on a reconfigurable parallel mechanism involving 3 
2 
design variables. Zhang et al. investigate the optimisation of a family 
of manipulators acting on 5 design variables [17] and propose a general 
procedure for the optimal design of parallel mechanisms [18]. Similar 
observations apply to publications addressing the optimal design of 
different types of mechanisms: Ling et al. [19] explore spatial compliant 
mechanisms using 4 design variables. Guacheta-Alba et al. [20] apply 
NSGA-II to the design of a mechanism for fused filament additive man-
ufacturing involving 4 design variables. Gu et al. [21] consider 2 design 
variables in designing over-constrained robotic legs. Shi et al. [22] 
perform multi-objective optimisation of a cable-strut tensioned antenna 
using 4 design variables, whereas Pan et al. [23] consider the optimi-
sation of an earthmoving mechanism, reducing the number of design 
variables from 30 down to 3. None of these papers explicitly addresses 
how to cope with high dimensionality, despite frequently employing 
the same tools adopted in the current work.

Concerning extremely high-dimensional design spaces, two relevant 
works by Zhang et al. [24] and Vo et al. [25] can be mentioned. The 
former considers 288 design variables in the optimisation of a satellite 
module layout using a multi-objective cooperative co-evolutionary al-
gorithm. The latter deals with 120 design variables and multi-objective 
Particle Swarm Optimisation (PSO) algorithms. However, both studies 
limit complexity predominantly to the design space dimensionality, as 
number of objective functions considered does not exceed 3.

With regard to the design of suspension systems, the ultimate goal 
of optimal design is to obtain comfortable [26] and safe [27] vehi-
cles. When addressing the optimal design of automotive suspension 
kinematics, both scalar and multi-objective optimisation methods are 
commonly applied [28]. As highlighted by Du et al. [29] in their review 
on electrically interconnected suspensions, complexity is a common 
issue in suspension design problems due to the high number of design 
variables and objective functions involved. For this reason, although 
they are fundamental to validate simulation outcomes, experimental 
tests typically involve fewer design variables and are less frequently 
performed. Notable examples include the works by Gobbi et al. [30,31] 
on experimental indoor methods aimed at tuning suspension behaviour 
concerning vibration and harshness, and Derrix et al. [32], which 
focuses on the influence of chassis stiffness on the kinematic and 
compliance characteristics of suspensions.

Considering the multi-objective optimisation applied to lumped-
parameter vehicle models, Yang et al. provided an analytical solu-
tion for a problem involving 3 objective functions and 3 design vari-
ables [33], as well as a study employing collaborative optimisation 
and analytical target cascading approaches involving 6 design variables 
and 3 objective functions [34]. Concerning elasto-kinematic optimi-
sation of a suspension system using multi-body models, Datooussaid 
et al. [35] optimised the dynamic behaviour of a vehicle acting on 
three suspension hard points. Similarly, Simionescu and Beale [36] 
adopted a single-objective approach to improve kinematic consistency 
in a five-link rear suspension, considering 30 design variables derived 
from the coordinates of ten hard points. Choi et al. [37] examined 
a design problem involving 10 design variables related to suspension 
stiffness and two objective functions connected to brake and lateral 
force compliance. Feng et al. [38] considered 6 design variables linked 
to bushing elastic properties to optimise toe angle and camber angle 
variations under lateral tyre force. Šagi [39] further explored multi-
objective optimisation employing evolutionary algorithms to balance 
three objectives. Wang et al. [40] applied PSO and NSGA-II algorithms 
to optimise an electric steering system featuring 10 design variables 
and 3 objective functions. Similarly, Shi et al. [41] developed a Double 
Loop PSO algorithm for the robust design optimisation of a MacPherson 
suspension system, involving 11 design variables (two of which are 
affected by uncertainty) and 2 objectives functions.

Recent contributions related to the multi-objective optimisation of 
suspension systems include several noteworthy papers. Bahrami Joo 
et al. [42] apply a multi-objective genetic programming approach 
using bond graphs to the multi-objective robust design of an active 
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suspension system. Their work is based on a two-degrees-of-freedom 
vehicle model, involving 3 design variables and 4 objective functions. 
Llopis-Albert et al. [43] propose a multidisciplinary framework that 
accounts for 6 variables and 5 objective functions, including the mass 
of the suspension arm and two dynamic quantities – the chassis pitch 
acceleration and the peak equivalent stress on the suspension arm – un-
der two distinct manoeuvres: straight-line braking and braking in turn. 
Hegazy et al. [44] adopt a multi-objective genetic algorithm to optimise 
a regenerative MacPherson strut with 3 objective functions, while Lu 
et al. [45] investigate dynamic toe angle variations in a four-wheel 
steering vehicle, acting on 8 suspension hard points coordinates.

In contrast to simultaneous approaches, Knapczyk and Maniowski
[46] utilise a scalarised method, reducing five objective functions into 
a single scalar objective. Similarly, Nasiri et al. [47], in optimising a 
MacPherson suspension by varying the location of 6 joints, adopt a 
weighted sum of three objectives to define a single objective function. 
Finally, Arshad and Lodi [48] evaluate the performance of a several 
algorithms applied to optimise camber angle behaviour in a double 
wishbone suspension, considering 4 design variables.

Mastinu et al. [49] summarise the theoretical tools required for 
the optimal design of mechanical systems and introduce the concept 
of global approximation. In chapter 7 of their book, they optimise 
the tyre-suspension system of a racing car using Multilayer Percep-
tron and Radial Basis Neural Networks as global approximators. The 
same tools have been employed for the optimisation of a road vehi-
cle suspension system featuring 38 design variables and 29 objective 
functions [50]. Cheng and Lin [51], use Kriging models, whereas Feng 
et al. [38] adopted Chebyshev polynomials to approximate the response 
of suspension systems.

2. Multi-objective optimisation

2.1. General formulation of the problem

A multi-objective optimisation problem (MOP), with 𝑛 design vari-
ables and 𝑚 objective functions is defined as [52] 
min
𝒙∈R𝑛

𝒇 (𝒙) ∶ R𝑛 → R𝑚

subject to 
𝑔𝑖(𝒙) ≤ 0 𝑖 ∈

[

1, 𝑞
]

𝒙𝑙𝑏 ≤ 𝒙 ≤ 𝒙𝑢𝑏

(1)

where 𝒇 (𝒙) is the vector of 𝑚 objective functions, 𝒙 is the vector of 
𝑛 design variables – bounded between a lower and an upper limit 
(𝒙𝑙𝑏 and 𝒙𝑢𝑏) – and 𝑔𝑖 is one of the 𝑞 constraints. When a vector of 
design variables 𝒙 ∈ R𝑛 that satisfies the constraints is mapped through 
the vectorial function 𝒇 (𝒙) into the objective functions space R𝑚, it 
becomes a feasible solution of the MOP. A well-posed MOP always has 
more than one optimal solution. When a feasible solution is compared 
with other feasible solutions, it can be dominant or dominated [49]. 
A dominant solution is called Pareto-optimal solution. A solution 𝒙𝑖 of 
the MOP is Pareto-optimal if ∄𝒙𝑗 such that [49] 
{

𝑓𝑘 (𝒙𝑗 ) ≤ 𝑓𝑘 (𝒙𝑖) ∀𝑘 ∈
[

1, 𝑚
]

∃𝑙 ∶ 𝑓𝑙 (𝒙𝑗 ) < 𝑓𝑙 (𝒙𝑖)
(2)

This statement defines the condition of dominance. A solution is 
Pareto-optimal if there does not exist another feasible solution that 
improves at least one objective function without worsening at least 
another one. The set of Pareto solutions is called Pareto-optimal set 
or Pareto front, as it forms, in bi- and three-dimensional objective 
functions spaces, a line or surface that bounds the dominated solutions, 
facing the origin of the objective functions space.

Pareto optimality check is the first and necessary step to classify 
solutions in multi-objective problems [49]. As discussed in the In-
troduction (Section 1), the ratio of dominant to dominated solutions 
3 
Table 1
Optimality level of a design solution according to 𝑘-optimality, in the context of a 
multi-objective optimisation problem involving 𝑛 objective functions. A solution is 𝑘-
optimal if and only if it is Pareto-optimal for any subset of 𝑛 − 𝑘 objective functions.
 𝑘 Optimality level  
 0 Minimum (simple Pareto-optimal) 
 1

⋮
 

 ⋮  
 𝑛 − 1 Maximum (Utopia)  

increases with the number of objective functions [5]. This phenomenon 
is known as the ‘‘curse of dimensionality’’ and the authors of this paper 
suggest to address it introducing a hierarchical classification inside the 
Pareto-optimal set.

2.2. Ranking optimal solutions: 𝑘-optimality

In this work, the method adopted to hierarchically order the solu-
tions belonging to the Pareto-optimal set is 𝑘-optimality [11], where 
𝑘 denotes the optimality level of the solution. Given a MOP with 𝑛
objective functions, if a solution remains Pareto-optimal for any subset 
of 𝑛 − 𝑘 objective functions, it is 𝑘-optimal. The optimality level 𝑘
of a solution varies between 0, for a solution that improves just one 
objective function with respect to any other solution in the solution 
set, and 𝑛 − 1, for a solution that is not dominated in any of the 𝑛
objective functions. This latter case is called Utopia, an ideal solution 
that does not exist in any well-posed MOP, as it would optimise all 
the objective functions simultaneously. The value 𝑘 assigned to each 
solution of the Pareto-optimal set is the maximum number of objective 
functions that can be arbitrarily removed from the problem definition 
while still keeping the solution dominant with respect to the others. A 
higher 𝑘 means being closer to Utopia. A solution that is simply Pareto-
optimal (𝑘 = 0) might lose its dominance even if a single objective 
function is removed from the problem. A solution with a higher 𝑘
is not only closer to Utopia but is also guaranteed to remain Pareto-
optimal for any combination of 𝑛 − 𝑘 objective functions arbitrarily 
taken from the problem definition. Table  1 summarises the ranking of 
Pareto-optimal solution according to 𝑘-optimality.

2.2.1. Optimality level computation
This section explains the algorithm for the computation of the 𝑘-

optimality. It is assumed to have 𝑝 design solutions, each described by 
𝑚 objective functions 𝑓𝑘. Consider a step function 𝑆(𝑥) ∶ R → R such 
that 

𝑆(𝑥) =
{

1 if 𝑥 ≤ 0
0 if 𝑥 > 0

(3)

Then, the 𝑘-optimality algorithm is

1. Take the design solution 𝑖;
2. Take another design solution 𝑗 such that 𝑖 ≠ 𝑗;
3. 𝑐𝑗, 𝑖 =

∑𝑚
𝑘=1 𝑆

(

𝑓𝑘(𝒙𝑖) − 𝑓𝑘(𝒙𝑗 )
)

;
4. Repeat points 2 and 3 until all the 𝑝 − 1 design solutions are 
considered;

5. 𝑘𝑜𝑝𝑡, 𝑖 = min(𝑐𝑗, 𝑖).

where 𝑘𝑜𝑝𝑡, 𝑖 is the optimality level of the 𝑖-th design solution.

3. Case study: suspension design problem

3.1. Design variables

The MacPherson suspension studied in this paper, shown in Fig.  1, 
is optimised by acting on twenty-one design variables, grouped into 
the two sets shown in Table  2. The first set is composed by the spatial 
variables: the three coordinates of each hard point (HP) that defines the 
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Table 2
The suspension test case includes 21 design variables (DVs) grouped into two sets: 
Spatial and Elastic. Spatial DVs are the Cartesian coordinates of the hard points, while 
Elastic DVs represents the scaling factors of the bushings.

Design variables (DVs)
Dimension of the design space

21

 Spatial DVs Elastic DVs 
 15 6  

Table 3
Number (HP) and name (HP Name) of the five hard points defining the MacPherson 
suspension. Coordinates values are expressed in mm. The HP number corresponds to 
the identifiers used in Fig.  1.
  HP HP Name 𝑥 𝑦 𝑧  
  1 lca_front 60 −400 190 
  2 lca_outer 240 −700 175 
  3 lca_rear 460 −390 205 
  4 tierod_inner 467 −400 330 
  5 tierod_outer 410 −690 300 

Fig. 1. Reference configuration of the MacPherson suspension used in the test case. 
The five hard points listed in Table  3, along with two bushings whose scaling factors 
are defined in Eq.  (5), constitute the design variables of the problem.

MacPherson suspension. The second set consists of the scaling factors 
of the elastic force curves of the bushings.

Spatial DV. The hard points that defines the MacPherson suspension 
are five. There are fifteen spatial variables in total, corresponding to the 
three coordinates (𝑥, 𝑦 and 𝑧) for each hard point. The number (HP), the 
name (HP Name) and the coordinates of the hard points are collected 
in Table  3.

Elastic DV. Bushing forces are described by three tabular curves 
(force versus displacement), one for each principal direction. A scaling 
factor (SF) is a scalar multiplier applied to the curves to decrease or 
increase the force produced by the bushing at a given displacement (see 
Fig.  2). Scaling factors provide a simple and effective way to manage 
the force characteristics of bushings [53].

The force 𝐹  along a principal direction 𝑖 = 𝑥, 𝑦, 𝑧 of the bushing 
mounted on the hard point hp is computed using Eq. (4). Possible 
trends of the force, together with the bushing principal coordinates, are 
shown in Fig.  2. The nominal force 𝐹0 is obtained by multiplying the 
displacement 𝜉𝑖 with the non-linear stiffness 𝑘

(

𝜉𝑖
)

; this nominal force 
is then adjusted by the scaling factor SFhp, 𝑖
𝐹
(

SFhp, 𝑖 , 𝜉𝑖
)

= SFhp, 𝑖 ⋅ 𝐹0
(

𝜉𝑖
)

= SFhp, 𝑖 ⋅ 𝑘
(

𝜉𝑖
)

⋅ 𝜉𝑖 (4)

The scaling factors treated as design variables refer to the bushings 
mounted on HPs 1 and 3 in Fig.  1. These bushings absorb most of 
4 
Fig. 2. Bushing principal directions (top) and effect of the scaling factor on the force 
characteristic 𝐹 of the bushing (bottom).

Fig. 3. Three-dimensional design space for the hard points of the MacPherson sus-
pension shown in Fig.  1. The grey cylinder represents the wheel (not included in the 
optimisation). The lower bound 𝒙𝑙𝑏 and the upper bound 𝒙𝑢𝑏 of the design space are 
expressed in millimetres.

the loads coming from the road and thus, through their deformation, 
significantly influence the elastic response of the system. As a result, 
the Elastic DVs of the design problem can be expressed as 
𝒙𝑒 =

[

SF1, 𝑥 SF1, 𝑦 SF1, 𝑧 SF3, 𝑥 SF3, 𝑦 SF3, 𝑧
]

(5)

The nominal value of each SF is equal to 1.

3.2. Constraints

The design variables of the problem are subject to design con-
straints.

Spatial DV. The hard points must remain within the design space. 
Fig.  3 represents the design space. The design space used by MS 
method can take any shape, in this work a rectangular box-shaped 
volume is adopted for clarity.

Elastic DV. The scaling factors of the force curves of bushings 
vary in the interval [0.8, 1.2], so that the elastic force at any bushing 
displacement deviates at most ±20% from the nominal value.

As discussed in the Introduction (Section 1), a suspension system 
must satisfy additional kinematic constraints in order to operate cor-
rectly. These constraints can be explicitly imposed by writing a set 
of relations that must be satisfied by the coordinates of the hard 
points. For example, it might be imposed that the 𝑥-coordinate of HP1 
remains lower than that of HP3 (see Fig.  1). This approach implements 
aprioristic design restrictions which might result in a biased exploration 
of the design space.

Another way to address kinematic constraints is to allow the HP 
locations vary within spherical neighbourhoods of a reference suspen-
sion configuration. If the reference suspension is feasible, perturbations 
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Fig. 4. Representation of the exploration domain of Moving Spheres method (top) and 
geometrical description of the spherical neighbourhood (bottom) in terms of its radius 
and the coordinates of its centre. Perturbed suspension configurations are selected 
within the spherical neighbourhoods of a reference suspension configuration. This set 
of neighbourhoods can be updated to explore the design space.

of its HPs are unlikely to lead to unfeasible configurations. These 
perturbed suspensions provide different responses, as the kinematic 
behaviour of three-dimensional mechanisms is highly non-linear.

This second approach, illustrated in Fig.  4, avoids the need to en-
force explicit compatibility relationships. The design space is explored 
by updating the reference suspension configuration. After each update, 
the location of neighbourhoods is modified, allowing the generation of 
new perturbed suspension configurations. The admissible volume for 
generating perturbed suspension configurations is defined as the inter-
section between the neighbourhoods and the design space. As described 
in detail in Section 4.1, this neighbourhood-based exploration of the 
available design space constitutes the core of the method presented in 
this work. The scaling factors, by contrast, always vary within their 
lower and upper bounds.

3.3. Objective functions

The suspension model is simulated using ADAMS Car and the VI 
Automotive plug-in, within a quasi-static multi-body framework. The 
analysis involves applying an input to the wheel and evaluating the 
output of the model in terms of suspension characteristic curves. The 
input can be either a force or a displacement (see Table  4), and the 
characteristic curves represent either geometrical or physical quanti-
ties. Each analysis reproduces a load case (LC) that reflects a real 
driving scenario. The three load cases considered in this work are 
summarised in Table  4. PWT and OWT are mainly kinematic, as the 
suspension is moved by imposing a vertical displacement on the wheels: 
symmetric in PWT, which simulates heave motion of the car body; 
anti-symmetric in OWT, which simulates roll motion. TB, on the other 
hand, accounts for the compliance of the suspension, as the input is a 
longitudinal force applied at the tyre contact patch, in both the positive 
(tractive) and negative (braking) directions.

Table  5 lists all the suspension characteristic curves for each LC 
described in Table  4. For the toe angle variation in PWT – commonly 
referred to as ‘‘bump steer’’ – the curvature of the characteristic curve 
with respect to wheel travel is considered among the objective func-
tions, since a linear trend during compression is generally preferred by 
automotive designers [54].
5 
Fig. 5. Toe angle as a function of vertical wheel travel (black line) for the PWT load 
case (see Table  4). Acceptance bounds, shown in red, define the region of acceptable 
performance for the considered output.

Table 4
Load cases (LCs), abbreviated as PWT, OWT, and TB, used to describe specific inputs 
applied to the suspension shown in Fig.  1.
  LC Load case name Load case input
  PWT Parallel wheel travel Vertical wheel travel   
  OWT Opposite wheel travel Vertical wheel travel   
  TB Traction and braking Force at contact patch  

Table 5
Outputs considered for each of the load cases presented in Table  4. ∙ : Included; ◦ : Not 
included.
  Load case output PWT OWT TB 
  Toe angle ∙ ∙ ∙  
  Curvature of toe angle ∙ ◦ ◦  
  Camber angle ∙ ∙ ∙  
  Wheel travel track ∙ ◦ ◦  
  Wheel travel base ◦ ◦ ∙  

Fig.  5 shows a typical output of a multi-body suspension simulation. 
The black line represents the variation of the toe angle with respect to 
vertical wheel travel, while the red lines define the acceptance bounds. 
Each characteristic curve is assigned two acceptance bounds, which 
are used to compute the corresponding objective function. When the 
trend of the characteristic curve lies within the acceptance bounds, it is 
considered acceptable and the objective function takes on a low value; 
when it falls outside, it is considered unsatisfactory and results in a 
higher value of the objective function.

As the simulations are quasi-static, output curves are discretised into 
a prescribed number of points, referred to as increments. As a first step 
a value 𝜈 ∈

[

0, 10
) is assigned to each increment of the characteristic 

curve. This value quantifies how much the curve deviates from the most 
desirable trend, assumed to be half-way between the two acceptance 
bounds. Therefore, when the increment lies exactly in the middle of 
the bounds, 𝜈 = 0, while 𝜈 → 10 as the distance from the bounds tends 
to infinity (in either direction). If a point of the curve coincides with 
one of the two bounds, then 𝜈 = 1. The value of 𝜈 is computed by Eq. 
(6)

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜈(𝑥𝑖) =

(

𝑓 (𝑥𝑖) − 𝑡(𝑥𝑖)
𝑏1(𝑥𝑖) − 𝑡(𝑥𝑖)

)2

if 𝑓 (𝑥𝑖) ∈
[

𝑏1(𝑥𝑖), 𝑏2(𝑥𝑖)
]

𝜈(𝑥𝑖) = 10 − 9 𝑒−
|𝑓 (𝑥𝑖 )−𝑏⋆ (𝑥𝑖 )|

𝜆 if 𝑓 (𝑥𝑖) ∉
[

𝑏1(𝑥𝑖), 𝑏2(𝑥𝑖)
]

(6)

where 𝑓 (𝑥𝑖) is value of the output, 𝑥𝑖 is the value of the input, 𝑏1(𝑥)
and 𝑏2(𝑥), with 𝑏1(𝑥) < 𝑏2(𝑥)∀𝑥, are the acceptance bounds. The target 
value 𝑡(𝑥𝑖) is defined as

𝑡(𝑥𝑖) ∶=
𝑏1(𝑥𝑖) + 𝑏2(𝑥𝑖)

2
When output is within the interval [𝑏1(𝑥𝑖), 𝑏2(𝑥𝑖)], 𝜈(𝑥𝑖) is computed 

as a squared normalised residual. If the curve lies outside the accep-
tance bounds, the value of 𝜈 grows according to an exponential law. 
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Fig. 6. The chart on the left shows a generic simulation output curve 𝑓 (𝑥), the target 𝑡(𝑥) and the acceptance bounds associated with it. The load of the simulation is indicated 
by 𝑥. The chart on the right shows the trend of 𝜈, computed through Eq. (6). Values 𝜈(𝑥𝑖), corresponding to different simulation outputs 𝑓 (𝑥𝑖), are highlighted.
 

 

 

 

 

 

 

 

Specifically, 𝑏⋆(𝑥𝑖) denotes the closest bound to 𝑓 (𝑥𝑖), defined as
𝑏⋆(𝑥𝑖) ∶= argmin

𝑗=1,2

|

|

|

𝑓 (𝑥𝑖) − 𝑏𝑗 (𝑥𝑖)
|

|

|

while 𝜆 is a real positive number, defined as 𝜆 ∶= 2⋅max |

|

|

𝑏1(𝑥𝑖)−𝑏2(𝑥𝑖)
|

|

|

. 
The trend of 𝜈 with respect to distance from the target is reported in 
Fig.  6.

After a value of 𝜈 is assigned to all increments, the objective function 
associated with the given characteristic quantity – here identified as 
𝑓𝑂𝐵 – is computed as the arithmetic mean of all 𝜈 values (7)

𝑓𝑂𝐵 = 1
𝑁

𝑁
∑

𝑖=1
𝜈(𝑥𝑖) (7)

where 𝑁 represents the number of increments in the simulation.

3.4. Suspension case study MOP formulation

According to the notation of Eq.  (1), the multi-objective optimisa-
tion problem considered in this paper can be formulated as 
min
𝒙

𝒇 (𝒙) ∶ R21 → R9

𝒙 =
[

𝒙s, 𝒙e
]𝑇

where
𝒙s ∈ R15; 𝒙e ∈ R6

subject to 
𝑔hp(𝒙s) ≤ 0 hp ∈

[

1, 5
]

𝒙𝑙𝑏 ≤ 𝒙 ≤ 𝒙𝑢𝑏

(8)

where 𝒙 represents the vector of the design variables. The lower and 
upper bounds for the design variables are collected in the vectors 𝒙𝑙𝑏
and 𝒙𝑢𝑏, respectively. The inequality constraints 𝑔hp apply only to the 
Spatial design variables (𝒙s), ensuring that these remain within the 
spherical neighbourhoods of the hard points (see Section 3.2). This 
constraint can be expressed as 
𝑔hp = (𝑥hp − 𝑥𝑐, hp)2 + (𝑦hp − 𝑦𝑐, hp)2 + (𝑧hp − 𝑧𝑐, hp)2 − 𝑅2

hp (9)

where hp denotes the hard point number (see Table  3). Here, 𝑥hp, 𝑦hp,
𝑧hp are the design variables, while 𝑥𝑐, hp, 𝑦𝑐, hp, 𝑧𝑐, hp and 𝑅hp represent 
the centre and the radius of the spherical neighbourhood, respectively. 
As highlighted in Section 3.2, the values of 𝒙e are bounded within the 
interval [0.8, 1.2], while the bounds of 𝒙s are presented in Fig.  3. The 
design variables and the set of objective functions are summarised in 
Tables  6 and 7, respectively.

Optimal solutions of a MOP form the Pareto-optimal set, i.e. the 
set of all the solutions that outperform any other solution in at least 
one objective function (see Section 2.1). As detailed in Section 2.2, this 
work adopts the 𝑘-optimality metric to refine the selection of optimal 
solutions within the Pareto-optimal set. From an operational stand-
point, since both the Pareto-optimal set and the optimality level 𝑘 are 
6 
Table 6
Summary of the design variables of the optimisation problem. Suspension hard points 
are shown in Fig.  1 and listed in Table  3.
 Variable Details
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⎜

⎜

⎝

𝑥1
𝑦1
𝑧1

⎞

⎟

⎟

⎠

Coordinates of hard point 1 

 
⎛

⎜

⎜

⎝

𝑥2
𝑦2
𝑧2

⎞

⎟

⎟

⎠

Coordinates of hard point 2 
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⎜

⎜

⎝

𝑥3
𝑦3
𝑧3

⎞

⎟

⎟

⎠

Coordinates of hard point 3
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⎜

⎜

⎝

𝑥4
𝑦4
𝑧4

⎞

⎟

⎟

⎠

Coordinates of hard point 4 
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⎜

⎜

⎝

𝑥5
𝑦5
𝑧5

⎞

⎟

⎟

⎠

Coordinates of hard point 5 

 
⎛

⎜

⎜

⎝

SF1, 𝑥
SF1, 𝑦
SF1, 𝑧

⎞

⎟

⎟

⎠

Scaling factors of the bushing
mounted on hard point 1

 
⎛

⎜

⎜

⎝

SF3, 𝑥
SF3, 𝑦
SF3, 𝑧

⎞

⎟

⎟

⎠

Scaling factors of the bushing
mounted on hard point 3

Table 7
Summary of the load cases (LCs) and corresponding simulation outputs used to define 
the set of objective functions 𝒇 . The method adopted for computing the objective 
functions, along with the associated load cases, is detailed in Section 3.3.
  Function LC Simulation output   
  𝑓1 PWT Toe angle variation   
  𝑓2 PWT Camber angle variation   
  𝑓3 PWT Wheel track variation   
  𝑓4 OWT Toe angle variation   
  𝑓5 OWT Camber angle variation   
  𝑓6 TB Toe angle variation   
  𝑓7 TB Camber angle variation   
  𝑓8 TB Wheel base variation   
  𝑓9 PWT Curvature of the trend of 

toe angle variation
  

determined through a direct sorting of the solution set, the algorithm 
described in Section 2.2.1 allows the simultaneous identification of 
Pareto-optimal solutions and their corresponding 𝑘-optimality levels.

4. Multi-objective optimisation of a MacPherson suspension using 
moving spheres

This Section introduces Moving Spheres (MS) method through an 
industry-relevant test case. The workflow of the optimisation pro-
cess is illustrated in Fig.  7, while the multi-objective problem under 
investigation has been described in Section 3.
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Fig. 7. Workflow of Moving Spheres method. Roman numbers refer to the list of Section 4.1.1, where the procedure is described in detail.
4.1. Moving spheres method

Moving Spheres method is an iterative optimisation method. The 
flowchart shown in Fig.  7 outlines the procedure. Each iteration begins 
from a reference suspension configuration, in the neighbourhood of 
which other configurations are defined and selected. These configura-
tions are then evaluated against a prescribed set of load cases using the 
objective functions described in Section 3.3. Data on objective functions 
and design variables are used to train feedforward neural networks 
(FNNs), which serve to approximate the suspension’s multi-body model 
response. Each FNN receives the full set of the design variables as 
input and returns one objective function as output; hence, the number 
of FNNs trained corresponds to the number of objective functions. 
These networks are then employed to evaluate the performance of 
millions of candidate configurations. The predicted performance is used 
to compute the 𝑘-optimality level (see Section 2.2) associated with each 
suspension configuration. The best-performing configurations in terms 
of 𝑘-optimality are validated using the multi-body software, meaning 
that the objective functions are properly calculated using the original 
model rather than the neural networks.

At each iteration, the best validated suspension configuration is 
selected as the new reference. Spherical neighbourhoods are then re-
centred on the updated reference joint positions. As a result, the centres 
of the spherical neighbourhoods shift from the hard points of the 
previous iteration’s reference suspension to the newly selected one, 
hence the name Moving Spheres. This approach results in a greedy 
7 
exploration of the design space, as each spherical neighbourhood moves 
in the most promising direction within the portion of the design space 
already considered. Fig.  8 illustrates this stepwise exploration for hard 
point 2 (see Fig.  1). As discussed in Section 3.2, this exploration strategy 
concerns only the Spatial DVs. The Elastic DVs always vary within fixed 
bounds throughout the process. The iterative procedure terminates 
when the stopping criterion described in Section 4.1.1 is satisfied.

4.1.1. In-depth description of the method
Referring to Fig.  7, the steps of the optimisation procedure are 

described:

I Set spheres according to initial hard point locations 
The hard point locations of the initial suspension configura-
tion are the centres the of spherical neighbourhoods (see Fig. 
4). These neighbourhoods, referred to as spheres, have a user-
defined radius. A fixed value of 20 mm was used in this work. 
The intersection between the spheres and the design space (see 
Fig.  3) defines the exploration domain for selecting the hard 
points.

II Randomly generate a set of suspension configurations 
A batch of suspension configurations (2000 in this case study) 
is generated within the spheres using uniform stochastic dis-
tributions. The scaling factors are also sampled using uniform 
distribution, constrained within their bounded intervals (see Sec-
tion 3.2). This step samples the neighbourhood of the reference 
suspension configuration.
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Fig. 8. Shift in the neighbourhood of hard point 2 (see Fig.  1) during the first three 
iterations of Moving Spheres method. At each iteration, new designs are selected within 
the spherical neighbourhoods of the hard points, and the best suspension configuration 
is selected. The centres of the neighbourhoods are then updated to match the hard 
points of the best configuration. The centres at iterations 0, 1, 2 and 3 are shown.

Table 8
Parameter settings of the genetic algorithm used to optimise the architecture of the 
surrogate model and the neural network parameters.

Genetic algorithm parameters
 Population size for the genetic algorithm 30  
 Maximum number of generations 8  
 Number of stall generations 3  

Genetic algorithm variables range
 Number of neurons in the first hidden layer [

10, 20
]  

 Number of neurons in the second hidden layer [

10, 15
]  

 Seed for the random number generator [

0, 20
]  

Neural network parameters
 Activation function of the hidden layers Logistic sigmoid  
 Activation function of the output layer Linear  
 Training function used Bayesian regularisation [55] 
 Number of epochs 1000  
 Initial learning rate 1⋅10−3  
 Rate of learning rate decrease 1⋅10−1  
 Rate of learning rate increase 10  
 Gradient threshold for stopping the training 1⋅10−7  
 Error increase threshold 6  
 Fraction of data used for training 85%  
 Fraction of data used for validation 15%  
 Method for data splitting Random  

III Run prescribed load cases 
The generated suspension configurations are processed with 
ADAMS. Each simulation consists of three load cases which 
apply different loads to the suspension (see Table  4). The outputs 
for each load case (see Table  5) are then stored.

IV Check the amount of successful simulations
Some generated suspension configurations may not be success-
ful. A suspension configuration is considered successful only if 
all the prescribed load cases can be completed. The number of 
successful configurations 𝑁 might be insufficient to train the 
artificial neural networks. Defining a general threshold 𝑁𝑡𝑟𝑎𝑖𝑛 is 
not straightforward; it mainly depends on the number of design 
variables and objective functions. In this work 𝑁𝑡𝑟𝑎𝑖𝑛 = 1500. If 
𝑁 < 𝑁𝑡𝑟𝑎𝑖𝑛, steps II and III must be repeated. To ensure consistent 
training data, if 𝑁 ≥ 𝑁𝑡𝑟𝑎𝑖𝑛, the excess simulations are discarded.

V Compute objective functions 
The objective functions of the 𝑁𝑡𝑟𝑎𝑖𝑛 suspension configurations 
are computed as described in Section 3.3.

VI FNN Training 
Feedforward neural networks with two hidden layers and one 
output layer are built and trained. Each objective function is 
8 
approximated by a separate neural network; thus, the number 
of trained FNNs equals the number of objective functions. The 
architecture of the FNNs – including the number of neurons in 
the hidden layers and the seed for the random number generator 
(used to initialise the network parameters and divide training 
and validation sets) – is optimised through a genetic algorithm. 
The fitness 𝐹𝐼𝑇𝐹𝑁𝑁  of each individual is evaluated as 
𝐹𝐼𝑇𝐹𝑁𝑁 = 1000 ⋅ 𝜎2 − 𝑅2 + 1 (10)

where 𝜎2 is the population variance and 𝑅2 is the coefficient of 
determination, both computed with respect to the entire 𝑁𝑡𝑟𝑎𝑖𝑛
dataset. Table  8 summarises the FNN training parameters.

VII Query networks with suspension configurations 
The trained artificial neural networks are used to process mil-
lions of suspension configuration, all sampled within the design 
domains defined by the HP and SF ranges used in generating the 
training data.

VIII Retain the best performance predictions
The optimality level of each configuration is assessed using 
the 𝑘-optimality metric [11], as described in Section 2.2. The 
500 best suspension configurations according to this metric are 
retained.

IX Validate the suspensions found by the FNNs
The retained configurations are simulated in ADAMS to validate 
the neural network predictions and retrieve the actual trends 
of the characteristic curves. FNNs estimate only the objective 
function values and not the full behaviour of the suspension; 
hence, validation through multi-body simulation is required.

X Cumulative database for validated configurations 
Once multi-body simulations of the retained suspension config-
urations are completed, these validated solutions – along with 
their objective function values – are stored in a cumulative 
database (CD). This database includes both the original training 
simulations (𝑁𝑡𝑟𝑎𝑖𝑛) and the additional validated results from 
FNN predictions. No artificial neural network forecasts flow into 
the cumulative database. The database contains only validated 
design solutions. This database cumulates data over iterations of 
MS method.

XI Compute the 𝑘-optimality and find the optimal solution 
The 𝑘-optimality is evaluated among the cumulative database. 
Although only one suspension configuration must be chosen to 
start a new iteration (see Fig.  8), multiple configurations may 
share the highest 𝑘-optimality level. In such cases an additional 
selection criterion must be applied. In this work, the solution 
with the lowest average of the objective functions is chosen.

XII Check convergence of the method
Based on the identified optimal solution, three scenarios are 
possible:

- If the best suspension belongs to a previous iteration, fur-
ther exploration is unnecessary and the algorithm should 
stop.

- If the best suspension is among the 𝑁𝑡𝑟𝑎𝑖𝑛 configurations 
used for FNN training in the current iteration, it means the 
FNNs did not identify improvements in the current region; 
the algorithm should also stop.

- Otherwise, the latest exploration has yielded better solu-
tions, and a new iteration is initiated.

The method may be stopped at any iteration. It is also possible to 
halt domain exploration and repeat only steps VII to XI, enabling 
deeper sampling of the current region.

XIII Move the spheres
As highlighted in step XI, selecting the optimal suspension con-
figuration is necessary to start a new iteration. As shown in 
Fig.  8, if another iteration is to be performed, the centres of 
the spheres are relocated to the hard points of the optimal 
configuration identified. The process then resumes from step II.
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Fig. 9. Optimality level 𝑘 of the Pareto-optimal design solutions stored in the CD+ 
database. A total of six iterations were performed. Since the spherical neighbourhoods 
partially overlap when shifted from one iteration to the next (see Fig.  8), some optimal 
solutions found in later iterations may lie in regions already explored in earlier ones. 
For each solution, the earliest iteration 𝐸 at which it could have been discovered is 
highlighted. This ensures that all iterations up to 𝐸 are necessary, as the solution could 
not have been found in any of the previous 𝐸 − 1 iterations.

5. Results and comparative analysis

This section illustrates the results of the optimisation of the MacPher-
son suspension system presented in Section 3. The performance of 
Moving Spheres method is first examined in Section 5.1, while Sec-
tion 5.2 presents a comparison with the Parameter Space Investigation 
method [1,2] and KEMOGA [10].

5.1. Moving spheres performance

A total of six iterations of MS method were performed, leading to 
a gross amount of 1.2 ⋅109 suspension configurations processed by the 
FNNs and 12000 validated design solutions stored in the cumulative 
database (CD). These validated solutions are used to construct the 
Pareto-optimal set. To demonstrate the effectiveness of Moving Spheres 
method, it must be shown that the progressive shifting of the spheres 
leads to solutions that dominate those found in earlier iterations. If this 
is the case, the highest-quality configurations in terms of optimality 
level will mostly be found in the final iteration.

Fig.  9 shows the distribution of the Pareto-optimal set, constructed 
using the CD, across the six iterations of MS method. Dominant so-
lutions are grouped into bars according to their optimality level: 0-
optimal or Pareto (𝑘 = 0), 1-optimal (𝑘 = 1) and 2-optimal (𝑘 = 2). 
The spheres at a given iteration partially overlap with those from the 
previous iteration. If an optimal solution is found during iteration 𝐸
but lies within regions already explored in iteration 𝐸 − 1, then the 
additional computational effort of iteration 𝐸 was unnecessary (see 
step XII in Section 4.1.1). Fig.  9 shows that most of the 1-optimal 
and 2-optimal solutions in the CD were discovered at iteration 5, and 
that these solutions could not have been found in any of the earlier 
iterations. This outcome confirms that moving the spheres leads to an 
improvement in solution quality according to the 𝑘-optimality metric. 
Similar conclusions can be drawn from Fig.  13, which shows the hard 
point locations of all Pareto-optimal solutions identified using Moving 
Spheres method.

5.2. Comparative analysis

The approximation of the Pareto-optimal set obtained using Mov-
ing Spheres method is compared with a traditional Parameter Space 
Investigation method and an application of KEMOGA.

The PSI method relies on uniform sampling of the design space [1,
2]. The number of PSI suspension configurations to be evaluated, 
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Fig. 10. Pareto-optimal solutions from the CD+ database, grouped by 𝑘-optimality 
level. MS method yields configurations with higher optimality level.

Fig. 11. Representation of one 2-optimal configuration selected to represent the MS 
method (see Fig.  12), shown in comparison with the reference case. The lower control 
arm and tie rod, which are the structural components subject to optimisation, are 
highlighted. Spheres, becoming progressively darker, illustrate the evolution of the 
spherical neighbourhoods throughout the iterative procedure.

Table 9
Coordinates of the five hard points (HPs) of the optimal suspension configuration 
obtained at the end of Moving Spheres iterations (iteration 5 in Fig.  9). The Euclidean 
distances of the five optimised HP locations relative to their original positions (iteration 
0 in Fig.  9) are also reported. The original HP coordinates are listed in Table  3 and 
illustrated in Fig.  1. Values are expressed in millimetres.
  HP 𝑥 𝑦 𝑧 Distance 
  1 1.0 −417.7 163.5 67.0 
  2 205.9 −680.1 127.2 62.0 
  3 458.5 −366.5 162.6 48.5 
  4 476.5 −340.0 333.2 60.8 
  5 450.1 −730.7 295.7 57.3 

Table 10
Scaling factors (SFs) of the optimal suspension configuration at the end of Moving 
Spheres iterations (iteration 5 in Fig.  9). Each SF has a nominal value equal to 1 (see 
Section 3.1).
  HP Bushing name SFHP, 𝑥 SFHP, 𝑦 SFHP, 𝑧 
  1 sf_lca_front 1.10 1.11 1.15 
  3 sf_lca_rear 0.85 0.95 1.19 

25000, was selected so that the computational time required for ob-
jective function evaluation matches the total time spent by MS method 
(including multi-body simulations, FNNs training, and FNNs querying 
over six iterations). Therefore, the PSI method implemented here does 
not exploit the surrogate model of MS method.
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Fig. 12. Characteristic curves (see Table  5) for the optimal suspension configuration obtained at the end of MS iterations (see Fig.  11), and for the suspensions optimised through 
the PSI and KEMOGA methods (one configuration selected among the 1-optimal solutions for each, see Fig.  10), shown in comparison with the characteristic curves of the original 
suspension. Acceptance bounds are shown in red.
Fig. 13. Representation of the hard points of all Pareto-optimal solutions obtained using Moving Spheres method, grouped by their 𝑘-optimality level. The numbers corresponds 
to the hard point ordering shown in Fig.  1. The arrows qualitatively indicate the movement of the spheres during the iterations of Moving Spheres method.
Suspension configurations are selected within the envelope of the 
spheres defined by MS method to ensure a reasonable number of 
successful suspension configurations (see step IV in Section 4.1.1). To 
achieve this, the HPs of candidate configurations are initially sampled 
within the rectangular box-shaped volume tangent to the envelope 
of spheres, while the scaling factors are drawn within the prescribed 
range. Configuration generation employs a Mersenne Twister pseu-
dorandom number generator [56]. Configurations falling outside the 
volume enclosed by the spheres are discarded. This process is repeated 
until the required number of configurations is obtained.
10 
The 𝑘𝜀 Multi-Objective Genetic Algorithm (KEMOGA, [10]) imple-
mented in this study is based on the concept of 𝑘-optimality. Each 
design variable is encoded into a binary string (gene), so that the range 
of each variable – mirroring that used for PSI – is divided into 2𝑛𝑏𝑖𝑡
equally spaced levels, where 𝑛𝑏𝑖𝑡 denotes the gene length. Suspension 
configurations are represented by a concatenation of genes forming 
a chromosome, each of which defines an individual in the genetic 
algorithm. At each generation, the performance of each individual is 
estimated using the surrogate model from MS method, and fitness is 
assigned as follows:



L. De Santanna et al. Advances in Engineering Software 208 (2025) 103974 
Fig. 14. Projection onto the plane of the objective functions 𝑓1–𝑓4 (see Table  7) of the 
nine-dimensional CD+ set (see Section 5.2). Pareto-optimal solutions and the solution 
selected to represent MS method in Fig.  11 are highlighted.

Table 11
KEMOGA parameters.
  Parameter Value   
  Population size 200   
  Maximum generations 40 000   
  Number of bits 8   
  Mutation probability 1 ⋅ 10−1  

- if the individual is not Pareto-optimal or if one of its HPs lie 
outside the envelope of the spheres, the fitness value is set to zero;

- otherwise, the fitness values equals 𝑘 + 1, where 𝑘 denotes the 
𝑘-optimality level of the configuration (see Section 2.2).

Subsequently, individuals are paired with a probability proportional 
to their fitness, and single-point crossover is applied: parent chromo-
somes are cut at the same position and the resulting segments are 
swapped. The number of crossover events per generation is set to half 
the population size, rounded down. Following crossover, offspring are 
subjected to mutation, where each bit may be altered with a given 
probability. At the end of each generation, duplicates are removed, 
individuals exceeding a fitness threshold are stored, and only the 
fittest ones are retained for the next generation, thereby maintaining 
a constant population size. The algorithm terminates once a specified 
number of generations has been completed. Thereafter, 𝑘-optimality is 
assessed among all stored configurations through FNNs forecasts, and 
the best 2000 configurations are selected for validation to ensure com-
parable computational effort with MS method. For equal 𝑘-optimality 
levels, configurations minimising the sum of objective functions are 
chosen. Relevant KEMOGA parameters are summarised in Table  11.

To assess the performance of MS method against PSI method and 
KEMOGA, the configurations from CD (see Section 2.1) and the two 
comparative methods are merged into a set denoted CD+, from which 
a new Pareto-optimal set is derived. Fig.  10 illustrates the number of 
optimal solutions in CD+, grouped by 𝑘-optimality, while Table  12 
provides a comparison of the methods’ performance. Notably, only MS 
method was able to produce 2-optimal solutions.

5.3. Characteristics of the optimised suspension

Table  9 reports the hard point locations of one of the 2-optimal 
suspension configuration identified at the end of the six iterations of 
Moving Spheres method. The column ‘‘distance’’ shows the Euclidean 
norm between final and initial HP positions (see Table  3). Since the 
spherical neighbourhoods used during the iterations had a fixed radius 
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Table 12
Summary of the computational effort, number of configurations examined, and opti-
mality levels for MS method, PSI method and KEMOGA. Simulations were performed 
on a laptop equipped with an Intel® Core™ i7-7700HQ (2.80–3.80GHz), 32GB RAM, 
and an NVIDIA GeForce GTX 1050 GPU (2GB).
  MS PSI KEMOGA  
  Computational time   
  Training set generation 110h – 110h   
  FNN training 24h – 65h   
  FNN querying 47h – 10h   
  Data validation 28h 216h 16h   
  Total 209h 216h 201h   
  Configurations examined   
  By FNN forecasts 1.33 ⋅ 109 – 8 ⋅ 106   
  By simulations – training set 9000 – 9000   
  By simulations – validation set 3000 25000 2000   
  Optimality of the solutions   
  𝑘 = 2 43 0 0   
  𝑘 = 1 288 7 1747   
  𝑘 = 0 2344 4.444 246   

of 20 mm (see step I in Section 4), it follows that hard points 1, 2, and 
4 required at least four MS method iterations to be reached. Table  10 
lists the scaling factor values for the optimal configuration, along the 
three local axes of the bushings.

Fig.  11 illustrates the geometric modifications to the suspension. In 
particular, the lower control arm is stretched longitudinally, with the 
front point moved forward by more than 50 mm, and lowered closer 
to the ground. The height difference between front and rear points is 
reduced – from 15 mm in the original configuration to about 3 mm 
– while the vertical offset between the outer point and the other two 
exceeds 30 mm. The tie rod, instead, is significantly extended laterally, 
with its length increased by approximately 30%, and a reduced longitu-
dinal distance between endpoints, resulting in a smaller angle relative 
to the lateral axis.

The elasto-kinematic behaviour of the optimised suspension is
shown in Fig.  12. Acceptance bounds are shown in red, the dashed line 
represents the original suspension, whereas one optimised configura-
tion per method is displayed, each in a different colour. Toe angle in 
PWT varies linearly under positive wheel travel (bump), as its curvature 
was included as an objective function. All other metrics are improved 
with respect to the reference design, with most closely aligned to the 
midline of the bounds. The optimal solution from MS method shows 
significant improvement in toe angle across all three load cases, as 
well as in the camber angle response to longitudinal force at the tyre 
contact patch. Fig.  14 presents a projection of the nine-dimensional 
Pareto-optimal set onto the objective function plane 𝑓1–𝑓4 (see Table 
7).

6. Conclusions

Moving Spheres is a method to solve the multi-objective design 
optimisation of mechanical systems in which the locations of the joints 
in three-dimensional space are of major interest. The method has 
proven its validity for application to multi-body systems with a large 
number of design variables. In this paper, Moving Spheres method was 
used to optimise a suspension configuration with twenty-one design 
variables and nine objective functions. The optimised suspension meets 
all of the elasto-kinematic targets. The original reference suspension did 
not meet the elasto-kinematic targets.

Results of the proposed method are compared to those obtained 
through Parameter Space Investigation and KEMOGA, considering a 
similar computational effort. The comparative analysis shows that the 
optimal solutions found by Moving Spheres method dominate those 
found by PSI and KEMOGA. The optimal solutions determined in the 
last iteration step of Moving Spheres method are characterised by 
the highest optimality level, demonstrating that MS method is able 
to converge towards the regions of the design space where optimal 
solutions are located.
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