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LOCAL ASYMPTOTICS AND OPTIMAL CONTROL
FOR A VISCOUS CAHN-HILLIARD-REACTION-DIFFUSION
MODEL FOR TUMOR GROWTH

ELisA DavoLrl!, ELISABETTA RocCA?®, LUCA SCARPA®® AND
LARA TRUSSARDI*"

Abstract. In this paper, we study nonlocal-to-local asymptotics for a tumor-growth model coupling
a viscous Cahn—Hilliard equation describing the tumor proportion with a reaction—diffusion equation
for the nutrient phase parameter. First, we prove that solutions to the nonlocal Cahn—Hilliard system
converge, as the nonlocality parameter tends to zero, to solutions to its local counterpart. Second, we
provide first-order optimality conditions for an optimal control problem on the local model, accounting
also for chemotaxis, and both for regular or singular potentials, without any additional regularity
assumptions on the solution operator. The proof is based on an approximation of the local control
problem by means of suitable nonlocal ones, and on proving nonlocal-to-local convergence both for the
corresponding dual systems and for the associated first-order optimality conditions.
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1. INTRODUCTION

We study here diffuse interface tumor-growth models characterized by viscous nonlocal and local Cahn—
Hilliard systems coupled with reaction—diffusion equations. This formulation was introduced first in [1] and
successively studied in many papers in the literature both from the well-posedness [2-5] and the optimal
control [6-8] point of view.

Nonlocal Cahn—Hilliard type systems are currently the subject of an intense research activity. Among the
vast literature, we single out the contributions [9-13] and the references therein. The first proof of existence
of solutions for nonlocal Cahn-Hilliard equations with singular kernels with lower than W' !-regularity was
carried out by some authors of this paper in [14, 15], where nonlocal-to-local convergence of the associated
solutions was also established both in the Dirichlet and in the viscous homogeneous Neumann setting. The case
of W1 kernels was the subject of [16]. In the same work, the authors provided also a connection with the
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seminal works of Sandier and Serfaty in [17] on the evolutionary convergence of gradient flows with applications
to Ginzburg-Landau functionals (see also [17, 18], as well as the study of a simplified tumor growth model in
[19]). Nonlocal-to-local convergence results have then been obtained in more general settings, such as coupled
systems [20] and degenerate mobilities [21, 22]. Precise rates of convergence have been provided in [23]. The
strict separation property was analyzed in [24, 25], whereas the case of degenerate mobility was the subject
of [26].

In the present contribution, we focus instead on nonlocal-to-local asymptotics for Cahn—Hilliard tumor-
growth models. To the Authors’ knowledge, this is the first paper in the literature in this direction. In order to
describe our results in details, we need to introduce some notation.

We denote by ¢ € (—1,1) the difference in volume fractions between the tumor cells (¢ = 1) and the healthy
cells (¢ = —1), and by o € (0, 1) the concentration of the nutrient. We then consider the following local problem
in (0,7) x Q, where T > 0 is a fixed final time and ) is a domain in R%:

dp — div(m(p)Vu) = R — h(p)u, (1.1)
R=P(p)(o+x(1 - ) —p), (1.2)
=1 — Ap + ' (p) — x0, (1.3)
oo — div[n(p)V(ec + x(1 — ¢))] = —R + w. (1.4)

Here m and n are the (bounded from below and above) mobilities, 7 > 0 is the viscosity coefficient, and x > 0
is the chemotaxis coefficient. The potential v is generally a double-well potential having two global minima in
correspondence of the pure phases: in particular, the case of polynomial potentials of the form

Ys)= 20—, seR, (15)
can be included in our analysis. The term R on the right-hand side of the Cahn—Hilliard equation is motivated
from linear phenomenological laws for chemical reactions (see [1]), and takes into account the proliferation and
death of tumoral cells. As mentioned in [1], by means of proper numerical simulations, it is possible to show
that the predominant term in (1.2) is the first one P(¢)o, while the remaining terms are relevant only for large
values of x. Moreover, the choice of R automatically guarantees the thermodynamical consistency of the models,
that is, the fact that the energy decreases along solutions in the case in which no source terms are present. The
proliferation function P calibrates the strength of the reaction terms and is usually taken as follows:

Py if s < -1,
P(s)={ BsR(s 4t 1)+ By if —1<s<1, (1.6)
P if s > 1,

where Py and P; are suitable positive constants, so that the proliferation is faster in the tumor phase. There
are possible different choices in the literature for the term R on the right hand side, cf., e.g., [27-30] and the
references therein. Note that, for technical reasons, in this paper we will be forced to assume that P is strictly
positive, albeit still possibly very close to zero. This will be needed in proving the existence of strong solutions
to (1.9)—(1.14) in the case of a singular potential (cf. also [31, 32] for similar assumptions).

The external sources u and w are the controls that we are going to use in our optimal control problem to
direct the evolution of the system towards suitable targets. In the bio-medical applications, they are interpreted
as external therapies acting on the tumor: u can represent a radiotherapy (distributed through the function h)
acting on the proliferation of the tumor cells, whereas w can be seen as a chemotherapy acting on the tumor
through drugs or antiangiogenic therapy (cf., e.g., [33]).

For a possible choice of the controls, we refer to [34], Remark 4.6. We highlight that the controls do not have
to be permanently applied.
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Finally, we complement the problem with homogeneous Neumann boundary conditions and given initial data:

an(p = 8n,u/ = ana =0 on (07T) X 8(2, (17)
©(0) = o, 0(0) =09 in Q.

The corresponding nonlocal problem, studied (in some cases with extra regularizing terms), e.g., in [32, 35, 36],
is given by the following PDE system in (0,7) x Q

e — div(m(p:)Vie) = Re — h(p:)ue, (1.9)
Re = P(pe)(0e + x(1 = ¢c) — pie), (1.10)
pe = TOpe + (Je ¥ 1) — Jo % 0o + 7//(906) — X0Os, (1.11)
0o — div[n(pe)V(oe + x(1 — ¢:))] = —R: + w., (112)

coupled with the following initial and boundary conditions

Onpte = n(pe)On(oe — xpe) =0 on (0,T) x 09, (1.13)
0:(0) =0, 0c(0) =00, in Q. (1.14)

The free energy associated to the local system (1.1)—(1.8) reads as

2
o) = [ (T +u0)+ o+ xot1 - ) s

where the first two terms form the well-known Modica—Mortola energy, leading to phase separation and surface
tension effects.

The energetics of the nonlocal variant (1.9)—(1.14) of (1.1)—(1.8) are encoded by the following nonlocal free
energy, where the Dirichlet contribution in £ is replaced by the following nonlocal counterpart:

/ / i*’f@—y)(w(w—w(y»?dxdy,
QJQ

where J. is a symmetric interaction kernel defined on £ x €.

In many different biological models, nonlocal interactions have been used to describe competition for space
and degradation [37], spatial redistribution [38, 39], and cell-to-cell adhesion [40-42] and, at least in a formal
way, the nonlocal dynamics approach the local ones when the family of interaction kernels J. concentrates
around the origin.

Our main contribution is a rigorous characterization of such nonlocal-to-local asymptotics both for the
tumor-growth model introduced above, as well as for an associated control problem, which we describe below.

(CP) Minimise the cost functional

T T
aQ (&% B
o) = L [ fom - eaP+ 52 [ [lo—voP+ 22 [ [1o-aoP
Q 0 Q 0 Q

T T
(@7
w5 [ [ B [ [
2 Jo Ja 2 Jo Jao

(1.15)



4 E. DAVOLI ET AL.
subject to the control constraints

U € Upg := {u € L®(Qr) N HY(0,T; L*(Q)) | tmin < U < Umax a.e. in Qr,
[l o,7;02(0)) < M}, (1.16)
W € Vg :={w € L®(Qr) | Wmin € W < Wipax a.€. in Qr},

and to the nonlocal state system (1.9)—(1.14).

The cost functional J is a standard tracking type cost functional, where the constants o, ag, 89, G, Bw
are non-negative parameters that can be used to weigh the target functions ¢q (a final target for the tumor
distribution), ¢¢g (a desired tumor evolution), as well as og (desired evolution for the nutrient). Finally, the
last two terms in the cost functional penalise large use of radiotherapy or drugs, which could still harm vital
organs of the patient. From the point of view of biological applications, the most natural choice for U,; would
be Uyg = {u € L®(Qr)|tmin <t < Upaz a-e. in Qr}. The higher regularity requirement u € H'(0,T; L*())
in (1.16) is needed in order to achieve well-posedness owing to the fact that u acts as source term in the
Cahn—Hilliard equation (see also [32], Thms. 3.5 and 3.7).

Concerning the choice of the cost functional, any convex general function could be chosen within the integral,
and not only the second power. Incorporating dynamic boundary conditions or similar boundary penalization
terms would indeed be very interesting, but is beyond the scope of this work. Concerning results involving a
control on the boundary, we refer the reader to [43, 44].

Our main result is twofold. First, in Theorem 3.1 we show that solutions to the nonlocal Cahn—Hilliard
tumor-growth systems above converge, as € \, 0, to solutions of its corresponding local counterpart. Second,
starting from the nonlocal optimal control problem described above, in Theorems 4.3 and 5.1 we pass to the
limit as € — 0 in the associated optimality conditions and adjoint system, recently identified in [32]. As a result,
in Theorem 5.2 we derive first order necessary optimality conditions for the control problem driven by the
same cost functional J as in (1.15) and encoded by the local system (1.1)—(1.8) without imposing any extra
regularity or differentiability assumptions on the local solution operator. Indeed, one of the main advantages
of the nonlocal setting is that more regularity results are usually available and so, having at disposal rigorous
nonlocal-to-local convergence results, gives us the opportunity to approximate solutions to local phase-field
systems with the solutions to the corresponding nonlocal ones. For completeness, we point out that from a
modeling point of view, it would be meaningful to incorporate in J a further term enforcing a final target for
the nutrient. Handling such mathematical term is, currently, still out of reach: In fact, in order to characterize
the asymptotics of the final-time behavior of the nutrient as € — 0 in the adjoint problem, the presence of the
chemotaxis coefficient x would require stronger nonlocal-to-local convergences compared to the ones which we
deduce in this contribution, c¢f. Section 5.

A possible application of the optimality system for a computational aspect can be found in [34].

The proof of Theorem 3.1 relies on the establishment of uniform a-priori bounds for the solutions to the
nonlocal system, as well as on a combination of the theory for maximal monotone graphs with some interpolation
lemmas established in [16], and on a further compactness arguments for the chemotaxis, chemical-reaction term
and proliferation function. Theorem 4.3 exploits essentially the variational structure of the control problems and
is based on choosing the right competitors in the local and nonlocal settings. The starting point for identifying
first-order optimality conditions for the local control problem in Theorems 4.3, 5.1, and 5.2 are the results in
[32]. Relying on such characterizations of the optimality conditions and of the dual systems for the nonlocal case,
by choosing suitable test functions for the nonlocal dual system we establish e-independent uniform estimates
which eventually allow us to pass to the limit and characterize the local asymptotics for the control problem.

The paper is organized as follows. In Section 2, we specify our mathematical setting and recall a few pre-
liminary results from [32] on the well-posedness of the system for € > 0 fixed. In Section 3, we state and prove
Theorem 3.1. Section 4 is entirely devoted to the local and nonlocal control problems: after specifying our work-
ing assumptions, we recall the characterization of the dual system and of the first-order optimality conditions
in [32] and we state and prove Theorem 4.3. Eventually, Section 5 focuses on the passage to the limit in the
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nonlocal optimality conditions and on the identification of the corresponding local ones, and consists of the
statements and proofs of Theorems 5.1 and 5.2.

2. SETTING AND PRELIMINARY RESULTS

In the paper Q € R?, d = 2,3, is a smooth bounded domain with sufficiently smooth boundary and T > 0 is
a fixed final time. We set @ := (0,7) x Q and Q; := (0,t) x Q for all ¢t € (0,T). We define the functional spaces

H:=L*(Q), V= HY(Q), W= {ve H*(Q): dpv =0 a.e. on ON},

endowed with their natural norms. We identify H with its dual, as usual, so that we have the following dense,
continuous, and compact inclusions:

WV H—V" W

The duality pairing between V* and V will be denoted by the symbol (-,-). For any v € V*, we will use the
classical notation vg := ﬁ(v, 1) for the mean value of v. The variational formulation of the negative Laplacian
with homogeneous Neumann conditions is denoted by

B:V V" (Bvy,ve)y=y = / Vui - Vugdz, vi,vp € V.
Q

We assume the following setting, as in [32].

A1 For every £ > 0 we define the convolution kernel J. : R? — R as
_ pellzl) 3
where o € [0,d — 2) is fixed, and

pe(r) = Eidp(r/e), r € [0, +00).

Here, p: [0, +00) — [0, +00) is a given function with compact support, of class C?, and such that

“+o00
[t < o, 22
0
—+o0
Cad 1= / r=1= ! (r) | dr < 400, (23)
0
400 2
/ rdtI=p(r) dr = , Caim = / o er|* dH (o), (2.4)
0 Cdim Sd—1

where S9! is the unit sphere in R?. In this setting, for every ¢ > 0 we define

(Je xv)(z) == /QJE(LE —yu(y)dy, Yve LY(Q).
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From (2.1) and (2.3)—(2.4) it follows that (see [15, 16])
2 Je(l2]) € Wi, (RY),
so that we can define the nonlocal energy and its respective differential
E.:H — [0,+0), B.:H—H
as

4
B.(v) :=(Jex1)v— J.xv, ve€H.

E.(v) := f/ Jo(z —y)|v(z) —v(y)|?dedy, ve€H,
QxQ

Let us also recall that E. € C'(H) with DE. = B, (see again [15, 16]).
A2 The potential ¢ : R — [0, +00) is of class C?, and there are constants Cy, ¢y, My, > 0 such that, for every
r € R there holds

P (r)r > eylr? — ¢t
W (r)| < My(L+1r),  ¢"(r) > =Cy,
[ ()| < My(1+9(r)),

which implies, by possibly renominating c,, that
Y(r) > cylr|® — 0;1 VreR.
Defining

c 7d5d—1|
O<Eg<a|c’w7

by virtue of [16], Lemma 3.1, for every ¢ € (0,£¢) there holds

Ca7d|5d_1|

'(r) + (Je x 1)(x) > 2 —Cy>0 VreR, forae zeQ.
0

A3 The viscosity and chemotaxis coefficients satisfy 7 > 0 and x € [0, ,/¢y)-
A4 The mobilities satisfy m,n € C°(R), and there exist M,, M* > 0 such that

M. <m(r),n(r) < M* VreR.
A5 The proliferation function satisfies P € C°(R) and there exists Cp > 0 such that
0<P(r)<Cp(l+]r*) VreR.

A6 The interpolation function h € C°(R) N L*(R) is nonnegative.
A7 The initial data of the local problem satisfy

wo €V, Y(po) € LY (Q), op € H. (2.5)
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The initial data of the e-nonlocal problem satisfy

©o,e S ‘/7 ¢(¢0,a) € Ll(Q)v 00, cH Ve e (07€0>7 (26)
(¢0.e,00,e) = (po,00) in Hx H as € \( 0, (2.7)

sup (Eeleo) + 0002 oy + Tl n ) < +oc. (2.8)
e€(0,e0

We point out that the polynomial potentials in (1.5) fall within our analysis. In this setting, the nonlocal
problem at £ > 0 fixed has been widely studied in [35], also in the setting of degenerate mobilities but without
viscous regularisation. In our setting, the viscosity contribution allows us to refine the assumptions and exploit
the results of [32] instead. We recall here the weak existence result for the nonlocal problem proven in [32],
Theorem 2.3.

Theorem 2.1 (Well-posedness: ¢ > 0). Assume A1-AT and let € € (0,£9). Then, for every
(u,w) € [L>®(Q) N H(0,T; H)] x L=(Q), (2.9)

there exists a triplet (e, e, 0c), with

e € HY(0,T; H) N L>(0,T; V), (2.10)
o. € HY(0,T;V*) N L*(0,T; V), (2.11)
He = T@e + Be(p:) + 1//(%) — X0 € L2<07 V), (2.12)
R, == P(p:)(oe + x(1 — ) — pte) € LQ(Oa T L6/5(Q))a (2.13)

such that
¢:(0) = @o,e,  0(0) = 00, (2.14)

and
Orpes) + [ mlo) e Vedo = [ RCio— [ meuc ds, (2.15)
@00+ [ nlpV(o 4 x(1 - 92) Vodo = [ RCdos [ s, (2.16)
Q Q Q

almost everywhere in (0,T), for every ( € V.

Under suitably refined hypothesis, it is possible to obtain strong well-posedness for the nonlocal problem. In
order to state the result in [32], we introduce also the following strengthened assumptions.

B1 The potential satisfies 1 € C*(R) and

lim (¢'(r) — x*r) = 4o0.

r—+oo
B2 The coefficient g > 0 satisfies

c d|sd—1|
0<e? <t 1
T X2+ Gy
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so that for every e € (0, &) there holds

Ca,al 5"

2

" (r) + Jo x 1(x) >
€0

—CQ/,>X2 VreR, forae z€.

B3 The mobilities are constant, namely m =1 and n = 1.
B4 The proliferation and truncation functions satisfy P,h € C1(R) N W1>°(R) and there exists a constant
Py > 0 such that

P(r)>Py, VreR.

Moreover, we set Cp, := ||h||y1.00 (R).
B5 The initial data of the e-nonlocal problem satisfy

vo.. € H*(Q), 00 €EVNL™®(Q) Ve (0,g). (2.17)

Examples of proliferation functions satisfying our assumptions are those described in (1.6). In this refined
setting, the nonlocal problem is well-posed in the strong sense, as specified in the following result, following
directly from [32], Theorem 3.5.

Theorem 2.2. Assume A1-A7, B1-B5, and lete € (0,2¢). Then, for every (u,w) satisfying (2.9), there exists
a unique triplet (¢e, pe, 0c), with

we € WH(0,T; H) N HY(0,T; H*(Q?)), (2.18)
o. € HY(0,T; H)Nn L>(0,T;V) N L*(0,T; W), (2.19)
e = Tpe + Be(pe) + "//(QPE) —x0: € L=(0,T5;W), (2.20)
Re := P(p:)(0: + x(1 —c) — pe) € L2(03T§ L6(Q))a (2.21)

such that
0:(0) =0, 0:(0) =00c, (2.22)

and

Orpe — Ape = Re — h(p)u  ace. in Q, (2.23)
0o — Ao+ x(1— @) = —Re+w a.e in Q. (2.24)

Moreover, there ezists a constant C. > 0, depending only on the structure of the problem, such that, for every
pair of initial data {(@} ., 00 )} i=1,2 satisfying (2.6) and (2.17) and for every pair {(us,w;)}i—12 satisfying
(2.9), then the corresponding strong solutions { (%, ul, o) }i—1.2 to (2.18)—(2.24) satisfy

ot — @2\l 0,75 N o< (0, 12(9)) + 118 — B2\l 220,75 + 102 — 02| 1 0,755 A 20,75

< C: (lpse — 08 ez + log.e — o5 cllv + lur — uall 20,31y + llwr — wall20,3m)) - (2.25)

3. NONLOCAL-TO-LOCAL CONVERGENCE OF THE STATE SYSTEMS

The first main result of this paper is the convergence of the nonlocal system (1.9)—(1.12) to the local one
(1.1)—(1.4), as € N\ 0. This shows, as a byproduct, the existence of weak solutions for the local problem.
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Theorem 3.1 (Convergence of the state systems). Assume A1-AT7, let (u,w) and {(uc,w:)}ee(0,e,) Satisfy
(2.9) and

ue = in L®(Q)NHY0,T; H),

we = w in L2(Q).

Let also {(@e, pte; 02)}ee(0,c0) be a family of weak solutions to the nonlocal system in the sense of Theorem 2.1
corresponding to the family {(uc,we)}ee(0,e0)- Then, there exists a triplet (o, pu, o), with

o€ HY0,T; H)N L>®(0,T; V)N L*(0,T; W), (3.1)
o€ HY0,T;V*)NL*(0,T;V), (3.2)
p=1dhe — Ao+ (p) — xo € L*(0,T; V), (3.3)
R:=P(p)(c + x(1 — ¢) — u) € L*(0,T; L/°(Q)), (3.4)
such that
QO(O) = Y0, U(O) =00, (35)
and
@up,0)+ [ o)V Veds = [ Redo— [ niopuc de
Q Q Q
@0, + [ n@V+x(1-9) Vet =~ [ Redot [ win (3.6)
Q Q Q
almost everywhere in (0,T), for every € V.. Moreover, as € \, 0 there holds
. = ¢ inC°[0,T]; H), (3.7)
¢ = in H'(0,T; H) N L>(0,T; L°()), (3.8)
pe = in L*(0,T; V), (3.9)
o. — o in L*(0,T; H)NC°([0,T]; V*), (3.10)
o. >0 in H(0,T;V*)NL>(0,T; H), (3.11)
oc +x(1 =) = o+x(1—¢) inL*0,T;V). (3.12)

Additionally, if also B3-B4 are satisfied, then (@, i, 0) is the unique weak solution to the local system in the
sense of (3.1)-(3.6), there holds

p € L*(0,T; H*(Q)),
and we also have
o:(t) = o(t) inH Vtel0,T).

Moreover, for every pair of initial data {(¢}, 08)}iz1,2 satisfying (2.5) and for every pair {(u;, w;)}i=1,2 satisfying
(2.9), there exists a constant C' > 0 such that the respective weak solutions (@1, p1,01) and (2, p2,02) to the
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local system in the sense of (3.1)—(3.6) satisfy

1 — w2llzr0,7:m)n L= (0,75v) + |1 — p2ll20,v) + llor — o2 Lo (0,73 1)n L2 0,75v)

< C(llgs = @illv + llog — odlla + llur — uallp20. 70075 ) + w1 — wall 20,7 06/5(q)) ) - (3.13)

The rest of this section is devoted to the proof of Theorem 3.1.

3.1. Uniform estimates
We test (1.9) by pe, (1.11) by —0:pe, (1.12) by oc + x(1 — ¢¢), and sum all contributions. Integrating by
parts in time, we obtain

/ m(2)| Ve ? dards + 7 / 0o dads + E. (. (1)) + / Blpe(t)) dz

t Q1

1
+§/ |05(t)|2dx+/ n(cpe)|V(Us+x(1f<ps)|2dxds
Q Qt

1
= EE<¢0,6) + / 1/}(900,&) dz + 5/ ‘00,6|2 dz + / (Re — h(pe)ue)pe dods
Q Q

t

+ / (—Re + we)[oe + x(1 — ¢c)] deds + X/ 0:0rpe dzds — x 0o (1 — @) dzds
t t Qt

1
= Ec(po.e) + /Qi/J(SDO,e) dx + 5/9 ‘UO,E|2 dz — / P.(@)|oe + x(1 — ) — N€|2 dxds

t

- h(@e)us,ua dxds + / we[ae + X(l - 906)] dzds
Qt ¢

“y /Q oe(t)(1 — pe(t)) dz + x /Q Go.e(1— o) da.

Now, on the left-hand side we use assumptions A2, while to estimate the right-hand side we rely on assumption
A7, the fact that (u.)e and (w.). are uniformly bounded in L>°(Q), and Young inequality. We infer

i) VhePdsds + 7 [ |oupc P dads + E.(oulo) +eo [ o0 do
Qt Q

Q1
1
+5 [P dzt [ n(eiVio. +x(1 - 9 dods
Q t
+/ P(pe)loe + x(1 = »e) _NE‘deds
121 1 2 2 2
< — + Eelpoe) + | d(woe)de + o0l dz+ M | (Jue| + lpel” + |oZ]) dads
Cy Q 2 Ja Q

-I-M—X/Qae(t)(l —cpe(t))dx—i—x/ﬂao,g(l — o) dz

Q
< B (o0 + [ otencrdot [ jooe o+ ar [ (el + foul? + 102 dods
Cy Q Q Qs

k) 2 2
M [ foocPdo 9+ 5 [ lo@P o X [ foctP dz+ e,
Q Q Q
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where M > 0 and § > 0 are constants and independent of e. Now, since y? < ¢y by assumption A3, it is possible
to choose ¢ sufficiently small such that the two terms on the right-hand side corresponding to o.(t) and . (t)
can be incorporated in the left-hand side. Indeed, it is enough to choose § > 0 such that

2
and X < Cy,

< 5

N S
[N

which is possible if and only if % <1
Recalling also assumptions A4 and A7, and using the Poincaré inequality on the term in p. on the right-hand
side, we infer the existence of a positive constant M, independent of €, such that

/ Vpie]? dds + /Q Ohip. 2 dads + Ex (. (1)) + /Q o (B de + /Q lo-(t)[? da

+ / |[V(oe + x(1— @E)\Q dzds + / P(pe)|oe + x(1 — ) — u8|2 dzds
t

t

t
<M(1+/ (ealds + [ <|sos2+|a§|>dxds).
0 Q¢

Now, by the symmetry of the kernel J., arguing by comparison in equation (1.11) we find

(ne)a = 7(Orpe)a + (V' (9e))a — x(0e)a,

so that assumption A2 and the Young inequality ensure that, for every § > 0 there exists a suitable constant
Ms > 0 such that,

t
/ ()l ds < 672 / Bripe | + M / (14 low? + [b(p2)]) dds.
0

t Qt

Putting everything together, choosing § small enough, and using the Gronwall lemma yields then the following
estimates:

1B (o)l Lo 0,1y + 1 (@)l 0,152 (@) + el o,y < M
IVuellLz0,rm) < M

V(e + x(1 = @) llz2(0,75m) < M
lloell Lo 0,130y < M.

It follows in particular, using again assumption A2, the Poincaré-Wirtinger inequality, and comparison in (1.11),
that

lleellzoe 0,10y + lttell L2 (0,7:v) + lloe +x(1 = @)l L200,75v) < M. (3.18)

At this point, we test equation (1.11) by B.(¢.) and integrate in time, obtaining

rE.(p2(1)) + / Belpo) deds + [ 0/(00)Bele) s

=T7E.(po,) + / (e + x0<)Be () dads.

t
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Recalling that r — ¢’(r) + Cyr is nondecreasing on R thanks to assumption A2 on ¢”, we have

¢ (905) ((Pg) dxds
/ /QXQ (@ = ) (¥ (pe(5,7)) = ¥ (05, 9)))(pe (5, 7) — pe(s,y)) dvdy ds
_C¢[) /QXQ Js(x - y)|905(8,95) — @g(s,y)|2 dx dde = —4C¢/0 EE(SOE(S)) ds.

Putting this information together, using Young inequality, assumption A7, and estimates (3.14), (3.17) and
(3.18), we deduce that

1
TE:(p(1)) +/ |B(¢.)|> deds < M + 5/ |B.(p.)|* dads

t Qt

for a certain constant M > 0 independent of . It follows that

||Ba(805)||L2(0,T;H) <M, (3.19)
and hence, by comparison in (1.11),
%" (e)ll 20,11y < M. (3.20)
We now show a further integrability estimate on (¢.).. For every p € [2,6], we test equation (1.11) by
Yp(pe) == |pe[P~2p., and we integrate in time: using assumption A2 on the left-hand side we obtain

;/('2|@E(t)|pdx+/Q BE(@E)'Yp(QDE)dde—FCw/ |§05pd33d$—6;1/; ‘§05|p72d$d3

t

-
< */ |<po,s|pdx+/ (e + x0e)Yp(pe) drds.
P Ja Q¢

Now, since 7, is nondecreasing, we have

B () 7p(pe) dzds
Q.

- / /Q Tl = ) 0pl(5.2) = 22 (5.9 (2e(5:0) = 5. 9) Ay s > 0

Hence, using Holder and Young inequalities we infer that, for every é1,d2 > 0,

— sup /|<,0E |pdx—|—c¢/ |pe|P dadt
P tefo, 1)

T
. B B -
=< p/ﬂwo,al”dwrcwl/@l%p 2dxdt+/ e (8) + x0e (8| o () 0= (8) 17 5 ) ds
0

2.p—2 2
< T ‘900,5|p dx+5f‘2L |905‘p dxdt + &
p/2 p/2
P Ja p Q 07 ¢y P

P15zt p Lo P
+ 627" sup |lp.(t + =6P||pe + xO ‘ .
p te[O,T]H cOr (o) p T el 10,7520 ()
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Hence, using the continuous inclusion V' < L%(Q) and choosing d; and &, sufficiently small, recalling assumption
AT and the estimates (3.14), (3.17), and (3.18) we deduce that there exists M > 0 independent of € such that

H‘:OEH(IS,OO(O,T;LG(Q)) < M. (3.21)

Let us focus now on the term R.. By Holder inequality, the inclusion V' < L5(Q), the estimate (3.18), and
assumption A5 we immediately have

IRellzzoasrmcan < 1Pl orsmsapllos +x(1 = @0) = el 2oiaece
<M (1 - ||<ps||‘ioo(o,T;L4<m)) ’

so that by (3.21) we have that
| Rel 2 0,52075 () < M. (3.22)

Recalling that L%/°(Q) < V* continuously, by comparison in equation (1.12), estimate (3.16), and the
boundedness of n, it also follows that

loell 1o,y < M. (3.23)

3.2. Passage to the limit

By estimates (3.14)—(3.23) and by the classical weak compactness results, we deduce that there exist

€ HY(0,T; HYNL>®(0,T;L5(Q)),  pe L*0,T;V),
R e L*(0,T; L°()),

¢&veL*0,T; H),

o€ HY(0,T; V)N L>(0,T; H),

with
o+ x(1-¢) € L*(0,T;V),
and such that, as £ \, 0 (possibly along a not relabelled subsequence), the following convergences hold:

Qe =@ in H'(0,T;H) N L>(0,T; L°()),
pe = in L*(0,T; V), (3.24)
R.—R  in L*0,T; L5/5(Q)),
V() =€ in L*(0,T; H),
Be(p:) = v in L*(0,T; H),
o. >0 in HY0,T;V*)NL>(0,T; H),
o+ x(1—¢) ~o+x(1—¢)  inL*0,T;V). (3.25)

It follows then, by the Aubin-Lions compactness results (see [45], Cor. 4), that also
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@ = inC°0,T]; V"),
Oe — 0 in C°([0, T]; V*),
o +x(1 =) = o+ x(1 =) in L?(0,T; H).

We proceed by proving a stronger convergence for (. ).. By using the compactness lemma [16], Lemma 3.4 and
the estimate (3.14), for every 6 > 0, there exists ¢s > 0 such that, for every 1,2 > 0 we have

e, — e, HCO([O,T];H)
<O (1B, (e)llzoe0,1) + [1Bes (@)l e (0,1)) + csllper — ¢esllcoqo,myve)
< OM + cs| e, — @es oo, 115v+) -

Since § > 0 is arbitrary and we already know that ¢. — ¢ in C°([0,T]; V*), we infer that
pe =@ inC%(0,T];H),
which yields, by comparison, that
O =0 in L?(0,T; H).
This strong convergence of ¢ allows us to identify the limit £ by strong—weak closure. Indeed, we can write

' = (' +Cyl) — CylI, where ¢’ + Cy I is maximal monotone by A2 and Cy I is linear: hence, the strong-weak
closure of maximal monotone graphs immediately yields that

E=19'(¢) ae. in Q.
Let us focus now on the identification of v: more specifically, we need to prove that ¢ € L>®(0,T;V) N

L?(0,T;W) and that v = —Ag. To this end, we argue as in the works [15, 16]: by the Gamma convergence
result in [16], Lemma 3.3, from the estimate (3.14) we directly have that ¢ € L*°(0,7;V') and

1
5/ Vo(t)* < hgl\;l(l)leE((pg(t)) <M for a.e. t € (0,T).
Q

Furthermore, as a consequence of [16], Proposition 2.1 (see also [16], Sect. 5), by the estimate (3.14) and the
strong convergence of (¢¢). we have that

B:(pe) — B(p) in L2(O7T; V),

where B is the weak (variational) formulation of the negative Laplacian with homogeneous Neumann
conditions, i.e.

<B(v>,<>=/ﬂw-vg, v,( € Vdz.

Since B.(¢) — v in L%(0,T; H), we deduce that
v =B(p) € L*(0,T; H),

which implies by the classical elliptic regularity theory that ¢ € L2(0,T; W) and v = —A¢, as required.
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Let us show now how to pass to the limit in the terms with the mobilities m and n. Since m and n are
bounded and continuous, the dominated convergence theorem yields that

m(pe) = m(p), nlpe) = nlp)  InL7(Q) Vr e [2,+00).
Hence, since also
Vie = Vi, V(e =x(1 =) = V(o +x(1-¢))  in L*0,T;L*(Q)?),
we have that, for every p € [1,2),

m(pe)Vie = m(p)Vu  in LP(0,T; LP(Q)%),
n(e:)V(oe = x(1 = ¢c)) = n(p)V(e — x(L—¢))  in LP(0,T; LP(Q)%).

Since W < L*°(2) continuously, this implies in particular that, for every p € [1,2),

—div(m(pe)Vue) = —div(m(eo) V) in LP(0,T; W™),
—div(n(pe) V(e = x(1 = ¢2))) = —div(n(e)V(e —x(1 —¢)))  in LP(0,T; W7).

Finally, the last thing that we need to show is to identify the term R. To this end, we note first of all that
by the continuous inclusion V < L5(Q), from (3.24) and (3.25) we have

oetx(1—pe) —pe = o+ x(1 =) —p  inL*(0,T;L%()).
By the continuity of P,
P(pe) = P(p) a.e. in @,
where, by assumption A5,
[P(p)l < M (1+oc]*) -

Now, (|¢|*) is bounded in L>(0,T;L3/2(R2)) by (3.21), hence the Vitali’s dominated convergence theorem
yields

P(p:) — P(yp) in L"(0,T; LP(QY)) Vpe[l,3/2), Vrel2,+00).
We deduce that, for every s € [1,2)
R. = P(p:)(0e + x(1 = ¢:) = pie) = P(p)(o + x(1 =) —p)  in L*(0,T; L/°(Q)),
which implies
R="P(p)(oc+x(1—¢)—p).

The information on {(u.,w.)}s and assumption A6 readily imply by the dominated convergence theorem
that

h(ge)ue — h(e)u in L*(0,T; H).
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Letting € N\, 0 in the weak formulation of the nonlocal system in Theorem 2.1, we pass to the limit and obtain
exactly the variational formulation of the local system in Theorem 3.1, for any test function { € W. As W — V
densely, the existence part of Theorem 3.1 is proved.

3.3. Uniqueness of the local state system

Eventually, we show here that under the additional assumptions B3-B4 the triplet (p, u,0) is actually the
unique weak solution of the local system and there is continuous dependence with respect to the initial data
and the controls. Let us introduce the following notation

Ay

=1 — 2, fLi=p1— fe, 6:i=01]— 02,
w 2

U= Uy — U2, W= 1 — W, 9270 = (106_%037 6-0 = 06_0-07
where (¢1,01, 1) and (p2, 02, p12) are two solutions of (3.6) corresponding to the data (ui,w1), (¢4, 04) and
(ug,ws), (p3,02). Recalling that in this setting both mobilities are constant and equal to 1 and that 7 > 0, we
rewrite system (3.6) for the differences and we find

@:5.0)+ [ Vi Vedo= [ (R - Ra)do~ [ (hler) ~ hlga)ur + hlg)idcda,  (320)
Q Q Q
(0,5, C) + /Q V(6 +x(1— @) - Ve da = — /Q(R1 ~ Ry)Cda + /qug dz, (3.27)
almost everywhere in (0,7, for every ¢ € V, where
fi =10 — Ap + ' (1) — ¥’ (p2) — X6, (3.28)
Ry — Ry := (P(p1) — P(p2))(01 + x(1 — 1) — 1) + P(p2)(6 + x(1 — 9)). (3.29)

In the following estimates we denote by C' positive constants (which may also differ from line to line) depending
on the problem data, and, in particular on 7. Testing (3.26) by /i and (3.28) by 0;¢, summing both expressions,
and integrating in time, we infer

t t
. 1.
[ 1l ds+ 7 [ ot s+ 51901 (3.30)
1 . t A t o
< SIval+ [ [ (- Ropdzds+ [ [ (o) = blga))un + bz i)idads
0 Q 0 Q
t t
s [ [wen-viemoapasdssx [ [ sopdsds
0 Q 0 Q
Testing (3.27) by ¢ + x(1 — ¢), we deduce
Lo 2 ! . Ay (2 I e
I+ [ 1906 +x(1 = )l s < ool (3.31)
t t
- [ [ost=ndast [ [ (R~ Ra) = )@+ x(1 - )] dods,
0 Q 0 Q
In view of (3.28), recalling that d,¢ = 0 we obtain

/ adr /atg@dx
Q Q

<rT

+ /Q (8 (1) — ¥ (02) — x6) da.
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In particular, taking the square in the previous inequality, using assumption (A2) on ¢, and integrating the
result in time, yields

t 2 t
/ (/ ﬂdx) as < 210] [ ol s+ C [ (Ut + el ol dwas
0 Q 0 Q¢

+C [ |6]*deds. (3.32)
Qu

We proceed multiplying (3.32) by a constant ¢ < min{1
(3.30) and (3.31):

t t 2 t
. . T . 1 .
/nwnfquw/ /udx dH,/ 1061 ds + SIVa®) %
0 0 Q 2 0 2

+ 1O+ [ 19+ x(1 = @)l s

,ﬁm}, and summing the resulting inequality with

< ca/ (L4 o1 + |32 dzds + 5 [ |62 dzds
Qt Qt
1. RO N
+ g0l + [ (@00p(0) = o) da
t 1 t
[ 1 = B = @)@ x(1 = o) deds + 51900+ [ [ (B~ Rahidads
0 Q 0 Q

+ / /Q (A1) — Bp2))un + hp2)i)ide ds + / /Q (& (1) — ¥/ (02))0p dar ds,

Adding to both sides of the previous estimate 1| ¢[|%, and in view of assumption (A2) on 1, the Poincaré-
Wirtinger inequality, the Holder and Young inequalities, and the inclusion V < L5(2), we further infer

5 [t L 1. . 1 1 [t .
f/ ||u||’€—d5+f/ ||8t<p||%1ds+fll<p(t)ll2v+fllcr(t)l\%ﬁf/ 16+ x(1 — @)} ds
2 Jo 4/, 2 4 2 Jo

t
< CO+illm@) [ (+ il + el Il ds + €O+ illimq@)) [ 1o dads

t
+Clléollz + Cllgolly + Clle@liz + C/O IRy = Ral[7o/5q) ds

t t t
0 [ NilBa ds+ [ Iho) = hea)ulonoy ds-+ [ Ihiea)ilos o ds. (3.33)

Now, on the one hand, recalling (3.29) as well as the Lipschitz regularity of the proliferation function P (see
assumption B4), by the Holder inequality and the inclusion V — L5(Q) we infer the estimate

t t
/0 IRy — Ral[2e/a 0y ds < C / (L+ lloull? + llonll + Nl 18Il ds

t
+C [o -9l ds. 331
0
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On the other hand, by assumption B4 we also have

t t
[ Nto1) = by s+ [ )il ds
t t
< Clulim@ | 18rds+C [ ilfas o ds (3.35)

By combining (3.33)—(3.35), and using the chain rule formula

A A t o . T t A t A
9015 = ol +2 [ @0 ds < Il + 5 [ 10r6lds+C [ 1olfras,

we get

t t t
/O 12 ds + / 10612 ds + |61 + 16(0) I3 + / 16+ x(1— @)% ds
t
<c / (L4 loall3 + 1aalB) 1813 + 1613) ds + Clléoly + Clloli

t
+C [ (1l0m ) + Nl erney) s

Finally, the thesis follows by applying the Gronwall Lemma. Uniqueness follows by taking & = w = @9 = 69 = 0.

3.4. Further properties of the limit system

The extra regularity ¢ € L2(0,T; H3(Q2)) is a consequence of uniqueness and of [5], Theorem 1. Eventually,
under B4 one has that P is Lipschitz-continuous so that

P(p:) = P(p) in C°([0,T]; H).
Moreover, since by the inclusion V' < L5(£2) one has that
ge+X(1 =) —pe = o+ x(1 =) —p in L(0,T; L°()),
we readily deduce that
R. — R in L?(0,T; L%(Q)).
Now, testing (1.12) by o. + x(1 — ) and integrating by parts in time yields, for every t € [0, T,

SOl + [ n(eolV(o. +x(1 - o)) dads

t

1
= Sllonclfr+ [ (~Rewo)(on+ x(1 - ¢ duds

t

~x [ wdnp—x [ o= e do+x [ o0 =) do

t

By recalling that o.(t) — o(t) in H, that 0. + x(1 — ¢.) — o0 + x(1 — ) in L%(0,T;V) and, by compactness,
also that o. + x(1 — ¢.) — o + x(1 — ¢) in L?(0,T; LP(Q)) for every p € [1,6), by exploiting the convergences
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obtained above we get by weak lower semicontinuity that

1 1
li =lloc(®)[7 = lim 5 7 — lim inf 1—.))|*dad
imsup 3 flo=(O)llzr = lim 5 loo.e 7 — limin /tn(we)lv(aﬁx( we))I” dds

+ lim [

eNO / (—Re +we)(oe + x(1 = ¢c)) dzds

t

—X/ 00 e —X/ Us(t)(l—apg(t))dx—i—x/ 00,e(1 — o) da
. Q 0

sllooll = [ n@)V(o+ x(1 = o) duds

t

IN

+/ (—R+w)(o + x(1 — ¢))dzds

—X/taaﬂp—x/ﬂ o001~ @) dr +x [ ou(1 o) .

Q

Now, the analogous computations on the local system imply that

Slo®l+ [ n()IV(e+x(1L - ) duds

t

= slloull + [ (~R+w)(o+ x(1 - ) dads

t

x [t [ o1 — o) e +x [ a0(1 =~ o)

t

so that we deduce

. 1 1
limsup —loe(t)|[3 < Sle@)lF vt e [0,T],
N0 2 2

yielding the last desired convergence
o:(t) —o(t) in H Vte|0,T].
This concludes the proof of Theorem 3.1.

4. THE OPTIMAL CONTROL PROBLEM

Once the nonlocal-to-local convergence of the state-system is established, we are ready to state the optimal
control problem. In this direction, we introduce the following assumptions.

C1 The space of admissible controls is defined as

U = {(u,w) € [L®(Q)NH'(0,T; H)] x L™(Q) :
Umin < U< Umaz, Wmin S W < Winee  ace. in Q,

lull Lo (@ynE (0,1 11) + |lwl[ Lo (@) < Cu} )

where Umin, Umazs Wmin, Wmaz € L2(Q), Umin > 0 a.e. in @, and Cy; > 0 is a prescribed constant.

C2 The coefficients agq, aqg, 5g, a, By are nonnegative but not all zero.
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C3 The targets satisfy oo € H and ¢g,00 € L?(0,T; H).
C4 The proliferation and truncation functions satisfy P,h € C?(R) N W1H°(R).

In this setting, the optimisation problem associated to the local state-system reads:

(CP) Minimise the cost functional

T T
(679) « B
Teouw) =2 [1ol) = pal+ 52 [ [lo=wol+ 52 [ [ lo—oof
Q 0 Q 0 Q

T T
o g
w5 [ e B [ [
0 Q 0 Q

subject to the control constraint (u,w) € U, where (p, u, o) is a weak solution to the local state system associated
to (u,w) in the sense of conditions (3.1)—(3.6).

(4.1)

In the setting A1-A7, B1-B5, C1-C4, for every admissible control (u,w) € U, the local state system admits
a unique solution (p, i, o) in the sense of (3.1)—(3.6). Hence, the solution map

S:U—[H0,T; H)N L>®(0,T;V) N L*(0,T; H*(Q))] x [H*(0,T;V*) N L*(0,T;V)]
is well-defined as
S (u,w) = (p,0).

Hence, the optimisation problem (CP) can be written in so-called reduced form and we define optimal control
for problem (CP) any (@, w) € U such that

J(S(@,w),u,w) = min J(S(u,w),u,w).
(u,w)eU’

Existence of optimal controls for (CP) follows directly by variational arguments.

Proposition 4.1 (Existence of optimal controls for (CP)). Assume A1-A7, B1-B5, C1-C4. Then, the
problem (CP) admits at least an optimal control (u,w) € U.

Proof of Proposition 4.1. This is a direct consequence of the direct method of calculus of variations. For a
detailed proof in the nonlocal case, we refer to [32], Theorem 4.2: this can be easily adapted to the local case
with no additional technical difficulties. O

Remark 4.2. Let us notice that the uniqueness of the optimal control is not to be expected here, because of
the nonlinearity of the state system, which destroys the convexity of the problem.

The main issue on which we focus in this paper is the identification of first order conditions for optimality
related to optimal controls for (CP). Instead of tackling the optimisation problem directly at the local level, we
exploit a suitable approximation of (CP) wvia some optimisation problems (CP). involving the nonlocal system.
More specifically, (CP). will be constructed in such a way that the optimal controls (u.). of (CP). converge
to a prescribed optimal control @ of (CP). The necessary conditions for optimality for (CP). are available in
the literature in terms of a suitable dual system: by proving an analogous nonlocal-to-local convergence result
for such dual systems, we will then pass to the limit in the first order conditions for optimality for (CP). and
deduce the corresponding ones for (CP). This will avoid the imposition of extra regularity on the solutions to
the local problem, which would be needed should one tackle the local optimisation directly via differentiability
of S for example.
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4.1. The adapted optimal control problem

Let us introduce now the family (CP). of adapted optimal control problems: we recall that we work in the
setting A1-A7, B1-B5, C1-C4.

Let (u,w) € U be an optimal control for the problem (CP) and let (3,7) := S(w,w) be its corresponding
optimal state. For every € € (0,£¢), we introduce the following adapted optimisation problem.

(CP). Minimise the cost functional

1 _ 1 _
Te(¢e, 02, u,w) = T (e, 0e, u, w) + 5”“ - UH%Q(O,T;H) + 5”“’ - w”%?(o,T;H) (4.2)

subject to the control constraint (u,w) € U, where (@e, fie, o) is the unique strong solution to the nonlocal state
system associated to (u,w) in the sense of conditions (2.18)—(2.24).

Since the nonlocal state system is well posed in the sense of Theorem 2.2, the nonlocal solution map
S. U —[Wh(0,T; H) N HY(0,T; H*(Q))] x [H*(0,T; H) N L>=(0,T;V) N L*(0,T; W))
is well-defined as
Se : (u,w) = (e, 0c).

Hence, also the optimisation problem (CP). can be written in reduced form and we define optimal control for
the problem (CP). any (@.,w.) € U such that

Te(Se (Ue,We ), Ue, W) = min T (Se(u, w), u, w).
(u,w)eU

Note that the existence of optimal controls for (CP). follows by [32], Theorem 4.2. In the theorem below we
characterize the local asymptotics for optimal controls associated to (CP)..

Theorem 4.3 (Convergence of optimal controls). Assume A1-A7, B1-B5, C1-C4. Let (u,w) € U be an
optimal control for the problem (CP) and let (p,5) := S(u,w) be the corresponding optimal state of the
local system. Then, for every e € (0,e9) the adapted optimisation problem (CP). admits at least an optimal
control (g, W.). Moreover, for every family {(TUe,W:)}ec(0,e0) Of optimal controls for the problems (CP)., if
(Pe,0c) i= S(TUe, We) ¢ (g,cy) a7E the corresponding optimal states of the nonlocal systems, as € 0 there holds

. —u in L*(0,T; H),

. =7 in L°(Q)N HY(0,T; H),
w. —w in L*(0,T; H),

we =w in L>(Q),

?. =3 inC%0,T), H),
G. =& in L*0,T,H),
o.(t) —=a(t) inH Vte|0,T].

Proof of Theorem 4.3. Let (Ue,We).¢(0,,) C U be an arbitrary family of optimal controls for (CP), and for
every ¢ € (0,g9) let (,,7:) := S(U,W.) be the corresponding nonlocal optimal state. By definition of U, we
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deduce that there exists some (@, w) € U such that, as € \, 0,

e =4 in L™(Q)N H(0,T; H),

We W in L(Q).
Moreover, setting (@, &) := S(@, w), by Theorem 3.1 one has also, as € \, 0, that

B. — ¢ inC([0,T),H),
. — & in L*0,T, H),
g.(t) = o(t) inH Vtel0,T).

Let now (u,w) € U be arbitrary and let (., 0.) := Sc(u,w), (p,0) := S(u,w) be the corresponding nonlocal
and local optimal states. Then, again by Theorem 3.1 one has also, as € \, 0, that

e = ¢ in C°([0,T], H),
o. — o in L*(0,T, H),
oe(t) = o(t) in H Vtel0,T].

By definition of optimal control for (CP). we can write the inequality
— = = Lo o LT
T (P 0c, Ue, We) + 5”“5 - “HL?(O,T;H) + §||w6 - w||L2(0,T;H)
1 _ 1 _
< j(§067067u7w)+§”u—u”%2(0,T;H) +§Hw_w”%2(o,T;H) V(u,w) €U. (4.3)
The convergences above imply then by weak lower semicontinuity that
s s - Lo o Lo o
\7(90’ a,u,w) + 5”“ - u”Iﬂ(O,T;H) + 5”11) - wHLQ(O,T;H)
1 _ 1 _
< &7(90) a,u,w) + Ellu - u||2L2(0,T;H) + 5”’11) - wH%Q(O,T;H) V(u,w) eu.

Since (u,w) € U is arbitrary, choosing now (u,w) = (u,w) € U and exploiting that (@, w) is an optimal control
for (CP) we infer that

- .. _
@ = @l|72 0,751y + §||w — 0|72 0,71

<J@®@,0,u,w) < J(p,0,110) < +00,

DN | =

from which we deduce that 4 = @ and w = w, hence also that p = ¢, ¢ = 7, and

. >u in L®(Q) N HY(0,T; H),
W ~w in L®(Q).
It only remains to show the strong convergences of (u.). and (w.). in L?(0,T; H). To this end, choosing

(u,w) = (u,w) in (4.3) we infer

S 1. I _
J(®e,0c, e, We) + §||“E - UH%Z(O,T;H) + 5”“’5 - w||2L2(0,T;H) < J(pe; 02,0, W),
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where now

Ve =P inCO([O7T],H)7
o. — o in L?(0,T, H),
o.(t) = a(t) inH Vtel0,T).

Hence, by letting € \, 0 one has first that
J(@,7,u,w) < liIn\iélf J(@.,0c, Ue, We)
S 1imsupj(¢aaaa7ua7w6)
eN\0
< 11{%;7(905,05,@@) = J(p,0,u,w),

and also that

o o . _ T, _
J(@,0,u,w) < hin\%lf [j(CPeaUsausaws) + 5”“6 - u”%%o,T;H) + ins - w%ﬂ(o,T;H)]

: o . _ .
< hmsup |:j(§0€,0'57ug7w5) + 5”“5 - u”%/Q(O,T;H) + §wa - w'%Z(O,T;H)]

eN\0
< lim J(¢e, 0., w,w) = J (9,0, 0, W),
eNo0
yielding
IH% j(EE’EEaﬂEa@E) - j(¢a57ﬂ7w)
€
and
. 1 — —112 1 — —12
811{1(1) 5”“5 =l z20,75m) §||w5 —W|\7200,7m)| =0
This concludes the proof. O

4.2. First order conditions for the adapted problem

Let us focus here on the first order conditions for optimality for the adapted problem (CP).. Thanks to the
results in [32], these can be written in terms of a variational inequality involving the solutions of a suitable
adjoint, or dual, system.

In this direction, the following result ensures that the dual system is indeed well posed.

Theorem 4.4 (Well posedness of the nonlocal dual system). Assume A1-A7, B1-B5, C1-C4, and let ¢ €
(0,€0). Let (ue,we) € U and let (p,,0:) := S:(u,w) be the solution to the nonlocal state system. Then, there
exists a unique triplet (pe, qe,re), with

pe € L*(0, T; W),

¢- € L*(0,T; H),

re € HY(0,T; H) N L>(0,T;V) N L*(0,T; W),
pe+7q- € H'(0,T; H),
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such that
(pe +7¢)(T) = aa(@.(T) — a),  r(T) =0, (4.8)
and
- at(ps + TQs) + Be(‘]z—:) + W'(@Q% + XATE + Xp(ag)(ps - 7”5)
= Pl(@s)(EE + X(l - @s) - ﬁe)(pf - TE) - hl(@e)ﬂEpE =+ aQ(¢5 - @Q)v (49)
— ¢ — Ap.: + P(@a)(ﬂe - TE) =0, (4-10)
— Ore — Are — P(@,.)(pe — 7e) — Xqe = Bo(Te — 00). (4.11)
Proof of Theorem 4.4. This follows directly from [32], Theorem 4.2. O

The well posedness of the adjoint system allows then to formulate first order conditions for optimality for
the adapted problem (CP).. In this sense, we have the following result.

Theorem 4.5 (First order conditions for (CP).). Assume A1-A7, B1-B5, C1-C4, lete € (0,¢0), let (u,w) €
U be an optimal control for (CP), let (u.,w.) € U be an optimal control for (CP), and let (p,,0:) := Sc(Ue, We)
be the respective optimal state of the nonlocal system. Then, if (pe,q-,7<) s the unique solution to the nonlocal
dual system in the sense of (4.4)—(4.11), it holds for every (u,w) € U that

/ (—=h(P.)pe + Qe + U — ) (u — ) deds + / (re + BuWe + We — W)(w — W, ) deds > 0. (4.12)
Q Q
Proof of Theorem 4.5. This follows directly from [32], Theorem 4.8. O

5. NONLOCAL-TO-LOCAL CONVERGENCE OF THE OPTIMAL CONTROL
PROBLEMS

This section is devoted to proving first order conditions for optimality for the limit problem (CP), by passing
to the limit as e \, 0 in the first order conditions for (CP).. This requires two passages to the limit, one in
the dual system obtained in Theorem 4.4 and one in the variational inequality of Theorem 4.3. The two main
results that we prove are the following.

Theorem 5.1 (Convergence of the dual systems). Assume A1-A7, B1-B5, C1-C4, let { (T, We) }ec(0,e9) CU
be a family of admissible controls, let {(P.,0:) := S:(Ue, We)}ee(0,e,) be the corresponding family of nonlocal
states, and let {(pe,qe,7e)}ec(0,e0) be the corresponding solutions to the nonlocal dual problem in the sense of
(4.4)—(4.11). Let also (u,w) € U be an admissible control such that, as e 0,

T =7 in L®(Q)N HY0,T; H),

— *

we ~w in L(Q),

and let (p,7) := S(u,w) be the corresponding local state. Then, there exists a unique triplet (p,q,r), with
p e L*0,T;W), (5
g€ L*(0,T;V), (5.
r€ HY(0,T; H)NnL>(0,T; V)N L*(0,T; W), (5
p+71q€ HY(0,T;V*)NL>(0,T; H), (5
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such that
(p+79)(T) = aa(@(T) — o),  r(T)=0, (5.5)
and

—0i(p+71q9) + Blq) +¢"(@)qg + xAr + xP(®)(p — 1)

=P @)@+ x(1-9) —m)(p—r)—M@up+ aq(® - ¢q) (5.6)
—q—Ap+ P@)(p—1)=0, (5.7)
—or—Ar—P®@)(p—1)— xq=Po(@ —0gq), (5.8)

where i := 17015 — Ap + ' (@) — x&. Additionally, as e \ 0 there holds

pe —p in L*(0,T;V), (5.9)
pe —=p in L*(0,T;W), (5.10)
q- —q in L*(0,T; H), (5.11)
re —r in C°([0,T]; H) N L*(0,T; V), (5.12)
re =1 in HY0,T; H) N L>®(0,T; V)N L*(0,T; W), (5.13)
pe+7qc = p+7q in CO0, T V), (5.14)
pe +7¢c 2 p47q in HY0,T;V*)NL>®(0,T; H). (5.15)

Theorem 5.2 (First order conditions for (CP)). Assume A1-A7, B1-B5, C1-C4, let (u,w) € U be an optimal
control for (CP), and let (¢,7) := S(u,w) be the respective optimal state of the local system. Then, if (p,q,r)
is the unique solution to the local dual system in the sense of (5.1)—(5.8), for every (u,w) € U there holds

/ (—h(@)p + @) (u — T) drds + / (r 4+ Buw)(w —w) drds > 0. (5.16)
Q Q

The remaining part of the section is devoted to the proofs of Theorems 5.1-5.2. For convenience of the reader,
we subdivide the proof into steps associated to the corresponding subsections.

5.1. Uniform estimates on the nonlocal dual system

We test (4.9) by pe + 7¢e, (4.10) by C,pe, and (4.11) by —0,re + Crre, where C; > 0 is a constant, dependent
on 7, and big enough, which will be chosen later.
Fix t € (0,7). We sum the resulting equations, integrate in (¢,7) x €, and add to both side of the resulting

identity the term 7C, ftT Jo lge|? dads: we find

1 T T
5 [Ip®+ra0P door [ Eayas+ 0o [ [ (902 + (o) lpe?) dods
Q t t Q

T T
1

+/ /|8tr5|2d:z:ds+f/ (Crlr=()? + [Vr=(t)]?) d:z:+C’T/ /|V7’5|2dxds

¢ Ja 2 Ja ¢ Ja

T
+TCT/ /\q5|2dmds
1
:§/a9|gp€( gpg| d:zzf/ /B (ge) pedxdsf/ /1/1 (®.)4e(pe + 7¢-) dads
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T T
— / / XAre(pe + 7¢.) deds — / / XP(@.)(pe —7e)(pe + 7¢-) dads
¢t Ja ¢t Ja
T
[ [ P @I+ =) =)0~ o+ 7a) dods
t
T T
— / B (@, )uepe (pe + Tqc) dds + / / (@, — ¢q)(pe + 7qc) dzds
¢ ¢t Ja
T T
+C: / / P(@,)repe dads + C; / / qe (pe + 7¢:) dads
t Jo t Ja
T T
+ / / P(@.)(pe — re)(—0re + Crre) dads + / / Xqe(—0¢re + Crre) dads
¢t Ja ¢t Ja

T 13
+ / / Bo(@e — 0qQ)(—0re + Crre) dads =: Zli'
t Ja —

We estimate the 13 terms on the right-hand side separately: we will use the symbol C for a positive constant
independent of ¢, 7, and C,. Clearly, I; is bounded since @.(T) — @(T) in H by 3.1. As for I, we have

T T

I, = _/ \/2 BE(Qa)pa dzds < 2/ V EE(qE) V E&(pa) ds
t ¢ t

T T 4 T

Z/t E.(qc)ds + ;/t E.(p:)ds

T c [T
f/ Ee(qe)ds—k—/ /|Vpg|2 dzds. (5.17)
4 /i T Jt Ja

IN

IN

By (3.14) and the inclusion V < L5(Q) we infer

T T
B=— [ [ "eoup.dsds < [ 1+ lolio) ool ds
t Q t

T T
<C< / lgelZds + / ||ps||%ds>. (5.18)
t t

As for I, by (4.11) and the boundedness of P we deduce

T
= —/ / XArg(pa +Tq5)dxds
t Q
T
<x / / 0o + P(32) (e — 1) + X6 |Ip- + 7q.| dads
t Q

1 /T T
= 1/ / ‘3t’“f|2dxd5+c/ /(Ips\2+\rs\2+|q€|2)dxds
t JQ t Ja

T
+ C’/ / Ipe + 7q.|* deds (5.19)
t Jo
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and similarly

T T
Is < C’/ / (\pg|2 + |r€|2) dzds + C/ / Ipe + 7'q€|2 dzds. (5.20)
t Ja t Ja

As for I, the boundedness of P’ yields, together with Holder and Young inequalities,

T
Is < c/ / 72+ X(1— B.) — illpe — rellpe + 7gc| deds
t Q
T
< Cllpe - 7"6”%2(25,T;L3(Q)) + C/ [oe +x(1— @) — ﬁ6||2L6(Q)||ps + T%H% ds
t
T T
<c{ [ s+ [ el as
t t
T
e / (1 + 17e + x(1 =) + 1712 Ipe + raell% ds. (5.21)
t

In view of the boundedness of b’ and P, the definition of I, and the boundedness of (,). in L?(Q) we find

T T
Ii+Ig+Ig+10<C <1+/ Hpelléds+/ ||q€||%1ds>
t t
T
+oc / (el + e + 7acl%) ds. (5.22)
t

Similarly, it is immediate to check that

1 T T T
I+ Lo+ 113 < Z/ / |3t7‘s|2 deds + C <1 +/ ||pEH%-IdS +/ Hq‘g”%{dS
t Q t t

T
+Cci/t |re||% ds. (5.23)

Hence, by taking (5.17)—(5.23) into account, we can choose and fix C > 0 large enough so that 7C; > C and
Cr > (" recalling that P is bounded from below by a positive constant, all the terms in (5.17)—(5.23) not
associated with C,. can be reabsorbed in the left-hand side. By suitably renominating the constants, we are then
left with

T T
lp=(t) + ra- (D113 + =7 + / (lgel% + Ex(q2)) ds + / o2 ds
T
4 / (013, + lIr<l1?) ds
t

T T
<C <1+/ ||r5||§{ds+/ 1+ 117 + x(Q =B + I717) ||pa+Tqa||§1d8>7
t t
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where C' is a positive constant independent of & (but depending on 7). An application of Gronwall’s lemma and
a comparison with (3.7)-(3.12) yields the uniform estimates

Ipellz20,1v) < M, (5.24)
e + 7qel| oo (0,7:m) < M, (5.25)
Igell 20,71 + [ Be(ge) | 210,y < M, (5.26)
7l 52 0,151y Loe (0,15v) < M, (5.27)

where the constant M is independent of ¢. In particular, (5.25), the boundedness of (@.). in L°(0,T; L5(12)),
and the inclusion L5/5(Q) < V* imply that

| B (g2) |l 2 0,1v+) + 10" (@) el 20,7y +) < M. (5.28)

Hence a direct comparison in (4.9)—(4.11) yields also

Ipell 20,7y < M, (5.29)
pe + 7qellar0.m3v =) < M, (5.30)
7l 220, 7w) < M. (5.31)

5.2. Passage to the limit in the dual system

The estimates (5.24)—(5.31) imply the existence of a triplet (p, ¢, ) satisfying (5.1)—(5.5), as well as, as € N\, 0
along a subsequence, the convergences (5.9)—(5.10) and (5.12)—(5.15). As for (5.11), we note that by comparison
one obtains first that ¢. — ¢ in L?(0,T;V*), and this implies also ¢. — ¢ in L?(0,T; H) by the compactness
lemma [16], Lemma 3.4. Moreover, from the strong convergence (5.11) and the estimate (5.29), thanks to [16],
Proposition 3.1 (in a suitable integrated-in-time formulation) we deduce that ¢ € L?(0,T;V) and that

Be(ge) = B(g) in L*(0,T; V™).

Since P’ and k' are bounded and continuous, it is immediate to check that all the terms in (4.9)—(4.11) pass to
the limit as € \, 0, and (5.6)—(5.8) follow. This concludes the proof of existence and convergence in Theorem 5.1.
We are only left with showing that the solution to the local dual system is unique: to this end, it is enough to
prove that if (p, ¢, r) is a solution to the homogeneous problem, i.e. (5.1)—(5.8) with formally ag = ag = g =0,
then p = ¢ = r = 0. Now, it is straightforward to check that the same estimate performed on the nonlocal dual
system in Subsection 5.1 can be repeated in this context with elementary adaptations: this yields

T
Ip() + Ta(®)l17 + Ir@®)I +/ (lallZ + 1Vallz + IplI% + 10l + lIrll5) ds
t
- T T
<C / 1717 d8+/ (1 + 7+ x(1 =25 + 77 Ip+ rall7 ds | ,
t t

so that the Gronwall lemma implies that p = ¢ = r = 0. This concludes the proof of Theorem 5.1.

5.3. Passage to the limit in the first order conditions

We are ready to prove now Theorem 5.2. Given an optimal control (u,w) for (CP), by Theorem 4.3 there
is a sequence of optimal controls (U, W, ). satisfying the convergences in Theorem 4.3. Moreover, denoting by
(e, ge, e ) the solutions of the corresponding nonlocal dual systems, one has the convergences (5.9)—(5.15) by
Theorem 5.1, as well as the first order conditions for optimality for (CP). in (4.12). Since u. — u and W, — @
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in L2(0,T; H), by letting ¢ \, 0 in (4.12) one readily obtains (5.16) by the dominated convergence theorem.
This concludes the proof of Theorem 5.2.
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