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ARTICLE INFO ABSTRACT

Dataset link: https://github.com/ERMETE-Lab/ Reliable, real-time state estimation in nuclear reactors is of critical importance for monitoring, control and
NuSHRED safety. It further empowers the development of digital twins that are sufficiently accurate for real-world
Keywords: deployment. As nuclear engineering systems are typically characterised by extreme environments, their in-
State reconstruction core sensing is a challenging task, even more so in Generation-IV reactor concepts, which feature molten salt
Partial observations or liquid metals as thermal carriers. The emergence of data-driven methods allows for new techniques for
Nuclear reactors accurate and robust estimation of the full state space vector characterising the reactor (mainly composed
Machine learning by neutron fluxes and the thermal-hydraulics fields). These techniques can combine different sources of
SHRED information, including computational proxy models and local noisy measurements on the system, in order

Monitoring and uncertainty quantification to robustly estimate the state. This work leverages the Shallow Recurrent Decoder (SHRED) architecture to

estimate the entire state vector of a reactor from three, out-of-core time-series neutron flux measurements
alone. Specifically, the Molten Salt Fast Reactor, in the geometry of the EVOL (Evaluation and Viability of
Liquid Fuel Fast Reactor System) project, is demonstrated as a test case, with neutron flux measurements
alone allowing for reconstruction of the 20 coupled field variables of the dynamics. This approach can further
quantify the uncertainty associated with the state estimation due to its considerably low training cost on
compressed data. The accurate reconstruction of every characteristic field in real-time makes this approach
suitable for monitoring and control purposes in the framework of a reactor digital twin.

1. Introduction liquid metals as thermal carriers; whereas, one of them, the Molten Salt
Fast Reactor (MSFR), adopts a liquid molten salt fuel homogeneously

To achieve the goals set by the COP28, energy transition must take mixed with the coolant (Brovchenko et al., 2013). Moreover, they are

a central role. In a world that sees an increasing demand for clean usually designed to work in a fast neutron spectrum (Duderstadt and

and sustainable energy, new nuclear technologies present a crucial and
complementary solution to renewable energy sources. Nuclear power
is a dependable energy source, with high availability and fixed costs.
As such, nuclear energy has, jointly with renewable energy, a major
role to play in the clean energy transition. Innovative reactor concepts
are currently being designed by considering their possible integration
with other sources of energy and by following four core tenets as

Hamilton, 1976). This condition makes the in-core environment more
hostile due to the higher radiation field, with greater damage (and
therefore lower useful lifetime) to structural materials and to in-core
sensors. To address the challenge of modelling emerging reactor con-
cepts, we leverage a Shallow Recurrent Decoder (SHRED) architecture
to robustly map out-of-core measurements to full state estimates in

identified by the Generation-IV International Forum (Generation IV the reactor, even fields unmeasured by the sensors. This provides a
International Forum, 2014): (i) efficient use of the fuel, (ii) reduced viable pathway for the construction of a digital twin capable of accurate
waste production, (iii) economical competitiveness, and (iv) meeting monitoring of the fission process for safety critical applications.
stringent standards of safety and proliferation resistance. The production of energy from nuclear reactors has always been
The development of innovative reactor concepts poses several chal- subject to rigorous safety criteria at both design and operation levels.
lenges in terms of design, monitoring and safety. For example, these This topic has become even more relevant as nuclear reactors are
reactors could, in principle, work with spent fuel from traditional reac- planned to be included in hybrid energy grids along with renewable

tors; two out of the six proposed Generation-IV concepts operate with
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sources (Agency, 2023; Ruth et al., 2014). The intermittent nature
of these renewable sources require the nuclear reactor to reliably
operate in load-following mode, which requires being able to quickly
assess the new state of the system following a rapid change in power,
whilst ensuring safety constraints at all times. This requires having
access in real-time to all the dominant quantities of interest describing
the physical behaviour of the system (e.g., temperature, neutron flux,
power density and coolant velocity). Fast, accurate and reliable digital
twin (DT) models of the physical plant (Grieves, 2019) are consequently
of growing interest in the nuclear engineering community (Mohanty
and Vilim, 2021; Mohanty and Listwan, 2021; Gong et al., 2022a).

A key objective associated with DTs consists of developing an
inverse model capable of inferring the full state (characterised by all the
different fields of interest) from point (sensor) measurements (Argaud
et al.,, 2018; Gong et al., 2023, 2022b). These inverse models can be
constructed by combining mathematical modelling and experimental
information to provide a full state estimation in a quick and reliable
way. These approaches are critical for real-time control, monitoring of
the nuclear reactor, and ensuring safety standards. Furthermore, fast
models allow for performing sensitivity analysis and uncertainty quan-
tification in reasonable computational times. Indeed, having a reliable
tool that provides state estimation, identifies the onset of potential
accidental scenarios, and characterises the unexpected behaviour of
experimentally unobservable quantities is essential for the development
of efficient and “autonomous” control systems. In fact, as mentioned
above, nuclear reactor cores are characterised by a harsh and hostile
environment, which makes in-core sensing a non-trivial task. This
challenge holds especially true in the MSFR, which, due to the liquid
nature of the core, requires the local measurements to be collected from
sensors placed outside the core (Cammi et al., 2024; Riva et al., 2024a).
Therefore, a DT of a nuclear reactor must be able to provide in real-
time a complete estimation of the whole state of the reactor, integrating
together the information of models and measurements while also being
able to identify and predict accidental scenarios.

The simulation of mathematical models typically requires the nu-
merical solution of parameter-dependent Partial Differential Equations
(PDEs), which is not feasible for real-time applications (Kapteyn et al.,
2020). Only the recent developments in Reduced Order Modelling
(ROM) approaches (Lassila et al., 2014; Rozza et al.,, 2020) have
opened new possibilities towards reliable and efficient DTs for en-
gineering systems. These techniques aim to produce a reduced rep-
resentation of the solution manifold and provide an approximation
that is both sufficiently accurate and obtained with reasonably low
computational costs. Among ROM techniques, non-intrusive methods
are more suited for the combination of models and measurements.
Moreover, with respect to intrusive approaches (Quarteroni et al.,
2015), they do not require the knowledge of the governing PDEs.
They have been widely used in the literature to combine models with
sensors with notable examples including the Gappy Proper Orthogonal
Decomposition (Brunton and Kutz, 2022), Generalised Empirical Inter-
polation Method (Maday et al., 2015) or the Parameterised-Background
Data-Weak formulation (Maday et al., 2014).

Data-driven models have also emerged as the leading paradigm
for learning input-output maps (Brunton and Kutz, 2022), including
mapping input/boundary conditions (Kang et al., 2022; He et al., 2022)
or temporal trajectories of measurements (Williams et al., 2024) to
the state space, making them applicable for state estimation purposes
in nuclear reactors (Gong et al.,, 2022a,b). Indeed, the non-intrusive
techniques mentioned above include a step which determines the op-
timal sensor placement to obtain a well-conditioned inverse problem
upon which state estimates rely (Binev et al., 2018; Manohar et al.,
2018). Within the nuclear engineering framework, a two-step approach
has been proposed by Introini et al. (2023b) and Gong et al. (2023):
the characteristic parameter, producing some local measurements, is
estimated with an inverse optimisation problem and then used to
calculate the temporal and parametric trajectories embedded in the
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reduced coefficients. Even though promising results have been obtained
even using out-core measurements (Cammi et al., 2024), optimisation
problems are often computationally expensive even when solved in a
reduced coordinate system; in fact, this was the main computational
bottleneck of the work done by the authors in Introini et al. (2023b).

The SHallow REcurrent Decoder is a neural network architecture
that, following a training and learning process, maps the trajectories
of sensor measurements to a latent space, thus encoding the dynamics
of the high-dimensional space. In its basic principles, SHRED can be
seen as a generalisation of the separation of variables method for
solving PDEs (Williams et al., 2024; Ebers et al., 2023; Faraji et al.,
2025). This work applies the SHRED architecture to the Molten Salt
Fast Reactor considering the EVOL geometry (Brovchenko et al., 2013):
in particular, the overall state vector is to be reconstructed using
out-core measurements a single field, following Cammi et al. (2024)
and Riva et al. (2024a). The system state includes the energy fluxes,
the neutron precursors (Duderstadt and Hamilton, 1976), the decay
heat groups (Aufiero, 2014) and the thermal-hydraulics fields, i.e., the
pressure, the temperature and the velocity; in this work, only one of
the energy fluxes is supposed to be observable (this choice is arbitrary
and it may depend on the data availability on the plant site), as in
general, fluxes measures are easier with respect to others, like the
precursors concentration or the velocity. Moreover, the sensors are only
placed in the external solid reflector region to avoid in-core placement,
an almost impossible task due to the fluid nature of the MSFR. The
SHRED architecture is such that the training phase is quite rapid
and inexpensive and the required hyperparameter tuning on the net
parameters is minimal (Faraji et al., 2025), to the point that it can
be easily performed on personal computers (Williams et al., 2024).
These features make this architecture well-suited for different physical
problems and noisy data: more than one SHRED model can be trained
quickly so that different predictions of the temporal dynamics can be
assembled to obtain a robust reconstruction, with the additional benefit
of providing a mean value of the temporal dynamics and an uncertainty
quantification of the estimation itself.

The paper is structured as follows: firstly, in Section 2, the basics of
the SHRED architecture are discussed; Section 3 describes the Molten
Salt Fast Reactor and the numerical modelling related to the full-order
model (i.e., the source of training data); the numerical results are
then presented in Section 4; lastly, the main conclusion are drawn in
Section 5.

2. SHallow REcurrent Decoder

The SHRED (Williams et al., 2024; Ebers et al., 2023; Faraji et al.,
2025) architecture is a novel data-driven technique based on the combi-
nation of a Long Short-Term Memory (LSTM) (Hochreiter and Schmid-
huber, 1997), a Shallow Decoder Network (SDN) (Erichson et al., 2020)
and the compression given by the Singular Value Decomposition (SVD),
also known as Proper Orthogonal Decomposition (Brunton and Kutz,
2022; Rozza et al., 2020). The performance of the SHRED architecture
was proven in Williams et al. (2024), where given the same physical
problems this structure outperformed, in terms of reconstruction ac-
curacy, state-of-the-art linear and non-linear techniques given as low
as three sensors. Even more promising, SHRED selects the sensors
randomly among the available locations, whereas other non-intrusive
methods typically adopt hierarchical greedy algorithms to identify
the optimal position of the sensors, a step in the offline phase that
often represents one of the computational bottlenecks. Instead, SHRED
incorporates the temporal trajectory of the measurements through the
LSTM to learn the evolution of the temporal dynamics embedded in the
latent space generated by the SVD with the SDN.

Fig. 1 highlights the architecture of SHRED. As a first step, the
neural network is trained to map the measures to a compressed space,
such as the low-rank approximation given by the SVD (Brunton and
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Fig. 1. SHRED architecture applied to Nuclear Reactors. Three out-of-core sensors are used to measure a single field variable. The sensor time series is used to construct a latent
temporal sequence model which is mapped to compressive representations of all spatio-temporal field variables. The compressive representations can then be mapped to the original
state space by the singular value decomposition. The compressive representation allows for laptop level training in minutes even on 20 high-dimensional field variables.

Kutz, 2022). SHRED maps only a few measurements y of a single ob-
servable field to the latent dynamics given by the reduced coefficients
v,(?) of each characteristic quantity of interest (for the specific case of
this paper, these quantities are those that describe the physics of the
nuclear reactor, such as neutron fluxes, temperature and velocity). This
first compression with SVD approximates the full-order space of the
snapshots to a low-rank finite dimensional space spanned by the first
r-rank left singular eigenvectors of the SVD, allowing for a significant
reduction in the training cost to the point that the SHRED model can
be trained in minutes even on a personal laptop (Faraji et al., 2025).
Due to this, it becomes cheap to train different SHRED models for
different sensor configurations, i.e., for other random sensor locations,
to obtain more than one estimation of the state such that a measure
of the uncertainty associated with the prediction can be provided. This
way of proceeding can be useful to generate state estimations which
are robust against noisy measurements collected on the physical system
itself; furthermore, it can be extended to identify possible malfunctions
to the sensors, since more than one estimation is given.

In the SHRED architecture, the recurrent neural network (Lipton
et al.,, 2015) is an LSTM (Hochreiter and Schmidhuber, 1997; Yu
et al., 2019) network, which models a time sequence of measurements,
or trajectory, from a limited number of point sensors in any one of
the temporal fields of the nuclear reactor dynamics; the LSTM itself
constructs a latent space representation of the dynamics given a time-
lagged embedding, which has been shown to be related to Takens
embedding theory (Takens, 1981). The latent space then projects the
data through an SDN (Erichson et al., 2020) back to the latent space of
the fields of interest, to be later de-compressed into the full-order space
with the SVD.

As already mentioned, SHRED has a theoretical basis in the PDE the-
ory of separation of variables (Faraji et al., 2025) along with the Takens
embedding theorem (Takens, 1981). As already detailed in Williams
et al. (Faraji et al.,, 2025), SHRED exploits the fact that time mea-
surements are equivalent to spatial measurements in a spatio-temporal
system. Thus sensor trajectory histories can completely characterise
the dynamics regardless of measurement location (unless a region is
statistically independent of other regions). Moreover, using the fact that
N first order PDEs can be rewritten as an Nth order PDE, it can be
shown that a single field variable encodes all other variables coupled
to it through the evolution of its time dynamics. This is the basis of
the Takens embedding theorem that guarantees that sensor trajectory
information from a single field guarantees a diffeomorphic representa-
tion of all other fields. With training, SHRED uniquely determines the
diffeomorphism to be fixed to the original spatio-temporal fields. In this
sense, the SHRED architecture can be conceived as a generalisation to
nonlinear PDEs, whereas a rigorous justification is available for linear
PDEs only. As already shown in Williams et al. (2024), Ebers et al.
(2023) and Faraji et al. (2025), SHRED provides important advantages
with respect to standard data-driven ROM methods including:

Table 1
Architecture of the SHRED networks.

Hidden layer 1 Hidden layer 2

LSTM 64 64
SDN 350 400

« the ability to use only three sensors (even randomly selected)
for reconstructing the entire dynamics (all fields) of a physical
system;

the ability to train on compressed data, spanned by the SVD basis
and thus enabling laptop level training in minutes;

the ability to measure a single field variable (the most conve-
nient) and reconstruct coupled spatio-temporal fields that are not
observable;

minimal hyper-parameter tuning; in fact, the same architecture
for the neural network can be adopted for different physical
problems without the need to optimise the number of neurons
and layers.

As noted, the SHRED architecture is agnostic toward sensor place-
ment (Williams et al., 2024; Faraji et al., 2025); namely, there is no
need to determine the optimal sensor configuration (Argaud et al.,
2018), setting itself apart from most data-driven methods in which
selecting the optimal positions for the sensors (that is, the ones that
allow retrieving the most information) is a key part of the training
phase, especially for safety-critical industries such as the nuclear one
(Cammi et al., 2024; Gong et al., 2024). Furthermore, architectures
like SHRED can provide full-state reconstruction with even out-core
measurements of a single quantity that might be the simplest (least
expensive) to diagnose. In harsh environments like the Molten Salt Fast
Reactor, this is crucial for monitoring and safety, especially in the long
term.

The SHRED architecture has been implemented in Python using the
PyTorch package (Ansel et al., 2024) and adopting the code developed
by Williams et al. (2024) and Faraji et al. (2025). Both the LSTM and
the SDN network are composed by 2 hidden layers, with the number of
neurons reported in Table 1: the structure of the network was optimised
within the initial works for SHRED (Williams et al., 2024; Faraji et al.,
2025): numerical evidences show that these same hyperparameters
can be used for any other application, without the need for further
tuning (Tomasetto et al., 2025; Introini et al., 2025).

3. Molten salt fast reactor

Among the innovative Generation-IV (Generation IV International
Forum, 2014) reactors, the Molten Salt Fast Reactor has the unique
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Fig. 2. OpenFOAM simulation domain with the main dimensions and the primary loop
components. The geometry refers to a 2D axisymmetric wedge of the EVOL geometry of
the European MSFR design, including the shown components (molten salt fuel in light
blue, Hastelloy reflector in dark blue, primary pump in green, heat exchanger with the
intermediate cycle in red). The blank hole represents the solid salt fertile blanket, not
simulated in the present model.

feature of a liquid Thorium-based fuel homogeneously mixed with the
thermal carrier; in particular, the fuel is a mixture of "LiF and ThF,
(77.5-22.5 mol%), having a melting temperature of 838 K. Given a
total fuel inventory of 9 m?, this reactor can produce up to 3 GWy,
thermal (Serp et al., 2014). The liquid nature of the MSFR fuel does not
allow in-core sensing, as usually performed in water-cooled reactors,
thus restricting measurements to be collected with out-core sensors;
additionally, the fast energy spectrum of the reactor (Brovchenko et al.,
2013) makes the core environment very hostile (Cammi et al., 2024).
Accordingly, the sensor placement will not be performed randomly on
the whole domain, but the (random) choice is restricted to the reflector
region only, as in Riva et al. (2024a).

As a test case for the SHRED architecture, this work uses the 2D ax-
isymmetric wedge (5°) of the EVOL geometry of the MSFR (Brovchenko
et al., 2013), with an important modification: indeed, the present test
case includes an external boundary of thickness 20 cm to mimic the
presence of the Hastelloy reflector (Riva et al., 2024a): this subdomain
is the only region in which, during the training phase, sensor locations
can be randomly sampled. The thermo-physical properties of this region
are those of nickel-based alloys, with the reflector neutronic group
constants computed using the Monte Carlo code OpenMC (Romano
et al., 2015), whereas data for the fuel were taken from Aufiero (2014).
Thus, the simulation domain Q includes two regions with different
properties: the liquid core Q.. and the solid reflector Q..q. Fig. 2
depicts the simulated domain along with its main dimensions, including
the primary loop components (pump and heat exchanger). The white
cavity represents the location of the fertile blanket, not modelled in the
present work.

The adopted numerical solver, developed at Politecnico di Milano,
allows performing coupled neutronics and thermal-hydraulics simu-
lations within the OpenFOAM environment (Aufiero, 2014). More in
detail, the thermal-hydraulic sub-solver implements the incompressible
single-phase version of the Reynolds-Averaged Navier-Stokes (RANS)
equations with the Realisable x—e& turbulence model and the Boussinesq
approximation to consider buoyancy effects (under the assumption
that thermo-physical properties are constant within the same region);
the neutronic sub-solver adopts the multi-group neutron diffusion ap-
proximation and includes transport equations for the delayed neutrons
and the decay heat precursors. The Doppler and thermal expansion
effects for the neutronic feedback coefficients have been modelled
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using, respectively, a linear and a logarithmic term correcting the
reference group constants; furthermore, a momentum source and a
heat sink represent the primary loop pump and the heat exchanger,
respectively. For the interested reader, a summary of the governing
equations, discretised using the Finite Volume Method in OpenFOAM,
is reported in Appendix. The mesh consists of 46 424 hexahedral and
266 prismatic cells.

The transient considered in this work to generate the training
dataset for SHRED is the accidental scenario of symmetric and un-
protected failure of the primary pump, namely an Unprotected Loss
of Fuel Flow (ULOFF). In this scenario, the flow rate of the pump is
decreased exponentially (Fig. 3) resulting in a consequent decrease of
the velocity magnitude in the reactor. In the first few seconds of the
simulation, the reduction in flow rate translates into an increase in the
power-to-flow ratio, increasing the average temperature, since there is
a strong change in the dynamics from a forced convection problem
to a natural circulation one. As the temperature rises in the core,
the thermal feedback coefficients of the neutronics (Duderstadt and
Hamilton, 1976) come into play, making the overall power decrease
exponentially (Fig. 3). The selected time interval of the simulation of
the ULOFF transient is 25 s, with a saving time of Ar = 0.05 s resulting in
N, =500 snapshots. The elapsed CPU time for simulating this accidental
scenario is around 10 h. For this first work, the ULOFF transient has
been selected as test case to verify the applicability of the architecture
to nuclear applications: however, given that the same architecture
can be applied to several engineering problems ranging from plasma
physics to geosciences, it is given that the SHRED architecture can be
applied to any other transient conditions, without loss of generality
and without the need of modifying the network. Research on this is
currently underway.

The MSFR is a complex nuclear reactor, characterised by several
fields that describe the neutron economy and the thermal-hydraulics:
in particular, for this case, six group flux in energy {d)g}g:l, eight
groups of delayed neutrons {c, }i= , and three decay heat groups {d; }’.3= .
are considered for the neutronic side, to which the thermal-hydraulics
triplet, namely pressure, temperature and velocity (p,T,u), must be
added. Except for the velocity u, all the others are scalar fields. Overall
the full-order state space vector V is represented by 20 different fields,
ie.

v=[¢1,~~~,¢6,Cl,-~~,Cg,d1,~~~,d3,P,T,u] (€8}

In real engineering systems, it is not always possible to have ac-
cess to all the quantities of interest, such as those reported above;
however, for strongly coupled problems as the MSFR test case, which
are inherently multi-physics in nature and for which separation of
the various physics is impossible, each field carries some information
about other quantities, thus, information on the un-observable fields
can be extracted from the observable ones (Gong et al., 2022a; Introini
et al., 2023b): for instance, in the present test case temperature and
velocity are connected through the buoyancy and the energy balance,
and the neutron fluxes strongly depend on the temperature distribu-
tion (Aufiero, 2014). It is then legitimate to investigate the indirect
reconstruction problem for such cases, assuming only few fields (as low
as one) can be directly measured.

3.1. SHRED setup for multi-physics systems

The SHRED architecture learns a map between three measurements
of an observable field and the reduced representation through the SVD
of the full-order state space vector; therefore, it is necessary to obtain
time-series data of an observable field and perform the SVD of each
characteristic field.

Starting from the latter, each field (generically indicated as y) is
organised in the form of a snapshot matrix X,, € RV#*N: such that
the j—th column represents a snapshot at a given time ¢;, given N,
the dimension of the spatial mesh. The snapshots are normalised to the
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Fig. 3. Evolution in time of global core quantities, each normalised with respect to the initial condition, following an unprotected failure of the primary pump and an exponential
decrease of the pump flow rate, up to 25 s from the initiating event. On the left, the pump flow rate (input), whereas on the right the core power and the average temperature

(outputs).

mean value at the initial time to obtain variables within the same range (2024), each characterised by its the centre of mass x,, € 2,4 and

(as the different fields of the MSFR are characterised by vastly different point spread s

time scales: as an example, the neutron flux reaches ~10!° whereas the B

velocity magnitude is around ~1), i.e. Ly(h (X); X, 8) = / ¢ x)-K-e 22 dQ 4)

w(x;31;) ,

Xyij — m 2 with K defined such that /,,(1; x,,, s) = 1 (Maday et al., 2015). For this

’ w(X;;

The Randomised SVD, implemented in scikit-learn (Pedregosa et al.,
2011), is used to obtain a reduced representation in terms of the first r
principal components:

U»ZV

wrSyr

X, 3)

The columns of the orthogonal matrix U, , € RN#wXr represent the
basis encoding the spatial information; the diagonal matrix ¥,,, €
R™" contains the singular values measuring the importance of each
mode; the rows of the orthogonal matrix V,, . € RN>" are the reduced
coefficient encoding the dynamics of the snapshots. The rank r is taken
equal to 10 for all the 20 fields, adopting a truncation based on the
singular values (Quarteroni et al., 2015). Fig. 4 shows the decay of the
singular values for all the fields within the state vector V. The rank r
has been selected by looking at the relative information content I(r) =
1— 2:k 1 k

Y 0

(Quarteroni et al., 2015), ensuring that for all the considered

fields I (r) reaches a value lower than 10~%. Furthermore, in the plot it is
possible to observe the relative importance of each singular value with
respect to the first (dominant) one; in particular, the normalised tenth
eigenvalue is lower than 0.01 (against a maximum value, corresponding
to the first eigenvalue, of 1). This last fact underlines that the amount
of information retained by the SVD modes is sufficient to describe all
fields with an accuracy of 99% compared to the full-order state. Then,
the reduced dynamics at time ¢; is collected into a reduced state space
vector v; € R"? being the temporal dynamics learnt by the SHRED
architecture (Fig. 1).

Focusing on the input of SHRED, the sensor locations can only be
sampled in the reflector region (Fig. 2) and as the observable field the
fast flux ¢,(x;t) has been selected, given x € 2 and time ¢ € [0,25] s,
which is a sufficiently simple quantity to be measured in real scenarios.
This particular choice is not a limitation of the method, as any of the
fields can be selected as observed quantity (even though, in the real
application, not all fields of interest could be easily measurable). The
measurements have been synthetically generated from the OpenFOAM
data computed with the model in Section 3, exploiting the pyforce
package developed by the authors Riva et al. (2024b) and Cammi
et al. (2024) (https://github.com/ERMETE-Lab/ROSE-pyforce); in par-
ticular, the sensors are modelled as linear functionals /,,(-) = I(-; X,,, $)
with a Gaussian kernel, as in Maday et al. (2015) and Cammi et al.

application, the point spread has been taken equal to 0.025 as done
in Cammi et al. (2024).

As already mentioned, the only available positions for the SHRED
model are located in the reflector region Q,.q: this choice is intentional,
as the aim of this work consists of developing a state estimation routine
for the control and the monitoring of nuclear reactor and in-core
measurements are quite hard to make. Additionally, this work also
has the second objective of giving a measure of the uncertainty of the
prediction, as the SHRED architecture is quick to train Williams et al.
(2024) and Ebers et al. (2023) and it does not require powerful GPUs
for the training phase and even personal computers can be used to
perform quickly and reliably this task. This implies that several SHRED
models can be trained with different random selection of sensors, such
that different outputs, i.e. different reduced state space vectors v, are
produced, from which the sample mean and the associated standard
deviation can be obtained. In this way, the predictions become more
robust against random noise and this framework can be generalised to
identify possible malfunctions in the reactors; if more than one SHRED
model sees an upcoming accidental scenario, proper countermeasures
can be undertaken based on more statistically consistent data.

Therefore, in this work L = 30 SHRED models are trained using
different sensor configurations: Fig. 5 reports all the different positions
for each configuration in the reflector region. The sensors have been
randomly placed to show the reliability of the SHRED architecture and
its capability to provide an accurate state estimation of the whole state
space, even when measurements are randomly picked in the domain.

The capability of the SHRED architecture to retrieve the full state
information from randomly selected sensors is of particular interest
for the Nuclear Engineering community, where the problem of finding
the optimal sensor placement is still an open issue (Argaud et al.,
2018; Cannarile et al., 2018). The proposed framework for Uncertainty
Quantification based on the SHRED architecture can be easily inte-
grated with algorithms for optimal sensor placement in the following
way: the appropriate algorithm select the most significant locations;
then, the SHRED is used to generate robust and reliable predictions by
randomly choosing among the candidate locations. This will increase
the monitoring capabilities of nuclear reactors, ensuring a safer system.
Indeed, in the nuclear power plants industry, the selection of the
location of sensors cannot be fully arbitrary, as regulator authorities
require to have sensors placed in specific locations to monitor the
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Fig. 4. Comparison of the singular values for all the fields in the state vector V: from left to right are plotted the singular values o,, the relative information/energy content
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Fig. 5. Random sensor configurations adopted in this work, placing them in the reflector region only (black zone); the grey area is the actual core. As expected, there is no

discernible pattern in the positioning of the sensors in neither direction.

most sensitive points of the engineering system (for example, where
the temperature is expected to reach its maximum). Thus, the coupling
between the SHRED architecture and an optimal sensor positioning
algorithm will, on the one hand, make use of the potentiality of the
SHRED architecture. In contrast, the positioning algorithm will ensure
that locations are selected among those of interest from the regulatory
and safety point of view.

Once the positions of the sensors have been chosen, the measures
can be generated, i.e. the fast flux measurements y;‘)l () € R? of SHRED
configuration k. To mimic the real scenario, these have been polluted
with random zero-mean Gaussian noise ¢ ~ N'(0, 62)

W )=+ b1 X, 5)  m=(1,2,3) ®)

in which the standard deviation of the noise is considered to be 0.05,
which is a reasonable value for the out-core of a MSFR (Brovchenko
et al.,, 2013). The data have been split into three subsets (train, vali-
dation and test) for training and testing the neural network; then, the
k—th SHRED model is trained in order to learn the input—output map
between the measurements y(’;l (t) and the reduced state space vector v.

4. Numerical results
4.1. Learning the dynamics

Since different SHRED models have been trained, different output
predictions are retrieved, which can be used to obtain an estimate in
terms of mean value and the standard deviation of each reduced coef-
ficient 0. Fig. 6 shows the first 5 SVD coefficients of each field of the
state space, comparing the Ground Truth (solid lines), i.e. the Full Order
Model (FOM), the SHRED mean value (dashed lines) and the associated
confidence interval at 95%. The SHRED output is in almost perfect
agreement with the Ground Truth, highlighting that the LSTM and the
Shallow Decoder are robust and reliable tools able to learn correctly the
dynamics underlying this accidental scenario; the pressure coefficients
are the ones characterised by the highest uncertainty; nevertheless, the
employment of different SHRED models allows for a mean prediction
which is statistically close to the actual value. The errors of each SHRED
simulation oscillates slightly compared to the average value, due to the
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Fig. 6. Comparison of the SHRED reconstruction of the reduced state space vector v with respect to the test dataset for the first 5 SVD coefficients of each field: continuous curves
represent the mean of the SHRED models, the dashed lines are the ground truth (descending from the full-order data) and the shaded areas highlight the uncertainty regions
for the SHRED models. The SHRED architecture is indeed able to correctly learn the dynamics underlying the considered accidental scenario, and by employing different SHRED

models a mean prediction, statistically close to the actual value, can be achieved.

fact that sensors may be placed in points very close to the wall in which
the temporal dynamics are less pronounced; however, the ensemble
allows for a more robust prediction compared to the single simulation,
making the output almost independent on the sensor placement. In
terms of computational costs, each SHRED model takes about 1 min
of wall-clock time for the training phase on a workstation, and to get
a new output, the associated computational cost is barely null these
values for the training of SHRED models refers to a workstation with
an Intel Core i7-9800X CPU with clock speed 3.80 GHz.

Now that the dynamics have been learnt, it is important to assess
how the actual fields are predicted at the full-order level. Within the
test set, the snapshots can be reconstructed using Eq. (3), assessing
the reliability of the SHRED architecture coupled with the SVD. Let
X; ;€ R~k be the reconstructed jth snapshot for SHRED configuration
k of the generic field y and let X, ; € R¥# be the full-order solution;
then, the relative error for the generic field y on the test set at time 7,
for configuration k can be defined as

[

%,

.k _
2j =

(6)

from which the average (in time) relative test error s;' * of field y for
SHRED configuration k can be computed as

sg”k = Nl eg’jk 7
ttest jENl.zesz

from which the mean and the standard deviation considering all SHRED

configurations can be computed.

Fig. 7 shows a bar plot of the average relative test error 5‘2" and the
associated standard deviation for each field, measured in the /,—norm.
It can be observed that the information coming from the measurements
of the fast flux ¢, is sufficient to obtain the same error level on the other
group fluxes, and the error itself is kept around the measurement noise
level (5%); whereas the delayed groups (both precursors ¢, and decay
heat d;) are reconstructed with a low relative energy norm, as well as
the temperature and the pressure: this means that the coupling between
these fields and the observed one (the fast flux) is strong enough to pro-
vide a good reconstruction with sufficiently high accuracy. Moreover,
it can be observed that the sensor positions do not affect the SHRED
performance: in fact, the uncertainty for the relative test error is small,
highlighting that the predictions of each SHRED model are very similar
to one another and hence its accuracy. The field showing the highest
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Fig. 8. Comparison of the relative errors of the measured field ¢, using SHRED, with 3 different sensor configurations: randomly selected outcore (blue) and incore (green) and
the first 3 sensor given by EIM (red) (Maday et al., 2008). Results are very similar, indicating how SHRED is agnostic to sensor positioning and hierarchy.

error is the velocity u, and indeed this is notoriously the most complex
field to be reconstructed due to its marked local behaviour: indeed, the
singular values of u (Fig. 4 are the slowest decaying ones, meaning that,
fixing a rank value common for all fields, more information will be
discarded for the velocity field; likely, this field will require more SVD
modes compared to the other ones, and thus a higher rank value, to
catch all the relevant information, including that of the smaller scales.
In this case, for the sake of simplicity, the rank r has been taken the
same for all the different fields; this assumption can, however, be easily
relaxed, allowing for different ranks r according to the singular values
decay of the particular field of interest. It is worth mentioning how this
limit is not related to the SHRED architecture itself, but rather to the
preliminary data compression step.

4.2. Sensitivity assessment on sensors

Furthermore, a sensitivity analysis of the sensor placement con-
straints and the number of sensors has been performed. From a nuclear
regulatory standpoint, placing sensor randomly could be hard to accept:
therefore, it is worth comparing the overall output of SHRED with other
reduced-order techniques that instead select sensors hierarchically,
such as the Empirical Interpolation Method (EIM) (Maday et al., 2008)
or its generalised version (GEIM) (Maday et al., 2015). Fig. 8 compares
the performance of the SHRED architecture in terms of the average
relative error for the measured field ¢, considering 3 sensors either
randomly placed in the out-core region, in the core itself or selected
as the first 3 sensors (in order of importance) given by the Empirical
Interpolation Method (EIM) (Maday et al., 2008): for the two SHRED
cases, the results come from the ensemble of 30 different configurations
with the given constraint on allowed positions. These configurations

provide very similar results, and little improvements are coming from
EIM sensors, highlight how the SHRED architecture is agnostic to sensor
positioning and almost agnostic to sensor hierarchy (Williams et al.,
2024; Faraji et al., 2025). Having as input the measures collected at
the EIM locations increases the importance of the location itself and this
may explain why the EIM error is a bit lower. Conversely, the incore
SHRED shows a slightly higher error than the outcore configuration,
due to the noise level: higher noise levels are expected within the
core, both due to the higher fluxes but also due to the more complex
instrumentation electronics. In particular, referring to Eq. (5), the noise
depends on the measurement value: as the fluxes are higher within
the core, also the noise will be higher, leading to a slightly worse
performance of the incore SHRED compared to the outcore one.

The SHRED architecture with 3 randomly placed sensors in the
reflector region has also been compared in Fig. 9 to the case in which
10 measures are used as input for the neural network and to the
case in which the Tikhonov Regularised GEIM (TR-GEIM) (Introini
et al., 2023a), a state-of-the-art non-intrusive state estimation technique
adopted in nuclear reactors, has been used for selecting the sensor
positions. This figure shows that SHRED is independent of the num-
ber of measurements used, highlighting the fact that the dynamics is
correctly embedded in 3 sensors; moreover, the comparison with TR-
GEIM underlines its robustness with respect to noise, being SHRED able
to reconstruct not only the measured field, but also the un-observable
quantities. Additionally, as TR-GEIM selects sensor locations based on
an hierarchical algorithm, the fact that SHRED shows comparable, and
even better, performances confirms how the SHRED architecture can
go beyond the logic of optimising the sensor positioning, thus making
it possible to select the best possible location based on economic and
accessibility considerations.
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4.3. SHRED reconstruction

This framework can be very useful to obtain estimates of integral
quantities typically used to monitor and control the nuclear reactor,
such as the average (or maximum) temperature (7) and the core
power (directly related to the average neutron flux). Fig. 10 reports the

average temperature and the average fast flux, normalised to the initial
value of the FOM and the mean SHRED reconstruction and the related
uncertainty given by the different sensor configurations. The agreement
is almost perfect for both quantities, showing that the SHRED is very
accurate in estimating integral quantities describing on average what
is occurring inside the nuclear reactor.

In the end, Fig. 11 shows some contour plots of the SHRED predic-
tion at the last time step, compared against the FOM and along with the
associated residual field r,,, defined as the absolute difference between
the FOM (w) and the SHRED prediction (), i.e.

ry (X3 0) = [y (x; 1) — gr(x;1)] (®

In addition, the standard deviation, with respect to the SHRED outputs,
of the reconstructed fields is show, highlighting the zones with higher
variation and thus the dominant structures cut off by the SVD. The
SHRED model can provide a correct state estimation of the observable
field ¢, and the un-observable ones, such as temperature T' and velocity
u. The latter is the most difficult one to reconstruct, nevertheless, the
residual field in terms of magnitude is reasonably low. The predictions
are physically reasonable with a very good agreement with the full
order solutions: as a further confirmation of this, the residuals of the
continuity equation (divergence-free condition for the velocity field)
have been computed and the results are comparable with the ground-
truth, see the complementary Github repository. In the end, some
videos of the whole transient can be found at this link.

5. Conclusions

This work demonstrates the application of the SHallow REcurrent
Decoder network to state estimation in advanced nuclear reactors,
considering the test case of the Generation-IV Molten Salt Fast Reactor
with only access to three out-core sensor measurements of the fast
flux. In particular, the EVOL geometry was selected as the case study,
considering the Unprotected Loss of Fuel Flow accidental scenario
in which the external pumps lose power exponentially. The SHRED
architecture is used to provide an estimation of the entire state space
vector, which includes the energy fluxes, the neutron precursors, the
decay heat groups and the thermal-hydraulics fields for a total of 20
coupled variables, using as input the out-core sensor measurements of
the fast flux only, that is, collected with sensors placed in the external
solid reflector region to mimic the actual reactor in which it will be
impossible to have in-core sensors due to the liquid nature of the fuel.

In particular, several SHRED models have been trained considering
different sensor configurations (in the reflector only), and hence differ-
ent input measures: in this way, in addition to the full state estimation,
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Fig. 11. Contour plots near the end of the transient (for the last time instant in the test set) of the observed field ¢, (a), the temperature T (b) and the velocity u (c). From
left to right, there is the full-order solution, the mean of the different SHRED models, the associated residual field and the standard deviation of the different SHRED models. The
SHRED model provides a correct state estimation both of the observable and the un-observable ones; the right-most column, showing the standard deviation, allows to see the

dominant structures cut off by the SVD, highlighting where the estimation is poorer.

a quantification of the associated uncertainty can be obtained, making
the prediction more robust and reliable against noisy measurements.
The results presented in this work are promising and show how the
SHRED architecture can be used to reconstruct the state of a nuclear
reactor starting from partial out-core observations.

As a first application of the SHRED architecture to nuclear cases, this
paper considers a single accidental transient for the reconstruction; in
the future, this same methodology will be used to identify the different
scenarios in a classification paradigm, adding another fundamental
algorithm for the development of digital twins of nuclear reactors.
Moreover, this technique will be extended to possibly correct/update
mathematical models from the local observation or to combine different
levels of fidelity to improve the accuracy, both in the design and
the operation phase. Finally, this work focuses on using the SHRED
architecture in reconstruction mode from noisy measurements, that
is, without considering forecast of the future state of the system: it
will matter of future studies to investigate the use of the SHRED
architecture in prediction and forecasting regime, leveraging the most
recent extensions of the architecture itself.
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Code

The code and data (compressed) are available at: https://github.co
m/ERMETE-Lab/NuSHRED.
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Appendix. Governing equations of the molten salt fast reactor

The Molten Salt Fast Reactor (Generation IV International Forum,
2014) is an innovative reactor concept in which the fuel is liquid
and homogeneously mixed with the molten salt thermal carrier; this
configuration offers significant advantages, for example from the point
of view of fuel reprocessing and closure of the fuel cycle, but also poses
a lot of unique challenges in terms of monitoring and safety. Moreover,
due to the strict coupling between the different physics, even more so
than other nuclear reactor configurations, the mathematical modelling
of such system requires suitable tools to integrate different physics
together, starting from the neutronics and thermal-hydraulics (Aufiero,
2014).

The governing equations of the MSFR consist of the Navier-Stokes
equations with the energy balance, including turbulence modelling
with RANS and the Boussinesq approximation for density variations,
the multi-group neutron diffusion and the precursors advection-
diffusion: for completeness, this section reports the governing equations
and briefly discusses their coupling.

The Navier-Stokes equations for the MSFR reads (Versteeg and
Malalasekera, 2007):

V.u=0 (A.1a)

?lel +@-V)u=+ V- [ve(Vu+ (Vu)')]
- %Vp +11= BT = Ty)lg (A.1b)
ax a” (A10)

ot +V. (UT) =V (lleffVT) + E
given u as the velocity, p as the density, p as the pressure, vqg as
the effective kinematic viscosity (accounting for turbulence modelling),
T as the temperature, f; as the thermal expansion, g as the gravity
acceleration, a.¢ as the thermal diffusivity, ¢"”’ as the power density,
which includes both neutron fission and delayed heat sources, and ¢,
as the specific heat capacity. This set of equations shows the strong
coupling between the two different physics; in particular, the source
term of the energy equation directly depends on the neutron fluxes,
ie.

Q"= =) Y Ep Ty by + D dnid; (A.2)
g i

with ¢, being the neutron flux of energy group g, f, being the fraction
of delayed heat source, E,, being the average energy released by
fission in group g, X, being the fission cross section (Duderstadt and
Hamilton, 1976) of group g, 4,; being the decay constant of delayed
decay group d;.

Neutronics is governed by the Multi-Group Diffusion Equation (Dud-
erstadt and Hamilton, 1976; Aufiero, 2014):
I,
=LV D V) + T b =S, (A.3)

1
US
with D,, being the neutron diffusion coefficient of group g and %, ,
being the removal cross-section accounting for all the reactions which
decrease the number of neutrons of group g, i.e. absorption %, , and

infra-group scattering X ,_ s

0 _ 0 0
z = <2an + 2 z&g%g,>
g'#g

(A.4)
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where the superscript 0 refers to the values at the reference temper-
ature. In fact, the cross section are strongly affected by the neutron
energy due to the Doppler broadening effect and the variation in

density, i.e.
1- T -T,
<29g+,4?g1n%> . M
' COTE ) 1 TE - Ty)
In the end, the neutron diffusion equations have a source term S,

accounting for the production of neutrons in the group energy g due to
prompt fission, decay of precursors and infra-group scattering:

> =

re = (A.5)

Se = (1= Dpg Spg + Zag Su + Sz (A.62)

S[J,g = Z/ \_/gr Zf,g’¢g’ (A6b)
g

Sy = Z Arck (A.6¢0)
X

Seg = 2 Zgogby (A.6d)

g'#g
with y,. and y,, as the fission spectrum of prompt and delayed
neutrons and v,/ as the average number of neutrons produced in group
g
When dealing with transient scenarios, the production of neutrons
is split into prompt (due to fission) and delayed (due to decay): in the
nuclear reactors world, this latter contribution is described by the group
precursors ¢, which are governed by an advection-diffusion equation
in the salt:

dc
—k 4V (ue) =+ V- (DegVey) — Ay

o (A7)
+ Bak Z ngf.gd’g
g
with D the effective diffusion coefficient and A, the decay constant
of delayed neutron precursor group k. In the end, the precursors con-
tribute also to the energy Eq. (A.1c), where they are grouped together
into the decay heat group d;

ad,;
0—; +V-ud) =+ V- (DegVd;) — Ay ,d;

_ A.8
+ b 2 EroZy e .
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List of symbols
Acronyms
DT Digital Twin
EVOL Evaluation and Viability of Liquid Fuel Fast
Reactor System
FOM Full Order Model
LSTM Long Short-Term Memory
MSFR Molten Salt Fast Reactor
PDE Partial Differential Equation
POD Proper Orthogonal Decomposition
RANS Reynolds-Averaged Navier—Stokes
ROM Reduced Order Modelling
SDN Shallow Decoder Network
SHRED SHallow REcurrent Decoder
SVD Singular Value Decomposition
ULOFF Unprotected Loss of Fuel Flow
Greek Letters
Aeff Effective thermal diffusivity
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Thermal Expansion Coefficient

Delayed Neutron Spectrum of group g
Prompt Neutron Spectrum of group g
Random Noise

SHRED reconstruction of a Generic Field
Turbulent Kinetic Energy and Turbulent
Dissipation Rate

Decay Heat Constant for group i

Effective kinematic viscosity

Physical Domain

gth Neutron group Flux

Generic Field

Density

Absorption Cross Section of group g
Fission Cross Section of group g

Removal Cross Section of group g
Scattering Cross Section from group g to g’
Relative Error between FOM and SHRED in
energy norm

kth precursors group

ith decay heat group

Average Energy released by Fission
Time Step

Pump Flow Rate

Reconstructed Snapshot matrix with SHRED
for generic field y

SVD singular values for generic field y
SVD basis for generic field y

SVD reduced dynamics for generic field y
Snapshot matrix for generic field y
Spatial degrees of freedom

Full-Order state space

Gravity

Velocity vector

Reduced state space vector at time ?;
Space coordinate

Measurement vector

Proportionality Constant for Doppler
Broadening for group g

Specific Heat Capacity at constant pressure
Neutron Diffusion coefficient of group g
Normalisation constant for the sensor
Number of SHRED models

mth functional representing the sensor
Number of time snapshots

Core Power

Pressure

Power Density

Rank of the SVD

Residual field for generic field y
Point-spread of the sensor

Delayed Neutron Source

Neutron Source for group g

Prompt Neutron Source from Fission in
group g

Source from Scattering Neutrons
Temperature

Time

Reduced/Modal coefficient of rank n
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Data availability

The code and data (compressed) are available at: https://github.
com/ERMETE-Lab/NuSHRED.
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