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Abstract

We investigate a stochastic version of the Allen-Cahn—Navier—Stokes system in a smooth two- or three-
dimensional domain with random initial data. The system consists of a Navier—Stokes equation coupled
with a convective Allen—Cahn equation, with two independent sources of randomness given by general
multiplicative-type Wiener noises. In particular, the Allen—Cahn equation is characterized by a singular
potential of logarithmic type as prescribed by the classical thermodynamical derivation of the model. The
problem is endowed with a no-slip boundary condition for the (volume averaged) velocity field, as well as a
homogeneous Neumann condition for the order parameter. We first prove the existence of analytically weak
martingale solutions in two and three spatial dimensions. Then, in two dimensions, we also establish path-
wise uniqueness and the existence of a unique probabilistically-strong solution. Eventually, by exploiting a
suitable generalisation of the classical De Rham theorem to stochastic processes, existence and uniqueness
of a pressure is also shown.
© 2024 The Authors. Published by Elsevier Inc. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

Modeling the behavior of immiscible (or partially miscible) binary fluids is a very active
area of research because of its importance, for instance, in Biology and Materials Science. A
well-known and effective approach is the so-called diffuse interface method (see, e.g., [6]). This
approach is based on the introduction of an order parameter (or phase field) which accounts for
the presence of the fluid components in a sufficiently smooth way, that is, there is no sharp inter-
face separating them but a sufficiently thin region where there is some mixing. More precisely,
denoting by ¢ the relative difference between the (rescaled) concentrations of the two compo-
nents, the regions {¢ = 1} and {¢ = —1} represent the pure phases. However, they are separated
by diffuse interfaces where ¢ can take any intermediate value, i.e. ¢ € (—1, 1). The interaction
between the two components is a competition between the mixing entropy and demixing effects
and can be represented by a potential energy density of the form

0 6
F(p) =5 [(1+@)log(l +¢) + (1 —)log(l )] - 3%2, (1.1)

for some 0 < 6 < . This is known as the Flory—Huggins potential (see [37,56]). Letting O be
a (sufficiently) smooth domain of R4, d = 2,3, the Helmholtz free energy associated with the
order parameter is then given by

2
£p) = f (%IWIZ + F((p)) dy
(@)

where the first term accounts for the surface energy separating the phases. Here ¢ > 0 is related
to the thickness of the diffuse interface. Then, the functional derivative of £(¢) is called the
chemical potential and usually denoted by p, that is,

w= —£2Ag0 + F' ().

We can now introduce the two basic equations which govern the evolution of ¢ in some time
interval (0, T'): the Cahn-Hilliard equation (see [19,20])

dhp=Ap
and the Allen-Cahn equation (see [5])
O = —Lh.
Here we have assumed that the mobility is constant and equal to the unity. We also recall that,

due to the singular behavior of the mixing entropy, the Flory-Huggins potential (1.1) is often
approximated with a regular potential like

F(x)= %(;ﬂ — 1) x eR. (1.2)
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This choice simplifies the mathematical treatment. However, when the total mass of ¢ is con-
served (e.g. in (1.5)) one cannot ensure that ¢ takes its values in the physical range [—1, 1]. Here
we choose to keep the physically relevant potential also in view of extending our analysis to
conserved Allen-Cahn equations where in (1.6) or in (1.9) u is replaced by u — f1, & being the
spatial average of u (see [69], see also [40,43] and references therein).

When we deal with a two-component fluid mixture, the equation for the phase variable is
coupled with an equation for a suitably averaged velocity u of the fluid mixture itself. A well
known choice is the Navier—Stokes system subject to a capillary force, known as Korteweg force,
which can be represented as V. More precisely, in the case of an incompressible mixture and
taking ¢ = 1, constant density equal to the unity and constant viscosity v > 0, we have

oru+ (u-V)u —vAu+Vr = uVe (1.3)
V-u=0 (1.4)
coupled with
orp+u-Vo=Au (1.5)
or
ohp+u-Vo=—pn (1.6)

in (0,7) x O, for some given T > 0. Here u represents the volume averaged velocity
and 7 stands for the pressure. System (1.3)-(1.4) coupled with (1.5) is known as Cahn-
Hilliard—Navier—Stokes system, if (1.5) is replaced by (1.6) then the system is known as Allen—
Cahn—Navier—Stokes system. We recall that the standard boundary conditions are no-slip for u
and no-flux for (1.5) or (1.6).

Starting from the pioneering contribution [54], two-phase flow models have then been devel-
oped in several works. In particular, we refer to [49] for the Cahn—Hilliard—Navier—Stokes system
and to [14] for the Allen-Cahn—Navier—Stokes system (see [4,41,64] for more refined models
with unmatched densities and [52,53] for general thermodynamic derivations). The correspond-
ing mathematical analysis of such models has also experienced a remarkable development in the
last decades. Concerning the Cahn—Hilliard—Navier—Stokes system with matched densities see
[1,44] and references therein (see also [2,3,12,42,45,46] for more general models). Regarding the
Allen—Cahn—Navier—Stokes system, we refer to [38,39] for the matched case (see also references
therein) and to [34,35,43,55,58,59,61,62] for more refined models.

The deterministic description fails in rendering possible unpredictable oscillations at the mi-
croscopic level. These include, for example, the environmental noise due to temperature and
configurational effects. The most natural way to take into account such factors was first proposed
in [21] where a stochastic version of the Cahn—Hilliard equation was introduced (see also [15,16]
for nucleation effects). That equation has been analyzed under various assumptions in a number
of contributions (see, for instance, [22,24,25,31,48] and, more recently, [71,73,75]). We also refer
to [65,72,74] for related stochastic optimal control problems. The stochastic Allen-Cahn equation
has been investigated in the framework of regular potentials (see, for instance, [13,50,51,66] for
examples of well-posedness analysis, see also [18,70] for numerical schemes and simulations).
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The singular potential has been analyzed in [10] (see also [9] for the double obstacle potential),
while in [11] the separation property from the pure phases has been established.

Here we analyze a stochastic version of the Allen—-Cahn-Navier—Stokes system characterized
by two independent sources of randomness, the former acting on the fluid velocity and the latter
acting on the order parameter dynamic to incorporate thermal fluctuations. More precisely, on
account of (1.3)-(1.4) and (1.6), taking v = 1 for the sake of simplicity, we consider the following
system of stochastic partial differential equations

du +[—Au+ (u-V)u+Vr — uVel dt =G (u)dW in (0,7) x O, (L.7)
V-u=0 in (0,T) x O, (1.8)
dp+[u-Ve+ puldt =Gor(p)dW; in(0,T) x O, (1.9)

w=—Ap+ F'(p) in(0,7) x O, (1.10)
u=0, Vp-n=0 on(0,7T) x 00, (1.11)
u(0)=ug, ¢0)=¢g in O. (1.12)

Here W and W, are two independent cylindrical Wiener processes on some (possibly different)
separable Hilbert spaces, and G; is a suitable stochastically integrable process with respect to
W;, for i =1, 2. Moreover, r stands for the outward normal unit vector to 0.

The presence of random terms in both the equations has been considered in [33] in the case
of a smooth potential like (1.2) (see also [47,77,81] for modified models and [26,28,78,80]
for random terms only in the Navier-Stokes system). We also remind that the case of Cahn—
Hilliard—Navier—Stokes system for a compressible fluid has been studied in [32] (see, e.g.,
[27,79] for random terms only in the Navier-Stokes system in the case of regular potential).

Here, for system (1.7)—(1.12) with a potential like (1.1), we prove the existence of martin-
gale solutions in dimension two and three, as well as pathwise uniqueness and existence of
probabilistically-strong solutions in dimension two. The main difficulties on the mathematical
side are two. The former is the presence of noise also in the Allen—Cahn equation with singular
potential: this requires some ad hoc ideas based on a suitable compensation between the degen-
eracy of the noise and the blow up of F” at the endpoints (see (A3) below). The latter is the
coupling term uV in the Navier-Stokes equation. Indeed, for the Allen—Cahn equation one can
recover only a L2(0, T; L*>(O))-regularity for u, while for the Cahn—Hilliard equation one gets
JTRS L2(0, T; HY(©)). This results in the necessity to reformulate the first equation for the fluid
in an alternative fashion, i.e., without employing w explicitly. Let us point out that the com-
patibility condition between the noise and the potential is implicitly based on the constitutive
assumption that the random forcing has to be tailored to the physically-relevant range of values
for the phase-variable: in particular, it excludes the possibility of considering additive noise. This
is due to the singularity of F’ at 1 and is of technical nature. The degeneracy of the noise in 1
can be avoided in the context of conserved stochastic phase-field models with a multiplicative
noise in divergence form: this is object of a further work in preparation.

We recall that, in [33], the authors proved the existence of a (dissipative) martingale solution
for a similar problem with a smooth potential. Then, taking advantage of the smooth potential,
they used the maximum principle to show that the range of the order parameter remains confined
in [—1, 1]. Thus the global Lipschitz continuity of the potential and its derivatives holds. This
fact was exploited to prove the weak-strong pathwise and in law uniqueness in dimension three.
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However, if the potential is given by (1.1), then no global Lipschitz continuity can be achieved
unless one can prove that the solution stays uniformly away from the pure phases, but this is not
straightforward in the stochastic case (see [11] for the single stochastic Allen—Cahn equation).

Besides the existence and uniqueness of solutions, there are still a number of issues to inves-
tigate, which will be object of future work. For example, regularity properties of the solution
and existence of analytically-strong solutions are open issues. The low regularity of the chemical
potential u in the Allen-Cahn equation that we have mentioned above seems to make the analy-
sis challenging. Yet, some higher regularity properties have been shown in the deterministic case
(see [43]). Their extension to the stochastic case is currently under investigation. Moreover, in the
spirit of [11], it would be interesting to establish some random strict separation property from the
pure phases. To do this, suitable regularity results might be needed. It also worth pointing out that
system (1.7)—(1.12) is the non-conserved version of the model, meaning that the spatial average
of ¢ is not preserved during the evolution. The deterministic conserved version is now well-
understood (see [43]). Its stochastic counterpart will also be the subject of further analysis. This
issue will require a tuning of the diffusion coefficient G, (see for example [7]). Finally, we point
out that also more general versions of the stochastic Cahn—Hilliard—Navier—Stokes system might
be considered on account of the recent advances in the analysis of the stochastic Cahn—Hilliard
equation.

The content of this work is structured as follows. In Section 2, we introduce the notation used
throughout the work and state the main results. Sections 3 and 4 are devoted to the proof of
existence of a martingale solutions and, in dimension two, of a probabilistically-strong solution,
respectively.

2. Preliminaries and main results
2.1. Functional setting and notation

For any (real) Banach space E, its (topological) dual is denoted by E* and the duality pairing
between E* and E by (-, -) g« g. If E is a Hilbert space, then the scalar product of E is denoted
by (-, -)g. For every couple of separable Hilbert spaces E, F the space of Hilbert-Schmidt op-
erators from E to F is denoted by the symbol .#?(E, F) and endowed with its canonical norm
||'||$2(E,F)~ Let (2, .7, (%1)ie0.1], P) be a filtered probability space satisfying the usual con-
ditions (namely it is saturated and right-continuous), with 7" > 0 being a prescribed final time.

We will use the symbol £ to denote identity in law for random variables. Throughout the paper,
Wi and W, are independent cylindrical Wiener process on some separable Hilbert spaces U
and Uy, respectively For convenience, we fix once and for all two complete orthonormal sys-
tems {u! }jEN on Uy and {u? }]eN on U,. We denote by & the progressive sigma algebra on
Q x [0, T] For every s,r € [1 +o00] and for every Banach space E the symbols L*(2; E) and
L"(0, T; E) indicate the usual spaces of strongly measurable Bochner-integrable functions on
Q and (0, T'), respectively. For all s,r € [1, 400) we write L?, (@ L"(0,T; E)) to stress that
measurability is intended with respect to 2. For all s € (1, +oo) and for every separable and
reflexive Banach space E we also define

Ly, (2 L°0, T E):={v:Q— L®0,T; E¥)

weakly* measurable : [|[v|l o0, 7.5+ € L* ()},
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which yields by [30, Thm. 8.20.3] the identification
s 00 * s/(s—1) 1 *
L@ 120, T3 E) = (/0@ L' 0. T3 E)

In case of distribution-valued processes, for every s € [1, +00), r € (0, +00), and g € (1, 4+00]
we set

B(Q W0, T; EY)) := {v :Q— W(0, T; E*) weakly* measurable :
ve L (Q,.%; W0,1;E)) Viel0,Tl}.

Let d = 2,3 and consider a bounded domain @ C R? with smooth boundary d©® and out-
ward normal unit vector n. The spatiotemporal domains generated by O are denoted by
Q0:=(0,T) x O and Q; := (0,1) x O for all ¢t € (0, T]. Moreover, we employ the classical
notation W*?(Q), where s € R and p € [1, +o0], for the real Sobolev spaces and we denote
by ||-llws.r (o) their canonical norms. We define the Hilbert space H*(O) := W52(0), s € R,
endowed with its canonical norm |-|| s (©), and indicate by HO1 (O) the closure of C3°(O) in
H'(O). We now define the functional spaces

H:=1%0), V, :=H\0), Vg::ll/feHz((’)):8,,1/f=0a.e.on8(’)},

endowed with their standard norms |||l g, [I-ly,, and [|-||y,, respectively. As usual, we identify
the Hilbert space H with its dual through the Riesz isomorphism, so that we have the variational
structure

Vo> Vi H— Vi< VS,
with dense and compact embeddings (both in the cases d =2 and d = 3). We will also denote

by A: V) — V' the variational realization of the —A with homogeneous Neumann boundary
condition, namely

By = [ V0V, wsevi.
@

For any Banach space E, we use the symbol E for the product space E¢. We also need to define
the following solenoidal vector-valued spaces

)

2 1
H, ::{vngo(O):V~v:0inO}L (O, Vo ::{vngo(O):V-v:OinO}H (O).

The space H is endowed with the norm ||-|| g of H and its respective scalar product (-, ) g, .
By means of the Poincar€ inequality, on the space V; we can use the norm |[v[|y_ = [Vv]| L2(O)
v € V,, induced by the scalar product (-, -)y,. The d-dimensional realisation of the —A with
homogeneous Dirichlet boundary condition L : H (1)((9) — (H (1)((9))* is defined as

— 1
(Lv,w)(H(l)(Q))*’Hé(Q) = (Vv,Vw)g, v,we Hy(Q).
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Furthermore, we also point out that for any u € (H (2)*and v e [COO(Q)] we have

WV m@ = 80 (er@)) er@)
The Stokes operator A : V, — V7 is defined as the canonical Riesz isomorphism of V, i.e.

(Av,w)y= y, = (Vv,Vw)n, v,weV,

Employing the spectral properties of the operator A, as customary, we also define the family of
operators A* for any s € R. In particular, if {8, ex}ren, C R x V; denote the eigencouples of
A, where {e;}ren, is an orthonormal basis of H; and an orthogonal basis of V;, we introduce
for any s > 0 the family of Hilbert spaces

o o0
DA*):={veH,:v= Zciei and 2:,8i23|c,-|2 < 400
i=1 i=1

and we set D(A™%) = D(A®)*. Next, for all s > 0, we define the operators
o0 o
A’ :D(A%) - H,, v:ZcieiHAsv:=Zﬁfciei.

Hereafter, we recall a number of standard facts:

(i) if s = 1, then the Hilbert space D(A) ={ve H, : Ave H,} = HZ(O) NV denotes the
so-called part of A in H,;
(i) if s = % then we have D(A%) =V, and D(A*%) =V
(iii) if s =0, then A° is the identity operator in H so that DA% =H
(iv) if s = —1, then A~ coincides with the inverse of the Stokes operator on V? and extends it
on D(A™h).

In light of the previous considerations, using H, as pivot space, we also have the general varia-
tional structure

D(A®) < D(A") < H, = D(A%) < D(A™") < D(A™®)

for any s >t > 0, with dense and compact embeddings in two and three spatial dimensions.
Finally, we remind that, owing to the Korn inequality, we have

lolly, =IVollg <V2IDvllg <vV2|Vvlg  VYveV,,

where Dv = %(Vv + (Vv)") denotes the symmetric gradient. Furthermore, we define the usual
Stokes trilinear formbon Vy x Vg x Vo

b(u,v,w) _f(u Vv - w_Z/u, “w; u,v,wevV,,

l]lo
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and the associated bilinear form B: V; x V5 — V7 as

(Bu,v), w)yx y, :=bu,v,w), u,v,weV;.

Letus recall that b(u, v, w) = —b(u, w, v) forall u, v, w € V, from which it follows in particu-
lar that b(u, v, v) =0 forall u, v € V. Moreover, we point out that thanks to the usual functional
embeddings itholdsthat B: V, x V,; — Lg((’)), hence, in particular, that B: V, x V, — V7.
We now report for the reader’s convenience a basic embedding result and its proof. This will be
useful in the forthcoming analysis.

Lemma 2.1. Let r > 1 and let X be a Banach space. For every p > 1, there exists « = o (p,r) €
(0, 1) such that W“(O, T; X)— W*P(0,T; X). In particular, if p <r then « is any quantity
in (0,1), and if p > r then a = %.

Proof. The embedding holds trivially for every « € (0, 1) if p =r. The same follows in the case
1 < p < r from the chain of embeddings

W0, T; X) = WLP(0, T; X) — W*P(0,T; X).
Letnow p>r.If @ € (0, 1), g € [1, +0o0] satisfy

l_l—a o

k]

p q r
then the fractional Gagliardo-Nirenberg inequality (see [17, Theorem 1]) entails that
I Fllwer .y < CULFN L 1 I F 1% 0.1
for any f € W' (0, T). Taking into account the embedding
W0, T) < €°([0, T]) < L=(0, T),

valid for every r > 1, we infer that the right hand side of the inequality is finite for every g €
[1, 4+o00]. Moreover, we also get

I f llwer©.7) < CIlf lwrro.1)-

If we set ¢ = 400, then we have

If ue WH(0,T; X) the claim follows applying the proved inequality to ¢ +— f(1) =
lu@®lx. O
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Finally, we shall make precise the rigorous interpretation of the stochastic terms (see (1.7) and
(1.9)). As a cylindrical process on U;, i = 1,2, W; admits the following representation

+o0 ]
Wi=Y b, @1
k=0

where {by}rcnN is a family of real and independent Brownian motions. However, it is well known
that (2.1) does not converge in U;, in general. That being said, it always exists a larger Hilbert
space Ué, such that U; — Ué with Hilbert-Schmidt embedding ¢;, such that we can identify W;
as a Q?-Wiener process on Ué, for some trace-class operator Q? (see [63, Subsections 2.5.1]).
Actually, it holds that Q? =1; o} In the following, we may implicitly assume this extension by
simply saying that W; is a cylindrical process on U;. This holds also for stochastic integration
with respect to W;. The symbol

/B(s)dWi(s) ::/B(S)OLi_l(s)dW,-(s),

0 0
for every progressively measurable process B € L*(Q; L*(0, T; £*(U, K))), where K is any

(real) Hilbert space. The definition is well posed and does not depend on the choice of Ul.0 or
(see [63, Subsection 2.5.2]).

2.2. Structural assumptions
The following assumptions are in order throughout the paper.

(A1) The potential F : [—1, 1] — [0, 4+00) is of class CO([—1, 1]) N C?(—1, 1) with F'(0) =0
and satisfies

lim F/'(x) = +o0.
x> (EDF

Furthermore, there exists ¢z > 0 such that
F'(x) > —cp, xe(=1,1).

(A2) The operator G| : Hy > £ 2(U 1, Hy) is linearly bounded in H,, namely there exists
Cg, > 0 such that

1G] 22w, 1,y < Co, (1 + vla,)

for any v € H,. Moreover, taking ¥ = H, or Y = V}, we assume that G| : ¥ —

XZ(U 1, Y) is Li-Lipschitz-continuous for some positive constant L.
(A3) Setting B as the closed unit ball in L>°(©), the operator G, : B — £?(Us, H) satisfies

Go(Wuil=g(¥y) VkeN; VyeB,
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where the sequence {gx}reN, C W12 (—1,1) is such that
(1) =0, F'glel™(—1,1) VkeNy,

and

o0
2. _ 2 2
Bl (”g"”WW—l»w +[ s HL”(—I,I)) R

In particular, note that this implies that G, : B — & 2(U2, H) is Ly-Lipschitz-continuous
with respect to the H-metric on 5, and also Go(BNV)) C £ 2(Uy, V). With a slight abuse
of notation, we will use the symbol

VGy: BNV, — LU, H)
to indicate the operator
VG W) =V ) =g(W)Vy¥, keNp, yeBNV;.
Remark 2.2. Let us point out that the physically relevant choice of F (see (1.1)) satisfies (A1)
and the compatibility condition in (A3), up to a suitable extension by right (or left) continuity
at the boundary of [—1, 1] and some additive constant to grant positivity (see, e.g., [71, Remark

2.3)).

Remark 2.3. If Y = H, in (A2), then linear boundedness is directly implied by Lipschitz conti-
nuity.

2.3. Main results

We first introduce suitable notions of solution for problem (1.7)-(1.11). The first is a martin-
gale solution, the second is a probabilistically-strong solution.

Definition 2.4. Let p > 1 and let (ug, ¢p) satisty

ug € L*(Q, 7o; Ho), (2.2)

9o € LP(Q, F0: V1), Flgo) € LPX(Q, Fo: L'(0)). 2.3)

A martingale solution to problem (1.7)-(1.11) with respect to the initial datum (ug, ¢q) is a family
((ﬁ F (Frero.1), I’PT), Wi, Wa, 7, ?) .

where: (§, Z, (%),e[o,r], @) is a filtered probability space satisfying the usual conditions;

W1, W, are two independent cylindrical Wiener processes on U; and U, respectively; the pair

of processes (&, @) satisfies
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e LY(Q; L0, T; Ho)) N LY (R L7(0,T5 V) 2.4)
9 € LU(Q; €10, T1; H) N LY L=, T3 V) N LY, (@ L20, T3 VD), (2.5)
|@(w, x,1)| < 1fora.a. (w,x,t) € QxOx 0, 7), (2.6)
= —Ag+F'@) € LU(Q; L7(0,T; H)), @7
~ —~ L

@(0), 9(0)) = (uo, 90) onHg x Vy; (2.8)

and, for every v € V, and ¢ € V1, it holds that

t

@), v)m, + f (AT(), V)y: v, + (B@(s), @), V)ys v, — f A(S)VP(s) v | ds
0 (@)
t

= @), v)g, + / Gl(ﬁ(s))dWI(s),v) Viel0,T], P-as. (2.9)
0 H

o

t
@0, ¥ +/f[ﬁ(S)-V<75(S)+ﬁ(S)]¢dS
00

t

=@0),¥)n + (/ G2(@(s)) dWa(s), 1/1) Vte[0,T], P-as. (2.10)
H

0

Definition 2.5. Let p > 1 and let (o, @) satisfy (2.2)-(2.3). A probabilistically-strong solution
to problem (1.7)—(1.11) with respect to the initial datum (zq, o) is a pair of processes (u, ¢)
such that

weLb(QL®0,T; Hy)) N LY, (2 L7(0,T; V), (2.11)
@ e L7, (2 C(10, TT; H)) NLE(Q; L0, T; V) N LY, (Q: L*(0,T; V), (2.12)
lp(w, x,t)] < 1foraa. (w,x,t)) eRxOx(0,T), (2.13)
i=—Ap+F'(p) € L, (Q L*(0, T; H)), (2.14)
@(0), ¢(0) = (uo, go) , (2.15)

and

t

@), vV, +/ (Au(s), v)y= vy, + (Bu(s), u(s)), v)yx y, —/M(S)Vw(s)-v ds
0 0
t

= (uo. v)m, + /Gl(u(s))dWl(s),v Vie[0,T], P-as. (2.16)

0 H,
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t
(00 V) + / / [u(s) - Vo (s) + (s)] ¥ ds

t

= (p0, ¥)H + /Gz(go(s)) dWa(s), ¥ Vtel0,T], P-as. (2.17)

0 H
for every v € V, and ¢ € V1.
Remark 2.6. Note that in Definitions 2.4 and 2.5 one has in particular that % € C 0 w0, T]; Hy)
P-almost surely and u € C? w0, T]; H,) P-almost surely, respectively. Here, the subscrlpt “w”
stands for weak continuity in time. Thus the initial conditions (2.8) and (2.15) make sense.
The first main result is the existence of a martingale solution.
Theorem 2.7. Assume (A1)-(A3) and let p > 2. Then, for every initial datum (uo, @o) satisfying

(2.2)-(2.3) there exists a martingale solution ((Q (J,),e[o 1, ]P’) W1 Wz, i, p) to problem
(1.7)—(1.12) satisfying the energy inequality

1 1 P =
5 Sup Ellao)|, + 5 sup EIVe@)Ii + sup EIF@)IL10)

t€[0,t] t€[0,1] t€[0,1]

t

+B [ [I9a00)1, + 1701 ] as

0

, L3 | PPN P G S
=|C, + 101t + SEluoly, + 5EIVEoly +EIF @)L 0)
t
2 7= - 2 L%" -~ 2
+CG1E/||u(t)||HU dt+7E/||V¢(r)||H dr (2.18)
0

foreveryt €[0,T], P- almost surely. Here |O)| stands for the Lebesgue measure of O. Further-
more, there exists T € LJ(Q W10, T; H)) such that

T
/(a,(ﬁ— G1(@) - W)(1) + La(t) + B@(1), a(t)), ¥} om0y U
0

= @0 g, + //ﬁ(t)va(t) @O dr+ (T div v>([C°°((o T)xO)]d)* [c2(.T)xO)]*
o (O, [Co (O,

(2.19)

foreveryv e [Cgo((O, T) x C’))]d, P-almost surely. Finally, the following estimate holds:
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171, 8 o oo 1
(;W—1(0,T;H))

~i12
+ [l

[z LP(&L2(0.T:V,))

=c(1+1al

i @reor:y T LS @rorv,)

~2 / 2
+||¢||L”(§;L2(O,T;V2)) + ”F (@“LP(Q;LZ(O,T;H))) . (220)

Remark 2.8. The above result still holds if the viscosity depends on ¢ in a smooth way and
it is bounded from below by a positive constant. Moreover, we recall that, in [33], the energy
inequality is written [P-a.s. in a distributional sense.

The second is a stronger result in dimension two, namely, the existence of a (unique)
probabilistically-strong solution.

Theorem 2.9. Assume (A1)-(A3), let d =2, p>2, and Y = V. in (A2). Then, for every ini-
tial datum (u, @o) satisfying (2.2)—(2.3), there exists a unique probabilistically-strong solution

P
(u, @) for problem (1.7)~(1.12) and a pressure 7w € Lcép(Q; W=L(0, T; H)), which satisfy
on the original probability space (2, %, P) the analogous of the energy inequality (2.18), the
pressure-variational formulation (2.19), and the estimate (2.20).

Remark 2.10. Referring to [33], we observe that a more general G1(u, ¢) can be considered.
Instead, considering G, (u, ¢) would require appropriate assumptions on account of (A3). For
instance, in place of gi (1) we could suppose to have g (¥)hi (u) for a suitable {h;}ren, . Fur-
thermore, the nature the noises W; and W, may also be generalised. As for Wy, one could in
principle consider a general infinite-dimensional martingale M1, by including for example jump-
diffusion noises or Levy-type noises. For W, the extension is more subtle, due to the presence of
the singular term F” in the Itd formula: we believe that the techniques may also apply to a con-
tinuous square-integrable martingale M» instead, but the extension to discontinuous martingales
requires a ad hoc treatment. This is surely an interesting matter to pursue and will be object of
future investigation.

3. Proof of Theorem 2.7

Here we prove the existence of martingale solutions to problem (1.7)—(1.12). For the sake of
clarity, the proof is split into several steps.

3.1. Regularization of the singular potential
First of all, note that assumption (A1) implies that the function
y:(—-1,1)> R, y(@):=F(x)+crx, xe(=1,1),

can be identified with a maximal monotone graph in R x R. Consequently, one can consider, for
every A € (0, 1), the resolvent operator and the Yosida approximation of g, defined as follows

b, v R>R, L) =T+ 1) (), v (x) =27 x = Su(x)), xeR.
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For notation and general properties of monotone operators we refer the reader to [8]. For every
A € (0, 1), we define an approximation of F as follows

X
F :R — [0, +00), Fk(x)::F(O)+/yA(s)ds—C7Fx2, xeR. (3.1
0

Thus it holds

F{(x)=y,(x) —crx VxeR. (3.2)

In order to preserve the scaling of the Yosida-approximation on F’, we analogously define the
A-approximation of G, by setting

Gay:=GyolJy 1 H— ZL*(U,, H). (3.3)

Notice that, by assumption (A3) and the non-expansivity of Jj, the operator G, is La-Lipschitz-

continuous (therefore uniformly in A), and converges pointwise to G, as A — 0. Now, we
consider the A-approximated (formal) problem

du; + [—Au; + (uy - Viu) + Vp, — up V1 dt = G (uy) dW in(0,7T) x O, (3.4)

V.ou, =0 in(0,7)x O, (3.5)

dop + [ - Vo + ] dt = Gop(p)dW2 - in(0,7) x O, (3.6)

. =—Ap +F ()  in(0,T)x0, 37

u, =0, 0pp,=0 in(0,T) x 90,
(3.8)
u (0 =uo, @O0)=¢ nO. (3.9)

3.2. Faedo-Galerkin approximation

A discretization scheme is now applied to problem (3.4)-(3.9). Let us consider the (countably
many) eigencouples of the negative Laplace operator with homogeneous Neumann boundary
condition, namely the couples {(a;, ¢;)};en, CR x V3 such that

—Ae;i=uaje;, in O, .

dnej =0 on 00,

Analogously, we also consider the (countably many) eigencouples of the Stokes operator, namely
the couples {(Bk, ex)ken, C R x Vg, and {my}ren, C L%(O) such that

—Aey + V= Brey in O,
V.er=0 in O, ke N;.
e, =0 on 00,
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Itis well known that, up to a renormalization, the set {e;} ;en, (resp. {ex}reN, ) is an orthonormal
system in H (resp. H) and an orthogonal system in V| (resp. V). Let n € N4 and consider
the finite-dimensional spaces Z,, :=span{ey, ..., e,} and Z,, :=span{ey, ..., e,}, both endowed
with the L2-norm. In order to approximate the stochastic perturbation, we define the operators
Gi,pand Go ., as

Gin:Zn— L2Ui,Hy),  Gojn:Zn— LUy, H)

and such that

n n
Gra@up =Y (Gi(ug.e)m,ej.  Gran@ui =Y (Gan)ui.ej)ue;
j=1 j=1

for any k e N, v € Z,, and v € Z,. Notice that, fixed any v € Z, and v € Z,, G1,,(v) and
G2 3.n(v) are actually well defined as elements of LU, Zy) and L2(Us, Z,), respectively.
Indeed, for instance,

+o00
1G22, 7y = 1612 @ 5y, 1., = D NG La@uill,
k=1
+o0 n
=YD G (uy.epn, (3.10)
k=1 j=1
+00 +00
<Y Y Gi@up epu, P =I1GiWI3py, 4.
k=1 j=1

Moreover, since G is Li-Lipschitz continuous in the sense of assumption (A2) and the orthog-
onal projection on Z,, is non-expansive as an operator from V to itself, we can deduce by the
same argument that G , is also L-Lipschitz continuous as an operator from Y to .& 2(Uy, Y).
Similar considerations also apply to G2,;,,. More precisely, we have

Proposition 3.1. Let A € (0, 1) and n € N.. The operators
Gl,n Y gz(UL Z,), G2,A,n 2y — gZ(UZ’ Zy)

are well defined and uniformly Lipschitz continuous with respect to n and . In particular, G1
is L-Lipschitz continuous from Y to £ 2(U 1,Y) and G p is La-Lipschitz continuous from H
to L*(U,, H).

Next, we define suitable projections (orthogonal with respect to the L2-inner products) of initial
data (evaluated at some point in €2) on the discrete spaces Z,, and Z,, namely, for all n € N,
we set

n n
won =y (o.€)u,ej,  Pon= (%0.¢))He;.

Jj=1 j=1
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It is now possible to formulate the discretized problem, which reads

duk,n + [_Auk,n + (uk,n : V)uk,n +Vpin— MA,nV(pk,n] dr = Gl,n (uk,n) dw;

in(0,7) x O, (3.11)
V-u,,=0 in (0,T) x O, (3.12)
d@sn + [ - Vorn + o] dt = Gopn(@rn)dW2  in (0,T) x O, (3.13)
Han=—ADprn+ Fi(¢n)  in(0,T)x O, (3.14)
uy,=0, 0per,=0 in (0, T) x 00, (3.15)
w.n(0) =10, a0 =g, inO. (3.16)

The variational formulation of problem (3.11)-(3.16) is given by

t

Wy (), V), + / [(Awr (). 0)ys v + (B a6, 00y
0

_/N-)L,n(s)v¢’k,n(s)'v ds
9]

5

= Wo,n,VH, + (/Gl,n(uk,n(s))dwl(s),v) Viel[0,T], P-as. (3.17)
0 H

o

t
@D V)1 + f f (3.0 (5) - V3. (5) + 3. ()]
00

t

= (0,0, Y)H + (/ Gz,x,n(m,n(S))sz(S),W) Vtel[0,T], P-as. (3.18)
0 H

forevery v € Z,, and ¥ € Z,,. Fixed any A € (0, 1) and n € N, we search for a weak solution to
(3.17)-(3.18) of the form

n n n
J J J
Uy n= Za)hnej, Oin = meej, Mon = Zc)hnej, (3.19)
j=1 j=1 Jj=1
where

a, = (ai’n, ain, af’n) Qx[0,T]— R",
bin= (b} . b7 . b)) Q2 x [0, T] > R",

1 2 .
Con = (Chps Chpr o Ch ) 1 2% [0, T] — R”,
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are suitable stochastic processes. Inserting (3.19) into (3.17)-(3.18) and choosing as test functions
Y =e¢; and v=e¢; foreachi € {1, ..., n}, we deduce that the three processes ay ,, by , and ¢, ,
satisfy the system of 3n ordinary stochastic differential equations

n

n n n
‘ j ik ik
da; , + Bia; , + Z Zai’nak’nb(ej, e, e;) — chi,nbk,n / ejVei - e;
@)

Jj=lk=1 j=1k=1
n .
=|Gin|D al,e;|dWi.e (3.20)
j=1 -
. . n .
b+l = Gaan | Dbl e | dWae; (3.21)
j=1 u

ci,n=aib3,n+/F; > b] i |e. (322

ai,n(o) = (uo,e;))um, (3.23)
b, ,0)=(po.e)n (3.24)

Let us point out that, in order to derive (3.20)-(3.24), we exploited the fact that, for every choice
of integers j and k between 1 and n,

/ej~Vekdx=—/ekV~ejdx+/ekej-nda:O, (3.25)
(@] @] a0

as well as the orthogonality in V; of the basis {e;} jen. The stochastic integrals in (3.20)-(3.21)
have to be regarded as Gi1 n dWj and Gé on dW; foreveryi =1,...,n, where

n

i . 2 1 1. j 1

Gl i Zy— L2ULR), Gl =G| D al e |ui e
j:1 H,

and

n
i . 2 i 2. j 2
GhyniZn— L2ULR),  Gh, (anup:=|Gasn | D bl i |ug.ei ] .
j:1 H

for every k € N. By Lipschitz continuity of all the nonlinearities appearing in (3.20)-(3.24), the
standard theory of abstract stochastic evolution equations applies. Therefore, we are able to infer
that
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Proposition 3.2. For every A € (0, 1) and n € N, there exists a unique triplet of (%;),-adapted
processes @y n, by n, cin satisfying problem (3.20)-(3.24). Furthermore, for every r > 2, we
have

@n,byn, €50 € L7(2; CO[0, TT; R™)),
implying
W € L7 (2 CU0, T Z0)),  @any tan € L7 (2 CO([0, T1; Z)).
3.3. Uniform estimates with respect to n

First of all, we prove some uniform estimates with respect to the Galerkin parameter n, keep-
ing A € (0,1) fixed. Hereafter, the symbol C (possibly numbered) denote positive constants
whose special dependencies are explicitly pointed out when necessary. Its dependence on A is al-
ways explicited by the symbol C;. In some cases, in order to ease notation, we may use the same
symbol to denote different constants throughout the same argument. In any case, such constants
are always independent of n.

First estimate. We exploit the 1t formula for the H-norm of ¢, , given in [63, Theorem 4.2.5].

This gives

t

1
Slena I + / [nwx,n(wu%, + (ern (D), F;m,nm))H] dr
0
t

1
= S lgoaly + / (©2.0(0): Gapon (@10 (D) dAW2 (D)),
0

t
1
+ 5/ ||G2,A,n(¢k,n(f))||%gz(U2’H) dr. (326)
0

Let us now address the above equality term by term. First of all, recalling (3.2) and that F} (0) =
0, we find

(020 (D), F(@2.0(T) y = —cFl@an (@I (3.27)
Next, owing to (3.10) and (A3), we have

+00

1G22 @ g, 1y < 1G22 @O gy, 11y = D N8k (@1 (NI
k=1

+oo (3.28)
S P AN o]

k=1
<L3|0].
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Finally, by 1-Lipschitz-continuity of the projection I1, : H — H, it follows

lponll% < llwoll. (3.29)

Thus, combining (3.27)-(3.29) with (3.26), letting p € [2, +00), multiplying the resulting in-
equality by two, taking g-powers, the supremum on the interval [0, ] and expectations, we
arrive at

4
2

E sup lloxn(@lfy+E
€[0,7]

t
/ V@30 ()13 do
0

s

/(@A,n(f)vGl,k,n((pA,n(f)))H dw;(7)
0

4
2

t
<c 1+1E|\wo||Z+E/Hm,n(t)u‘;,drHE sup
0 5s€[0,1]

where C depends on p and also on cg, Lo, |O], T. The Burkholder-Davis-Gundy and Holder
inequalities jointly with (3.28) entail

)4
s 2

E sup /((pk,n(f),G2,A,n((ﬂk,n(f))dW2(f))H
5s€[0,1]
0

V4
Py

t
<CE / 1000 O 1G20n @1 D g, AT
0

p
t £
<CE| sup llgan(Dly / 1G 23,0 (@20 D 2pa gy, g1y 47
7€[0,¢] ’
0
<CLI|0J%5E : 3.30
= 2| |41 sup ”‘pk,n(t)”[.[s (3.30)

7€[0,1]

where C only depends on p. In turn, thanks to (3.30) and the Young inequality, we can refine the
estimate and get

2

t
E sup flgra(0)lly +E /llvm,n(f)ll%q dr
€[0.1] /

t
<C|1+E|gl +E/||‘pk,n(f)”[;1 dr
0

The Gronwall lemma entails that there exists C1, independent of n and A, but depending on p
and the structural data of the problem, such that

”(p)»,””L’;Z(Q;CO([O,T];H)) + ”(p)w””L’;Z(Q;LZ([O,T];VI)) <Cy, (3.31)
for every fixed p > 2. Second estimate. We devise a similar argument for the Hs-norm of u; .
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Still exploiting [63, Theorem 4.2.5], the It6 formula implies

t

1
SOl + / 1980 @1, = 120 (@) V010 (@) W10 (D) ] de
0
t

1 2
= s luonla, +/(ux,n(t), Gl (U3, (1) dW1 (D))
0

t
1
+3 / 1G 10 @ n o, g, A7 (332)
0

Next, we want to apply the standard 1t6 formula to the regularized energy functional &, : Z, x
Z,—RT

1 1
gx(w,n,ux,n)1=5/|V¢/\,n|2+E/IMA,nIZ-i—/FA((ﬂA,n).
O O O

However, notice that £, exactly contains the kinetic energy contribution linked to the fluid veloc-
ity field which we just handled in (3.32). Thus, it is sufficient to apply the 1t6 formula only to the
portion of the energy linked to the order parameter ¢, ,. Let us stress that this is only possible
since no coupling energy terms are present. We set

1
U, : Z, — RT, U, (v) ;=§/|W|2+/FA(0).
O (@)

It has already been shown in [71, Subsection 3.2] that W, is twice Fréchet-differentiable. Thus it
is possible to apply the Itd formula in its classical version [23, Theorem 4.32]. This yields

1

B0+ [ 10O + 12300 01,0(0) w300 at
0

1

1 — [
= WA(‘PO,/;) + 5 [ |:vc2,k,n(‘ﬂk,n(r))||f(£2(U2,H) + Z / F)/L (‘PA,n(T))lgk(JA (¢A,n(f)))|2:| dr (333)
0 k=15

t
+/(M,n(f), G2,3,n (00 (D) dW2 (D))
0

where we recall that DW; (@3 ») = ta.n. Adding (3.32) and (3.33) together, we find

t

1
S W0n O, + 03 @n @)+ [ (19000, + lisa @1 ] ar
0
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1
= 5 ”uO,n ”%—10 + Wi (¢0,n)
t

1 2
+ Ef I:”G]’n(uk’n(‘[))”?f%UhHrr) + ”VGZ,A‘n((pA,n(T))”gz(uz)H)] dr

0

1 o0
+3 / 5 / F @1 n@)gk (@n (@) de

t

+ / o (1), G1 (W0 (1) AW (D) 5y + / (13 (D), Gan (1.0 (1) AW (D))
0

0
(3.34)

Fix now p € [2, 4-00). Taking g-powers, supremum over [0, #], and expectations of both sides
of (3.34) yield

E sup ””A,n(r)”p +E sup [[Vor (Dl +E sup HFA((PAn)”

cel0,1] rel0.1] rel0.1] L1(©)

P

2

2
+E

t t
E / IVay (D)1, dr / 1230 (D)3 dT
0 0

V4
2

=C E\Iuonl\H +E[Veou 5 +ElFi(eo n)”Ll(O)

/ 1G 1@y g A
0

p
2

VG200 @ n o2y ) 9

’ o0
E|[ Y [ 1K @un@liatnnon? e
0

k=1

s

+E sup / (3,0 (D). G1 (3,0 (D) AW (D))
s€[0,t] 0

r
s 2

+E sup /(/‘v)»,n(f)yGZ,A.n(‘/’A,n(f))dW2(T))H
s€[0,1] o

(3.35)

where C only depends on p. Next, we address the terms on the right hand side of (3.35). By
(3.10) and Assumption (A2), we deduce

1610 @rn O oy, ) S NGV @rn D gy, gy = 2CE, (14 NI, ). (3:36)
Since @, (1) € Vi, recalling assumption (A3), (3.28), and the non-expansivity of J,, we have

IV G2 @3 w2y 1y < IV G20 @2 O 2,
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M

18 (T (@20 (ONV T (@rn ()

=~
Il
—_

Mo

gkl 101 1) I VR0 (D17

=<

~ =
o

V@3 n (D)1 (3.37)

Furthermore, since F” =y’ — ¢, by (3.2) we have that, for all x € R,

F/(x) =y, (x) —cr =y (a5 (x) — cp = F"(Ji(0)) 3 (x) + cr(J; (x) = D).

Thus, thanks to (A3) and the non-expansivity of J;, we get

> / F @rn gk @n @D <) / " U (@n OI8O
k:lO k:lo

o0
+2¢r101 Y lgely ooy 1y
k=1
<|0IL5 (14 2¢F). (3.38)

Finally, we address the stochastic integrals. Using (3.36) jointly with the Burkholder-Davis-
Gundy and Young inequalities, for every § > 0 we obtain

t

E sup /(uk,n(f)aG],n(uk,n(f))dwl(f))Ho

7€(0,¢]

P
2

s

t
<CE / l2£3,0 (g, 1G 1,0 @2 n (O W2y, g, dT
0

A

t

p P
<C25CE E| sup flupn(Dll, f (1+||ux,n<r)||%,{,)dr
t€[0,t]
0

t

<68 sup funn (@1}, +Cpakl [ (14 sl )dr. (339)
7€[0,7] 0

where C only depends on §, p, and 7. Moreover, by (3.28) and the same inequalities, we also
get

]

t

E sup f (1. (T) G (@10 (D) AW2 (D)),

7€(0,¢]
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ESS]

t
<CE / 113 OV 1G 20,0 @10 O g, gy AT
0

p p

4 2

t t
P p
<CL|O)E /um,n(r)nzdr <C+E /um,n(r)nzdr L (40)
0 0

where C only depends on p, §, and O. Finally, the non-expansivity of the orthogonal projectors
on W, and W, imply

lwonllly, <luolly, . 1V@only <IVeolly (3.41)

whereas, since Fj is linearly bounded, being Lipschitz-continuous, Fj is quadratically bounded
so that

P
1Ex(0o.)ll 1) = Cn (14 llgo.nlly) <€ (1+llwollfy) (3.42)

where C;, depends on A and p. Collecting (3.36)-(3.42) and choosing § small enough, from (3.35)
we infer that

P
E sup flupnlpy, +E sup Vol +E sup [Filern)l]i o,

t€[0,1] t€[0,1] t€[0,t]

)4

t 2 t 2
1
+E / IVarn(@lly, dr| +5E f Il 3.0 ()17 dT
0 0

t t
<Cy 1+EII¢OII(’/+EIIMOIIPHU+E/||u/\,n(T)IIZU dr+E/||V<px,n(r)||§’, dr
0 0

(3.43)

Here C) depends on A and p. An application of the Gronwall lemma entails the existence of
C>, C3, C4, depending on A, p and T, such that

lwsnllLr, @coq0.rim,)) T 1#rnllLr, @200 = €2 (3.44)
los.n ”LII;})(Q;CO([O,T];VI)) < (s, (3.45)
| ien,n ||L{)@(Q;L2(()’T;H)) + 1 F5(@x,n) ”L’;Q(SZ;CO([O,T];LI(O))) <Cy. (3.46)

Further estimates. The Lipschitz-continuity of F; and the fact that F; (0) = 0 entail
|F3 (@20 ()] < Cilgnn ()],
for some C), only depending on A. Therefore, thanks to (3.31) we also get the estimate
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”F)/L(wk,n)”L"’@(Q;LZ(O’T;H)) <Cs. (3.47)

Additionally, by comparison in (3.14), we get

l©a.n ”U{’@ (L2(0,T: Vo)) = < Cs. (3.48)

Here C5 or Cg depend on A, p, and T. In light of (3.36), (3.37) and on account of (3.44) and
(3.45), we deduce

|G 1.0 (uy n)||LP (Q:L%0,T:. 22Uy, Hyyy) = €7
(3.49)

1G22 @112, @ 10,7 22w, viy F 1G22 @1l L @x 0.1y 22 1) = C:
(3.50)

Here, again, the constants C7, Cg depend on A. As a consequence of [36, Lemma 2.1], the fol-
lowing estimates on the Itd integrals hold:

/ Gt (1)) AW/ (7) <Co (35D
0 LP(Q;WkP(0,T;Hy))
/ Gpon (@30 (£)) AW (1) <Co. (.52
0 LP(Q;Wk-P(0,T;V1))NLY (;Wk4(0,T; H))

for every k € (0, %) and g > 1, where Cg and C1g depend on A, p, g, k, and T. Estimates (3.51)
and (3.52) enable us to carry out two comparison arguments. Let us interpret (3.18) as an equality
in V',

(@rn(), ¥r) ViV = /[ [uk,n(s) V@ n(s) + Mk,rl(s)] Y ds
0 O

t

+ (Pon. ¥)ve v, + /Gz,x,n(w,n(s))dwz(s)ﬂﬂ
0 H

for all ¥ € V; such that ||y ||y, =1, t € [0, T], P-almost-surely. It is clear that, by the Holder
inequality,

/lﬁux,n Vorn+ V| < nllz, VOl a0y + 1anlla (3.53)

implying (see (3.44), (3.46), and (3.48))
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t
/ / [3.0(5) - Vo (5) + 1rn(5)] ds <c (3.54)
00

L, (Q: HY(0,T; V)

for some C, depending on A, p and T'. Then, recalling that

K@o,n, Whve vl < lleonlla < llgolla,

and estimate (3.52) as well as Lemma 2.1, we find
loa.n ||L1‘;)(Q;Wﬁﬁp(o,r;v]*)) <Cn (3.55)

for some g = B(p) € (%, %) if p > 2, and for all g € (0, %) if p = 2. The constant C1; may
dependon A, B, p,and T.

Remark 3.3. Observe that g is always well defined. Here, we apply Lemma 2.1 with » =2 and
X = V. If a denotes the Sobolev fractional exponent given by Lemma 2.1, then the following
alternative holds:

(a) if p =2, then any value of « € (0, 1) is valid, and therefore we can set an arbitrary 8 € (0, %);
(b) if p > 2, then any value of o € (0, %] is valid, and therefore we can set an arbitrary 8 €

L min(2. 1 11
(pamln(pa 2)) C (P’ 2)
Similarly, we consider the weak formulation of the discretized Navier—Stokes equation

t

(W (1), V)2 v, = —/ [(Au,w(s), v)V:;’V” + (B (), w30 (s5)), ”>Vj;,v(,] ds
0

t
—//m,n(s)vfm,n(s)~vds+(uo,n7v)y,,
0O

t

+ / G (15, (5)) dWi (5), v

0 H,

forall v € V, such that ||v|ly, =1, t € [0, T], P-almost-surely. Then, we have

[{won, vV)ve v, | < luonlla, <luollw,-

Owing to (3.44) and the continuity of A, we infer

/Au,\,n(s)ds <GC,,

0 LY, (QH'(0,T;V3))
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for some C, depending on A, p and T, but independent of n. Next, we recall the well-known
inequality

o—d d
1B @, ws)llve < s nllyg,* lusally, - (3.56)
Therefore, we find
f Bt 1 (5). . (s)) ds <c;.
0 5 L4 .
LW d0,T;VE)

Furthermore, since by the Holder, Gagliardo—Nirenberg and Young inequalities, we have

1 1
/MA,nV(PA,n V| < | 4an ”H”Vfﬂk,n”[}(O) ”v”Lﬁ((’)) < Cllpsnll e l@a.n ||i6(0)||§ok,n||€/2
o

(3.57)
for both d =2 and d = 3. Thus we get
/m,n(s)vw,n(s)ds =G
4 4
0 L2@W"30.7;V2)
Summing up, also owing to (3.50) and Lemma 2.1, we arrive at
lwsnll p = Cu, (3.58)

L2, (uWr-PO,T:VE)

for some y = y(p) € (%, %) if p > 2, and for all y € (0, %) if p = 2. Here Cj, depends on
A, y,p,and T.

Remark 3.4. Observe that y is always well defined. In this case, we apply Lemma 2.1 with r = ‘3—‘
and X = V. Let « denote once again the fractional Sobolev exponent given by Lemma 2.1.
Given any p > 2 > %, we have that any value of « € (0, %] is valid, and therefore we can set an
arbitrary y € (%, min(%, %)) - (%, %). If p =2 then we get any value of « € (0, %]. Hence we

can choose any y € (0, %).

In the following, we assume that, given p > 2, the exponents 8 = B(p) and y = y(p) are fixed.
Notice that if p > 2, then trivially 8 and y are both greater than 1.

3.4. Passage to the limit as n — +00

Owing to the previously proven uniform estimates, we now pass to the limit as n — 400
keeping A € (0, 1) fixed. Let p > 2.
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Lemma 3.5. The family of laws of (U n)neN is tight in the space Zy = L*(0,T; Hy) N
C9([0, T1; D(A™?)) for any 8 € (0, %). The family of laws of (¢a.n)neN is tight in the space
Z,:=L*0,T; Vi)nC°(0, T1; H).

Proof. To prove the claims, we follow a standard argument (refer, for instance, to [71, Subsection
3.3] or [81, Proposition 1]). We first recall we have that the embeddings (see [76, Corollary 5])
L0, T; Vi) N WP, T; Vi) — C°([0, T1; H),
L®0,T; H))NWYP(0,T; Vi) — C’([0, T1; D(A7?)),
L*(0, T; V2) N WEP(0, T; Vi) = L*(0,T; V),
L*(0,T; Vo) NWYP(0,T; VE) < L*(0,T; Hy),

1
Ik
p > 2. Here, é € (0, %). Let us prove the first one, the other three cases being similar. For any
R > 0, let Bg denote the closed ball of radius R in L>®(0, T; Vi) N WP (0, T; V). Then the

Markov inequality, jointly with estimates (3.45) and (3.58), implies

are compact (the intersection spaces are endowed with their canonical norm), since 8,y >

P {V’A,n € Bg} =P [||§0A,n||L°°(0,T;Vl)ﬂWﬁ~P(0,T;Vl*) > R}

1
p
= 2p Elennll oo 7ovwsr.1:v)
G
< %p

for some C, > 0 depending on A> This yields

lim sup P iy, € Bg} =0,

n—>+oon€N

so that the first claim is proven. The remaining claims can be proven analogously, replacing the
spaces accordingly and exploiting the corresponding estimates. O

We now set

Gl,n(uk,n) W= / Gl,n(uk,n(f)) dwi (),
0

G2,A,n (gﬂ)u,n) Wy = f G2,A,n(§0)~,n (r))dWa(1).
0

With a little modification in the proof of Lemma 3.5, we can also prove

Lemma 3.6. The family of laws of (G1.,(. n) - W1)yeN IS tight in the space c%o, 11; V).
The family of laws of (G2, .n(@x.n) - W2)neN is tight in the space c°([0, T1; H).
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Proof. By [36, Theorem 2.2], since Bp > 1 and yp > 1, we have that the embeddings

whr,T; Vi) = C°([0,T1; H),  WYP(0,T; Hy) — C°([0, T]; V%)

are compact. The argument of the proof of Lemma 3.5, recalling estimates (3.51) and (3.52), is
enough to conclude the claims. O

Next, we consider the constant sequences of cylindrical Wiener processes

Win= Wi, Wa.,, = Wa.

Lemma 3.7. The family of laws of (W1 ,)neN is tight in c%(o, 11; Ulo). The family of laws of
(Wa.n)neN is tight in CO([0, T]; U3).

Proof. It directly follows from the fact that every measure on a complete separable metric space
istight. O

Finally, we consider the sequences of approximated initial conditions.

Lemma 3.8. The family of laws of (uo,n)neN is tight in V.. The family of laws of (¢o.n)neN IS
tight in H.

Proof. It is a third iteration of the proof of Lemma 3.5, exploiting the compact embeddings

H, V!

o Vi— H,
and the Markov inequality on closed balls of H, and Vi, respectively. O

As an immediate consequence of Lemmas 3.5-3.8, we get that the family of laws of

(uk,na DP.n» Gl,n(ux,n) : Wl,n» GZ,A,n(‘pk,n) . W2,n, Wl,na W2,n» Uo.n, (pO,n)neN

is tight in the product space

Zu X Zy x CU[0, TT; VE) x CO([0, TT; H) x CO([0, T1; UY) x C°([0, T]; UY) x Vi x H.

Owing to the Prokhorov and Skorokhod theorems (see [57, Theorem 2.7] and [82, Theorem
1.10.4, Addendum 1.10.5]), there exists a probability space («, Z, IP’) and a sequence of random
variables X, (Q J) — (R, %) such that the law of X, is P for every n € N, namely Po
X, I' =P (so that composition with X,, preserves laws), and the following convergences hold
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Uy p=uy,0Xy— Uy

@on =@ n 0 Xn = @a

Lin =G n) - Win)oXn— T,
T = (G230 (@in) - Wan) 0 X — Ty,
Wl,n = Wl,n o X, — Wl

‘71}2," =Wy, 0Xp— WQ

g, =1uq,, 0 Xn — Uo

aO,n =@0,n © Xn — (750

Journal of Differential Equations 387 (2024) 378—431

in Zy, = L0, T; Hy) N C2([0, T1; D(A7%)), P-as.;
in Z, = L20, T; V) n CO([0, T; H), P-ass.;

in ([0, T1; V), P-as.;

in ([0, T]; H), P-as.;

in (10, 71; UY), P-as.;

in €010, T1; UY), P-as.;

inV: P-as,;

in H, P-as.,

for some limiting processes @, @y, L, T, Wi, W, U, po belonging to the specified spaces. Let
us recall that, for the sake of what follows, if (S, M, v) is a finite positive measure space and X
is any Banach space, then the Bochner space L”(S; X) is reflexive if and only if L" (S, v) and
X are reflexive (see, for instance, [29, Corollary 2, p. 100]). By the previously proven uniform
estimates and the preservation of laws under X, up to a subsequence which we do not relabel,
the Vitali convergence theorem, the Eberlein-Smulian theorem and the Banach-Alaoglu theorem

entail

Uy, — 0 inL9(Q; L2(0,T; Hy) N CO([0, T1; D(AT%))) if g < p,
Wy — T, inLP(Q; L0, T; V,)),

*

fiyn =, in L2(S: L0, T; Hy)) N LE (S WYP(0, T; V),
Gan — @, in LI L*0,T: Vi) N C([0, T1; H)) if ¢ < p.
Pan = @r in LP(Q; L2(0,T; V),

*

Ban — @p in LP (S L0, T; V1)) N LP(Q; WP (0, T; V))),

Lin— L in L9(Q:; CO([0, TL; V) if g < p,
Tom— T, in L9(S2; C°([10, T): H)) if g < p,
Win— Wi in L9(Q: C°([0, T1: UY)) if g < p,
Wan— W in L9(Q; CO[0, T1; UY)) if g < p,

o, — o inL9(2; VE)ifg < p,

Pon — @0 in LI(Q: H) if g < p.

Let us now define

Mx,n = Hxan© X

By uniform boundedness and weak compactness, there exists some i, such that

fian = fip in LP(; L2(0, T; H)).
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Observe that, from the proof of the Skorokhod theorem (see, for instance [23, Proof of Theorem
2.3]), we have that the probability space (SZ J ]P’) is independent of A. Indeed, one may choose
(Q J ]P’) = ([0, 1), ([0, 1)), dx) where dx denotes the 1-dimensional Lebesgue measure.
Taking into account the previous considerations and further straightforward weak convergences,
the limit processes fulfill the following regularity properties:

i, e LTS WYP(0,T; V) N LP (&

CO(10, T1; D(A™) N L*(0, T; Vo)) N L (R L™(0, T; Ho));
§r € LP(Q; WHP(0,T; V)
N0, T1; H) N L0, T; V2) N L5 (Q; L0, T; Vi));

fir € LP(Q; L*(0, T; H));

L, e LP (2 C(0, T1; V)

T € LP(©; C°(10, T1; H));

Wi e LP(&; C°(10, T1; UD));

W € LP(%; C°(10, T1; Ug));

fo e LP(Q: Hy):

Poe LP (BN V).

From this starting point, we now address several issues.

The nonlinearities. First of all, by Lipschitz-continuity of F;, it follows that
F{@.n) = F@) inLP(Q:L*0.T: H)).
Moreover, since G, is uniformly Lipschitz-continuous (recall Proposition 3.1) and

1G1,2(@5.n) — Gi (ﬂk)||LP(§,L2(0,T;$2(U],)/)))
<G5 n) — Gra@I Lr(&.120.7: 22 W, .1)))

TG 1 @) = GL@) Lo (@&, 120, 7:.22 W, 1))
we conclude
Gia(hn) = Gi(@) in LY@ L0, T: L2 (U1, V) if g < p.
A very similar computation also shows
G2pn@rn) = G2a(@) i LI L3O, T: L2 (U2, H))) if g < p.
Next, we address the Korteweg term representing the capillary force. Let us prove that
xn V@ — V@, in LY(Q x (0,T) x 0).
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Indeed, for any w € L°°(S~2 x (0,T) x O),

E / (HrnVOrn — AV - w

Ox(0,T)

<& / Don(VGom — V) - w| + |B / (Fon — OV - w
Ox(0,T) Ox(0,T)

<

||w||L°°(S~2><(O,T)><(9) ||l7k,n||L2(§Nzx(0,r)x(’))||vak,n - V%\”Lz(ﬁx(o,r)xO)

~

+|E / (Fon — F) VG - w
Ox(0,T)

and both terms tend to zero as n — 400 by the above convergences (note that Vgo;» we L2(Q X
(0,T) x O)). Here, E stands for the expectation with respect to the probability P. As far as the
other nonlinear term appearing in the Navier-Stokes equations, we have, as a straightforward
application of (3.56),

By, tty.n) — Bup,u) in LY L0, T; V) if g < g

Finally, we address the convective term. Observe that
Upp VOrn—Uy Voo =@ n—Up) VOrn+U - (VO —VP1).
Thus, by the Holder inequality, it holds that
- VGn =T VG in LY@ L'0.T: L3(0) N L20.T: L' ©O)).

The stochastic integrals. Let us now identify T, and J,. The procedure is standard, for instance
see [23, Section 8.4]. We introduce a family of filtrations on (Q Z, ]P) namely we set

Fma =0 (), Brn(®), Ln(s)y Ton(s)s Win(s), Wan(s), Bons Pons s €[0,11},

for any r > 0, n € N and A € (0, 1), in such a way that both VT’l,n and ngn are adapted. In
particular, by preservation of laws and the definitions of Wiener process and stochastic integral,
we readily have that W; , is a Q?—Wiener process on Ul.0 and

t t

Lon = / i@ () AW (x),  Tan= / G230 (@10 (1)) AWa 0 (T),
0 0

are respectively a V7 -valued and an H-valued martingale. Let us iterate the same procedure on
the limit processes: we define
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~

Foa =0 U (s), Ga(s), Lu(s), To(s), Wi(s), Wa(s), Ho, P, s € [0, 11} .

It is easy to infer, by the proven convergences, that both VT’l (0) and Wz(O) are zero. Let now
t>0,s5€[0,1r] and set

Zus =10, 53 Hy) N CO(10, 51; D(A™%)),
Zys = L0, 53 Vi) N CY([0, 51; H),
Xy 1= Zus X Zys x C([0,51; V) x C°(10, s]; H) x C°(10, s]; UY)
x C([0,51; UY) x VZ x H.
Let ¢ : Xs — R be a bounded and continuous function. By definition of martingale, we have
I~E [(Wi,n(t) - Wi,n(s)) ¥ (a)»,n: ii}\,na a,n, -’]\;\,n’ Wl,m WZ,n’ ﬁO,n: (Z(),n)] =0 (3.59)
for i =1, 2. Here, the arguments of y are intended to be restricted over [0, s] when necessary
and E denotes the expectation with respect to P. Letting n — 400 in (3.59), an application of

the dominated convergence theorem, owing to the proven convergences and the properties of ¥/,
entails

E [(Wl(t) - Wl(s)) w (5)\,,}17 ﬁ),,nv 7)\7 ‘7}17 le W29 ﬁO: 50)] = 03 (360)
which expresses the fact that VT/, isaU; O_valued (JEA ¢);-martingale for i = 1, 2. The charac-

terization of Q-Wiener processes given in [23, Theorem 4.6] leads us to compute the quadratic
variation of W To this end, notice that (3.60) means that, for every v, w € U

E [((Wi,n(t)v U)Uio (Wi,n(t)s w)U’O - (Wi,n(s)v U)Uio (Wi,n(s)v w)UiO

—(t—ys) (Q?U7 w)U0> v (a)»,n, ﬁk,na T)L,nv ii,m Wl,n’ VNVZ,nv ’iiO,na a(),n):| =0,

and using once more the dominated convergence theorem, we get
E (W@, 0)g0 (W01, w)gp = (1652, 0) 0 (W69, w)

—(@ —s) (Q?v, w)u.‘)) ¥ (@, @, L, T, Wi, Wa, i, 50)} =0,
namely

(W) =100,  rel0, 71,

which is enough to conclude that W,- isa Q?-Wiener process, adapted to (55%,),, owing to [23,
Theorem 4.6]. We are now in a position to study the stochastic integrals. Arguing exactly as in
(3.59)-(3.60), we find that Z\ (resp. J~,\) is a V'’ -valued (resp. an H-valued) martingale. As far as
the quadratic variations are concerned, an application of [23, Theorem 4.27] yields
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t

(L)) = / G1.0(l3n (7)) 0 G1.n (@ 4 (7))* dr,
0
t

(Fon) ) = / Garn@on()) 0 Gasn@m(1)* d,
0

for every t € [0, T]. Let us outline the argument for the first sequence (similar considerations
hold for the second one). Once again, fixing v, w € V, we have

E I:((T)L,n(t)~ v)V(";,Vg (7)\,}1(1)’ w)v:;’va - (T)L,n(s)s v)V{”;,Vg (T)\,n(s)» w)V:’;,Vg

13
*/‘ (Gl('ﬁk(f)) o Gl(ﬁk(f))*vs w)Ho' df) Y (%,n, "Z)L,n, T)L,m -'];L,n’ Wl,nv WZ,W ’iiO,m aO,n):| =0,
0
and, as n — +00, the dominated convergence theorem implies that

E[(T0.0)y, y, B0y, . = (G020 By,
t

—/(Gl(im))oGl(m(z))*v,w)HJdr V¥ (@, @, L, Jo, Wi, Wa, o, @) | =0
0

Notice that in the above equality the dualities are necessary. The quadratic variation of T, is
therefore

t

(L)@ = / G1(@.(1) 0 G 1@ (x)* dr,  1€[0,T].
0

Let us identify T, with the martingale
1
.0) = [ 6@ o) a0,
0

which is a V}-valued (ﬁl,t)t-martingale having the same quadratic variation of a By [67,
Theorem 3.2], we can write

(4, = L) = {#) + () - 22, T;)

L N r - (3.61)
=2/G1(ux(f))0G1(ux(f))* dr —2/Gl(ux(f))d((Wle))(fl

0 0

Thus, we now compute the cross quadratic variation appearing on the right hand side in (3.61).
To this end, notice that by [67, Theorem 3.2], we have

410



A. Di Primio, M. Grasselli and L. Scarpa Journal of Differential Equations 387 (2024) 378—431

(Lo, Wi 0) = f G (@i n(0) 0t d(Wrn, W) (D)
0

=fc;1,,,(m,n(r))oq1 o Q%dr

0

=/G1,,,(m,n(r))oq1 ot olfde
0

= / Gl,n(ﬁk,n(f)) o LT dr,
0

where we also used the fact that Q(l) =1 oif,wheret) : Uy — U ? is the classical Hilbert-Schmidt
embedding. This implies that

((Wl,ns IN)\,n)) = / l1o Gl,n(ﬁk,n(t))* dr.
0

A further application of the dominated convergence theorem entails that, as n — 400,

(W, E)):/u o G1(#;.(v))* dr. (3.62)
0
The identification follows injecting (3.62) in (3.61).

Identification of the limit solution. We are now left to prove that the limiting processes solve the
regularized Allen-Cahn-Navier-Stokes system (3.4)-(3.9). Testing (3.11) by some v € V, and
integrating the obtained identity with respect to time yield

t

Wrn (). V)11, + / (A2, )y . + (B, 005, D)y

0
+fﬂk,n(s)v¢k,n(s) v | ds
O
t
= (’l\i(),,,, V)H, + -/GL,, W) n(s))dWi(s), v Vtel0,T], P-as..
0 H,

Letting n — +o00, owing to above convergences and using the dominated convergence theorem,
we obtain

411



A. Di Primio, M. Grasselli and L. Scarpa Journal of Differential Equations 387 (2024) 378—431

t

@ (1), v)n, +/ (A3 (5), v)yx v, +(B@.(5), u.(5)), v)y= v, +-/MA(S)V(PA(S)'U ds
0 @

t
= (Hp, vV)u, + /Gl('ﬁ;\(s)) dw, (s),v Vtel0,T], P-as. (3.63)

0 H,

Next, we identify the limit chemical potential. Testing (3.14) by some v € Vi, passing to the limit
as n — 400 yields and exploiting the proven convergences entail

/Im _ —/A&w + / F@v, (3.64)
@) (@) (@)

almost everywhere in [0, T] and P-almost surely. Finally, consider the approximating Allen-
Cahn equation. Testing (3.13) by some v € V| and passing to the limit as n — +00, we get

t

t
@0, V) + / / [{(5) - V() + B ()] vds = (G, v + / G (F()) dWa(s). v
0 O 0 H

Therefore, system (3.4)-(3.9) is satisfied (in the weak sense) once we identify (the law of) the
initial state. By the properties of X,,, we know that

~ L ~ L
P0,n = P0,n» Uogn =UQ,n

for any n € N, and by uniqueness of the distributional limit (jointly with the above convergences)
we conclude

GoLgo,  doZuo.
The initial conditions are therefore attained in law.
3.5. Uniform estimates with respect to A
Here, we prove further uniform estimates, now independent of the Yosida parameter A. The

symbol K (possibly numbered) denotes a positive constant, always independent of A, which may
change from line to line.

First estimate. Notice that the constant C; in (3.31) does not depend on A. By lower semiconti-
nuity and preservation of laws of X,,, we infer

||5x||Ll’9(Q;Co([Q,T];H)) + ||5)»”L,L;}(Q;LZ(()’T;V1)) <Kj. (3.65)

Second estimate. Let us collect, in (3.35), all controls which are already uniform with respect to
A, that is, the bounds on the diffusion coefficients (3.36) and (3.37), the bounds on the stochastic
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terms (3.39) and (3.40), and the initial data bounds given in (3.41). This can be summarized as
follows (we can express the result in the new variables since X, preserves laws)

~ ~ ~ )4
E sup [[@.0y, +E sup V@ (D)l +E sup IIFx(m,n)IIZI(O)
t€[0,1] t€[0,1] t€[0,t]

2

2

t t
+E /uvm,n(wn%,c,dr +E /nﬁx,n(r)n%,dr
0 0

4 p

t 2 t 2
~ P ~ ~ ~ - 2
< C | ElF(@omllfi ) +1+E /nux,n(r)n%,f,dr +E /||V<px,n(z)}|;,dr
0 0

2

[OO
+E / 3 / | @ )ge (s @rn NP de| |, (3.66)
0 (@]

k=1

where C depends on p but is independent of A. Next, we would like to take the limit as n — 400
in (3.66). On the left hand side, the previously proven uniform estimates, convergences and
weak lower semicontinuity of the norms are enough to pass to the limit. Moreover, it is easily
seen, by Lipschitz-continuity of F;, that Fj (¢o.,) = F).(¢o) in L% (S~2; LY(0)) by the dominated
convergence theorem. Finally, in order to pass to the limit in the last term at right hand side, we
bound each term of the sequence as follows:

f |E (@n DNk (3 (@ n(ON? = f |E (@0 Ok (o (@ n (OD I
O O

<101ligk © Jall g, sup |Fy (x)]
xeR

=10/l 1700 (1.1 SUp | Fy ()]
xeR
Thanks to the proven convergences, it is straightforward to conclude that (cfr. [71])

|E (@ n OV gk (5. @rn ON* = 1F (@) gk (5. (@ (0))) 2

almost everywhere in Qx O x (0, T). Therefore, applying the dominated convergence theorem
and the weak lower semicontinuity of the norms, we find

~ ~ ~ P
E sup @0y, +E sup [[VE(D)lg +E sup IFL @O0 L1 o)

7€[0,1] 7€[0,] 7€[0,]

t 2 t 2
+E fuvm(r)n%,adr +E /llﬁx(f)ﬂ%;df
0 0
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p

p
2 2

t 1
~ 4 ~ ~
< C|ElF (@)1 +1+E /llu/\(f)ll%fndf +E fnvmr)n%, de
0 0

o :
+E / > / |F{ @ ()8 (L@ () Pdr| | (3.67)

0 k=lo
We now need to find uniform bounds with respect to A for the two terms involving F). Notice

first that, as customary,

I Fx (@)l Loy = I1F (@)l L1o)

which is finite by the hypotheses on the initial datum. Concerning the other term, we have

¢ o
/ > / |F @ (O)lgr (1@ (1)) > de

0 k=lop

! o
= / > / 185 (@.(T)) — crllge (. (@ () de

0 k:lO

! o0
< cpL3|Olr + / 3 / 1B (@ (ONT, @ ()8 @ ()P de

0 k=1(9

! o
<crL3|0) + / > / | F" (@ () + crllgk (Ja @) dr

0 =1p
2 1”2
<2cpL3|0)t + | F"g¢ll Lo (=1, Olt
< Qcr + L3O,

where we made use of (A3) and we exploited the non-expansivity of J,. Collecting the two
results in (3.67), we get

~ ~ ~ 4
E sup @0y, +E sup V@)l +E sup 1E @1 o,

7€[0,1] 7€[0,1] 7€l0,7]

t t
+E /||vm(r>||%,,,dr +E /uﬁm)n%,dr
0 0

1 t
=Cp 1+IE/II%(I>II’£I(, drHE/IIV%(r)II’,’, dr |, (3.68)
0 0
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and an application of the Gronwall lemma to (3.68) gives

Wl @ Loy + 1N L7, @20, = K2 (3.69)

1@3llLr, @ 0. vy = K3 (3.70)

”ﬁ?», lrr (&.72 . +||FA(~A, )N o2 <Ky4. (3.71)
ML (ELA0.T:H) PRl 8 @ oo L on

Further estimates. Choosing v = B, (@) in (3.64) yields:
[ ki@ +er [ [~ 5F@0]= [ B@0v8 95+ [ IFGP.
@ @ @] @

and exploiting the monotonicity of 8, the Holder and the Young inequalities, after an integration
over [0, t], we get

Lo, 3 o
SWE @O0 1o = 51BN 220,700y + 5 NP WL,y

Therefore, by estimates (3.65) and (3.71), we find

IE5 @I e @520,y = K- (3.72)

Again, by comparison in (3.7), we also obtain

”5)»”1/;@(5;112(0,7;‘/2)) < K. (3.73)

The remaining estimates can be obtained following line by line the work already showed in
Subsection 3.3. In this way, we also recover the following: given any & € (0, %) and p > 2, there
exist 8 = B(p) and y = y (p), satisfying Bp > 1 and yp > 1 if p > 2 (see Remarks 3.3 and 3.4),
such that

/ G1 (@, (1)) AW () < K7, (3.74)
0 LY, (:Wkr(0,T:H,))
/ G (7 (0)) dWa (1) <K, (3.75)
0 LY, (& WhP (0,T; V1))
192112, @ wo.r.7:vp) = Ko (3.76)
AN < Kup. 3.77)

LZ(&Wrr0,T:VE)
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3.6. Passage to the limit as . — 07
We are now in a position to let A — 07 (along a suitable subsequence). The argument is

similar to the one of Subsection 3.4, thus we will omit some details for the sake of brevity.
Iterating the proofs of Lemmas 3.5-3.7, we learn that the family of laws of

@ G G112 - Wi, G2 (§2) - Wan Wi, Wai B0, §0.0)2e00,1)
is again tight in the product space
Zu X Zy x CU[0, TT; VE) x CO[0, TT; H) x C°([0, T1; UY) x C°([0, T]; UY) x Vi x H.
Here, we recall that VT’M = W, and we set Uy =upand g =@ fori =1,2and any 1 € (0, 1).

Owing to the Prokhorov and Skorokhod theorems (see [57, Theorem 2.7] and [82, Theorem
1.10.4, Addendum 1.10.5]), there exists a probability space (Q J P) and a family of random

varlables Y, : (Q J) — (Q

) such that the law of Y, is P for every A € (0, 1), namely Po

Yx =P (so that composition with Y), preserves laws), and the following convergences hold as

A— 0t

L= (G1(@)-Wi) oYy —1T
T = (G2..(@) - Wl,k) oY) > 1T

WI,A = Wl,k [¢] Y)L — W1
Wop =Wr, oYy — Wy
il\o,)\ = ’l\io’)h oYy — Uy

©0,1 :=®0,30Y). — @0

in L9(Q; L0, T; Hy) N CO([0, T1; D(A™%))) if g < p.
in LP(Q; L*(0,T; Vo)),

in L2 L0, T; Hy) N L5 (Q; WP(0,T; VE)),
in LY(Q; L%(0, T; Vi)N C°([0, T1: H)) if ¢ < p,

in LP(€; L*(0, T; V2)),

in LB (Q; L®(0, T; V1)) N LP(©2; WP (0, T; Vi),
in L9(Q; c°(0, T; Vi) ifqg <p,

in L9(Q: €°([0, T1; H)) if g < p,

in L9(Q; €°([0, T1; UY)) if ¢ < p,

in L4(Q; €°([0, T1; UY)) if ¢ < p,

in LI(Q; V) if g < p,

in LY(Q; H) if ¢ < p,

for some limiting processes satisfying

@e L2 WP, T; Vi) NLP(Q; 00, T1: D(A™) N L2 (0, T: V)
NLP(Q; L%, T; H,));

@ e LP(Q; WP, T; Vi) N Co(0, T; H)
N L0, T; V2)) N LE(Q; L®(0, T; V1));

e LP(Q; LX0,T; H));
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TeLP(Q; CO0, T]; VE));
TeLP(Q; CO(0,T1; H));
Wi e LP(2; (0, T1; UD));
W, e LP(Q; C°([0, T1: Ué’));
g e LP(Q: Hy);
%o LP(Q:BNV)).

Again, by estimate (3.71), we also have the following weak convergence of the redefined chem-
ical potentials

=MoYy =@ inLP(Q;L%0,T; H)).

Mimicking the arguments illustrated in Subsection 3.4, we now address several issues.
The nonlinearities. First of all, we show that
F} (@) — F'(@) in LP(R; L*(0, T; H)).
This comes from the weak-strong closure of maximal monotone operators (see, for instance, [8,
Proposition 2.1]) combined with the strong convergence for @;, proved above (recall that F; (x) =

¥ (x) — crx). Next, the diffusion coefficients. As for G, it is easy by Lipschitz continuity to
deduce

Gi@) — Gi@) inLY(Q; L*(0,T; Z*(U1. V) if g < p.
Moreover, arguing similarly (recall also Proposition 3.1), we get

1G2,1(@2) — G2 @l Lo @.1200.7. 22y 1))
<1G2.1 (@) — GZ,A(a)||LP(Q,LZ((),T,ZZ(UZ,H)))
+1G2.1(®) — G2(@||Lp(§,L2(0,T,g2(U2,H))),

and we conclude
G2, (@) — G2(@) in LI(Q; L0, T; L%(Uy, H))) if g < p.

Regarding the convective term and the Korteweg force, on account of the obtained convergences,
we deduce that

m.V@. — Vg in L'(O x (0, 7)):;
B@. 1) — B@,@) in LY Li(0,T; V) ifq < g;
W -Vo, —@-V§ in L5 L20,T: L' (O)NLY0, T: L2 (O))).

417



A. Di Primio, M. Grasselli and L. Scarpa Journal of Differential Equations 387 (2024) 378—431

The stochastic integrals. Following line by line the argument presented in Subsection 3.4, it is
possible to identify the limits / and J. Indeed, we have

t t

o~ o~

() = / Gi@@) AW (D), T = / G2@(1)) da(2),

0 0

which are a V7 and an H-valued martingale, respectively, adapted with respect to a suitable
filtration (%;);.

Identification of the limit solution. Again, a multiple application of the dominated convergence
theorem allows us to infer that the limit processes form a martingale solution of the original
problem. The existence of a martingale solution is proved.

3.7. The energy inequality

We are left to prove the energy inequality. To this end, we simply pass to the limit in a suitable
approximating energy inequality. Let us add (3.32) and (3.33) together and take expectations.
Recalling that stochastic integrals are martingales, we obtain the identity

1 1
Bl O, + SEIVeraly +EIF (@2mllio)
t
+E [ (190200, + a0V ]
0

! I ”2H
=—El|u
) 0,n p

t
1 1
+ 5 EIV00aly +ElF (o)1) + 5E / 1G 10 @ n (), g, AT
0
t

1 o0
+5E / [VG 200 @ O 2yt + D / F} (@3.n(0) gk (i (gan(m))I® | dr.
0 k=1¢
(3.78)

Thank to (3.36) and (3.37), from (3.78) we infer

1 1
EJEnux,n(r)n%,(, + EEuwx,nn%, +E|F(enn)l10)
t

+E [ (190000, + a0V
0

1 1
< gt + 5Eluonly, + 5EIVe0nlE +EIF @onlL1 o)
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+Cé1E/ lsn (D7, dr

2 1 oo
—2 f [Vorn ()| dr + 3B f 3 / F (@30 (0)| g (. (@20 (D) dr.
0 @]

k=1
(3.79)
Exploiting the preservation of laws by X,,, and letting n — +o00, we find
I~ 5 I o~ -
EEIIMA(I)IIHU + EEIIW/&IIH +ElF @)l o)
1
+B [ [1vm e, + 1m0 o
0
(3.80)

1~ 1~ ~ ~ ~ ~
< Cg,t+ 5 Eli@ol, + SEIV@lE +EIF @)l o) + CélE/ %5 (x) 1, dt
0

1~

—IE / IV ()l de + 5 B / 3 [ F@ s @i

0 k=1p

Here we have used the lower semicontinuity of the norms and the dominated convergence theo-
rem. A second passage to the limit entails the claimed inequality. Indeed, exploiting preservation
of laws by Y; in (3.80) as well as (A3), and letting A — 0T, we get

lA o~ 1/\ ~ P
SEIEOIG, + SEIVEIY +EIF@ 10,
t

+E [ [1vaiy, + 1a@i3 ]ar
0
(3.81)

2 L%(’) L2+ AR 1ve 12 - BIFG
={C6 + 51011+ FEluoly, + SEIVEly +EIF @)L o)
t P t
2 5 a2 Ly~ ~ 2
+Cg,E [ [y, dr+ 2E [ 18l dr.

Observe that, passing in the limit in the third term on the left hand side of (3.80) is possible by
lower semicontinuity since recalling that

[1.@0x — @1 < 1h.@0x — @ul + 100 — @1 < MB(@)] + @n — @l
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it follows J; @5 — @ almost everywhere in QxOx (0, T'). Fixed any ¢ > 0, the energy inequality
follows taking the supremum over [0, ¢] in both sides of (3.81).

3.8. Recovery of the pressure
It is possible to recover a pressure through a generalization of the classical De Rham theorem
to stochastic processes (see [60]). The result is of independent interest and we report it hereafter

for reader’s convenience.

Theorem 3.9 ([60, Theorem4.1]). Let O be a bounded Lipschitz domain of]Rd and let (R, .7, P)
be a complete probability space. Let s1 € R and rg, r1 € [1,400]. Let

h e L' (Q; W0, T; (Hy(0)"))
be such that, for all v € [CSO(O)]d satisfying divv =0,

(h,v)( 0 in(C§0,7))", P-as

(o)) (o)’ T
Then there exists a unique (up to a constant)
7 e L™(Q; W0, T; H))
such that
d *k
va=h i ([GPO.T)xO)]") . Peas
and

/n =0 in (CSO(O, T))*, P-a.s.
O

Furthermore, there exists a positive constant C = C(O), independent of h, such that
I llwsiri 0,1 1) < COl sy O.T;(Hy(O)*) P-a.s.

Let us now find suitable values for the parameters g, 71 and s1. By choosing v € [Cgo (O)]d with
divv =0in (1.7), after elementary rearrangements and integration by parts we obtain that

(0@ —Gi@)- W), v>(H(‘,((’)))*,H(1)(O) + / Vu(t) : Vo
@

+(B@(O).T0). ) 11,0y 110y ~ / AOVEW) - v=0
o

for almost every ¢ € (0, T), P-almost surely. Hence, by setting
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h:=0,@— G @) - W)+ Lu+ B(@,u) — Vg,
. . d . .
one has in particular, for all v € [C(C)’O ((’))] with div v =0, that

(h,v)( 0 in (CO,T))*, P-as.

e ) [er©)

Let us recover the regularity of k. Observing that @ — G (%) - Wi e L’;z(Q; L0, T; H)) and
that 9, : L°°(0, T; H) — W’1’°°(O, T; H) is linear and continuous, we have

(@ — G (@) - W) € L,(Q; W™"°(0, T; Ho)) C L7, W2°(0, T; (H(0))")).

Furthermore, recalling that L'(0, T; (H}(0))*) < W~1:2°(0, T; (H}(0))*) thanks to the fun-
damental theorem of calculus as shown in the proof of [60, Theorem 2.2], one has that

Lu e L7,(Q; L0, T; (H{(O)™) C LY, (@ W10, T; (H(0))*)).
Moreover, since for d € {2, 3} the bilinear form
BV, x Vs — L3(0) = (H)O)"
is continuous, thanks to the regularity of @ it follows that
J 2o~
B@,w) € L%,(Q; L'(0,T; (Hy(0))")) <> L2,(Q; W™1>°(0, T; (H(0))")).
Eventually, iterating the computations in (3.57), we obtain
2o~ 2o~
AV e L, L3O, T; (HYON®) < LL, (G W0, T; (H)O))).
Hence, we have shown that h € Lg(ﬁ; w10, T; (H(l)(O))*)) and an application of Theo-
rem 3.9 with ro = g, s1 = —1 and r; = 400 yields the existence of the (unique up to a constant)
pressure w € L7 (ﬁ; W~12°(0, T; H)). Finally, we derive an estimate for z. The continuous
dependence given by Theorem 3.9 implies that
”ﬁ”W71,OO(O’T;H)
~ —~ S ~ ~2 —~—
=C (Iu = G1@) - Wil .1:Ho) 10l 20,7, v,) + 18720 7.y, T ”MV(plL%(O,T;(Hé(O))*) .

Knowing that

vz ~112 ~12
”MV(/)”L%(O,T;VT) = C (”'LL”LZ(O,T;H) + ”§0”L2(0,T;V2))

S C (”F/(@”iZ(O,T;H) + 2||a||iz(0,7;vz)> ’

421



A. Di Primio, M. Grasselli and L. Scarpa Journal of Differential Equations 387 (2024) 378—431

and exploiting the Burkholder-Davis-Gundy inequality together with assumption (A2), we arrive
at

7l e
L2, (Q;W—1°(0,T; H))

+ Izl g + Il

1
( - ”u”Lga@ L>®(0.T;Hy)) LE@r20.1:v,) LP@ELIQ.T:Vo)

+||§0||LP(Q L2(O T \% )) + ”F (‘p)”Lp(Q L2(0 T H)))

The proof of Theorem 2.7 is complete.
4. Existence of probabilistically-strong solutions when d = 2

This section is devoted to proving Theorem 2.9. To this end, we will use a standard approach,
namely we shall deduce it from pathwise uniqueness of martingale solutions.

Proposition 4.1. Let d =2 and p € (2, +00). Assume (A1)-(A3) and consider two sets of initial
conditions (ug;, ¢o.;) for i = 1,2 complying with the hypotheses of Theorem 2.7. Let (¢;, U;)
denote some martingale solutions to (1.7)-(1.12), defined on the same suitable filtered space
(Q J (J,)t, ]P’) and with respect to a pair of Wiener processes W1, W2 Then, there exist a
sequence of positive real numbers (Cp), and a sequence of stopping times {{n}n, with &, /' T
P-almost surely as n — oo, such that the following continuous dependence estimate holds

@1 — @)% Iz, @;coqo,m1;venney, @ r2o,1; )y
+ 1@ — o) ||L” (Q:CO([0.T);: H)NLY, (2 L2(0.T: V1))
<Cy (IIﬁo,l —ﬁ0,2||Lp(§;V§) + 90,1 — aO,Z”LP(ﬁ;H)) :
In particular, the martingale solution to (1.7)-(1.12) is pathwise unique.

Proof. Let us set

o~

u=uy —u,
=91 — 2,
= — 2,
Uy =uo,1 — U2,
@0 = 90,1 — 90,2

For every n € N and i € {1, 2} we define the stopping time {,;' :Q— Ras
t

=it {1 e(0,T1: sup [@i(s)lly, + / (1@, +19i61R,) ds=n* ¢,
s€[0,1]
0
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with the usual convention that infd = T', and set

. 1 2
n':é.n/\;n'

Clearly, ¢, /' T almost surely as n — o0o. Let us also introduce the functionals
* 1 —1,12
vV, — R, W (v) :=5||VA vy, ,

1
Uy Vi >R, W)= 5||Vv||§,.

We point out, once and for all, that what follows is valid P-almost surely for every ¢ € [0, T'].
Let us consider at first Wy. First of all, let us compute its first two Fréchet derivatives. If we set

1
Wo: Ve >R, W)= Enwn%,(,,

then we have W; = Wy o A~!. Therefore, an application of the chain rule implies that DW; :
V% — V** is defined by
DV, (v) = D(¥go A~ (v)
=DVy(A""v) o DA™ (v)
=AAvoA!
=voA .

Here, of course, we exploited the facts that DWy = A and that Al e L(V?E,Vs). The above
identity must be understood as follows

D\Il s ok *:<,A71 > :(,A71 ) .
(DW1(v), w)y= yx = (v Wyey, = w)

Moreover, by the properties of the inverse of the Stokes operator, it holds

<v, A*1w> = (VA*Iv, VAflw) - <w, A*1v> (4.1)

ViV, H, Ve Ve

for every v, w € V. Notice that D¥ € L(V, V) and thus D?>W | (v) = DV, for every v €
V. Applying the It6 lemma [23, Theorem 4.32] to W} (%) and stopping at time &,, we obtain

A
1
§||VA—la<m;n>||%1,,+/ [<ﬁ(r),A_l[B(ih(f)ﬁl(f))_B(ﬁZ(T)ﬁZ(T))]> : ]df
ViV,
0
A
+ [ [moi, - 0.4 movam - moveo),, | Je
0 -

423



A. Di Primio, M. Grasselli and L. Scarpa Journal of Differential Equations 387 (2024) 378—431

[/\§H

1 . - _ e ~ ~
= 3Iva @l + [ (30,47 (6@ - Gi@m)aniol),,
0
X AL
+3 f IA™'G1@1 () — A7 G @ () %y, g, dT- 4.2)
0

For the ease of notation, throughout computations we may omit the evaluation of the functions
at the time t € [0, {,(w)], for P-almost every w € 2. We address the various terms in (4.2)
separately. First of all, notice that, by (4.1),

*
o Vo

(@ A~ (B@1 @) — Bz, @)

=(B@.an. A7) (B @), A7)

*
o Vo

ViVe

=@®u, VA "Wy, + w2 ®u, VA 'u)y,,
on account of the incompressibility condition
;- Vu; = —div(u; @ u;)

for i = 1,2. Then, using the Holder, Young and Ladyzhenskaya inequalities, together with the
definition of ¢, we find

‘(u Qui, VA ')y, + (w2 @u, VA~ 'u)y,

- -~ -~ -1
= (”ul ||L4((9) + ||u2||L4((9)> lwlla, VA u||L4((9)
1 1 1 L\ 3 o
<c (nu]n;,ﬂ + ||u2||§10> (uulnéa + ||u2||‘2/a> @l IVA~ uly
1 ~n2 2 -~ 2 -~ 2 —1~2
< <lily, +Cn? (1@ 15, + 103, ) IVA~@l, 4.3)

Here, we also used the well-known fact that | Au|| g, is an equivalent norm in H 2O)NV,.
Next, we address the coupling term. We make use of the customary formula

S o 1_ _
Vg = —div(Ve; ® V@) + V (vaz + F(w))

for i =1, 2. The above makes sense in V7, since the chemical potential is not regular enough.
Therefore, integrating by parts, we recover the identities

@, A7 [V - 12V 2))
< (m1Ver — uaVe] Vi v

o Vo

=(11V9) - Ve, A7)
(Ml 1 — U2 V@2 VeV,
=(Vo1 ® VP — Ve ® Vg, VA ')y

= (Vo1 ® Vg, VA "0, + (Vo® V§r, VA )y, .
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On the other hand, by Holder, Young and Ladyzhenskaya inequalities, we obtain
(V61 © V5, VA D)k + (VG 8 V5, VA ' Dm |
= (IIV@ ”L4((9) + ||V¢2||L4((9)) ”V&)\”H”VA_lﬁ”L“(O)
1 1 1 1 1 )
< (II(/?] 700y 111y, + ||¢2||ioo(@)llfpzlléz) V@l a gy IVA™ Ul
I | BN - - A~

< @y, + J1Vely +C (1 + @111, + ||<pz||2Vz) VA~ a3, . (4.4)

By Assumption (A2) we also get (recall that Y = V),

IA7IG1@) — AT G1@D) Iy, ) = 1G1@) = G1@) 2y, v

<Lilally: <CLYIVAT'@|},. 4.5

since |[VA™'u|| H, is an equivalent norm in V. Collecting (4.3)-(4.5), we infer from (4.2) that

N
1 —1= 2 4 -~ 2 1 —~ 2
SIvATaE A eIy, + [ | 1B, — IV |do
0
1 N
=SIva ol + s | [ (@@, 47 [(G1@ @) - Gi@n)aiio)),,
SE[tALL] AR
N
+Cn? / <1+|Iﬁ1(f)ll%/a+|Iﬁ2(f)ll%/a+II@(T)II%/ZHI@(I)II%@) IVA~'a(r)|3, dr.
0

(4.6)

Before dealing with the stochastic integral in (4.6), we consider W;. Applying the It6 lemma to
W, (@) yields, thanks to [63, Theorem 4.2.5],

N
L o PN o _
Ellw(t/\Cn)llqur / [(@@). () H + @), 71 (1) - V@i () — T2 (1) - VPa(T)) | dT
0
1 1 I/\é-n
=S I@olE + 5 f 1G2@1(1) = G2@2() 2y, gy AT
0
I/\{n
+ f @), [G2@1(7) — G2@( )] dWa(T) - 4.7
0

Observe now that, by the mean value theorem and (A1),
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@ Mu=Vely + (F'@) - F (@), P)u @)
> V@Il — crl@lg-

Moreover, we have
|@. %1 - V@1 =2 - V) | = @8- VP y + @.52- VP 1|
=|@.%- Vo) |
< 1@, 181 .40 1 V@1 1200
. P !
<lulln, 1@l ely, |I¢1I|im(@)||¢1||‘2/2
Lae + Liver c(1+ 12112 ) 1913 4.9
< <@, + 191y +C (1+1@11,) 1915 “9)
By (A3), we easily deduce

1G2@D) = G2@) Iy, ) < L3191 (4.10)
On account of (4.8)-(4.10), from (4.7) we arrive at

tAEy

1 3 |
5||<o<m¢,,>||%,+ f [anmuz—gnu(r)n%,g}dr
0

1 [ _ _ _
< Elltpollﬁ + [f)up ] /(w(f), [G2(91(T)) — G2(@2 ()1 dWa (7)) 1
se[0,tAE,
0

t/\{l'l
v [ (1+10@1R,) 1901 dr. .11
0

Adding (4.6) and (4.11) together, we obtain

NGy
Liva-1a 2 L 2 1 PO + a3
SIVATZC A G, + 5026 A GG+ 5 | [IVE@ I+ 1)1, | de
0
< yva-a@ol, + Sig0l?
-2 L)

s

+ s / (@), A7 (G1 @1 () - G1@2(0)aWi (@)

SEtAL, Ve Vo

s€[0,tA8]

+ sup f@(f),[Gz@l(f))—Gz(az(f))]dVT’z(f))H
0
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IAGy
vorr [+ ¥ (@i, +1aeik) | (Iva7aer, + 19 o
0 i=1,2
(4.12)
so that the Gronwall Lemma and the definition of ¢, yield
NS
VAT A G, + 196 A G)llT; + /[||va(r)||%,+||ﬁ<r>||%,r,]dr
0
4 —1~ ~
= ST (1v A~ T, + 1011, )
s
#2650 sup | [ 50),47(G1@(0) - G1 @)l (o)
SE[tAL,] ViVs
4
+2507)  sup / @0).[62@1 (1) = G2@ (NI dWa()a|. (“13)
O[Agn

Take now %—powers, the supremum (with respect to time) and expectations (with respect to @):
let us deal with the stochastic integrals on the right hand side of (4.13). The Burkholder-Davis-
Gundy inequality combined with the Young inequality and (A2) entail, for every § > 0, that

P

s 2
E sup f (ﬁ(r),A—l(Gl(m(r))—Gl@(r)))dm(r))*
SE[tALy] Vi Vs
P
[/\gn 4
<CE / IVA™ 7)1, 1G 11 (9) = GL@ 6N Iy, v ds
0
D
t/\{,, 4
<CE| sup VA 'a@)ly / @015+ de
s€[0,t ALy ] “ 7
0
tAEn
<8E sup [[VA~'@s)|l5 +C3E/ IVA~'@(o)||%, dr, (4.14)
s€[0,1AL,] ¢ ) v

while the same inequalities and (A3) also yield

P

2

sup /((p(S) [G2(@1(5) — G2@2()]1dWa(s))

se[t/\g,,
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t/\fn %
<CE / I8 IHIG2@1 () = G2@2(N 22 gy, gy I
0
tAEp
<SE sup 5]} + CE / 1P dr. @.15)
S€[tAEy] 0

Taking (4.14) and (4.15) into account in (4.13) and choosing § small enough, an application of
the Gronwall lemma entails the claimed continuous dependence estimate. In turn, upon choosing
Uy, =Up and Qo1 = @o.2, this also yields #; = u> and @; = @, on the stochastic interval
[0, ¢,] for every n € N. Hence pathwise uniqueness of the solution follows since ¢, ,/ T almost
surely. O

The existence of a probabilistically-strong solution follows from standard results (see, for in-
stance, [68, Theorem 2.1]) and, by Proposition 4.1, also turns out to be unique. The existence

and uniqueness (up to a constant) of a pressure 7 € L7 (€2; W10, T; H)) can be deduced
arguing as in Subsection 3.8. The proof of Theorem 2.9 is finished.
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