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Abstract

We focus on the numerical analysis of a polygonal discontinuous Galerkin scheme for the simulation of the exchange
of fluid between a deformable saturated poroelastic structure and an adjacent free-flow channel. We specifically address
wave phenomena described by the low-frequency Biot model in the poroelastic region and unsteady Stokes flow in the
open channel, possibly an isolated cavity or a connected fracture system. The coupling at the interface between the two
regions is realized by means of transmission conditions expressing conservation laws. The spatial discretization hinges on
the weak form of the two-displacement poroelasticity system and a stress formulation of the Stokes equation with weakly
imposed symmetry. We present a complete stability analysis for the proposed semi-discrete formulation and derive a-priori

hp-error estimates.
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1 Introduction

This paper presents a new discontinuous Galerkin formula-
tion for the numerical solution of the dynamic Stokes—Biot
problem, which models the interaction between the free
flow of an incompressible fluid and a deformable porous
medium. This coupled phenomenon, known as fluid-poro-
elastic structure interaction, has gained significant atten-
tion in recent years due to its wide range of applications,
including geomechanical modeling, hydrogeology, envi-
ronmental science, and biomedical engineering: see, e.g.,
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[1-6]. Specific examples include predicting and managing
gas and oil extraction processes from fractured reservoirs
[7], groundwater flow cleanup in deformable aquifers [8],
industrial filter design [9], and modeling blood-vessel inter-
actions in blood flow [10, 11]. Such problems can be mod-
eled through the unsteady Stokes equations, governing the
fluid dynamics, and the low-frequency poroelasticity sys-
tem, describing the wave propagation in the deformable
saturated porous medium [12]. The Stokes and Biot regions
are coupled through transmission conditions at the interface
that enforce the continuity of normal flux, the Beavers-
Joseph-Saffman (BJS) slip condition with friction for the
tangential velocity, the stress balance, and the continuity of
normal stress, cf. [13].

The first mathematical analysis of the Stokes—Biot system
reformulated as a parabolic system appeared in [12], while
the well-posedness for the fully dynamic Navier—Stokes/
Biot system, using a pressure-based Darcy formulation, was
established in [14]. The coupling of the Stokes—Biot sys-
tem with transport processes was analysed in [15], while a
dimensionally reduced Brinkman—Biot model for fracture
flow in poroelastic media was developed and analyzed in
[16].
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In recent years, a variety of discretization techniques
have been introduced for the Stokes—Biot system, includ-
ing mixed finite element methods [17, 18], a staggered
finite element method [19], and a non-conforming finite
element method [20]. Also in terms of coupling strategies
and algorithms, several approaches have been proposed in
the literature. The work in [21] employed Nitsche’s method
to weakly enforce the continuity of normal flux, while [22]
introduced a Lagrange multiplier formulation for imposing
this continuity. In [23], a non-iterative operator splitting
scheme was introduced for an arterial flow model featur-
ing a thin elastic membrane between two regions, utilizing
a pressure-based formulation for flow in the poroelastic
domain. In [24], a second-order decoupling scheme was
proposed for a nonlinear Stokes—Biot model. The numerical
investigation presented in [25] offered both monolithic and
iterative partitioned solutions, addressing at the same time
the fluid-poroelasticity coupling and the flow complexity
associated to the Navier—Stokes equations and to the sub-
grid scales modeled in a variational multiscale frame.

In this paper, we consider the following formulation
of the Biot—Stokes system. In the poroelastic domain, we
address wave propagation using the low-frequency Biot
model written in the so-called two-displacement formula-
tion [26]. On the other hand, in the fluid domain, we con-
sider the stress formulation of the Stokes equation, similar
to [27], with weakly-imposed symmetry. This choice is
suggested by the transmission conditions at the interface
between the two domains, expressing conservation laws
in terms of relations between stress and flow. In particular,
this strategy allows us to avoid both the introduction of a
Lagrange multiplier unknown to enforce the coupling as
done, e.g., in [22], and additional penalty terms at the inter-
face as in [28]. We discretize in space the resulting system
of equations utilizing a polygonal discontinuous Galerkin
scheme (PolydG), [29]. The PolydG method provides sev-
eral advantages for addressing coupled problems. These
include: (i) the capability to accurately represent complex
geometries, (ii) a natural framework for mesh refinement
and agglomeration strategies, (iii) the effective handling of
non-conforming interfaces, (iv) robustness in the presence
of heterogeneous physical properties, and (v) support for
arbitrary polynomial approximation orders. Additionally, its
geometric flexibility facilitates the efficient enforcement of
transmission conditions, which are often confined to specific
subregions of the computational domain, without sacrificing
computational efficiency. PolydG discretizations have been
applied successfully to several studies addressing different
classes of differential problems such as: second-order ellip-
tic problems [29] - and references therein -, parabolic differ-
ential equations [30], flows in fractured porous media [31],
fluid—structure interaction problems [32], elastodynamics
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[33], nonlinear sound waves [34], coupled wave propaga-
tion problems [26, 28, 35-37], thermo-elasticity [38, 39],
and multi-physics brain modeling [40—43].

The goal of this paper is to propose for the first time a
discontinuous Galerkin method—in particular, a PolydG
method— for the Biot—Stokes system in the aforementioned
formulation. Since this formulation of the coupled problem
is new in the literature, we present a stability analysis at the
continuous level. Then, we derive stability and error esti-
mates for the semidiscrete problem. Regarding the latter, we
rely on an extension of an inf-sup inequality that holds for
a discretization of the linear elasticity equations based on
conforming simplicial meshes [44]. We extend this result
to our dG method in the case of simplicial meshes and then
assume it is also valid for polygonal meshes. The proof of
this assumption will be the subject of future work; neverthe-
less, the numerical tests presented in this paper confirm our
theoretical results.

We organize the rest of the paper as follows. In Sect. 2 we
present the mathematical model, which includes the deri-
vation of the stress formulation of the Stokes problem and
the continuous weak formulation. The spatial discretization
with the PolydG method is addressed in Sect. 3, as well as
the stability and error analysis for the semidiscrete problem.
Time integration and numerical experiments are presented
in Sects. 4 and 5, respectively. Finally, in Sect. 6 we draw
some conclusions.

2 The physical model and governing
equations

We introduce the dynamic poroelasticity model, the
unsteady Stokes problem, and the transmission conditions
describing the interaction between the two systems. Then,
we derive the variational formulation of the coupled prob-
lem and investigate its well-posedness. We start this section
by introducing some instrumental notation.

2.1 Notation

Let Q C R?, d = 2,3 be an open, convex polytopal domain
decomposed as the union of two disjoint, polytopal subdo-
mains, i.e., {2 is the interior part of Qp uQ f, representing
the poroelastic and the fluid domains, respectively. The
two subdomains share part of their boundary, resulting in
the interface I'f = 9, N 0€2¢. The Lipschitz boundary of
2 is denoted by 02 =T', UT'¢, where I'y, = 082, \ T'y, for
o ={p, f}, being 9, the union of two disjoint portions
I'D and TY with positive (d — 1)-dimensional measure
and where Dirichlet and Neumann conditions are imposed,
respectively. The outer unit normal vectors to 9€2, and 02 ¢



Engineering with Computers

are denoted by m,, and mny, respectively, so that ny = -n,,
onl';.

In the following, for a simply connected X C Qand? > 0,
the notation H*(X) will be employed in place of [H*(X)]%
for vector valued Sobolev spaces, assuming by conven-
tion that H°(X) = L?(X). Moreover, we will denote
with (-,-)x the scalar product in L?(X) and with || - ||x
the associated norm. In addition, we will use H (div, X)
to denote the space of L?(X) functions with square inte-
grable divergence. A similar notation will be adopted for
tensor-valued functions, i.e. L2(X) and H(div, X) stand
for [L*(X)]?*¢ and [H (div, X)]?*9, respectively. In order
to take into account essential boundary conditions, we also
introduce the zero-trace subspaces, defined as

Htl),l“f,’ () ={ve Hl(Qp) |'U\F,§’ = 0},
Hro(div,Qp) = {z € H(div, ) | (z - ny)rp = 0},
HOJ‘}V (diV, Qf) = {T S H(div, Qf) | (T’n,f)uﬂ}v = O}.

For a given final time 7" > 0, k € N, and a Hilbert space H,
the usual notation C*([0, T']; H) is adopted for the space of
H-valued functions, k-times continuously differentiable in
[0, T]. The notation x < y stands for z < Cy, with C > 0
independent of the discretization parameters, but possibly
dependent on the physical coefficients and the final time 7.

In the following, for tensor fields = we will use the
notation

to indicate the trace, the deviatoric part, and the skew sym-
metric part of T, respectively.

2.2 The poroelasto-fluid problem
In the poroelastic domain €2, for a final observation time

T > 0, we consider the following Biot equations, cf. [45,
46]:

piiy + ppivy =V -0, = f,, in Q, x (0,77,

Pty + Pty + L, + Vp, = gy, Ly X (0,77,

u, =0, on TP x (0,77,

wy,-ny, =0, on F%’ x (0,77, (1)
opny =g, on Fff x (0,77,

Pp =gy, on F;,V x (0,77,

Up = Upo, Up = Vpo, in Q, x {0},

Wy = Wpo, Wp = Zp0, in Qy, x {0},

where u,, is the solid and w,, is the filtration displace-
ment, respectively. In (1), the average density p is given
by p = ¢ps+ (1 — ¢)ps, where ps > 0 is the solid den-
sity, py > 0 is the saturating fluid density, and p,, is

defined as p,, = % ps, with ¢ being the porosity satisfying
0<¢o<¢p<¢p1 <1anda>1 the tortuosity measuring
the deviation of the fluid paths from straight streamlines.
In (1), n > 0 represents the dynamic viscosity of the fluid,
k > 0 is the absolute permeability, f,,g,, ng and q;)V are
given (regular enough) loading and source terms, respec-
tively, and w0, Vo, Wpo, and z o are regular enough given
initial conditions. In €,,, we assume the following constitu-
tive laws which allow to express the pore pressure p, and
stress tensor o, in terms of the two displacements u and w:

pp(u,w) = —m(BV - u+ V- w), op(u, w) = oc(u) — Bpp(u, w)I, (2)

where the elastic stress
o.(u) = Ce(u) = 2ue(u) + A(V - u)I, being C the stiff-
ness tensor and (u) = 3 (Vu + Vul) the strain tensor
(symmetric gradient). In (2), A > 0 and pt > po > 0 are the
Lamé coefficients of the elastic skeleton. The Biot—Willis
coefficient 8 and Biot modulus m are such that ¢ < 5 <1
and m > mg > 0.

In the fluid domain €2y, we consider a free incompress-
ible viscous fluid with mass density py > 0 and dynamic
viscosity py > 0. Assuming that the fluid viscosity is suf-
ficiently high, the Stokes’ system of equations governs the
fluid flow:

’l'l,f—pflv~0'f=hf, Z’I”LQJCX(O,T]7

V-ur =0, in Qf x (0,7,

uy = g?, on T2, (0.7}, G)
oy =gy, on T} x (0,7,

ur = uyo, ianX{O},

where u s and py are the fluid velocity and pressure, respec-
tively, oy = 2use(uy) — pyI is the fluid stress tensor and
h ¢ is (a regular enough) body force per unit mass exerted on
the fluid. In (3), g7, g}’ and u s are regular enough bound-
ary and initial conditions, respectively. The first equation in
(3) represents the conservation of total momentum of the
flow, while the second the mass conservation. In this paper,
we consider a different formulation of the Stokes prob-
lem, which is more convenient to accurately represent the
momentum conservation and formulate the coupling condi-
tions that will be discussed later. To this aim, we define

t

2= [ os(s)ds, @
0

and integrate in time over (0, #) the first equation in (3) to get

uf(t)—p;IV-Ef(t):/O hy(s)ds+ uyo. 5)

@ Springer
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Using now definition (4) we can infer that

1 .
%dev(ﬁf) = e(uy), (6)

which directly encodes the incompressibility constraint
(second equation) in (3). Next, by introducing the rotation
r; = Vuy — e(uy) and combining (5) and (6) we get

(2up) Mdev(Xys) = V(p;'V - f) + 15 = Fy, in Qs x (0,T],

skew(Xf) =0, in Qf x (0,T],

p;'V -2 =Gy, on TP 5 (0,1), (7)
Syny = f(: g7 (s)ds, on TP x (0,T],

3 =0, in Qf x {0},

with Fy =V (/' hy(s)ds + ufo) and G =g¥? - (/t hy(s)ds — u,f,) .

0 Jo |09
The idea of introducing an additional variable to weakly
enforce the symmetry of the stress field has been previously
considered in the context of transient problems, e.g., in [47]
and [48].

The poroelastic-fluid coupling is achieved by imposing
interface conditions that must account for the conservation
of mass and overall momentum. Therefore, these condi-
tions will encompass the continuity of both the normal fluid
flux and the stress. Two additional constitutive relations are
involved: one describes the relationship between the filtra-
tion velocity and the pressure increment, the other addresses
the impact of the tangential stress component on the veloc-
ity increment. The former is the Robin boundary condition,
while the latter is the Beavers-Joseph-Saffman (BJS) slip
condition. Hence, on I'; x (0, 7] we impose:

¥ ny - ny = YW, - 1y — pp, (Robin condition), 8
aXsny, - n, = o,n, - n,, (normal stress conservation), ( )

{ (it +wp) - my = uy -y, (flux conservation),
3n, An, =o,n, An, = 0(uy —i,) A ny, (BJS condition).

Here o > 0 is a coefficient related to the fraction of the
contact surface I'; where the diffusion paths of the porous
medium are exposed to the fluid in the open channel, v > 0
is the fluid entry resistance and § > 0 depends on the slip
rate coefficient and the conductivity tensor. Furthermore, for
a vector field v defined on I';, the notation v A n,, denotes
the tangential component of v. In the case d = 2, we have
v An, = v - t,, where ¢, is the tangential unit vector to the
interface 'y, directed in such a way that the angle measured
from ¢, to n,, is positive.

Finally, the poroelastic-fluid interaction problem is
obtained by combining (1) and (7) with conditions (8).

@ Springer

2.3 Weak formulation

For the sake of presentation, in the following, we will con-
sider g)) =0, ¢)' =0on T} in(l)and g7 =g} =0on
I‘;V in (7). The general case can be treated analogously. We
introduce the Sobolev space

V::Htl),rg(Qp) X Ho,rg(diw Qp) x Hoﬁrj}" (div, Q) x [LQ(Qf)]d*7

with d* =1 for d =2 and d* = 3 for d = 3 correspond-
ing to the dimension of skew-symmetric matrices in R%* ¢,
Then, the weak formulation of Biot—Stokes system reads as
follows: Vt € (0,7], find (wup,wp,Xf,7¢)(t) €V such
that V(v, z,7,A) € V it holds

MP((iy, Tiy), (v, 2)) + M (B, 7) + DP(wy, 2) + DI (3, 7)
+ Ap(("‘p! wp)7 (”7 z)) + Af<2f1 T) + Bf<rf'77-> - Bf(Av Zf) (9)
+ CP (1, ap), T) — CIP(Z), (0, 2)) = F(v, 2, 7)

with initial conditions given as in (1) and (7) and where
for any wu,ve€ Hé,FD(QP), w,z € Horp(div,Qp),

Y.1€ HO’F}V (div,Qy),and r, X € [L2(Q)]* we have

MP((u, w), (v, 2)):=(pu,v)a, + (pyw,v)a, + (Pru, 2)a, + (Puw, 2)a,,
/\/1/(2,T)::((ZufY1dev(2),dev( ey
Dp(w.z)::('qk’lwA z)q, + (yw - ny, z - ny),,
Di(x, 7):=(0""En, An,,Tn, An,)r,,
AP ((w, w), (v, 2)):=(0c(u),e(v))a, + (M(BYV -u+ V- -w),V-v+V-2)q,
Af(Z<T)::(/JJIV'Z1V‘T)911 (10)
B (r,7):=(r skew(7))a,,
O ((u, w), T):=((au + w) - ny, TNy, - M), + (WA T, TR, AT)r,,
CIP(8, (v,2)):=(2n, - ny, (av + 2) - NI, + (Eny, Ang, v Ang)r,,
F(v,z,7):=(f,,v)0, + (9, 2)a, + (Ff,T)a, — <Gf~T"f>r,ur§>,

where (-,-)r, denotes the Hz(I';) - H~2(I';) duality
product. We also remark that, according to the assumption
g? = 0 and integration by parts, we can rewrite the third

and fourth terms appearing in the definition of the linear
functional F to obtain the alternative expression

F(v,z,7) = (fp,v)a, +(9,,2)a, — (/0 hs(s) ds+uyg, V- T) .
Qs

This shows, in particular, that standard regularity require-
ments on the forcing term h; and initial velocity usq are
sufficient for the definition of problem (9). We refer to [12]
and [26] for the well-posedness of an unsteady Stokes—
Biot coupled problem and of low-frequency poroelasticity
coupled to acoustic wave propagation in the framework
of Hille-Yosida theory. The well-posedness of the initial
boundary value problem in (9) can be obtained by adapting
the arguments therein. However, for the sake of brevity, we
omit the details and focus here on the design of the spatial
discretization.
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2.4 Stability analysis

This section presents the stability analysis for the continuous
problem (9). The arguments in the proof of the main theorem
will also be used in the discrete setting in Sect. 3. For any
(u,w,%) € C([0,T]; H, ro(92p) x Horp(div, ;) x

Horzf\f (div, Q2f)) we introduce the energy norms

[(u,w, 2)()[3:=l(u, w) (D), + [Z@)E, .
ll(at, w) @) 12, =N, + o), + | (n/k)*
+[mEV - (Bu+w)(@)]3,,

; ) , N ;
w(t)[§, + 7w ny(B)IIE, + T e(w) (03,

=012, =l2uns) "2 dev(D)OIR, + llog* S0, + 15 Sn, Any (]2,

Lemma 1 The bilinear forms MP, AP, and DP defined
in (10) are such that for any u,v € H(lJ,FE (Qp) and any

w,z € HO’FZP (diV, Qp) it holds

MP((w,w), (v,2)) S (lulle, +wle,)(lvlle, +l=le,), (11)
MP((w,w), (u, w)) 2 [|ulls, + [wl,, (12)
AP((uw, w), (v, 2)) + DP(w, 2) $ [lulli,0, vlhe, + [wl]dve, [ 2lav.e,, (13)
AP ((u, w), (w, w)) + D" (w,w) 2 [ullf o, + 1wl o, (14)
Proof See [26, Lemma 2.3]. O

Lemma 2 The bilinear forms M7 and A/ defined in (10)
are such that for any 3, 7 € HOJ—\}V (div, Q)

Mf(E’T) + Af<2 T) 5 HEHdiV,Qf ||T||diV,Qf7 (15)

M (2,2)+ A2, %) 2 1230, - (16)

Proof The continuity in (15) directly follows from the defi-
nition of the deviatoric operator, whereas for (16) we refer
the reader to [27, Lemma 2.2]. O

Theorem 1 For any time € (0,7 let

(Up, wp, Xy, 7¢)(t) € V be the solution to problem (9).
Then, it holds

T
S [y, S)D)e S 6o+ / N(f,.9, Fs,Gr)(s)ds,
€

where

Go=

(e ZOOIE+ o (IEAOIR, +165OR,p) . (17)

N(Fp 9 F 1, G)O=]5, )0, + g, O, + 1H ;) + G ()l ore- (18)

Proof We consider (v,z,7,) = (1, Wy, Xs,7;) in (9)

to get

Mp(({’“p’ ﬁ’p)v (in, wp)) + Mf(ilf* Ef) + Dp('wpv 'wp) + D‘/(Sf’ Ef)
+AP ((up, wp), (Up, wp)) + A"(Efv 2f) = F(tp, Wy, 2f)

Integrating in time between 0 and ¢ the above equation leads
to

1 ¢ 1
*Mp((ap«ﬂ’p) (1, wp))( / DP(wy, wp)(s) ds + *Ap<(up wp), (up, wy))(t)

/ M (24, 85)(s)ds + Af(zf RIE / DI (4, 35)(s) ds
= / ]'_(up‘wﬂvzf> s) ds + iMp(('vavpo)ﬁ (vaszl)U))
JO

1 1
+ §A ((upo, wpo), (Upo, wpo)) + §Af():fo~zf0)-

Next, using that
B(w,9)(t) < B, 4)(0 +f0 s) ds
for B(-,-) = {D"(-,-), D’ (, ),/\/lf( )} with

= {w, 3, X}, respectively, together with (11)-(12), (13)-
(14) and (15)-(16), we obtain

I w0) O, +IZ OV, S [ it 37)(5) ds-+ o wio) I, + [Zsoll - (19)

Then, we apply the Cauchy-Schwarz inequality for the forc-
ing terms in the porous domain, while we integrate by parts
the other terms to get

Pl 7)(s)ds < / IFp(le, +llgp ()l (wp, wp)(s)lle, ds

0

+(Fr S0, (1) — (Fy,Sp)a, (0) - /0 (7.5 ), (s) ds

— (G, Bpnp)r,ore (8) +(Gr Bpnp)r,ore (0) + AKGﬁ Zgnp)r,ore (s) ds.
Applying again the Cauchy-Schwarz and Young inequali-

ties, using the trace inequality in H(div, Qf) together with
[27, Lemma 2.2], and recalling that 3¢ lt=0 = 0, we obtain

/0 F (i, oy, ) (s) ds < / (£, + g, ($)lle, )l (wp, wp)(s)ls, ds

1 1 :
+ 5 IFrOl6, + 5 1Gr O IF, e + B, @2,

/ (15, 125 (e, + 1) [Z4(3)]l, ) ds.

Plugging the above estimate into (19) and choosing € small
enough, we get

ll(w. w)@)IZ, + ISOIZ, <G +/ﬂl N(Fp9p Fr. Gp) (Il(w, ) (5)lle, + [12(5)le,) ds

with Gy and N defined as in (17) and (18), respectively.
Finally, we prove the assertion by taking the supremum over

@ Springer
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t € (0,7] and applying Gronwall’s Lemma [49, Lemma
2.2]. O

3 Discontinuous Galerkin space
discretization

In this section, we present the PolydG discretization of the
coupled problem consisting of systems (1), (7) and (8).

3.1 Preliminaries

We introduce a polytopic mesh 7; made of general
polygons or polyhedra in two or three dimensions,
respectively, and define 7, as 7, =T/ U ’7;Lf , where

P ={KeT,:KCQ}, with o= {p, f}. We assume
that the meshes 7,” and 77Lf are aligned with €2, and Qy,
respectively. We set the polynomial degrees p, x > 1 and
ps,x > 1 in each mesh element of 7',? and 771f . Follow-
ing [29, Section 6.2] we introduce the discrete polynomial
spaces:

V3= [Py, (TN, Si=lPy, (T and Afi=[Py, (T

Moreover, P,(7,) is the space of piecewise polynomials
in ), of total degree less than or equal to » in any K € 7,°
witho = {p, f}.

In the following, we assume that the model param-
eters in (1) and (7) are element-wise constant for all
KeT! U'ELf . To deal with polygonal and polyhedral
elements, we define element-interface the intersection of
the (d — 1)-dimensional faces of any two neighboring ele-
ments of 7. If d = 2, an interface/face is a line segment
and the set of all interfaces/faces is denoted by Fj. If
d = 3, an interface is a polygon we assume could be fur-
ther decomposed into planar triangles collected in the set
F1n. We decompose Fp, as Fp = .7-",{ U]-'}f U]—"f, where
Fl={FeF,:FCOKPnOK! K? e TP, K/ € T/},
and 7, and Fj denote all the faces of 7,7, and 7, respec-
tively, not laying on I';. Finally, the faces of 7;" and 7’hf can
be further written as the union of internal (i) and bound-
ary (b) faces, respectively, namely, F2 = FP' U J-'f;’b and
.7:,{ = fjf’i U f,'f’b, where ]—'Z’b = ]-'Z’N U f;’D, with
o ={p, f}, include both the edges where Neumann and

Dirichlet conditions are imposed. Following [29], we next
introduce the main assumption on 7j,.

Definition 1 A mesh 7}, is said to be polytopic-regular if
there exist a constant Ceg > 0 such that, for any K € 7y,
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there exists a set of non-overlapping d-dimensional simpli-
ces contained in K, denoted by {SE}rcok, fulfilling the
inequality hg < Cregd|SE||F|™! for any face F C 0K,
with the constant C,., being independent of the number of
faces per element and the face measures.

Assumption 1 The mesh 7,
assumptions:

satisfies the following

(a) The sequence of meshes {7} } is assumed to be uni-
formly polytopic regular in the sense of Definition 1,
namely the constant C;.., appearing in Definition 1 does
not depend on /.

(b) For any pair of neighboring elements K+ € 7,°, it holds
hg+ Shg- Shgv, Dox+ SPox— S Poik+, With
o = {e,p}.

This will allow us to avoid technicalities in the following
proofs. We remark that these assumptions do not restrict the
number of faces per element or their measure relative to the
diameter of the element they belong to as pointed out in
[29]. Under Assumption 1, we have that [F| < |K|*/? for
any element K € T, and face F' C 0K, thus the following
trace-inverse inequality holds [50]:

oll2@or) S PR *llollizy ¥ K € T Yo € Py(K).  (20)
Next, we make the following assumption for later use.
Assumption 2 Any mesh 7, admits a cover-

ing 75 in the sense of Definition 1 such that i)

maxge, card{K' € T, : K'NK #0, KeTygst. KCK} <1

and ii) hx S hgx for each pair K € Tp, K € T3 with
K cKk.

Finally, as in [51], for sufficiently piecewise smooth scalar-,
vector-, and tensor-valued versions ¢, v and T, respectively,
we define the averages and jumps on each element-interface
F e FP'u Fl'' U F shared by the elements K* € 7y, as

follows:

= W= n* + v n
{v}::lﬁ%, [v]];=vt @nt +v @n",
[ollnimo* - n* 40",

T+
{T}IZ%, [[T]]::T+n+ +7 n,

where ® is the tensor product in R3, -* denotes the trace on F
taken within K=, and n* is the outer normal vectorto 0K *.

Accordingly, on boundary faces F' € ]—'}’;’b U }",J: b we set
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[6]li=vm, {vh=t, {v}=v, []i=v@n, [[o]lni=
v-n, {Tt}=7][7]]=n.

For later use, we also define V) and (Vj-) to be
the broken gradient and divergence operators, respec-
tively, set ep(v) = (Vv + Vyv?)/2, and use the
short-hand  notation  (-,-)q, = ZKeT}? (,)x and

() Fe = ZFEJT}? (-, ) for o = {p, f}. In the following,
we assume that C, m and py are element-wise constant and
we define Cx = (|CY2(3) |k, M = (m) |k forall K € 77
and py i = pyx forall K € 7;lf.

3.2 Semi-discrete polydG formulation

We define the discrete space Vj,:=V?% x VI x S£ X A£
and introduce the semi-discrete problem: V¢ € (0,7, find
(Uph, Wph, Bgn, ) (t) € Vi s t.V(v,2,7,A) € Vi it
holds

MP((dip, Wph ), (v, 2)) + M (B gy, T) + DP(wpn, 2) + D (g, T)
+ ‘Alh)«u]l/m wN')ﬁ (vv Z)) + 'A£<Eflm T) + Bf("'fh,s T) - Bf(Av 2-:fh) (21)
+CP (U, Wwpn), T) — CTP(Bpn, (v, 2)) = F(v, 2,7),

with initial conditions

Upn (0) = won, Upn(0) = Vo u, Wpn(0) = wopn, wpr(0) =201

and X, (0) = 0, where ugp,von, Won, and 2oy are the
L?-orthogonal projection of the initial data in (1). The bilin-
ear form A7 (-, -) can be splitted as

Ap((w,w), (v, 2)):=A5 (u,v) + B (fu+w, v+ 2)  (22)

where for any uw, w,v,z € V/, and for any 3, 7 € S',’i it
holds

Ap(u,v):=(0cn(u), n(v))a, = {oen(w)} [[v]]) 7

g 23
— () o@D + (xellwl) [0 P
B}’;(wv z)::(mvh cw, V- Z)Qp - <{mvh . w}7 [[z]]TL)]:,’: 24
— ([l Vi 215 + Ol (), D
A (S, T)i=(p7 V- £,V T, — {07 V- B 7] o5
— 407 - 7H s + OIS ()
Finallyy, we define the penalization functions

XesXp € L™(Q,), and x5 € L>*(y) appearing in

(23),(24), and (25), respectively:

c1 max  Cgp?ghy! VFeFP', FCOKtNOK-,

XE\F::{ ke (B Pt b i 26)
Crp2 ichx VF e FP'*, F COK,
: : mip? cht YFeFP', FCOKtNoK-,

olrm Co max Ty pchic S < , @7)
Tk p2 chit VF e F'', F C 0K,

(28)

cs  max  (pr.) 'pdghy' VFeF, FCOKtNoK-
Xf\p::{ dKE{"’*vK*}@”‘) Pricte o T =
) (

W}()ilpﬁ'.xh;(l vE E]:}p[bv FCOK,

with ¢, ¢a, c3 > 0 positive constants to be suitably chosen.
3.3 Stability and semi-discrete error analysis

To carry out the stability analysis of the semi-discrete prob-
lem (21), we introduce the energy norm defined for any

(u,w) € C'((0,T]; V2 x V?), and X € C°((0,T}; V)
as

1 (w, w, 2) (O] = (w, w) (O[5, + 2], (29)
with
[[ (s, w) @)1, =) I3, + o @13, + 11/k) 2w ()3,

1 < .
+lvFw -, ()7, + llullic.. + |(Bu +w)(t)[ig -
1 _1
IZOF:=11/20p)2dev(B)B)IE, + 1SH)36. 5 + 110672 Zn, Any(B)]F,,

and where
[olic.e =l en@)B, + I [@l2 o Vo€ VT,
|#l3cpi=lm 2V - 23, + /2 [#alp o V2 €V,

_1 1/2
loldc, £=len) "2 Va - alla, + 11 xf*o)] I3 prn Vo €57,

with xe, Xp, and x s defined as in (26), (27), and (28), respec-
tively. For later use, we also define the following augmented
norm or any (u,w) € C'((0,T); H*(TF) x H*(T})),
and any 3 € C°((0, T]; H2(T,/)) as

2 2 2
Il (w, w, B)[|g :=|[|(w, w) @[5, + [[Z@)][g,
with

1w, w) @) 115, =[], + (B3, + (/) 2w,

+ v w - my (IR, + [l 36, + 1B + ) ()36 -
NSO, =11/2up) Fdev(S)DOIE, + IS Fa., + 167 Sn, Any (13,

and where

2 —

1[v]ldc.:=lv 13 e + IIxe /> {Cen ()} Vo € H(TY)),
2 _

zlllic p=12lacp + I /2 mVn - 2} 5ruzs V2 € HA(TY),

2 —1/2
o llfi.c=loldcs + x5 {0 - o} Yo € HY(T))).

The following Lemma establishes the coercivity and bound-
edness of the discrete bilinear forms A, B}, and A',’i defined
in (23),(24), and (25), respectively.

@ Springer
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Lemma 3 Let Assumption 1 be satisfied. Then, it holds

Af (u,0) S [lullagellvllace  Af(w,u) Z |lullig vu,v € VY,
By (u,v) < |ulac plvlac,p B} (u,u) Z |ulig Vu,v € V7,
Al(o,7) Slonlaclmhlacs  Al(e,0) 2 |one Vo, T € S,
A (u,v) S l[ulllag ellvllac,e Vu e H*(T])Vv € V7,
By (w, z) S [[lwlllyg pl2lac.p vw e H*(T})Vz € V7,
A7) S llolllgg lrlac.s Vo € B (T, )vr € S,

The coercivity bounds hold provided that the stability
parameters cj, c2, and c3 in (26), (27), and (28), respec-
tively, are chosen sufficiently large.

Proof The proof'is based on employing the same arguments
as in [26, Lemma A.3] and in [27, Lemma 3]. 0

Theorem 2 For  any  time € (0,17 let
(Uph, Wph, Bgp, Ts1)(t) € Vi, the solution to problem
(21). Then, it holds

T
sup. s wns gn) Ol S o + / N (£, 9y, F 1, Gy)(s) ds
te(0, 0

where
G = g w0, ) O + sup (IF50l, + 16Ol ey ). (30)
and N is defined as in (18).

Proof The assertion follows the lines for the proof of Theo-
rem 1 and uses the results in Lemma 3. 0

3.4 Error analysis

In this section, we prove an a-priori error estimate in the
energy norm (29) for the semi-discrete problem (21). We
start by introducing the following notation for any time
t e (0,77,

being u,r, wpr, X ¢r, and 7 ¢ suitable interpolant functions
that are going to be defined in Lemma 4. We observe that
(21) is strongly consistent in the sense that the error equa-
tion reads as follows for any (v, z, 7, A) € V!

MP((8",8"), (v,2)) + M (&%, 7) + DP(&", 2) + DI (€7, 7) + Ab (e, €"), (v, 2)) 31
+ AL (¥, 7) + B (e, 7) — Bf (A, %) + P (&, &), T) - CIP (e, (v,2)) = 0. GD

@ Springer

For an open bounded polytopic domain T C R? and a
generic polytopic mesh 7, over T satisfying Assumption
2, as in [50], we can introduce the Stein extension opera-
tor £: H™(k) — H™(R?) [52], for any k€ T, and
m € Ny, such that £v|, = v and Hg'va,Rd S ||vllm,i. The
corresponding vector-valued and tensor-valued versions
mapping H™ (k) and H™ (k) onto H™(R?) and H™(R?)
act component-wise and are denoted in the same way. In
what follows, for any s € Tp,, we will denote by C,; the
simplex belonging to the covering 75 such that k C ICy, cf.
Assumption 2.

The next Lemma provides the interpolation bounds that
are instrumental for the derivation of the a-priori error
estimate.

Lemma 4 For any
(u, w) € CH([0,T); H™(TF) x H'(T})), with m, £ > 2,
there exists (uz, wy) € CH([0,T]; V] x V¥) s.t.:

2(sn—1)

hi ~
2 S Y Mo (1€l x, + IEul? k)

[ —wp,w— wl)H'El,
kTP FP

[ _ (32)
+ 2 o (IEalR, + 1Ewlix, ).
KETP DPp.r

where s,, = min(m, p, . + 1), and r, = min(¢, p, . + 1).
Also, for any X € C°([0,T); H”(Ef)), with n > 2, there
exists 3y € CO([0,T]; S1) s.t.:

9 h2(qn_1)
115 =215, £ Y. —mms 1€k, (33)
I‘&G’Thf fir
where ¢, = min(n,ps . +1). Moreover, for any
r € C°([0,T7; H”(ﬁlf)), with v >2, there exists
rr € CO([O,T];AD s.t.:
h26k ~
2 K
I =rlld, < > i -1 (34)

nEThf

where (., = min(v, ps.).

Proof We prove (32) by combining the results in [29,
Lemma 33] with the ones in [26, Lemma 4.2] while we
obtain (33) by combining again the results in [29, Lemma
33] with the ones in [27, Lemma 4.1]. O

In addition to the continuity and coercivity results of Lemma
3, the a-priori error analysis requires an inf-sup condition
for the constraint form B/ (-, -), as follows:
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Assumption 3 There exist a constant ﬂfz > 0 such that the
following inequality holds:

B (An,T)
f 1/2
res oy Imlle, + 1y (o] 1%

> B Anlle, . VA, € Al (35)

Although the previous result is not available for polygonal
meshes (and will be the subject of future work), it can be
proven for matching simplicial meshes (that coincide with
their covering 7y defined in Assumption 2). In this case, the
proof of the inf-sup inequality (35) is based on [44], with
modifications to account for the interface terms in the norm
| T|/&, and in the additional term in the denominator, and it
is reported in Appendix A.

Under the previous assumption, we can establish the
instrumental result:

Lemma 5 Let Assumption 3 be verified. Then, the follow-
ing holds:

Billenlla; < N5 le. + llex e + ek ei)lls, + 11 llg, + llleFllls, + 1(eF.ef)lle, + lejllo, (36)

Proof To prove (36), we start from the error equation (31)
with v =0,z =0,A =0, and a generic T € S{L. Rear-
ranging the terms to isolate B/ (e}, T) on one side of the
equality, using the continuity results of Lemmas 2 and 3 and
the trace-inverse inequality (20) on the interface term CP7,
we obtain the following:

Bl (e}, 1) = M/ (5, 1) + DI (&5, 7) + AL (¥, 7) + CP/ ((e", &%), 7) + B/ (e}, 7)
2 L u
(e, + llexlle )l le, + x” mprﬂ(He;HE

+ e le, +llefle, + leflle,) + (ller |y, + ey, + lefla )T,

Taking the supremum over T € S{ \ {0} and using the inf-
sup condition (35) completes the proof. g

We are now ready to state the main result of this section.

Theorem 3 (A-priori error estimates) Let Assumption 1 and
2, and the hypothesis of Theorem 1 hold and let the exact
solution (u,, wp, 35, 7f) of problem (9) be such that

(up, wp) € C*((0, T H™(TY) x H'(T)) N CH((0,T]; Hp(y) x Ho rp(div, ),
%y € CH(0, T HM(T)) N CO([0, T Hy ry (div, Qp)), and
;€ CO((0,T); BV (T,

with integers m,¢{,n>2 and v >1 and let

(upha wph7 Ef}“ Tfh) such that

(pn, wpn) € C2([0,T); V2 x V), Bpp, € CH[0,T); 81), and v 51, € C((0,T); AL),

be the solution of the semi-discrete problem (21), with suffi-
ciently large penalty parameters c;, c2, and c3. Then, for any

t € (0,t], the discretization error E(t) = (e*,e®, e>)(t)

satisfies

sup [[E(t)[e S

h;in_l hZN_l
Z ( m—3/2 Ou + pe-3/2 9“’)

t€(0,T] NG'T}p Pp,x DK
hx— RS-
e ( AR 1)”@T>
fiGT,f f K "
where

,

Oui= s (1€, + 10O, ) + [ (1886 s, + 1), )
0

Ou= sup (IE00]nr. +[EwOlnx.) + [ (B8 + 1B, ) d,
te(0, 0

T
Oxi= sp SO, + [ 1EEO ], ds
t€(0,T] 0
T ~
0= / 1Er ()l ds,
JO

and where s, = min(m, pp . + 1), 7. = min(¢, p,  + 1),
gx = min(n,py, + 1), and ¢, = min(v,py,) for any
k € Th. Here the hidden constant depends on the mate-
rial properties but is independent of the discretization
parameters.

Proof We consider equation 3D for
v=_¢l z=¢’,T=Eé;,and X = e to get

Lu=MP((&] ). (e} i) + DV (el &) + AL (e} ef). (e} &)
+ M (EF,6F) + DI (eF,65) + Al (eF, eF) = MP (&) + DRy, e) + AL((ed ef). (e ef)
F M. 68) + DI (6. &) + Af(eF. &) + B/ (ef. &) — B (ef. eF) + P (&} ef). &)
—CIP(EF. (e &)=L

By integrating L; and Lo with respect to time in (0, ¢) we
obtain

t
1 LU pW U W
[ Lads = pmeegen. e

0

t
1
+ [ D e s+ G (efek). (et el) (37)

t t
1
+/0 Mf(ég,éf)ds—&-/o Df(ef,eﬁ)deriAﬁ(eh,eh)

since e}(0) = e¥(0) = €}:(0) = &}’(0) = e;;(0) = 0 and

Yi(s)

t
[ raas= [ (wer.ep). et e + D7 e - ApiCer. e o) ds
Ya

—_—
+ A ((ef e7); (eh, )

Y3(s) Ya

t —_——
o [ (M) + D7 @ e) - Al(eFeh) ds+ AlleFeh)

Jo

Y5(s) Ys(s) Yz(s)
/—/\— t
&7). )~ CIP(EF (&1, ¢1)) ) ds,

+/, (87 (e1.e7) — B (e} e7)) ds+/ (e (e
0
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respectively. Next, we treat separately the terms
Y, i=1,...,7 as follows. For positive ¢;, t =1,...,4,
we employ the Cauchy-Schwarz and Young inequalities as
follows

t t
[ rids g / lles, el ek e)ls, ds
0
2 /Dpe, ey) ds+7/ DP (e, é})ds (38)
61

+ TEZ‘AIL((EIVEI) (ef,ef)) + 5«42((62‘ ey (eii.er)),

and

/IY(Q)dSJrY <i/l (M’(éf
A 308 143 2
)

+ ;/ (M7 (eF.ef) + DI (F. &F) ds+/ llePllg, leFlmcds — (39)

€4
A,, er.ef) + 5 Al(eil er

) +Df(ez.e2)) ds

For Y5, we employ the Cauchy-Schwarz and Young inequal-
ities and then estimate (36) of Lemma 5 to obtain, for posi-
tive €5, €6,

€6
[vass [ L, + [ Siesin, + [ e, + [ S,

t t t

: 1T €5 €6
< [ geleill, + [ selefi, + [ (5’+ ST )H eIz, (40)
o
t t
€6 o2 €6 .
+/ ——lex lIE +/ ll(er, eh)HE =Jg-
Jo 202" T o 282

Finally, for the coupling terms in C/?(-) we use the inverse
inequality (20) together with Assumption 1 to get

13 t
Y(s)ds = / ( < efn, -ny, (ael +eY)-n, >r, + < erny Ang, el Any >, ) ds
o

=

o €T 1 Rs €T

< [ (3wt 165 ) (1eflo, + e, ds
0

RET,

:-/ (e )(H%Hsz,, +lexla, )
o

) < w
NeFllan, (Nekllan, + 165 o, ) ds

(41)

being 7}? ; and 7;lf ; the sets of mesh elements sharing an

edge with I';. For Y5, we use the integration by parts for-
mula and we reason as before

/ Ya(s) ds = 7/ (e}, &), €F) / CPI (&, 87), €F) ds

S 0 pohi (165 lon + €7 o) e

‘Ef

KET)
42)
/ > P2 (16 o + 16 low ) ¥ e, ds
KET)
t
~T(etepleRle + | Tier.epleRle, ds
where we also use the norm | - ||g, to bound the L2-norm

| - llo;- Now, by putting together (37) with (38)—(42) and
choosing ¢; fori = 1,...,6, we obtain
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Ly:=MP((é, &) / Dr(ey,ép)d
+ Aj((eh, er), (er.er))

t .
+/ Mf(ef,ég)dH/ DI (e, ) ds + Al (e, eF)
JO JO

,(€h. )

5/:Wé?sé}”)\I\E‘,H(eﬁ,e;;f)||Ep ds+/tpp(é77é?)ds

s epenehenn+ [ (Werenspierep)as  H)
+/Ot\|\ézzll\E.He§HEf ds + Al (€F, eF)

+ ./()tz*{(é?)(“émnl, + He“’HQP) ds

ot
T e)led s + /0 (&Y, 87) €D e, ds+Th=La + T}

To bound L3 from below we reason as for the proof of
Therorem 1 to have

|Ls| Z (e}, e ) (0|7, + ller (8) 113, -
Next, we rearrange the terms for L4 and write

t t
L= [l enll, et el ds-+ [ 1Pl leF e, ds
+ [ @R (e, + 1exln,) s+ [ Ter.epleils a
(44)

/ DP(ey, &) ds+ AL ((ef. b, (ef. ef)

+ / (M (EF.€7) + D (F.€7)) ds + Al (eF. eF) + TL (& e ) e s,
Jo

We bound all terms by using the definition of the norms,
except the last one for which we employ the Young inequal-
ity fore > 0

ot
Lo [ (et enil, + ey, + 24 )
+Z0(ex,ep)) (Ies e s, + le¥ ) ds
t
+ [ Driepenyds + Au((et e (et ep)
0
t
+/ (M (7, &7) + DI (e}, &) ) ds
0
1 cu sw
S Iher ) + Sl I, (45)
¢ P
s/(H\(e%e’;)\u}gp+me,|||& T}(eF) + T} (et &)
(Ies ei)ls, + leF s, ) ds

o (e

1
+ Ip(el ev)? 4+

+A{,y(e§,e?) +

w 512 2

ef)lll, + \He?IIIEF)dHIII et ef)l|Ig, + [lleF|llg,

€

5”“%”%;:15-

Moreover, we observe that this bound for L, is an upper

bound also for Ly + J% < Ls + fot He§||?2f ds, for suffi-

ciently small €5, €6. Finally, we consider € small enough and
take the supremum over (0, ¢] to get

sUP]H ef el )OIE, + llex (OIE,

ds+ sup Js(t

/ ey I3, ds,
te(0,7)

T
$ [ (et edle, + lefle) ds + / Ja(s)
0
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where

FJi=|Il(&F, eP)|lls, + €711, + Zi (&F) + Th (e}, &F),
To=lll&d eDIE, + 1ePlz,

Toi=l|l(et, e[, + lleFllls, + Th(er, x>

By applying the Gronwall lemma for non-negative func-
tions, cf. [49, Lemma 2.2], we obtain

sup ||(ef;, eff, ex)(
1e(0,T)

T T
o5 [ aass ([ morass s m0+ [ leitn, a)*
Jo Jo te(0,T]

We conclude the proof by using the results in Lemma 4 and
estimate the terms Z} (-) and Z?(-, -) by using [29, Lemma
33] as follows

. h? qr—2
e’ s Y, s lEslhx,
K,GT fi
. 2 h2s— -
I}I;(e?ve}ﬂ) 5 Z 2m 3,Hg’u‘l)HmlC,‘Jr Z 2( 3 HEwPHIIC
wETY RETY | L

h2 -
15(67'767)25 Z om— 3”8uPH7nIC + Z 2/ 3 ‘

|Eivy 17 .,
RETY, Pk neT‘ Pp,x

O

We point out that Theorem 3 cannot be used to prove expo-
nential convergence for the p-version of the method, as the
hidden constant for the bound of the Stein operator depends
on the Sobolev index [52].

Remark 1 (Estimates on the fluid velocity and pressure)
Approximations for the fluid velocity and pressure can be
obtained from the computed stress 3 ¢, according to (5) and
pp = —d~tr(X¢), namely one can define

ufh(t)—pf Vi - Ef /hf dS+Uf0

1
and Pfh = fEtr(th).

Hence, error estimates for these quantities can be derived
from Theorem 3 exhibiting the same convergence order
with respect to the mesh size and degree of approximation.

4 Time integration

To integrate in time (21) we introduce in €, x (0,7 the
auxiliary variables vy, = Uy and zp, = Wy, and write
the following (modified) formulation: for any ¢ € (0, 7] find
(uph,wph,vph,zph,th,rfh)(t) eW, = VZ X VZ X VZX
VP x 8T x Al st

(pn — vph, V)a, + (Wpn — 2pn, 2)a, + MP((Opn, Zpn), (@, W)) + DP(2pn, W)
FAD (wph, wpn), (6, ®)) + MY (g, 7) + DI (S0, #) + AL (S0, 7)
+B7 (7 0, #) = B (A 1) + CF (i, opn), 7)

—CIP (S, (1, 9)) = F(@, w, %)

for any (@, w,v, 2,7, 5\) € Wy, with initial conditions
Uph(0) = Ugn, Vpr(0) = vor, wWpn(0) = won, 2pn(0) = Zon
and th (O) =0.

By fixing abasis forthe spaces V1, S {L, and A£ ,and denot-
ing by X(t) = (U,,W,,V,,Z,,S;, R;)T € RS the
vector of the ndof expansion coefficients in the chosen basis,
the above system can be written equivalently as

P

™ 0 0 0 0 0 [
0 Ir 0 0 0 0l v/
0 0 My Mp —(Na+L)T 0| |y”
00 M'g, M? -NT 0| | 4
f Pw Zip
o0 0o o0 M+Dl of|s
00 0 0 Brr o] | Ry (46)
0 0o -1 0 0 07 ry 0
0 0 0 —Ir o o |w 0
A¢+ BY, B 0 0 0 0f|v, F,
| B B 0 DL4Dr 0 0]||Z,|T|G,
0 0 No+L N Al B 7 Hy
0 0 0 0 0 0 g 0
with X(O) = Xo = (Uo, Wo, Vo, Zo, 0, O)T In (46) the
block matrices
- MT’ Mgf AP A€ + B?, Bg
M — Mp Mp‘ and — Bp Bp 5
Pf Pw B

are the algebraic representation of the bilinear forms
MP(-,-) and A7 (-,), respectively. The damping matrix
Dp, + DP, is associated with DP (-, -), while M7, DI, Af,
and Bf to M7 (-,-), D/ (-,-), AI(-,-), and B/ (-, ), respec-
tively. N, N, and L are related to the coupling terms in
C7P(-,-). Now, we rewrite problem (46) in a compact form
as:

=F(t), te(0,7T],

{ MX (t) + AX(t) 47

X (0) = Xo,

and partition the interval [0, 7] by introducing a time step
At > 0 and define the following finite sequence of tempo-
ral steps t* = kAt for k = 0,..., N7, being Ny = T/ At.
Finally, we integrate system (47) by using a §-method scheme
with § € [1/2,1], cf. [53], and getfor k = 1,..., Np
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Fig. 1 Test Case 1 and 2: polygonal mesh with Dirichlet (blue), Neu-
mann (red), and interface (yellow) boundaries

Field | Test 1 | Test 2
Pfs Ps 1 1
A, 1,1 1, 0.5
a 1 1
10} 0.5 0.5
n/k 1 1
Pw
8, m 1 1
Ly 0.5 0.5
« 1
0 1 1
0

Fig. 2 Test case 1 and 2. Physical parameters

(M + AtA)XHH = (M — AL(1 — 0)A)X* + ALOFF + (1 — 0)F"), (48)

with X* = X (t*).

5 Numerical results

The results obtained in this section have been achieved
through the MarLAB code lymph [54]. The verification of
the numerical scheme is presented in the first and second
tests for which we consider problems (1) and (7) with the
following modified coupling conditions on I'; x (0, T7:

(Qup+wp)'"p:uf'"p_fllv
Xy - mny =YWy, -y — Py + 7,
aXifng -y =opny, Ny — i,
Y, An, =o,n, An, — 1,
2fnp Any, =06(up — i) Any, — f7,

(49)

with f, fori =1,...,5 properly defined to obtain a refer-
ence solution. The last example concerns an application of
geophysical interest.

5.1 Testcase 1

We consider Q=(-1,1) x (0,1) with
Q, =(-1,0)x(0,1) and Q= (0,1) x (0,1) such
that I'; = {0} x (0,1), cf. Fig. 1. We fix the final time
T = 0.1, At = 0.001, and choose § = 3 in (48) (Crank-

Nicolson scheme). We select the interface parameters
a =4 =1, and v = 0, set the analytical solution as

£ pWt-a?)
o] ¢ gutm]‘
0 U

(50)

and compute the remaining data accordingly. In par-
ticular, in (49) we have f} = f? = f} = ff =0 while
f3 —%ts + 3¢2. The physical parameters considered are
listed in Fig. 2. In Fig. 3 (left), resp. (right), we report the
computed error [|(e*, e”)||g,, resp. ||€*|g,, at the final
time 7" = 0.1 as a function of the mesh size Ay, resp. h¢, by
choosing a polynomial degree equal to 1 and 2. The results
agree with the theoretical estimates shown in Theorem 3.
In Fig. 4 we plot the computed errors ||(e*,e")| g, and
le¥||g, at time T = 0.1 with respect to the polynomial
degree p, = py = 1,...,5 for different choices of the the
time step: At = 0.001 (left) and At = 0.0001 (right). As
expected, since the analytical solution is polynomial, cf.
(50), the error curves decay exponentially until the thresh-
old O(At?), given by the time integration scheme (48), is
reached.

Fig. 3 Test Case 1. Left: log-log plot ‘ 1073 F
of the computed error ||(e*, e”)||x, - p, =1 &
asa functlonvof the mesh size hj for 1072 H — pp =2 = i
pp = 1, 2. Right: log-log plot of the r o
computed error |||, as a function & B 1 1074
of the mesh size hy forpy =1, 2 The :Z\ i -1 | & :
errors are evaluated at the final time 2 a0 i
T = 0.1, with At = 0.001 57 10-3 | |
> i 1= 107 E
| 4] 2 ) 1076 = =
104 \ \ = \ \ =
10—1 10—0.8 10—0.6 10—1 10—0.8 10—0.6
hyp hy

@ Springer



Engineering with Computers

Fig. 4 Test Case 1. Semi-log plot of the 1024 : 1024 \
computed errors ||(e”, e")||g, and le® ||&, - HeEHEf —— ”eZHEf
as a function of the polynomial degree . u w 5 u jw
p = pp = py fixing the number of mesh I(e*, e )”E" I(e* e )HE"
element equal to 100. The errors are evalu- 10-5 |- i 10~5 |-
ated at the final time 7" = 0.1, with time step
At = 0.001 (left), At = 0.0001 (right)
4
1078 |- 1078 |
10-11 \ \ \ 10-11 \
0 1 2 3 4 5 0 1 2 3 4 5
p p

Fig.5 Test Case 2. Left: log- T T T —1 10t

log plot of the computed error /1/". -] =

l(e*,e™, e®)||r as a function of @ ol | ——p=2

the mesh size h = max(hy, hy) for = 10 B p=3 5

p=pp=ps =1,2,3,4 Right: o p=4|10 1

semi-log plot of the computed error 3" A

(", e”, e®)|g as a function of the o 107 — 3 1

polynomial degree p = p, = p; fixing 2 10~5 | ]

the number of mesh element equal to =

100. The errors are evaluated at the final 1076 | ol 7] B

time T = 0.1, with At = 0.001 4 | . |+‘||(€“»e‘w7€ e |
10! 10798 10706 1004 10777 2 3 4 5

5.2 Test case 2

With the same setup of the previous test case and using the
parameters in Table 2, we consider the following analytical
solution:

—t_ 1) cos(z — y) 0

_ i [sin(@—1)
Up =€ [ 0 —cos(z —y) |’

sin(z — y)] s wp = —up, By = (e

where X7 is obtained by selecting

—¢ |sin(x — .
ur = —¢ ¢ [sin%x _zﬂ ,and py =0in Q.

The remaining data are computed accordingly, and in par-
ticular, we set f} = f{ = f7 = 0 while f? = —e~*cos(y)
and f? = 3e~!cos(y). We report in Fig. 5 (left) the com-
puted error ||(e%, e, e*)||g at time 7' = 0.1, as a function
of the mesh size h = max(h,, h), for a polynomial degree
p = pp = py ranging from 1 to 4. The results agree with
the theoretical results of Theorem 3. In Fig. 5 the computed
error ||(e%, e, e”)||g at T = 0.1 is shown as a function of
the polynomial degree p =p, =py =1,...,5 fixing the
number of mesh element equal to 100. Also in this case the
numerical results are aligned with the theoretical estimates
in Theorem 3.

p
5.3 Testcase3

In this last example, we apply our method to a problem sim-
ilar to the one presented in [18] which is motivated by the
coupling of surface and subsurface hydrological systems.
On the domain 2 = (0, 2) x (—1, 1), we associate the upper
half to €2y and the lower half to €2,,. This can be interpreted
as a surface flow (lake or river) modeled by the Stokes prob-
lem over a poroelastic aquifer, governed by the Biot system.
In each subdomain, we consider 800 polygonal elements,
see Fig. 6, and polynomial degrees p, = py = 3 for a final
simulation time 7" = 1.5 s and time step At = 0.01 s. The
appropriate interface conditions are enforced along the
interface I'; = {y = 0}. We consider two cases with differ-
ent values of 17/, m, \,, and ¢, as described in Fig. 7.

The body forces and external source are zero, as well as
the initial conditions. The flow is driven by a parabolic fluid
velocity imposed on the left boundary of the fluid region.
The corresponding boundary conditions are as follows:

V-2 = h(t)(=40y(y — 1),0)7  on TY¥'* x (0,71,

V-3;=0 oan}px(O,T},
Sinp=0 on 779" % (0,7,
pp=0 on Tettom 5 (0, T,
opn, =0 on Tbottom 5 (0, T,

u, =0 on Tleft YTrisht 5 (0, 7],
wy-ny =0 on THEFTUT9ht (0, T,
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top
Ly

left right
I Iy

y ight
I [ 7eh

bottom
r,

Fig. 6 Test Case 3. Fluid Qy = (0,2) x (0,1) and poroelastic
Qp = (0,2) x (—1,0) domains. Polygonal mesh with 1600 elements

Field | Set A | Set B
Pfs Ps 1 1
A 1 109
" 1 1
a 1 1
10) 0.5 0.5
n/k 1 10*
Pw 2 2
B 1 1
m 1 107
f 0.5 0.5
a 1 1
) 1 100
1 1

Fig. 7 Test case 3. Physical parameters

where h(t) = 1/(1+ e~ 1¢=1)_ For each case, we pres-
ent the plots of computed velocities and pressure at final
time 7. In pa;ticular, in Q¢ we compute us using (5) and
py = —3tr(Xy), while in €, we use (2) to obtain p,, while

u, and w),, are directly inferred from (48). From the veloc-
ity plots, cf. Figs. 8 and 9 (left), we observe that the fluid is
driven into the poroelastic medium due to zero pressure at
the bottom, which simulates gravity.

The mass conservation (o, +wp,)- -1, = uy-ny,
on the interface with n, = (0,1)” indicates continuity of
second components of these two velocity vectors, which is
observed from the color plot of the velocity, see cf. Figs. 8
and 9 (left). We observe large values for the fluid pressure
near the left boundary, which is due to the inflow condition.
A discontinuity close to the left lower corner (0, 0) appears
due to the mismatch in inflow boundary conditions between
the fluid and poroelastic regions. These results are in agree-
ment with [18].

For the set B, the model problem exhibits both lock-
ing regimes for poroelasticity: (i) small permeability
and storativity and (ii) almost incompressible material
as observed in [55]. In particular, the Poisson’s ratio

v= m = 0.4999995. The computed solution does

not exhibit locking or oscillations. The behavior is quali-
tatively similar to set A, with larger fluid and poroelastic
pressure, see Fig. 9 (right).

6 Conclusions

This study has presented a comprehensive numerical anal-
ysis of a polygonal discontinuous Galerkin scheme for
simulating fluid exchange between a deformable, saturated
poroelastic structure and an adjacent free-flow channel. The
investigation specifically addressed wave phenomena gov-
erned by the low-frequency Biot model in the poroelastic
region and unsteady Stokes flow in the free-flow domain.
Transmission conditions enforce conservation laws, achiev-
ing coupling at the interface between the two regions and
ensuring robust interaction between the subsystems. Spatial

Fig. 8 Test case 3: set A. Computed solu- velocity pressure
. . . 50e+00 -3 1 01.0e+00 00e+00 10 20 30 4.0e+01
tions at final time 7" = 1.5 s. Left: veloci-

ties uy and 1, + Wy (arrows), uy o and
Up,2 + Wp,2 (color). Right: computed pressures
py and p,
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Fig.9 Test case 3: set B. Computed solu-
tions at final time 7" = 1.5 s. Left: veloci-
ties uy and 1w, + Wy (arrows), uy,2 and
Up,2 + Wp,2 (color). Right: computed pres-
sures py and py

discretization relied on the two-displacement weak form
of the poroelasticity system and a stress-based formulation
of the Stokes equation with weakly imposed symmetry. A
thorough stability analysis of the proposed semi-discrete
formulation was conducted, confirming the robustness of
the method. Furthermore, a-priori Ap-error estimates were
derived, providing theoretical guarantees on the accuracy
and convergence of the numerical scheme. These findings
establish a solid foundation for the reliable and efficient
simulation of coupled poroelastic and fluid-flow systems
using advanced DG methods as has been shown in the
numerical examples.

Appendix A Proof of inf-sup inequality (35)

We first observe that (35) is equivalent to be able to find, for
each \;, € A£ aTy € S£ such that
BYXnya) = [ Mally,  and 7alle S INnlley

62

where

ITl=l7lEe, + Z pp,fsh;lﬂ”T”aman-
KGThI’p

We thus construct such a 7, by extending the analysis of
[44], to include the interface terms of the norm || 7||«. This
construction is carried on considering

e the two-dimensional case 2y C R?;

e the fact that our discontinuous space S£ X A{L in-
cludes the Amara-Thomas space [56].The extension to
the three-dimensional case is not trivial: as indicated
in [44], a more complex or completely alternative ap-
proach should be considered, and also a different auxil-
iary finite element space.

velocity

pressure
100400 10 20 30 40e+01
— ! ce—

This proof relies on the following property, which is veri-
fied if we take ¥ = H(l)ypl (2), Wy, is one of the finite ele-

ment spaces considered in [44], and 6£ is the tensor space
associated to it:

vreS? Irle 6£ s.t.

{ (V-(r—7h)vn)a, =0 Yo, e®,c®, (52

ITillsr S Tllsss

w h e r e
_ —1/2

I7lI%s = ll(2pp)~2dev(T) |13, + I} / VT,

Following the proof of [44, Proposition 2], we intro-
duce a discrete space Ei approximating A7 and for a fixed
An € ££ we can build up a continuous tensor 7 € S¥ such
that

B (A, 7) = 1 Anld, and ITllss < I Anlle,- (53)
This tensor is defined as T = ((1p) := [_3232/;1 gizj,

where 1 € W is the velocity component of the solution to
the following Stokes problem:

{ a(P,p) +(p,V-pla, =0 Vpew,
(0 V- ¥)a, = (5(9), An)a, Vg€ Q=L*Qy),

where

s = 8] atwe) = Cusew) (o,

Indeed, a is coercive over v,
BI (A, 7) = (5(V - ), An) = |V - 9]3, = [An]3,, and
thecontinuityinequalityin(53)followsfrom|| 7|3, < a(v, 1)
and classical Stokes analysis.

Now, we construct a projection IT : S F o 6{ such that
Ty, = II, T satisfies (51). Taking a fixed T € st , we define
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I, = T,IL + TZ as a sum of two terms. The first one is
the 7}, corresponding to (52). The second one is defined as
72 = ((2py), where 1}, is the solution of the following dis-
crete Stokes problem over an inf-sup stable pair of discrete
spaces ¥, x @, C ¥ x Q:

a(tn,n) + (Pn, V- on)a, =0 Veon € W,
{ (an, V- Yn)a, = B (s(qn), ™ —71) Van € Qn. (54)

Since s is a bijection between @, and ef , we can denote by
gy, the element of @), such that s(g;,) = Ap, and observe that
Bf(Ah,T%J = (S(Gh), V- ’l/)h) = Bf()\h,? - 7'1). More-
over,classical Stokesanalysisyields || 7% || g5 < [T — 747
Summarizing, we end up witha 7, = 7}, + 77 that satisfies

BY i, 7n) = [Anldy,  and [ Tallss S IAnlle, -

Now, 7T is continuous over {2y by construction and
Trlr; = 0 because of the zero Dirichlet condition encoded
in the spaces ¥, ¥, to which v, ¥, belong, respectively.
Therefore ||71|lgr = ||Th||E,. Finally, observing that the

dG spaces considered in this work are such that § £ D 6£

and Ay = Sﬁ, the proof is complete.
O
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