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Abstract

We study the local Holder regularity of strong solutions u of second-order uniformly
elliptic equations having a gradient term with superquadratic growth o > 2, and right-hand
side in a Lebesgue space L. When g > N 77_1 (N is the dimension of the Euclidean space),
we obtain the optimal Holder continuity exponent a; > % This allows us to prove some

new results of maximal regularity type, which consist in estimating the Hessian matrix of u
in L. Our methods are based on blow-up techniques and a Liouville theorem.
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1 Introduction

The goal of this paper is to address some regularity issues related to the elliptic PDE
—tr (A(x)D2u) +H(x,Du) = f(x) inQCRN, (1.1)

where A(x) is a nondegenerate diffusion matrix, H has superquadratic growth in the gradient
variable, and f belongs to some Lebesgue space L7(Q). We are interested in the Holder
regularity of the solution u, as well as the regularity of the gradient Du and the Hessian
matrix D?u in L1.

Equations of the form (1.1) appear naturally in the theory of (ergodic) stochastic control,
homogenization, in the theory of growth of surfaces, and in differential games with many play-
ers. They appear in the literature under different names, such as (viscous) Hamilton-Jacobi
equations, KPZ or Riccati equations. As a prototype of semilinear equation with superlin-
ear character in the first order entry, the regularity properties of (1.1) have been extensively
investigated. Nevertheless, some recent questions concerning the “maximal regularity” of so-
lutions demand for a deeper understanding of the interaction between the linear second order
diffusion and the nonlinear first order term.

Let us start with some considerations on the Holder regularity of solutions to (1.1), having
in mind the model superquadratic Hamiltonian

H(x, Du) = |Du|?, v > 2. (1.2)
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A few years ago, A. Dall’Aglio and A. Porretta showed in [9] that weak solutions are =2

r—1
Holder continuous, provided that f € L7 and

g=¢qgo:=— =N—. (1.3)

Their result is for equations in divergence form, and it is genuinely perturbative: the diffusion
term plays no role (it can be even degenerate), and the regularity is a sole byproduct of the
coercivity of H. In some sense, it cannot be even improved, since

3 N
u(x) = c|x|71 is a weak solution of —Au + |Du|” =0on R (1.4)

for suitable ¢ € R. Note that A’—:%-Hélder estimates are true even for subsolutions, and hold

up to the boundary: this shows that superquadratic problems enjoy some properties that are
rather unnatural for elliptic equations. Besides, solutions to uniformly elliptic (quasilinear)
equations having subquadratic (subnatural) growth in the gradient are known to be Holder
continuous when g > % (see e.g. [3, 13]), and this classical fact leans on the perturbative
nature of H(Du) when ¢ < 2.

If one looks at solutions that are more than just weak, better a priori estimates can be
obtained. In [15], P-L. Lions showed that Lipschitz estimates for classical solutions can be
achieved, provided that 4 > N, in the full superlinear range v > 1. It is worth remarking
that these estimates were obtained via the Bernstein method, which allowed to exploit both
the regularizing effects of the diffusion and the coercivity of H (and therefore, by means of a
nonperturbative argument). Lipschitz estimates have been obtained later in [5] for viscosity
solutions, and for equations with a possibly degenerate diffusion matrix, assuming in addition
f to be Lipschitz continuous.

Our first goal is to fill the gap in the understanding of a-Holder regularity of u, in the range

v—2 . N

7_1<1x<1 with f € L1, ’Y’<q<N’
for solutions in the strong sense, which is naturally intermediate between weak and classical.
To achieve this goal, we will develop a nonperturbative method, which will again exploit first
and second order regularizing effects. These new Holder regularity results will imply in a
straightforward way new results regarding the so-called L7-maximal regularity.

The problem of LI-maximal regularity for (1.1) has been raised by P.-L. Lions a decade ago
in a series of seminars, and, roughly speaking, is a semilinear version of the classical Calderén-
Zygmund linear maximal regularity; that is, under the assumption that f is bounded in L1,
then one should be able to have a control of H(Du) and tr (AD?u) in L9. Lions conjectured
that this should be possible provided that 4 > qo (g9 as in (1.3)), and the conjecture has been
shown to be true in the recent work [8]. The results in [8] still have some limitations: they hold
for classical solutions, g > 2 is required (while it may happen that g9 < 2 for some N, y) and
they are not local but require f(x) to be periodic in x. Moreover, no x dependence is allowed
in first and second order terms.

Our second goal here is to circumvent all these limitations. The results in [8] are again based
on a Bernstein method. Apart from the issues on the generality of the statements in [8], a crux
is that the Bernstein approach may not be employed for different problems, e.g. involving
degenerate or fractional diffusions. Therefore, a general goal of this work is to develop a
different approach to maximal regularity, which can be flexible enough to be applied to a
wider range of equations (which will be briefly described at the end of this introduction). The



core idea of the method proposed here is to get maximal regularity using Holder estimates as
an intermediate step. Nevertheless, (linear) maximal regularity will be crucial to obtain such
Holder estimates, so one may argue, after reading the proofs, that regularity at these two scales
is in fact interconnected.

We now discuss our standing assumptions. (2 is a bounded Lipschitz domain, with uniform
interior sphere property. Concerning A, we assume that constants 0 < A < A exist such that

AcC(Q), divAeLNQ), A|EP<AE-E<SAIEPonQ. (Assy)
Moreover we assume, that for some ¢ > 2,

H(x,p) = h(x)|p|” + Ho(x, p), where h > hpin > 0 is continuous in O

Ass
and |Hy(x, p)| < Cq|p|" + Cy, with0 <y <7, C,C > 0. (Assm)

For brevity, let
v—2 .
ny = P ¥ corresponding to  gp =
As we mentioned, the ay-Holder regularity of 1, which requires f € L1(Q)), g = qo will be our
starting point. In the following remark, which will be useful in the sequel, we comment how
the regularity of u at different scales is given by the embeddings.

Remark 1.1. Assume that

N
"

N

If u € W21(Q) then, by Sobolev embedding, we have that Du € L7 (Q) and u € CO*(Q),
where

. Ng N
q N_q_'yq and a=2 . > g,
and equalities hold if and only if g = g9 = %

The main results on the Holder regularity reads as follows.

Theorem 1.2. Let g > % Assume that o« = 2 — % ifg < N,ora <1ifgq> N. Forevery M > 0

there exists C = C(M, N, q,a, H, A, Q) such that if u € WM(Q) solves (1.1) in Q) in the strong sense,
with ||f|lg < M, then

sup min{dist(%, 0Q)), dist(x, 9Q2) }*~*0 M <C. (1.5)
T#x |x - x|

Note that the a-Holder seminorm locally deteriorates as x, ¥ approach dQ2. This has to be
expected, as the function u in (1.4) is a classical solution in any domain () such that 0 € 9(},
and it is not better than ap-Holder on ). In fact, the weight in (1.5) is sharp. Note also
that, as « — 1, such weight agrees with the one appearing in Lipschitz estimates which were
obtained in [5] for viscosity solutions. Finally, the constant C depends actually on A, A in
(Assy), || div AHLN(Q), C1,C2, 71,7, hmin in (Assy), the moduli of continuity of A and hy on Q
and Q) itself.

The proof of Theorem 1.2 relies on a blow-up argument. We employ a Liouville theorem
for the homogeneous version of (1.1) on RN. The compactness which is necessary to pass to
the limit in the scaling procedure involves an interpolation argument.

As a consequence of Theorem 1.2, we get the following L7-maximal regularity result.



Theorem 1.3. Let q > % For every M > 0 and QO CC Q) there exists C = C(M, dist(QY/,0Q)),
N, q, o, H, A, Q) such that if u € W>4(Q) solves (1.1) in Q) in the strong sense, with || f||; < M, then

ullwza vy < C-

Both theorems hold for merely Wfog(()) solutions, as one can apply them in exhaustions of
) (and constants depend only on the diameter of the domain). Moreover, one could quantify
more precisely how the [|ul|,y24(cy) norm deteriorates as dist(€)’,9Q2) — 0, but we avoid this

computation for brevity.

We now discuss further possible generalizations. First, we expect that divA € LN(Q)
could be avoided. In fact, this assumption is used only to trigger the ap-Holder estimates,
which were obtained for equations in divergence form. Indeed, divA € LN(Q) is needed
when transforming (1.1) into a divergence form equation. We believe that ag-Holder estimates
could be obtained directly for (1.1), and for merely continuous A. Note that this question is
related with the L7-maximal regularity in the critical case g = gg. Despite a statement as in
Theorem 1.3 cannot hold (again by (1.4) it is possible to construct a sequence of uy, f; solving
(1.1) such that u, — oo in W?40 while fun remains bounded in L7, see e.g. [8]), it should be
possible to control u in W24 whenever f lies in a set of L% uniformly integrable functions.
This has been shown to hold for subquadratic (y < 2) problems [12].

We also hope that our strategy can be extended to different settings. Let us mention the
cases where tr (A(x)D?u) is replaced by a nonlocal diffusion operator, or Du, D?u become the
horizontal gradient and horizontal Hessian respectively induced by a family of Héormander
vector fields, as in [2]. We stress again that, to achieve full L7-maximal regularity, the adaption
of the methods in [8] are by no means obvious. On the other hand, the strategy presented
here basically relies on Liouville theorems, which can be obtained in rather different ways. We
also mention that, for parabolic problems, an exhaustive picture on the maximal regularity of
solutions is still missing, despite some partial results appeared in [7].

Another direction would be towards quasilinear equations, modeled for example on the p-
Laplacian operator. The extensive literature on the gradient regularity cannot be summarized
here, see for example the recent survey [17] and [6]. The case with strong first order terms
(in particular beyond the natural growth) appears to be still an open research field [14, 18].
Liouville theorems are known [4], hence we believe that the techniques presented here could
yield new results in this direction.

Finally, a challenging goal would be to address the Holder regularity for systems of HJ
equations. Indeed, for such kind of systems, it is known that the equivalence between Liouville
results and interior Holder regularity in general holds only in some restricted sense [16].
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Notations.

* v

np = ol oy [vlap = [U]COM(E);

— =2, — nox=Ll. A x _ Ngq .
® X = 37717 QO—NT/ Y=51 9 = N¢

e C,C’ and so on denote non-negative universal constants, which we need not to specify,
and which may vary from line to line.



2 Preliminaries
Our starting point is the xp-Holder estimates. This is a version of the result by Dall’Aglio and
Porretta, simplified for our purposes.

Lemma 2.1 ([9, Thm. 1.1]). Let Q C RY be a bounded Lipschitz domain, satisfying the uniform
interior sphere condition. Assume that v > 2, f € L1(Q), for some q > % and that u € Wli’c'y(())
satisfies in a distributional sense

—div(a(x,u,Du))+ |Dul < f  inQ,

where |a(x,s,&)| < B(1+ |C]) for some B > 0. Then u is ag-Holder continuous up to the boundary of
Q), and there exists a constant K, only depending on -y, q, N, p diam(Q) and ||f||4, such that

lu(x) —u(x)| < K|x —%|*,  for every x, % € Q.

Remark 2.2. Since
—div (A(x)Vu) = —tr (A(x)Dzu) —b(x) - Vu,

where b = (divA)T = (0,411, ...,Y;9;a;n), we infer that if u satisfies (1.1) then it fulfills the
assumptions of Lemma 2.1, as long as A satisfies (Ass4) and H is such that

H(x,p) >Clp|"-=C" inQ,

for some positive constants C, C’ (in particular this is true under (Assp), because ming /1 > 0).
Indeed, we have, by Young'’s inequality,

—div (A(x)Vu) +C|Vu|" < f+C' —b-Vu
<f+C+ %\VuW +C"[p|",
and Lemma 2.1 applies with f = f + C' + C”|div A|7".

Below we state the local version of the classical linear Calderon-Zygmund elliptic regularity
result.

Lemma 2.3 ([11, Thm. 9.11, eq. (9.40)]). Let Q be an open set in RN and u € Wlicq(()) NLI(Q),
1 < g < oo, be a strong solution of

—tr (A(x)Dzu) =g inQ,
where A satisfies (Ass4) and g € L9(QY). There exists a constant C, only depending on N, q, A and A,

and & depending also on the modulus of continuity of A such that, for every ball Bx CC Q with R < 6
and for every 0 < o < 1,
ﬂ;BR) :

We also need the following particular case of the Gagliardo-Nirenberg inequality.

ID?u R?|lg

C
9Bk = (1-0)2R? ( gBe T 1

Lemma 2.4 ([19]). Let v > 2, % <g<N,a=2- % There exist Cq, Cy independent of R such
that

| Dw|| 448, < C1\|D2w\|Z;BR [w]i};i + Cow]a;By, wherea =1— = <

Zl=
2=

for every w € Wfof(()), and Bg CC Q).



Proof. By Remark 1.1 if w € W24(Q) all the above quantities are finite. When R = 1 the
existence of Cy,C; is obtained in [19, Thm. 1], and in particular assumption (4)’ therein is
fulfilled as

11—«
<
2—a ="
By scaling, it is easy to check that the inequality holds in B with the same constants. O

Finally, we need the following Liouville-type result.

Lemma 2.5. Let Ay be a constant, symmetric and positive definite matrix, v > 2, hy be a positive
constant, and w € Wli’cq(]RN), q> %, solve

—tr <A0D2w) + ho|Dw|" = in RN,

Then w is constant.

This result, in case w is C? and A = Id, is [15, Cor. IV.2] (see also the previous work [20]).
As claimed there, it can be extended to more general situations, like the one we need here.
For the reader’s convenience we provide a proof (which could be generalized also to the range
1<y <2).

Proof. The proof is based on a Bernstein-type argument similar to that used in Theorem IV.1
in [15], with some standard modification to deal with non-divergence equations, see e.g. [10]
or [2]. First observe that, by a standard bootstrap argument (triggered by Remark 1.1), if

w e leo’g(lRN ) solves the above equation then w is actually C°.
For a cut-off function ¢ € D(B1), 0 < ¢ <1, ¢(0) =1, define

() = ()PP, where £(x) = o (*72)

where R > 1 and xy € RN. Moreover
I = —tr(AgD?z) + hyy|Dw|"2Dw - Dxz.

Since both Ay = (ai]-) and D?w are symmetric, direct calculations yield (under the convention
of repeated indexes summation)

I = —a;j(8%)ij| Dw|* — 4a; (&%) jwjwy; — 28%a;wy:wy; + hoy| Dw|"Dw - D(Z?).
Now, for suitable constants C > 0, and 0 < AI < Ap < Al

* [D¢| < £EV2 D% < &

aij(82)ij = a;GGij + a;iGil; > — %G

a;i(E2)iwwyj| < £33 Dw||D*w| < §|Dw]* + Ag?|D*w|?;

2§2aijwliwlj > 2/\§2|D2w\2;

Ah3
/\\D2w|2 > ﬁtr(A%)tr((Dzw)z) > ﬁtr(AoD%u)2 = N—/&|Dw|2”f.



We obtain
1 , 1
<clL 1 Y+ _ a2 (1027
1< C | gatlDuf’ + g EDw|™ 26 Dal }
[ 1 _ 1 _
= C |¢|Dw|? (ﬁ — ¢|Dw]?7 1)) +¢[Dw|7* (E —¢|Dwl” 1)}

<C (ﬂDw‘z (% _Z“r—l) +§\Dw\7+1 (% _Z('y—l)/z)] ‘

Finally, let x); be a maximum point for z. Then I(xy;) > 0 and the previous inequality yields

1
2 _
D) = 2(x0) < 2(var) < -

The lemma follows since R > 1 and xg € RN are arbitrary. O

3 Proof of Theorems 1.2 and 1.3

To prove Theorem 1.2 we develop a blow-up procedure based on a contradiction argument.
Throughout this section we fix

qe(%,N) and zsz—%e(zxo,l).
We assume by contradiction the existence of sequences (fy), C L1(Q), (un)n C W>1(Q)
satisfying, for every n:
1. —tr (A(x)D?uy) + H(x, Duy) = fu(x);
2. an”q <M;

3. sup min{dist(x,0Q)), dist(x, 9Q3) }*~*0 [ (%) = n ()]

E x\“ =:L, > 4+oc0asn — +oo.
T#£x -

Notice that, since W24 Q) — Ccox (6) (see Remark 1.1), Ly is finite for every n. Consequently,
there exist sequences (x,), and (%), in Q such that, for every n, x, # %,, dist(X,,0Q2) <
dist(xy,,9Q) and

|t (%n) — tin (xn)|

Ly — 1 < dist(%,, 9Q)% % <L,

| % — xu|®
Writing
tn = |Xn — Xnl, dy = dist(%,, 0Q)) and, w.lo.g., uy(%;) =0
we obtain
Ly—1<ds™ M < Ly (3.1)
n

(in particular, uy,(x,) # 0 for every n).

Lemma 3.1. There exists K, only depending on the structural constants and M, such that, for every n,




Consequently,

dy 7’5

= 5 4oo, tn — 0, Ug(x,) =0  and —Z— =0, B> ay,

n n ‘ Vl( Vl)‘ |un(xn)| :B 0
asn — +oo.

Proof. Recalling that u(%,) = 0 the first assertion follows by Lemma 2.1, see also Remark 2.2.

From (3.1) we infer
n—urn X0 _
<d—”) > (Ly— 1) >t ]
n TEM] K

and the lemma follows. O

We introduce the blow-up sequence

_xn

Q
Uy (X, +rapy), €y =
‘un(xn” 71( n Vly) y n n

wu(y) =

Of course, w, € W>1(Q,), for every n. We first show that, by contruction, (), invades the
whole space, and that (wy ), is locally equi-Holder with exponent a.

Lemma 3.2. Let R > 0 be fixed and Bg = Bg(0). Then
Qu D Br and [wWn)a;B, <2

for n sufficiently large. In particular, w, — Weo uniformly on compact sets, up to subsequences, and
Weo 1S N0t constant.

Proof. By Lemma 3.1 we have

dist(0,00),) = max |y| = max =
Y€y, xedQ) Ty 'n

for n large, and the first assertion follows.
Now lety,y’ € Bg C Q,, and assume that, up to subsequences, dist(y’,9Q),) < dist(y, 9Q,).
Then, writing x = %, + ryy, x’ = %, + r,y’ we infer that x], € Bg,, (%,), so that

Thus
|t (%) — ta(x')] Ly Ly
< <
=W S, 00,5 T (dy — R
whence
[wa(y) = wa(y)| _ |un(x) —un(x)| 78 L, 4o
- <
ly —y'|* x— 2" Jun(xn)| = (dn— Rry)* % L, —1

by (3.1). Since L, — +o0 and (by Lemma 3.1) , = 0(d,,) as n — 4o, also the second assertion
follows. O



By direct computation it is easy to check that w;, solves

2
—tr (An(y)D2wn) + \Mn?;nﬂHn (y, u”ﬁ:”) Dwn) =gn(y) inQy, (3.2)

where

2 _
an(xn +7ny).

= o

An(y) = A(Zn +ray), Hu(y,p) =H&n+1ay,p), &ny)

In order to pass to the limit in (3.2) we are going to show uniform boundedness in W%;Z, by
means of an iterative argument. The desired regularity is achieved via elliptic estimates and
interpolation. The following argument is inspired by ideas in [1].

Proposition 3.3. Let R > 0, ¢ € L9(Byg) and v € W4 (Byg) be such that v(0) = 0,

I8llgsog + [Pl <1 Jtr (AG)D*(x)) | < 2 Do(x)]7 + g ()

a.e. in Byg, for some cq,cy > 0. Then, there exists K depending on c1, ¢, R such that
ID?0]lg,8, < K.

Proof. First, note that since [v], p,, < ¢; and v(0) =0,

N
[0]1gByx < c1CR*" 1 = ¢;CR. (3.3)

Let R < p <2Rand 0 < ¢ < 1. Assume first that 2R < J, J be as in Lemma 2.3. Applying
such lemma, Hoélder’s inequality, and using (3.3) we obtain

C
1D%2llm, < oy (Relcal Dol + glm, + el )

N

¢ =9 (1) v
= (1—0)2 (R q HDUH?*2Bp+1 '
Therefore, applying Lemma 2.4 we have

C _N(q_ _N(_
1D%0| 5, 5 (R7 g (1 1>|\D2z;|\;?Bp+R7 7 (¥ 1)+1>. (3.4)

= {-0)

N
Now, if HDZUHZWBR <1+ R "7 then there is nothing to prove. Otherwise, (3.4) yields,
forevery R<p <2Rand 0 <o <1,

E

2
ID%0 4.Bop = (1—0)2

ID%01g5, (3.5)

where E = CR'Y_%('Y_D, and C is independent of p,o. For k € IN we write

Pk = (2— zik)R/ 1—041 = % > 27(”2), ¢ = log, HD20

q:Bp, > 0.



Then (3.5) implies, for every k,
¢r < logy E+2(k+2) + a1

and, by induction,

~1 k-l 4
¢o < (4+1og, E) Y (ay)' +2 Y i(ay) + (av)*¢x,
i=0 i=0

for every k. Let k — +o0. Since a7y < 1 and ¢ < log, || D?*v||;p,, < oo we obtain

4 +log, E 2
l—ay  (1-ay)*

0 >

and the conclusion follows by the definitions of ¢y and E.
The case 2R > § follows by a standard covering argument. O

We now apply the previous proposition to the blow-up sequence w;, which solves (3.2).
Lemma 3.4. For every R > 1 there exists a constant Cg such that
HDzwn Hq,BR < CR/
for n sufficiently large.

Proof. Let R > 1 be fixed. By Lemma 3.2, if n is sufficiently large then Br C (), whence
w, € W?4(Byg). We want to apply Proposition 3.3, as

‘tr (An(y)Dzwn)

r; up(x _
< iy [ (0w ) [ gl in B

To this aim we notice that, on the one hand, by (Assy) we know that |H(x, p)| < C1|p|?" + Ca,
for some Cp, Cy. Then Lemma 3.1 yields

2 y-1 2
oty (o 5,0 )| < e o+ Gty
< CK" L[| Dwy|” +0(1)].
On the other hand, by the contradiction assumption and again Lemma 3.1,
rii% e
gnllg0, = m“ﬂz 50 < WM — 0. (3.6)

Finally, by Lemma 3.2, [wn}a;gm < 2, hence Proposition 3.3 applies and the assertion followE

End of the proof of Thm. 1.2. Let R > 1 and n be sufficiently large. By Lemmas 3.4 and 3.2 we
know that (wy), is uniformly bounded in W?7(Bg) and, by a diagonal procedure, w;, — weo
weakly in Wfo’g(]RN ).

We want to pass to the limit in (3.2). We already know that ¢, — 0 in L9, see equation (3.6).
Moreover, up to subsequences, we can assume ¥, — Xo € (), whence (Ass ) yields

An(y)D*wy — AwD*we  weakly in L] where A = A(%w0o). (3.7)

loc 7

10



Turning to the hamiltonian term, and taking into account (Assy), we first notice that, since
<9

h(%n —l—”n]/)M\Dw |7 = hoo| Dweo|? strongly in L], where 0 < heo < K7™ '(%eo)
Tn

(recall the definition of K in Lemma 3.1). On the other hand (Assy) implies

2 1—1 2
T = |”n(xn)‘ > \un(xn)|7
— 1 Hy ( %n 4+ ray, D, ) < ¢ R D, M 4 Gy
hMmH°<” W D -z 1Pl G
rzf'Yl 1’2
<C K" Dwy |1 + Cp—A— — 0

ISy Pe———
|1 (xn) [ Y~ |1n (2n) |

in L?O ., since 7 < 7y (notice that, in (Assp), we can assume w.l.o.g. 71 > 1). Summing up we

obtain that

(3.8)

loc*

2
T H (y, MDwn) — Heo| Dweo|” strongly in L]
|4 (xn) | n

Then using (3.2) we obtain that the convergence in (3.7) is actually strong, and finally we €
20N
W1 (RY) solves

loc

—tr (AooDzw) +heo/Dw|[Y =0 inRN.

Now, in case he > 0, Lemma 2.5 implies that w is constant, in contradiction with Lemma 3.2.
On the other hand, in case hww = 0, We is @ harmonic function, globally Holder continuous
with exponent & < 1, which again implies the contradiction we = constant. O

We now prove Theorem 1.3, which will be obtained as a straightforward consequence of
Theorem 1.2.

Proof of Thm. 1.3. Assume first that ¢ < N, and fix any Q" such that ' cC Q" cC Q. Then,
Theorem 1.2 yields the bound

N

[u}alﬂu <C, n=2— ;

The compact set )/ can be covered by a finite number of balls B¥ = B,(x;), such that BIZ‘Y Q.
On any such ball, Proposition 3.3 applies (to u — u(xy)), so that

|D2u, g < K,

and the conclusion follows. If g > N, one needs a few additional bootstrap steps. Pick
any N % < ¢" < N, and bounds on H”sz/q’,m are obtained as in the previous step. By

Sobolev embeddings, these yield bounds on |||, and therefore H(x, Vu) is bounded

)*/Q///
in LP(QY"), with p = %, which is strictly bigger than N. One now applies Calderén-

Zygmund regularity (see Lemma 2.3) to control u in W27, possibly on a smaller set. Since
p > N, u enjoys Lipschitz bounds, and again by Calderén-Zygmund one achieves the desired
W21 bounds. O

11
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