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Synthesis of free-labeled Petri nets with inhibitor
arcs: an exact and efficient approach

Wei Cheng, Student Member, IEEE, Lulai Zhu, Member, IEEE, Andrea Matta, Senior Member, IEEE,

Abstract—This paper investigates the synthesis of free-labeled
Petri nets with inhibitor arcs from prefix-closed language sam-
ples. Inhibitor arcs are crucial for capturing priority logic, such
as blocking behavior, in discrete-event systems, and are therefore
essential for faithful Petri net models. We formulate the synthesis
problem as an integer linear program that seeks a minimum
Petri net that reproduces the language samples. To improve
scalability, we exploit the structure of the ILP and develop
a decomposition strategy that enables exact solution through
branch-and-price. The proposed approach is validated on three
case studies: the classical producer—consumer system, a parallel
production line, and a lab-scale LEGO manufacturing plant.
The results demonstrate improved robustness and efficiency over
a state-of-the-art algorithm on larger instances. This provides
a practical foundation for supervisor control and digital twin
development in discrete-event systems.

Note to Practitioners—This paper is motivated by the practical
challenge of building trustworthy digital twins for complex
manufacturing and automation systems. A digital twin is an
active virtual replica of a physical plant, used to simulate
system behaviors, monitor operations, and optimize performance.
However, to build digital twins, engineers currently face a
dilemma. Manually constructing traditional simulation models is
highly time-consuming and error-prone, whereas training data-
driven neural networks often yield black-box models that are
difficult to interpret and trust. To bridge this gap, we propose
an automated tool that directly converts routine event logs into
transparent, flowchart-like models (Petri nets). These models
explicitly capture how processes flow, share limited resources,
and prioritize tasks, including complex interactions like system
blocking. Consequently, practitioners can rapidly turn historical
data into a working, understandable digital twin. This enables
engineers to visually pinpoint the root causes of bottlenecks,
analyze deadlocks, and safely evaluate new dispatching policies
before physical deployment. One current limitation is its strict
data requirement: the tool assumes the log captures every possible
sequence of events up to a certain length. This completeness
is challenging in practice due to rare behaviors or unrecorded
events. Ongoing work focuses on constructing suitable inputs
from real-world logs and characterizing exactly how much data
is needed to reliably generate these digital twins.

Index Terms—Petri net synthesis, Inhibitor arc, Branch-and-
price
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I. INTRODUCTION

Petri nets are a modeling formalism particularly useful for
system verification [1], fault diagnosis [2], [3], and process
management [4], [5]. Petri net synthesis is the automated
process of constructing a Petri net that precisely reflects given
system behavior, such as a state space or a language [6], [7].
It underpins automated process model discovery in process
management [4], [5] as well as the generation of digital twin
models (i.e., executable virtual replicas that mirror physical
system dynamics) for discrete-event systems (DES), such as
manufacturing systems [8], [9], [10]. Similar research has been
carried out separately in the fields of both computer science
and automation science under different topics, including pro-
cess mining [4], [5] and system identification [11], [12]. In
spite of substantial progress made so far, numerous gaps still
remain open in this research area.

One of the research gaps lies in the lack of general ap-
proaches to the synthesis of Petri nets with inhibitor arcs,
commonly referred to as inhibitor nets for short. Inhibitor arcs
raise the expressive power of Petri nets to Turing completeness
and are indispensable for modeling priority rules in unbounded
systems [13]. As for bounded systems such as production lines,
inhibitor arcs are not strictly required but offer a straightfor-
ward way to represent blocking behavior and other execution
logic [14]. They have also been effectively exploited in DES
to yield compact supervisor control [15], [16]. Consequently,
the ability to synthesize inhibitor nets from data is crucial for
automatically deriving models that are both expressive and
compact. Despite this importance, the synthesis of inhibitor
nets has received only limited attention so far.

Another research gap lies in the computational complexity
of Petri net synthesis, which is NP-complete in general [17].
To cope with this, some works [18], [19] restrict attention
to 1-bounded (safe) nets, for which polynomial-time synthesis
algorithms exist. However, such 1-bounded nets are often inad-
equate to capture detailed system behavior, for instance buffer
capacities in production lines, which in turn affects the fidelity
of subsequent work-in-process control. Other researchers have
formulated the synthesis of general Petri nets as an infeger
linear program (ILP) problem [11], [12] and then solved
it with off-the-shelf optimization solvers; while exact, these
approaches do not exploit the problem structure and therefore
have limited scalability. This motivates the development of
exact synthesis techniques that exploit the inherent structure
of the ILP to improve the efficiency and scalability of Petri
net synthesis.

This paper addresses the above two gaps by developing
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an exact and efficient approach for synthesizing free-labeled
Petri nets with inhibitor arcs from prefix-closed language
samples. We formulate the synthesis problem as an ILP that
searches for a minimum inhibitor net consistent with the given
language sample, and we exploit its structure to derive a
decomposition strategy that can be solved exactly via branch-
and-price (B&P) with improved computational efficiency. The
proposed approach is validated on three case studies: the
classical producer—consumer system [20], [21], which is un-
bounded and highlights the indispensable role of inhibitor arcs
in modeling priority; a parallel production line and a lab-
scale LEGO manufacturing plant, which together demonstrate
the scalability and applicability to complex bounded systems.
Beyond synthesis itself, the resulting Petri nets provide a
foundation for digital twins of DES, supporting model-based
monitoring and control. For instance, a synthesized net can run
in parallel with a physical production line, with token flows
tracking parts and buffer occupancies to enable early detection
of blocking and bottlenecks.

The rest of the paper is organized as follows. Section II
reviews related work and positions this study. Section III intro-
duces the Petri net formalism and the synthesis problem under
study. Section IV presents the proposed ILP formulation and
the B&P algorithm. Section V reports experimental results.
Section VI concludes the paper and outlines future research
directions.

II. STATE OF THE ART AND MOTIVATION
A. Related work

In the computer science community, Ehrenfeucht and
Rozenberg [6], [7] introduced the first approach to Petri net
synthesis, which transforms elementary transition systems into
safe Petri nets based on the theory of regions (TR). Since then,
several extensions have been made to this approach. Research
in [22], [23], and [24] removed the 1-bounded restriction on
places. Another extension takes into account inhibitor arcs
in the resulting net [25], [26]. Lorenz et al. [27] further
addressed the synthesis of k-bounded inhibitor nets. From the
input perspective, alternative algorithms have been proposed
for synthesizing 1-bounded, k-bounded, and unbounded Petri
nets from languages [18], [28], [29]. More recently, Peng and
Szczerbicka [30] improved TR-based synthesis by speeding up
minimal-region computation, enabling more scalable discovery
of k-bounded nets from event logs. Along a different input
direction, Bergenthum and Kovaf [31] proposed Petri net
regions to synthesize nets from a set of labeled Petri nets.

TR-based Petri net synthesis techniques typically assume
a complete and noise-free specification of system behavior,
which is often unrealistic. To address this limitation, van der
Aalst et al. [4] proposed the so-called a-miner to derive from
event logs workflow nets that represent business processes. A
business process is a flow of activities performed to acquire a
specific outcome, and a workflow net is a special 1-bounded
Petri net developed to capture such an activity flow. This
pioneering work laid the foundation for the field of process
mining, which has achieved widespread success in process
management. A review of recent advances in process mining
is provided by Augusto et al. [5].

Independently, the automation science community has
made significant contributions in parallel. Meda-Campafia and
Loépez-Mellado [32] considered transition-marking sequences
as input for the synthesis of interpreted Petri nets. Building
on this, Estrada-Vargas et al. [33], [34] identified safe Petri
nets using input/output signal sequences that reflect the be-
havior of manufacturing systems. A method to discover safe
Petri nets from event sequences by computing T-invariants
was investigated in [19], and Pomares-Angelino and Lépez-
Mellado [35] further extended it to incorporate silent transi-
tions via a repairing approach based on structural patterns.
Lépez-Mellado and Alvarez-Pérez [36] enhanced identified
cyclic nets by scheduling T-components to reduce surplus
behavior. Moreover, Montes-Partida and Lépez-Mellado [37]
addressed identification and assessment of timed Petri nets
from event sequences.

Many approaches leverage the optimization framework to
search for a minimum Petri net. Giua and Seatzu [11] for-
mulated the synthesis of free-labeled Petri nets from prefix-
closed languages as an ILP. This formulation was later ex-
tended in [38] to identify A-labeled Petri nets. Additionally,
Cabasino et al. [39] proposed an ILP formulation for discover-
ing unbounded Petri nets from automata, ensuring that the cov-
erability graph of the resulting net is isomorphic to the given
automaton. A novel ILP formulation was later introduced by
Dotoli et al. [12] to identify \-labeled Petri nets from observed
transition-marking sequences, which, compared to the methods
present in [11], [38], does not require a complete language
as input. The use of ILP techniques for synthesizing non-
deterministic nets from finite automata was explored in [40].
Recently, Cheng et al. [41] developed a new ILP for the
synthesis of free-labeled Petri nets with inhibitor arcs. It
is shown in [42], [43] that timed Petri nets and stochastic
Petri nets may also be discovered by incorporating temporal
information into ILP. Notably, Denno et al. [44] applied
genetic programming to construct augmented queueing Petri
nets based on event logs and states of smart manufacturing
systems.

B. Position of this study

Table I compares our approach with representative studies
that are most relevant to our problem setting. We focus on
general Petri net synthesis rather than specialized discovery
tasks (e.g., workflow net discovery for business processes),
and we select works with clearly specified input types (e.g.,
transition systems, prefix-closed language samples, or event
sequences/logs). The comparison emphasizes technical aspects
that directly affect our setting, including boundedness, in-
hibitor arc semantics (when applicable), the presence of self-
loops, and whether an optimization formulation and a ded-
icated algorithm are provided. To motivate these dimensions
and to clarify our positioning, we briefly discuss why inhibitor
arcs matter in unbounded systems, why self-loops are relevant
in bounded settings, and the rationale for utilizing the ILP.

First, in unbounded systems, classical place/transition (P/T)
nets cannot condition the firing of transitions on whether an
unbounded place has exactly a given number of tokens (in
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Synthesized Petri net feature

Proposed approach

Reference Input data type & feature

boundedness  inhibitor arc self- formulation specific

semantics loops algorithm
Busi and Pinna, 1997 [25] transition system 1-bounded a-posteriori no none TR
Pietkiewicz-Koutny, 1999 [26] transition system 1-bounded a-priori yes none TR
Lorenz et al., 2007 [27] prefix-closed language samples k-bounded a-priori yes none TR
Peng and Szczerbicka, 2025 [30] event logs k-bounded none no none TR
Bergenthum and Kovaf, 2025 [31] labeled Petri nets k-bounded none no none TR
Pomares-Angelino and Loépez-  event sequences 1-bounded none no none structural pattern
Mellado, 2022 [35] repair
Lépez-Mellado and Alvarez-Pérez,  event sequences 1-bounded none no none T-components
2025 [36] approach
Montes-Partida and Lépez-  event sequences 1-bounded none no none T-invariants
Mellado, 2025 [37] approach
Cabasino et al., 2006 [39] coverability graph unbounded none yes ILP none
Cabasino et al., 2007 [38] prefix-closed language samples k-bounded none yes ILP none
Dotoli et al., 2008 [12] transition & marking k-bounded none no ILP none
Zhu et al., 2024 [40] finite automata k-bounded none yes ILP none
Denno et al., 2018 [44] event logs & states k-bounded a-posteriori no none genetic
programming

This study prefix-closed language samples unbounded a-posteriori yes ILP B&P

particular, whether it is empty). The capability to guard a tran-
sition by such a place-is-empty condition is usually referred
to as zero testing. The introduction of inhibitor arcs allows
P/T nets to perform zero testing on unbounded places, thereby
raising their expressive power to that of Turing machines [13].
This zero-testing capability also enables compact encodings
of priority logic: a lower-priority transition can be disabled
whenever a higher-priority transition remains fireable, which
is crucial for representing advanced DES behaviors such as
blocking [14].

Second, in the bounded case, inhibitor arcs are not strictly
required to model priority logic, since they can be eliminated
via complementary-place transformations [45]. However, such
transformations typically increase structural complexity and
introduce self-loops, which hinder linear-algebraic analysis
and reduce interpretability [13]. This motivates synthesizing
inhibitor arcs directly when they yield simpler and more inter-
pretable nets. Moreover, existing inhibitor net synthesis meth-
ods often rely on restrictive boundedness assumptions [25],
[26] or adopt a-priori semantics [27], which differs from
the widely used a-posteriori semantics in DES modeling and
generalized stochastic Petri nets [46], [47]. In addition, the
approach in [44] constructs inhibitor nets with a-posteriori
semantics from a restricted library of manufacturing-oriented
subnets, limiting generality. For studies that do not consider
inhibitor arcs, inhibitor arc semantics is not applicable and is
therefore marked as “none” in Table I.

Finally, regarding the synthesis methodology, ILP provides
a principled way to synthesize Petri nets by translating the
behavioral requirements induced by the input data into con-
straints. Meanwhile, an objective function can encode a desired
notion of minimality, such as penalizing net complexity [11],
[38], [12], [43], [42]. However, prior work typically relies
on off-the-shelf solvers and does not exploit the formulation
structure to improve scalability [39], [38], [12], [40]. These
observations position the gap addressed in this paper: an ILP

for synthesizing free-labeled inhibitor nets from prefix-closed
language samples under a-posteriori semantics, solved exactly
via B&P. In our approach, inhibitor arcs are introduced only
when they are truly needed: either because the target priority
behavior in an unbounded setting cannot be represented with-
out them, or because they yield a simpler structure in bounded
settings. Otherwise, the synthesized net naturally reduces to a
plain P/T net.

III. PRELIMINARIES

This section presents the Petri net formalism considered
in this work and the synthesis problem of interest. For more
details about Petri net formalisms, we point the reader to [13],
[45], and [47].

A. Petri net formalism

Definition 1. A place/transition (P/T) net is a directed bipartite
graph defined by a quadruple PN = (P,T,1,0). P and T are
finite and disjoint sets, where P is the set of places and 7' is
the set of transitions. Let m = |P| and n = |T']. I, O € N™*"
are the input and output matrices, respectively.! The element
I(p,t) (resp. O (p,t)) specifies the weight assigned to the
input arc from the place p to the transition ¢ (resp. the output
arc from the transition ¢ to the place p).

Definition 2. The P/T net augmented with inhibitor arcs,
known as an inhibitor net, is defined by a pair IN = (PN, H).
H € N™*" is the inhibitor matrix, where the element H (p, t)
specifies the weight assigned to the inhibitor arc from the
place p to the transition ¢.

Any arc with a zero weight, regardless of whether it is an
input, output or inhibitor arc, has no effect in the inhibitor net
and is considered to be absent. Therefore, the sets of input
and output transitions of the place p are given by *p = {t¢ €

IN refers to the set of natural numbers including zero.
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T:0(p,t) >0} and p* = {t € T :I(p,t) > 0}; the sets
of input, output, and inhibitor places of the transition ¢ can
be written as *t = {p € P : I(p,t) >0}, t* ={pe P:
O(p,t) >0}, and°t={pe P:H(pt) >0}

The state of the inhibitor net is represented by a vector
M : P — N™*! whose entry M (p) specifies the number
of tokens in the place p. M is termed the marking. The net
together with an initial marking Mg constitutes an inhibitor
net system defined by a pair IN.S = (IN, My).

We denote by p; and t; respectively the place and the
transition corresponding to the i-th row and the j-th column
of the input matrix I (as well as the output matrix O and the
inhibitor matrix H). ¢; is enabled at a marking M, shortened
to M[t;), if and only if (iff) both of the following conditions
are satisfied:

vpe.tj: M(p)ZI(pvtj)v (l)
Vpe°t;: M(p) <H(p,t;). )

Provided that M[¢;), ¢; may fire and consequently evolve
the inhibitor net from M to a new marking

M’:M—i—Cej, €))

where C = (O—1I) € Z™*™ is called the incidence
matrix, and e; € {0,1}"*! is the j-th canonical basis of
an n-dimensional vector space. This single-step evolution is
expressed as M[t;)M’ for short.

A firing sequence o is a finite sequence of transitions
t) -ty - Eery such that Mgy [t())Mq) -~ [£5)) M) -+
[t(k)>M(k).2 The start marking Mgy and the end marking
My, satisfy the following relation:

M(k) = M(O) + C g, (4)

where o € N"*! is the firing count vector of . The j-th
entry of o adds up how many times the transition ¢; occurs
in 0. We write Mg)[0)M ;) to represent such a multi-step
evolution and simply Mg)[o) to indicate that o is enabled at
M o).

The reachability set R (/N.S) of the inhibitor net system is
the set of all markings reachable from the initial marking M.
The net system is said to be v-bounded if M (p) < v holds
for every marking M € R (INS) and every place p € P.

A nonzero solution ¢ € N™*! to the linear equation system
CTd) = 0,x1 is a P-invariant of the inhibitor net system. It
follows from (3) that for any marking M € R(INS), the
weighted sum M T ¢ of the number of tokens in each place
remains constant. A nonzero solution 7 € N”*! to the linear
equation system C7 = 0,,,x1 is a T-invariant of the inhibitor
net system. As implied by (4), the firing sequence 7 evolves
the net system from any marking M € R (INS) to M itself
provided that the firing count vector of T equals 7 and M|r).

A language is a formal way of describing the behavior of
a DES. The DES event set F is viewed as an alphabet and
L C E* is the set of all words (sequences of events) generated
by the system, also called the DES language. If an /NS is

zt(j> is the j-th transition in the firing sequence o, which is not necessarily
the j-th transition ¢; in the set 7.

used to model the DES, the system events are associated with
transitions. This leads to the introduction of free-labeled IN S,
in which each transition in 7" corresponds to a distinct event
in E. In this setting, we can identify events with transitions
and work directly with languages over 7.

Definition 3. The language of a free-labeled IN S is the set
of all firing sequences enabled at the initial marking M:

L(INS)={oc € T*: Moo}, )

where 7™ denotes the set of all firing sequences over 7T,
including the empty sequence €. By convention, € is always
enabled at My, hence € € L(INS).

For two sequences o,( € T*, we say that ( is a prefix of
o if there exists a sequence 1 € T™ such that o = (7. The
language £ (INS) is prefix-closed: the prefix of any sequence
o € L(INS) is either another firing sequence or the empty
sequence ¢, and both belong to £ (INS).

The h-bounded sample of L (INS), i.e., its truncation at a
finite horizon h € N, is defined by

L<n (INS) = {o € LUNS): |o| < h}. ©)

where |o| is the length of o. The family (L<p (INS)), oy
of bounded language samples is monotone in the sense that
L<p (INS) C L<pt1 (INS) and convergent in the sense
that limy,_,oo L<, INS) = L(INS). If L(INS) is prefix-
closed, then its h-bounded sample L<p, (IN.S) is prefix-closed
as well.

We consider two free-labeled INSs to be equivalent iff
their languages are exactly the same [13]. Equivalence may be
defined alternatively in terms of the reachability set, but such
notions of equivalence are beyond the scope of this work.

B. Synthesis problem

Petri net synthesis is the process of identifying a Petri net
that precisely reflects the behavior of a DES, which in our
case is manifested as a language. Given the language L of
the target system, the resulting /NS should ideally produce
an identical language £ (INS) = L. However, the language
sample acquired from the target system is often a finite subset
of L. We therefore aim at the partial equality of £ (I/N.S) and
L up to a finite horizon. To this end, the following assumptions
are made.

Assumption 1. The language £ of the DES under study is
prefix-closed and formed under a specific initial condition.
Concretely, every word in L arises from an independent
execution that starts from the same initial state (e.g., an event
trace recorded during a single run of a manufacturing system
in a fixed initial work-in-process setup).

The above assumption complies with the properties of the
considered Petri net language, which is defined as the prefix-
closed set of firing sequences with respect to the M. It is a
common assumption in prior work on Petri net synthesis [11],
[38], [27].

Assumption 2. The h-bounded sample L<; C L is observ-
able from the target system for any finite horizon h € N.
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Assumption 2 claims the language observability of the DES to
be analyzed. As the horizon h grows, the language sample L<j,
will eventually converge to the full language £ of the system,
which represents the complete system behavior. It is however
worth pointing out that the complete behavior of a system can
already be discovered from L, for a sufficiently large i even
when L is infinite, as demonstrated in [11] and [38] as well
as our experiments (see Section V). On the other hand, the
larger h is, the more computation time is needed to solve for
the inhibitor net system that can reproduce L<p,. Therefore, h
is a design parameter that trades off between the computation
time to spend and the completeness of the system behavior to
capture. To manage this trade-off, we incrementally increase
the horizon h and re-solve the synthesis problem. We terminate
when the objective value stabilizes, indicating a structurally
simpler net is unlikely, which is consistent with empirical
practices in prior studies [11], [38].

Assumption 3. The number m = |P| of places in the INS
to be synthesized is known.

This assumption is mainly for notation simplicity rather than a
fundamental restriction. In practice, existing formulations can
treat the place set as a decision variable: given an upper bound
on the number of places, one can introduce selection variables
and minimize |P| to obtain a minimal net [38]. The proposed
method in this work is compatible with such formulations, so
Assumption 3 can be relaxed.

Problem 1. Given a prefix-closed, h-bounded language sam-
ple L<p, C L and the number m = |P| of places, find
the minimum free-labeled inhibitor net system INS =
(P,T,1,0,H, My) such that its language sample L<, (INS)
matches the given sample L<; within the horizon h.

IV. METHODOLOGY

We now elaborate the proposed methodology for solving
Problem 1. An overview of the methodology is provided first,
followed by a detailed description of each individual step.

A. Overview

Our goal is to obtain the minimum free-labeled I/ N.S whose
language sample L<j, (INS) is the same as the observed
language sample L<; within the horizon h. Here, “minimum”
means minimizing the sum of total arc weights and initial
tokens for a given number of places. For this purpose, a
set of positive examples and a set of negative examples are
identified from L<;. The positive (resp. negative) examples
specify transitions to be enabled (resp. disabled) by INS
after the firing sequence from the initial marking. Then, we
construct an ILP with the parameters of /NS as variables.
The objective function of the ILP measures the size of INS.
Its constraints impose the enabling and disabling requirements
as well as additional structural requirements on I N.S. Finally,
we decompose the ILP into a master problem and multiple
subproblems so that the exact solution can be found efficiently
through the B&P algorithm.

B. Identification of positive and negative examples

The language sample L<, includes all the paths of the DES
from the initial state to those reachable in h steps. Let o €
L<p—1 be an admissible sequence whose length |o| < h — 1.
If appending a transition ¢t € T" to ¢ yields another admissible
sequence ot € L<«p, then ¢ is enabled at the state reached
by executing ¢ from the initial state; otherwise, ¢ is disabled
at that state. To understand how the DES evolves, we identify
every pair (o,t) € L<j,—1 x T as either a positive or a negative
example depending on whether ot € L<j, or not. The sets of
identified positive and negative examples are then given by

Et={(o,t) € L1 xT: ot Ly} )

E ={(o,t) € Lcpo1 XT: ot ¢ L<p } 8)

where

,Cgh,1 = {UGES}ZZ ‘0’|§h—1} 9

Example 1. Consider a language sample L<3 =
{¢, t1, t1ta, t1tat1} with the alphabet T {t1,t2} and
the horizon h = 3. The language sample L<p with h = 2,

the set £1 of positive examples, and the set £~ of negative
examples are as follows:

L<o={¢ t1, L1t}
={(e t1), (t1, t2), (tite, t1)}
T ={(e ta), (t1, t1), (t1ta, t2) }.

C. Construction of Integer Linear Program

For convenience, we make an arbitrary enumeration of the
(o) €
ET be the k-th positive example. In the free-labeled INS
context, this means that there exists a marking M ot with
Moo} >Mf’;f such that MUZr [tg,j> Conversely, let {l =

positive and negative example sets. Let §k+ =

(Jl_ , j—) € £ be the [-th negative example. For the mark-

ing M- satisfying Mo[o, )M o transition ¢, is disabled.

leen the number m of places, We fix the place set
as P = {p1,...,pm} with |P| = m.2 The transition set
T = {t1,...,t,} is formed of distinct symbols appearing
in the language sample L£<j,. The unknown parameters to be
determined are the input matrix I, the output matrix O, the
inhibitor matrix H, and the initial marking M. We construct
an ILP to compute these unknowns; the notation used in the
formulation is summarized in Table II.

(ILP) min f(I,0,H, M)

st G(E,€7)

(10a)
(10b)

where

f (Ia Oa Ha MO) =1lixm (I +0 + H) 1ox1 + 1ixmMpo
1D
3The indices of places are set arbitrarily. Renumbering places will lead to

an equivalent net with the same language, so only the number m of places
matters for the synthesis.
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TABLE II
NOTATION OF THE INTEGER LINEAR PROGRAM.

Parameters ~ Description

Cardinality of the positive example set £1.

s Cardinality of the negative example set £~ .
0’2_ Firing sequence of the k-th positive example, where
ke{l,...,r}
o Firing sequence of the [-th negative example, where
led{l,...,s}
t],+ Transition enabled in the k-th positive example,
k where ji7 € {1,...,n} is its index in 7.
tj Transition disabled in the [-th negative example,
! where j;~ € {1,...,n} is its index in T.
52’ The k-th positive example in £T, where 5;: =
(U:, tj;: ) .
13 The [-th negative example in €7, where §, =
o, tjf
X A binary matrix, where X (p;,t;) = 1 iff p; is an
inhibitor place of t;, and X (p;,t;) = O otherwise.
Y A binary matrix. For the £, Y (pi, &) = 1liftp;

is an input place of ¢._ and disables ¢t._— at M __;
I 7 9

otherwise Y (pi,gf) =0.

z A binary matrix. For the §;, Z (pi,gl_? = 1 iff
p; is an inhibitor place of tjf and enables tjf at
1
M _ - otherwise Z (pi,gf) =0.
1
K A sufficiently large positive constant used in the ILP.
gErer)=
Mo+ Co)l —Te;+ > 0pxr V&N €ET (12a)
M, + CO’; — Hej:— < —1,x1
(12b)

+K (Lo =X (s15)) ve et
Mo + Cof —Heyy > —KX (1t,) Ve egt (120)
My + Co; — Iej; < —1,x1

K (L =Y (5§)) V& €€
Mg+ Coy —1Ie;- > —KY (&) V& €€ (120
M, + Co; —He;- > ~KZ (&) V& €€ (20
My + Co; — Hej; < —1,x1

(12d)

CK (L —Z (o)) veree P

Lism (X (:,tjf) —z(:,g;)) 1Y (58) (12m)
>1 V¢ €&

M, € N™x1 (12i)
I,0,H ¢ N™Xn» (12j)
C=0-Ieczm™" (12k)
X e {0, 1}™*" (12D
Y,Z < {0,1}7°. (12m)

The size of the ILP (10) is reported in Table III for reference.
In this ILP, the enabling and disabling implications induced by
the positive and negative examples are encoded in the linear
constraint set G (E7,£7) in (12). For a positive example,
constraints (12a) enforce the input place enabling condition

(see (29)), while (12b)—(12c¢) with X encode the inhibitor
place enabling condition (see (30)). For a negative example,
constraints (12d)—(12e) with Y encode the input place dis-
abling condition (see (31)), and (12f)-(12g) with Z encode the
inhibitor-place disabling condition (see (32)). Constraint (12h)
then enforces that, for each negative example, at least one input
or inhibitor place disables the transition, implementing the
disjunction in (31)—~(32). Any feasible solution of G (ET,£7)
therefore yields a parameter set (I, O, H, M) that satisfies
all example-induced implications, as shown in Theorem 1.
The objective f (I, 0,H, M) in (11) then selects one with
minimum total arc weight and minimum initial marking.

TABLE III
SIZE OF THE INTEGER LINEAR PROGRAM.

Description Size
number of integer variables (non-binary) m (3n + 1)
number of binary variables m(n + 2s)

number of constraints 3mr +4ms + s

Theorem 1. Let £ and £~ be the set of positive examples
and the set of negative examples identified from a prefix-
closed, h-bounded language sample L<p, respectively. If a
free-labeled INS = (P, T,1,0,H, M) satisfies G(ET,E7),
then its language sample L<y, (INS) matches L<), within the
horizon h.

Proof: See Appendix A. [ ]
It is also possible to augment the ILP with supplementary
constraints that impose structural requirements on the resultant
INS, as in previous work [11], [38], [12]. For instance, to
avoid the presence of isolated places or transitions, one may
specify the constraints (13a)—(13d). More precisely, (13a) and
(13b) ensure that every place has at least one input and one
output transition, while (13c) and (13d) ensure that each transi-
tion has at least one input and one output place. If a P-invariant
¢ 1is prescribed (e.g., due to a conservation requirement),
the constraints (13e) and (13f) come in handy. Likewise, the
constraints (13g) and (13h) define a T-invariant 7.

Ol,x1 > 1 (13a)
11,1 2 11 (13b)
Il > 1 (13¢)
01,1 > 1nx (13d)
C'op = 0, (13e)
¢ € N\ {01} (139
Ct = 0,01 (13g)
7€ NI\ {051} (13h)

The constant K in the formulation (12) plays the role of a
Big-M coefficient and must dominate all the markings visited
along any sequence 0 € L<j,. Thus, K should be large enough
such that

K > max { max; Mg (p;) + max |o| - max; ; O (p;, t;) ,} 7

max; M, (p;)
(14)
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where M, = M, + Co is the marking obtained by firing the
sequence o € L<j, from the initial marking M. Since O, C,
and M are unknown, (14) cannot be used to determine K.
In practice, K has to be chosen based on prior knowledge or
conservative worst-case estimation. However, an excessively
large choice of K would weaken the linear programming (LP)
relaxation [48] and thus degrades the performance of the
default branch-and-cut (B&C) algorithm used by modern
optimization solvers (e.g., Gurobi [49]) to solve the ILP.

D. Solution of Integer Linear Program

To mitigate the impact of these Big-M coefficients, we
analyze the structure of the ILP and observe that its feasible
region exhibits a single-bordered block-diagonal form. This
observation motivates a Dantzig—Wolfe (DW) decomposition of
the ILP into a master problem (MP) and multiple subproblems
(SPs) which can be solved exactly via the B&P algorithm.
Constraints involving the Big-M coefficient K are allocated
to the SPs, whereas the MP operates on the convex hulls of the
feasible regions of the SPs. The DW decomposition yields a
Lagrangian bound, which is remarkably tighter than the classi-
cal bound obtained through the direct relaxation of the original
ILP [48]. Furthermore, the MP and SPs arising from the DW
decomposition have a considerably lower dimension than the
original ILP and are therefore much easier to solve. In the
remainder of this subsection, we derive the DW decomposition
as well as the resultant MP and SPs.

Dantzig—Wolfe decomposition: As shown in Appendix B,
the original ILP (10) can be rewritten in the standard form (SF)

(SF) min ~yo (15a)
st. Aa<p (15b)
a €N, (15¢)

where « is the decision variable vector, « is the objective
coefficient vector, A is the constraint coefficient matrix, and 3
is the right-hand-side vector. From (40), we know that the
constraint set (15b) of the SF has the following single-bordered
block-diagonal structure:

Bioy+---+Bia;+ -+ Bnhan, <3 (16a)
Dioy < B (16b)
D;a; < B; (16¢)

Do, <8, (16d)

The first constraint (16a) links all the block variables
ayq, ..., 0y, while each of the rest (16b)—(16d) entails only to
a single block variable «;. By its definition (37) , «; collects
all the decision variables related to the place p;, i.e., the entries
of the i-th rows of the input matrix I, the output matrix O, and
the inhibitor matrix H together with the i-th entry of the initial
marking M. The feasible region of the SF can be obtained

from (16) as

m
ZBiai <Byand o; €S, p,
i=1

S = {(al,...,am) '

a7)
where S; = {a; € N: D;a; < 3,} is the block-i feasible
region.

We decompose the SF by delegating the linking con-
straint (16a) to the MP and distributing the remaining con-
straints (16b)—(16d) to m SPs, each of which involves a single
block variable o;. Thus, solving the ¢-th subproblem SP;
yields a feasible «; that depicts a subnet centered around the
place p;, including transitions connected with p;, the weights
of the connecting arcs, and the initial marking of p;. The MP
helps to combine m such subnets into a complete inhibitor net
system, enforcing the linking constraint (16a) and minimizing
the global objective (15a).

Master problem: The MP is defined by

(MP) min Z’yiai (18a)
i=1

st. Y By <3 (18b)
i=1

€S Yie{l,...,m}. (18¢)

It follows from (18c) that the search space Hgl S; of the
MP contains exponentially many integer points. Instead of
solving the MP directly, we apply the column generation (CG)
technique [48], which finds the solution to the MP over the
convex hulls of the SPs’ feasible regions by iteratively solving
a restricted master problem (RMP). In the context of CG, a
column refers to the vector of coefficients associated with a
decision variable. The CG loop starts from a few columns and
adds a new column in each iteration until the solution to the
RMP converges to the Lagrangian bound of the MP.

By Minkowski’s theorem (Theorem 4.8 in [50]), the convex
hull of S; (i.e., the feasible region of the i-th subproblem SP;)
can be represented as

Q w
conv (§;) = {ai eER:q; = Z NiqViq + Z i w P
qg=1 w=1

Q
Z /\i,q = 1a )‘i,q € R-ﬁ-aui,w S R-l— 5
q=1

19)
where ); 4 and u; ., are non-negative coefficients, while v; 4
and p, ,, are the extreme points and rays of conv(S;). Apply-
ing (19) to replace «; in the MP (18) yields the RMP (20). The
decision variables of the RMP are the non-negative coefficients
Aiq and ;. The columns of the RMP are composed of
the objective coefficients «, and the constraint coefficients
B; of the MP as well as the extreme points v; , and rays
P, of conv(S;). Here, 7 is the dual variable of the linking
constraint (20b), and =, is the dual variable of the convexity
constraint (20c) on conv(.S;). They are used to compute the
local objectives of the SPs and guide the dynamic addition of
columns in the CG loop.
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m Q m
(RMP)  min Z (ViVig) Aig + Z
1=1 qg=1 i=1w
m Q m
s.t. Z (Bﬂ/iyq) )‘qu + Z
i=1 q=1 i=1

>

Subproblems: The i-th subproblem SP; is defined by

(SP;) min 6; (o) (21a)
a; € N (21c¢)

where 0; (o;) = (v; — 7B;) a; — m, is the reduced cost of
the block variable «;, given the current RMP duals 7 and
m;. Although SP; aims to find the optimal «; that minimizes
0; (a;), it only needs to be solved exactly in the final CG iter-
ation to certify the optimality of the RMP. In intermediate CG
iterations, a feasible a; with a negative 6; (c;) is sufficient.
If such a «; exists, a new column is constructed from that
a; and added to the RMP in the next CG iteration. Otherwise
if no SPs can contribute a negative reduced cost, the current
solution to the RMP is optimal. Branching is then applied to
enforce the integrality of the found solution.

E. Computational complexity

We discuss the complexity of the proposed ILP in terms
of the numbers of variables and constraints. Given a lan-
guage sample L<p up to horizon h over the alphabet T,
where |T'| = n, the ILP is constructed from the identified
positive and negative example pairs E¥,E~ C L<pq x T,
with 7 = |ET] and s = |£7|. Since £t and £~ partition
L<p_1 x T, we have

r+s= ‘,Cghfl‘ . |T‘ 22)

In the worst case, the observed sample is the full language
universe up to horizon h, i.e., L<, = T<". Then

<h-1 h , ntl—n
= |T="=*. = = > 2).
r+s=| |-n eg_ln 1 (n>2)

(23)

This shows that the explicit input size (the number of identi-
fied examples) grows exponentially with h. For completeness,
when n = 1, we have r + s = h.

As summarized in Table III, the ILP in Sec. IV-C contains
m(3n + 1) general integer variables and m(n + 2s) binary
variables, with 3mr 4+ 4ms + s linear constraints. Under the
above worst-case input, the total numbers of variables and
constraints is therefore O(mn"). Hence, assembling the ILP
is linear in the explicit ILP size, while solving the resulting
ILP exactly is NP-hard in general [48].

iq ERy, i €Ry Vie{l,...,m}.

(YiPiw) Hiw (20a)
(Bip; ) tiw < By [ (20b)
] Vie{l,...,m} (20c)

(20d)

V. NUMERICAL EXPERIMENTS AND RESULTS

This section evaluates the proposed approach for inhibitor
net synthesis on three case studies: the classical producer—
consumer system, a parallel production line, and a laboratory
LEGO plant. We first introduce the three case studies, then
describe the experimental design, and finally discuss the
results.

A. Case studies

Producer—consumer system: In the first case study, we use
the producer—consumer system to demonstrate the applicability
of our approach to unbounded systems. As shown in Fig. 1,
this system, originally presented in [20], [21] to demonstrate
the limitation of P/T nets in conducting zero testing, com-
prises two producers (P1, P2), two consumers (C1, C2), two
buffers (B1, B2), and a shared channel. Producer P1 sup-
plies only consumer C1, and producer P2 supplies only con-
sumer C2. Unconsumed items are stored in dedicated buffers:
B1 for (P1, C1) pairs and B2 for (P2, C2) pairs. The shared
channel conveys items from the buffers to the consumers
according to a priority rule. (P1, C1) pairs have precedence
over (P2, C2) pairs in using the channel. Specifically, no
items can be transmitted from buffer B2 to consumer C2
unless buffer B1 is empty. When the capacity of buffer Bl
is unlimited, the place representing the state of buffer Bl is
unbounded. Because classical P/T nets do not support zero
testing on an unbounded place, the aforementioned priority
rule cannot be modeled within a P/T net [13].

N/
.

P1 C1

Shared
Channel

P2 Cc2

Case study 1: the producer—consumer system.

Fig. 1.

Fig. 2 shows the inhibitor-net model of the producer—
consumer system. In this model, places p1, p3, and ps encode
the states of producer P1, consumer C1, and buffer B1, while
D2, P4, and pg encode the states of producer P2, consumer C2,
and buffer B2. Transitions ¢; and ¢, represent the production of
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an item by producers P1 and P2, respectively, and transitions 3
and ¢4 represent the consumption of an item by consumer C1
and C2, respectively. The inhibitor arc from place ps to transi-
tion t4 captures the priority rule by disabling ¢4, whenever ps
contains at least one token.

Fig. 2. Inhibitor net model of the producer—consumer system.

Parallel production line: In the second case study, we use a
parallel production line to demonstrate the scalability and ap-
plicability of our approach on bounded systems with complex
control logic. As shown in Fig. 3, the line consists of four
stations (S1-S4) for discrete-part manufacturing. Operating in
parallel, stations S2 and S3 both feature a finite two-slot buffer
and assemble two raw parts from the source station S1 into
one finished part, which is then unloaded by the sink station
S4. Part flows in this system are governed by highly concur-
rent and interlocking control policies, including priority-based
routing (PBR, where S2 has higher priority than S3), blocking
after service (BAS, where parts are held at their current station
if downstream buffers are full), and random-order unblocking
(ROU, where blocked parallel stations compete randomly for
downstream availability).

.........

E Conveyor

Case study 2: a parallel production line.

I:I Buffer

& Splitter/Merger
Fig. 3.

To further assess the practical relevance of the synthesis
algorithm, we consider two distinct configurations for this case
study. The first is a deadlock-free configuration under normal
operation. Since deadlocks are a major practical concern in
manufacturing systems, the second is a more challenging
deadlock-prone configuration, obtained through a realistic

fault-injection scenario. Specifically, we simulate a sudden
communication loss or catastrophic breakdown at the sink
station S4 by adding a fault transition. Under the BAS policy,
this single-point failure traps the system and creates a deadlock
across the entire production line. The detailed structures of the
ground-truth inhibitor nets and their equivalent P/T nets are
provided in Appendix C.

Lab-scale LEGO manufacturing plant: In the third case
study, we use a lab-scale LEGO manufacturing plant to
demonstrate the capability of the proposed algorithm to syn-
thesize a complex inhibitor-net model from a prefix-closed
language of a physical system. The LEGO plant is a closed-
loop manufacturing system built with LEGO bricks and con-
trollers [51]. As illustrated in Fig. 4, the system comprises
five stations: three (S1, S2, and S5) are arranged in series,
while two (S3 and S4) operate in parallel to provide flexibility
and balance the workload. Each station is equipped with a
preceding buffer, which temporarily holds parts to reduce
production delays, and a processing machine. A conveyor
system connects all stations and enables the continuous flow of
parts throughout the plant. As in Case Study 2, part flows in the
LEGO plant are governed by the BAS policy. With respect to
routing, however, the LEGO plant differs from the production-
line case: instead of PBR, it employs purely nondeterministic
routing on its parallel branches. After parts are processed at
station S2, a gate (G) dispatches them to either S3 or S4
according to a random competition policy. Likewise, when
parts from S3 and S4 merge into S5, the system follows the
ROU policy. The detailed structure of the ground-truth Petri
net for this system is provided in Appendix C.

Fig. 4. Case study 3: layout of the lab-scale LEGO manufacturing plant.

B. Experimental design

We designed two experiments to evaluate the proposed
synthesis approach from complementary perspectives. The first
experiment assesses the effectiveness of the proposed ILP
formulation in modeling the synthesis problem, while the
second evaluates the efficiency of the proposed exact solution
for solving that formulation.

Effectiveness experiment: This experiment evaluates the
capability of the proposed ILP to construct an inhibitor-net
model for unbounded systems with zero testing. As a baseline,
we use the ILP formulation introduced in [11], which also
takes a language sample as input but synthesizes a plain P/T
net. To ensure a fair comparison, both ILP formulations are
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applied to the first case study, the producer—consumer system,
using the same input language sample and solved with Gurobi.
Effectiveness is assessed in terms of the compactness of the
synthesized net, its structural isomorphism to the ground-
truth inhibitor net, and its language consistency with the input
sample up to the specified horizon h.

As noted in Section II, alternative approaches for inhibitor-
net synthesis either rely on restrictive assumptions (e.g., 1-
boundedness [25], [26] or a priori concurrency [27]) or
use template-based constructions tailored to specific classes
of systems [44]. Since these approaches are not generally
applicable to our setting, we do not consider them comparable
baselines.

Efficiency experiment: This experiment evaluates the ef-
ficiency of the proposed decomposition-based approach for
solving the proposed ILP exactly. Our goal is to compare the
proposed problem-specific DW reformulation with a strong
direct-solution baseline for the proposed ILP. To this end, we
use the default B&C algorithm in Gurobi as the baseline. The
proposed ILP is applied to all three case studies and solved
using both approaches. For a fair comparison, we align key
algorithmic settings, such as the thread count and time limit,
across all experiments. The main performance indicator is the
CPU time required to solve each instance exactly.

Experimental setup: Table IV summarizes the configura-
tions of the numerical experiments, including the language-
sample horizons (h), the numbers of positive and negative
examples (pos and neg), the large constant K, and the number
of places m for all instances.

For the first two case studies, the prefix-closed language
sample L« is generated from the ground-truth Petri nets
shown in Fig. 2, Fig. 7(a), and Fig. 7(c) at various horizons h.
Following the incremental procedure described in Assump-
tion 2, we experimentally determine the minimal horizon at
which the synthesized net stabilizes: h = 4 for the producer—
consumer system, h = 10 for the deadlock-free production
line, and A = 11 for the deadlock-prone production line. To
examine algorithmic scalability as problem size grows, we
additionally evaluate these systems at larger horizons.

For the third case study, however, generating a monolithic
language sample from the complete highly concurrent net in
Fig. 8 is computationally intractable, because the size of L<j,
grows exponentially with h (see Section IV-E). To address
this issue, we exploit the structural modularity of the physical
system together with language closure properties, such as
the language concatenation theorem (Theorem 6.2 in [13]).
Specifically, we manually decompose the complete net into
nine localized subnets corresponding to the machine and buffer
modules of each station. We then extract the language sample
of each subnet at its respective minimal stabilizing horizon,
synthesize the subnet independently, and finally reconstruct
the complete Petri net by manual structural composition.

To illustrate this system-level decomposition-and-
composition strategy, Fig. 9 shows the subnet associated with
station S1 and its interfaces with the adjacent S5 and S2
stations. As shown, S1 is partitioned into the S1 buffer (black
bounding box) and the S1 machine (red bounding box).
To enable consistent recomposition, overlapping boundary

elements between adjacent subnets are deliberately retained.
For example, the shared transition 77_S1_LOAD is explicitly
included in both the S1 buffer and S1 machine subnets.
Likewise, interface places and transitions associated with
the upstream S5 blocks are preserved within the S1 buffer
subnet to ensure a seamless connection with the S5 machine.
This composition step is purely interface-based: shared
boundary places and transitions are merged according to label
consistency, without altering the internally synthesized subnet
structures. By preserving these overlapping interfaces, the
independently synthesized subnets can be naturally merged
into a complete net.

TABLE IV
CONFIGURATION OF THE NUMERICAL EXPERIMENTS.

Case study Language sample Parameters
h pos neg K m
4 72 28
Producer—consumer system 7 1800 668 10 6
9 15784 5628

10 194 654

Parallel Deadlock-free 11 390 1170 10 12

production 12 812 2316

e Deadlock-prone } ; 15 26037 ;gg; 10 12
S1 buffer 12 1290 2590 10 5
S1 machine 11 72 376 10 6

LEGO S2 buffer 12 2632 4728 10 5

plant S2 machine 10 56 272 10 5
S3 and S4 buffer 6 1291 1909 10 7
S3 machine 10 22 92 10 5
S4 machine 10 22 92 10 5
S5 buffer 6 844 1865 10 8
S5 machine 11 72 376 10 6

To avoid degenerate minimal solutions (e.g., isolated places
or transitions) and to ensure a meaningful algorithmic compar-
ison, we impose structural constraints in all experiments. For
the producer—consumer system, we enforce the basic structural
constraints (13a)—(13d). For the parallel production line, we
additionally enforce (13e)-(13g) to encode known physical
properties. In particular, to capture the BAS policy, we impose
a P-invariant ¢ = 1,,1 via (13e) for both configurations. To
capture the routing branches, we enforce specific T-invariants
via (13g): for the deadlock-free configuration (8 transitions;
Fig. 7(a)), we use 71 = (2,0,0,0,2,1,1,1)7 and 7, =
(2,2,1,1,0,0,0,1)7; for the deadlock-prone configuration,
which includes the additional fault transition tg (Fig. 7(c)),
these invariants become 73 = (2,0,0,0,2,1,1,1,0)" and
T4 = (2,2,1,1,0,0,0,1,0) 7. Finally, for the nine LEGO
subnets, we enforce (13a)—(13e), including a conservative P-
invariant ¢ = 1,,1 for each subnet.

Regarding optimization settings, the DW-reformulated ILP
is solved exactly via B&P. In our experiments, this B&P
algorithm is implemented in GCG [52], with CPLEX [53] as
the underlying solver for both the master and subproblems.
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In the implementation, the problem-specific ingredient is the
decomposition itself, namely, the identification of the block
structure and the construction of the corresponding master and
subproblems, whereas generic components such as branching,
node processing, and column management are handled by
GCG. Although the GCG B&P framework natively supports
parallel subproblem solving, both the B&P (GCG) and the
baseline B&C (Gurobi) are restricted to sequential execution
(one thread) in all experiments. This setting isolates algorith-
mic efficiency from hardware-level parallelization effects. In
addition, Gurobi is evaluated with its default presolve both
enabled and disabled to assess the role of presolve explicitly.
A uniform time limit of 3,600 s is imposed on every instance.

To assess robustness, each experiment is repeated ten times
using random seeds 1-10, thereby accounting for performance
variability induced by the internal heuristics of the B&P and
B&C frameworks. All experiments are conducted on a laptop
running Ubuntu 24.04, equipped with an Intel® Core™ i7-
12700H processor (2.30 GHz, 6 physical/12 logical cores, E-
cores disabled) and 64 GB of RAM.

C. Experimental results

The results of the two numerical experiments introduced in
Section V-B are presented below. Since the two experiments
serve different purposes, different performance metrics are
reported accordingly. For the effectiveness experiment, we
focus on the synthesized nets and report the objective value
and solving time. For the efficiency experiment, we addition-
ally report optimality and feasibility statistics as well as the
optimality gap under time limits.

Metrics: The following metrics are used throughout this
section:

e obj. val: objective value of the optimal solution. For
the proposed ILP, this equals the total number of input
arcs, output arcs, inhibitor arcs, and the initial marking
(number of tokens). For the baseline ILP [11], inhibitor
arcs are absent; hence, only input arcs, output arcs, and
the initial marking are counted.

e avg. t: average solving time (s) over 10 replications,
reported together with its 95% confidence interval. If
a run terminates at the imposed time limit (3,600 s)
without proving optimality, the time limit is recorded as
its solving time.

e no. opt: number of runs in which optimality was proven.

e no. feas: number of runs that returned a feasible incum-
bent (including runs that were proven optimal).

e avg. g: average optimality gap (in percentage) over runs
that return a feasible incumbent but do not prove opti-
mality [48]:

|best bound — incumbent objective|
gap =

x 100%,

24
where “best bound” denotes the final dual bound reported
by the algorithm and “incumbent objective” denotes the
best feasible objective value found. If no feasible solution

@ 9

is obtained, gap is not defined and is reported as .

lincumbent objective]|

Effectiveness experiment results: Table V reports the effec-
tiveness results on the producer—consumer system. Since fea-
sibility of either ILP formulation guarantees consistency with
the input language sample up to the corresponding horizon h,
the discussion below focuses on structural compactness and
correctness.

The proposed ILP consistently attains a lower objective
value than the baseline ILP [11], indicating that it synthesizes
significantly more compact nets (recall that the objective
minimizes the number of arcs and tokens). As the horizon
h increases, the objective value of the baseline ILP grows
markedly, from 25 to 40, reflecting its structural inability to
represent the priority behavior compactly within a P/T net. To
fit the enlarged language sample, the baseline formulation is
forced to introduce additional arcs and tokens. In contrast, the
objective value of the proposed ILP stabilizes at 17 across all
tested horizons. Moreover, the proposed formulation returns
solutions that are structurally isomorphic to the ground-truth
inhibitor net in Fig. 2, where priority is enforced directly by
an inhibitor arc (see Fig. 6).

This structural gain comes with an expected computational
cost. The average solving time increases with h for both
formulations because the ILP size grows with the language
sample. At larger horizons, the proposed ILP requires more
time than the baseline (e.g., 659.54 s versus 6.76s at h = 9),
which is consistent with the added combinatorial difficulty
induced by explicitly modeling inhibitor arcs. Nevertheless,
the additional computational effort yields a structurally correct
and interpretable inhibitor net model, whereas the baseline
terminates quickly but produces a more complicated P/T net
structure that only mimics the observed priority behavior.

TABLE V
COMPARISON OF THE BASELINE ILP AND THE PROPOSED ILP (AVERAGE
SOLVING TIMES OVER 10 REPLICATIONS, 95% CONFIDENCE INTERVALS).

Case h The baseline ILP The proposed ILP
study obj. val avg. t (s) obj. val avg. t (s)
Producer— 4 25 <1.0 17 <1.0
Con“l:mer 34 2.06 + 0.48 17 14.90 + 3.66

) 9 40 6.76 + 2.95 17 659.54 £+ 252.70

Both ILPs can admit multiple optimal solutions, i.e., distinct
net topologies that yield the same objective value. For illus-
tration, an optimal solution of the baseline ILP at A = 7 is
shown in Fig. 5. Compared with the ground-truth net in Fig. 2,
it is structurally cluttered and relies on an excessive number of
tokens and arcs to reproduce the priority behavior indirectly. In
contrast, the proposed ILP returns a net that is fully isomorphic
to the ground truth. As shown in Fig. 6, the transition sets
coincide, and the place set {p1,p2,D3,D4,D5,p6} in Fig. 2
maps to {p2,pa,P1, D5, P3, P} in the synthesized net.

Efficiency experiment results: Table VI reports the effi-
ciency results of our proposed decomposition-based approach
and the baseline B&C (with and without presolve) on the three
case studies. For the producer—consumer system, structural
correctness has already been established in the effectiveness
experiment and is therefore not revisited here. For the other
two case studies, the synthesized nets for the parallel pro-
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Fig. 5. An optimal solution of the baseline ILP for the producer-consumer
system at h = 7.

Fig. 6. An optimal solution of the proposed ILP for the producer—consumer
system at h = 7.

duction line are verified to be structurally isomorphic to the
corresponding ground-truth nets in Fig. 7(a) and Fig. 7(c),
respectively. And the reconstructed complete net, obtained
after manually composing the synthesized LEGO subnets, is
structurally isomorphic to the ground-truth net in Fig. 8. Taken
together, Tables IV and VI show that computational difficulty
is determined not only by sample size, but also by concurrency,
blocking structure, and subnet coupling.

This pattern is partially visible in the producer—consumer
system. For the smaller instances at h = 4 and h = 7, B&C
with presolve solves all runs to optimality and outperforms our
decomposition-based approach in average time (0.19s versus
2.19s at h = 4, and 14.90s versus 25.57s at h = 7). This is
expected because these instances are still small enough that
direct solution of the full ILP is highly effective, whereas
our approach still incurs the overhead of decomposition and
reformulation. At h = 9, however, the language sample grows
to 15,784 positive and 5,628 negative examples, and the
balance reverses: our approach proves optimality in all 10 runs
with an average time of 349.09s, while B&C with presolve
requires 659.54 s. Without presolve, B&C becomes much less
stable, proving optimality only once and reaching an average
gap of 10.93%. This shows that once the full ILP becomes
sufficiently large, our approach can offset the overhead of
decomposition and outperform direct B&C.

The advantage of our approach is even more pronounced
on the parallel production line, where it proves optimality
in all 10 runs for both the deadlock-free and deadlock-prone

configurations. For the deadlock-free instances, B&P solves
the three horizons in 179.97s, 274.07s, and 471.87s on
average, whereas B&C with presolve reaches the 3,600 s time
limit in all cases and still leaves nonzero optimality gaps
between 8.78% and 24.41%. Disabling presolve weakens B&C
further. More importantly, the deadlock-prone configuration is
significantly harder than the deadlock-free one: at h = 11 and
h = 12, the average solving time of our approach increases
to 1478.16 s and 2117.62 s, respectively, and the performance
of B&C deteriorates sharply, with only 8 and 5 feasible runs
under presolve and only 2 and 0 feasible runs without presolve.
This substantial slowdown cannot be attributed to sample
growth alone. Compared with the deadlock-free configuration,
the deadlock-prone variant introduces additional blocking de-
pendencies and a more intricate boundary between admissible
and inadmissible traces, thereby making the exact synthesis
problem intrinsically harder.

The LEGO plant provides a complementary perspective.
For the machine modules (S1, S2, S3, S4, and S5 machines),
the language samples are very small. For example, the S3
and S4 machines each have only 22 positive and 92 negative
examples, and B&C, especially with presolve, is consistently
faster, often solving the instances within a few seconds. For
the simpler buffer modules, such as the S1 and S2 buffers,
B&C with presolve also remains highly competitive and even
outperforms our approach, whereas disabling presolve leads
to much poorer performance. The situation changes, however,
for the more strongly coupled S3 and S4 buffer and S5
buffer modules. Although their sample sizes are not the largest
among the nine LEGO plant components in Table IV, our
approach proves optimality in all 10 runs, whereas B&C with
presolve proves optimality in only 6 and 2 runs, respectively,
and B&C without presolve rarely finds a feasible solution.
This indicates that sample size alone does not determine
computational difficulty; local synchronization patterns and
structural coupling within the subnet are equally important.

To better understand why B&C performs well on some
instances yet deteriorates rapidly on harder ones, we measured
the reduction achieved by presolve before the B&C search.
In the producer—consumer case at h = 7, presolve reduces
the proposed ILP to 31.8% of the constraints and 74.6%
of the variables in 0.4s, which explains why B&C with
presolve remains competitive on this instance. In contrast,
for the deadlock-prone parallel production line at h = 12,
presolve reduces the ILP to 15.9% of the constraints and
16.1% of the variables in 6.7s, yet B&C still cannot close
the remaining optimality gap within the time limit. This
shows that presolve can remove algebraic redundancy, but it
cannot fully overcome the intrinsic combinatorial difficulty
caused by concurrency, synchronization, and deadlock-related
interactions. Our approach remains superior on these harder
instances because it exploits the inherent structure through
DW decomposition, and the resulting reformulation typically
yields stronger Lagrangian bounds and a more scalable search
process.
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TABLE VI
COMPARISON OF B&P AND B&C (AVERAGE SOLVING TIMES OVER 10 REPLICATIONS, 95% CONFIDENCE INTERVALS).

Decomposition-based approach

B&C with presolve (Gurobi)

B&C without presolve (Gurobi)

Case study h
no. opt avg. t (s) no. opt  no. feas avg. t (s) avg. g (%) no.opt no. feas avg. t (s) avg. g (%)
4 10 2.19 + 0.83 10 10 0.19 + 0.09 0 10 10 1.07 £ 0.18 0
Producer—consumer 7 10 25.57 £+ 6.05 10 10 14.90 + 3.66 0 10 10 80.40 £ 25.08 0
9 10 349.09 + 160.01 10 10 659.54 + 252.70 0 1 10 3423.08 + 559.47 10.93
10 10 179.97 + 91.87 0 10 3600 878 0 10 3600 23.37
Parallel Deadlock-free 11 10 274.07 + 46.51 0 9 3600 23.66 0 4 3600 38.13
production 12 10 471.87 + 137.70 0 10 3600 2441 0 1 3600 37.25
fine Deadlock 11 10 1478.16 + 353.10 0 3 3600 19.38 0 2 3600 4821
cadlocioprone 1 10 2117.62 + 437.05 0 5 3600 34.29 0 0 3600 -
S1 buffer 12 10 122.18 + 19.47 10 10 14.38 + 6.77 0 0 10 3600 16.60
S1 machine 11 10 52.87 £ 12.96 10 10 449 + 129 0 10 10 6.19 + 1.52 0
LEGO S2 buffer 12 10 24756 + 22.44 10 10 61.06 + 34.95 0 0 6 3600 4276
plant S2 machine 10 10 3458 + 10.46 10 10 1.86 + 1.02 0 10 10 251 + 1.03 0
S3 and S4 buffer 6 10 753.18 + 51230 6 7 2481.93 + 1069.07 528 0 1 3600 41.67
S3 machine 10 10 557 + 1.70 10 10 0.27 + 0.10 0 10 10 0.26 + 0.16 0
S4 machine 10 10 568 + 1.72 10 10 0.27 £ 0.10 0 10 10 0.27 £ 0.16 0
S5 buffer 6 10 830.77 + 262.98 2 9 3312.19 + 672.05 36.14 0 3 3600 46.09
S5 machine 11 10 53.24 + 13.13 10 10 441 + 128 0 10 10 6.11 + 1.50 0

VI. CONCLUSION

This paper presented an exact and efficient approach for syn-
thesizing free-labeled Petri nets with inhibitor arcs from prefix-
closed language samples. We formulated the synthesis problem
as an ILP that searches for a minimum inhibitor net consistent
with the given sample. We exploited the single-bordered block-
diagonal structure of the ILP to derive a Dantzig—Wolfe de-
composition solved by the branch-and-price (B&P) algorithm.
The proposed method was validated on three case studies: an
unbounded producer—consumer system, a parallel production
line, and a lab-scale LEGO manufacturing plant. The results
showed that the proposed ILP can recover the ground-truth
inhibitor net of the producer—consumer system. They also
showed that the proposed decomposition-based approach is
markedly more robust and efficient than the baseline B&C in
Gurobi on larger and more constrained instances. The results
on the LEGO plant further demonstrate the applicability of
the approach to a complex physical manufacturing system.
Overall, the proposed method can synthesize compact, struc-
turally correct, and behaviorally faithful Petri net models of
DES. Such models can serve as the discrete-event core of a
digital twin for online monitoring, where token flows track
parts and buffer occupancies enable early detection of blocking
and bottlenecks, and for offline what-if analysis of dispatching
rules, routing policies, and resource allocations.

Future work is motivated by both a theoretical view of the
synthesis process and the practical requirements of digital twin
development. On the theoretical side, our experiments (see
Section V-C) showed that presolve can remove a substantial
portion of the ILP before the search begins. This suggests
that the example-induced formulation contains nontrivial re-
dundancy and points to two related directions for improving
computational efficiency. First, we will develop procedures to
choose the horizon h more systematically. The objective is to
ensure that the sample L£<j, captures sufficient system behavior
for exact synthesis, while avoiding unnecessarily large hori-
zons that cause the ILP to grow rapidly. Second, because the

underlying system states are typically unobservable, different
event sequences in the sample may reach the same state and
therefore impose identical system features on the synthesized
net. To address this redundancy, we plan to identify minimal
informative examples that reduce the ILP without changing the
synthesized solution.

On the practical side, supporting industrial-scale digital
twins requires addressing both scalability and validation.
Therefore, a third research direction focuses on automated
system-level composition. While our current experiments (the
LEGO plant) rely on manual decomposition to handle large-
scale systems, fully automating the construction of large Petri
nets by merging smaller, independently synthesized subnets is
a highly promising avenue, building upon existing literature
in the field [44], [31]. Finally, a fourth research direction
concerns faithfulness evaluation. Even when a synthesized net
exactly realizes the observed language up to a suitable horizon,
its reliability must be continuously validated against the true
physical system. We plan to test synthesized nets against
new, previously unseen operational traces, for example, traces
generated over a longer horizon hiest > h. By integrating
conformance checking techniques [54], the synthesized model
can be assessed more rigorously beyond the primary data used
for synthesis.

APPENDIX A
PROOF OF THE THEOREM 1

We first present two propositions used to linearize the
enabling and disabling requirements in the ILP construction.
Then we give the detailed proof of Theorem 1.

Proposition 1 (Big-M switch). For ¢ =1,... h, let a; € Z
and d; € {0,1}. Assume K > max;|a;| is a given large
constant. Then the logical equivalences

;< -1 << d; =1 and a220<:>d120, (25)
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are encoded by the linear constraints

(26a)

{a < —1px1 JFK’(]-hxl - d)
(26b)

a> —Kd,
where a = (a;) € Z" and d = (d;) € {0,1}"

Proof: If d; = 1, then (26a) gives a; < —1, while (26b)

is redundant (a; > —K). If d; = 0, then (26b) gives a; > 0,

and (26a) gives a; < K — 1, which is redundant because K >
|a;].

Conversely, if a; < —1 and d; = 0, then (26b) forces a; >

0, a contradiction; hence d; = 1. If a; > 0 and d; = 1

then (26a) forces a; < —1, a contradiction; hence d; = 0. H

Proposition 2 (at least one). If a,b € N, then the disjunction

(a>1) or (b>1), 27
is equivalently expressed by the single linear inequality
a+b>1. (28)

Proof: If either ¢ > 1 or b > 1, then a + b > 1.
Conversely, if a +b > 1 with a,b € N, then at least one
of a,bis > 1. [ |

Proof of Theorem 1: Let M, denote the marking reached

by firing o from the initial marking M.
(i) Positive examples — enabling rules.) Given a positive
example f,‘: = (a,j, t.+ ’“2 € £ . By the inhibitor net system
enabling rule (see (1)—(2) in Section III-A), t; + is enabled at
M + iff

Vpi € "t Mt (pi) 2 1 (Pi,tj;) (29)

Vo € e My (pi) < H (pist s ). (30)
k k k
For the inequality (29):
1) If p; €
MU; (pi)—1 (pz, ) > 0 must hold.
2) If p; ¢ °t. i i.e., p; is not an input place of t.+, then
Ik
I (pi,t]-;) =0, and M+ (p;) — I ( ist ) > 0 holds
naturally.

't.+, i.e., p; is an input place of tj+, then
k

The inequality M_+ (p;) — I (pq; N j+> > 0 is already linear;
k k

substituting MU;? with the equation (4), i.e., MU:_ = My +

Co yields the constraint (12a).

And for the inequality (30):

1) If p; €
then M, (pi) — H (pi,t j:) < 0 must hold. Be-
cause all variables are integers, this implies MU; (pi)—
H (pi,tj:) < -1

2) If p; ¢ Oytj;, i.e., p; is not an inhibitor place of tjl:r,
then H pi,tj;) =0, and MU; (p))—H (pi,tﬁ) >0
should hold naturally. '

To linearize these above two logical conditions, we introduce a
binary matrix X € {0,1}™"" ) =1 holds

Otj;, i.e., p; is an inhibitor place of tj:,

, where X (pi,t-+
Tk

the former condition, and X (pi,t j:) = 0 holds the latter
condition. Applying Proposition 1 with a; = M +( i) —
H (pl,t +) and d; (pt,t];), and representing M o
with initial marking Mo using the equation (4), yields the
linear constraints (12b) and (12c).
(ii) Negative examples — disabling rules.)
Given a negative example &, = (af7 tjz_) € &£~. The

transition ¢ - is disabled at M- iff

l l

i€t M, () <1 (pist ) 31
or

Hpi S Otjl* ) MUZ* (pz) Z H (pzﬁt]‘f) . (32)

For the inequality (31):
1) If p; is an input place of ¢ i and disables it at MUF’
then M- (p;) — I (pi7 f) —1 must hold.

2) If p; is an input place of t;~ and enables it at M -
or p; is not an input place of t;~, then M- (p ) -

I (pl, j;) > 0 must hold.

Analogously, to linearize these above two logical condi-
tions, we introduce a binary matrix Y € {0,1}""*°, where
Y (pi,fl_) = 1 holds the first condition, and Y (pi,fl_) =0
holds the second one. Utilizing Proposition 1 with a; =
M _- (ps) Ihgp“ f) and d; = (pi,éf) and substituting
MU, with M using the equation (4), yields the linear
constraints (12d) and (12e).

And for the inequality (32):

1) If p; is an inhibitor place of t;- and disables it at M o

or p; is not an inhibitor place of ;- , M_- o; (pi) —

H pz,tjl_ > 0 must hold.
2) If p; is an inhibitor place of tjf and enables it,
l
then MU; (pi))—H (pi,tj;) < —1 must hold.
To linearize these two logical conditions, we introduce a
binary matrix Z € {0,1}™**, where Z (pi,fl_) = 0 holds
the former one, and Z (p;,&) = 1 holds the latter one.
Utilizing Proposition 1 with a; = M, (p;) — H (pi,tjl—)
and d; = Z (p;, &), and rewriting M_- by M, using (4),
yields the linear constraints (12f) and (lég).
Here we have:

IDED DD ¢ )represents the total number of inhibitor
places of t -
2) Y, ( ) represents the total number of input

places of t]; that disable it at Ma;~

3) Y, ( _) represents the total number of inhibitor
places of t;- that enable it at M -

Iy
4) Y ( (., jf) - Z (& )) represents the total
number of inhibitor places of ¢ i that disable it at M.
1 1

At last, the disabling rule requires that at least one of the
inequalities (31)—(32) holds, i.e., there exists at least one place,
either an input place or an inhibitor place of ¢ i that disables
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it at M_-. Using the above column sums and Proposition 2,
the dlS]unCtIOIl is enforced by the single linear constraint

Z (pin7)) + thmg >

V¢ €&,
(33)

m

_Z; (X (o) -

1=

which is the constraint (12h).

(iii) Conclusion.) Parts (i)—(ii) show that G (€T,£7) is equiv-
alent to requiring that, for every pair (0,t) € L<p—1 x T,
the transition ¢ is enabled at M,, if (o,t) € £ and disabled
at M, if (o,t) € €. Since €T and £~ form a partition of
L<p—1xT, the enabled transition set of the synthesized system
at every prefix marking M,, with 0 € L<j_, coincides
exactly with that specified by the sample L<j. It follows that
every one-step extension ot with |ot| < h is admitted by IN.S
iff ot € L<},. Starting from the empty sequence € € L<j and
applying this equivalence recursively over sequence length, we
obtain that the set of all firing sequences of 7/N.S up to horizon
h is exactly the given sample, ie., L<; (INS) = L<p.
Therefore, IN S is a solution to Problem 1. [ |

APPENDIX B
STANDARDIZATION OF THE ORIGINAL INTEGER LINEAR
PROGRAM

We standardize the original ILP (10) by constructing the
SF (15) quantities (c,~, A, 3) from the original ILP decision
variables (I,0,H,Mj,X,Y,Z), together with other auxil-
iary vectors (e.g., all-ones/all-zeros and selector vectors). In
the following construction, we use the symbols @ and © to
denote block concatenation. For column vectors u € R™*!
and v € Rs*1,

u
udv= L}} , (34)
For row vectors ©’ € R " and v/ € R1*3,
uov=[u V. (35)

The decision variable vector ¢ in the SF (15) is a column
vector obtained as

o = al@"'@ama (36)
where, for each ¢ € {1,...,m},
o; =1(p;,:) @0 (pi,:) @H(pi,2) &M (py)
T T T (37
@X(pza) ®Y(pl7) @Z(pla)

Note that «; consists of all the decision variables associated
with the place p;.

The objective function coefficient + in the SF (15) is a row
vector

YT=1O 07O O Ym, (38)
where, for each ¢ € {1,...,m},
Yi = 11><n@11><n@11><n@1@01><n@01><s@les~ (39)

Objective function standardization. By (36)—(39), the objective
function of the SF in (15a), namely ~a, is equal to the sum

of all entries of I, O, H, and M, and thus coincides with
the objective function of the original ILP in (11).

The constraint coefficient matrix A in the SF (15) is a
single-bordered block-diagonal matrix

Bl Bz Bm

B Do :
A:(D): 0 -~ D; --- 0 (40)

0 0 Dm

where B is a row vector obtained by block concatenation B =
B, ©---©B,,, and each block B; has the row pattern

Bi=01xn201x,©01x, 000 B; 1 ©B; 2 © B; 3, (41)

and the subvectors:

B;1=(0,...,—1,...,0) € {0, -1}, (42a)
By =(0,...,—1,...,0) € {0, -1} (42b)
Bi3=(0,...,1,...,0) € {0,1}!*%, (42¢)

whose nonzero entry is at the j-th position for B; ; and at the
[-th position for Biﬁg, Bi,g.

The block diagonal D = diag (Dy,...,D,,) consists of
m smaller matrices. Let r = |E1| and s = |£7| denote
the number of positive and negative examples, respectively.
Each smaller matrix D; has (3r 4+ 4s) rows and seven block
columns as shown in (43).

The sub-vectors D, 4 for each d € {1,...,6} of the smaller

matrix D; are
D;;=(0,..., K',...,O)e{(LK’}lX"7 (442)
Dis=(0,...,~K,...,00 € {0,-K}""",  (44b)
D;s;=(0,..., K,...,O)e{OJ{}lXS’ (44c)
Diy=(0,...,—K,...,0) € {0,-K}'**,  (44d)
Di,5=(07...,—K,...,0)6{0,—](}1”, (44e)
Di,62(07...,K,...,O)G{QK}IXS’ (44f)

with the nonzero at the j-th position for d € {1,2} and at
the I-th position for d € {3,4,5,6}.
The right-hand side 3 in the SF (15) is a column vector

B=Bo OB D DBy, (45)
where
Bo = —1lsx1 (46)
and for each i € {1,...,m},
ﬁi = 07'><1 S ((K - 1) 1r><1) ¥ 07'><1 ® ((K - 1) 1s><1)
EBOSXI EBOSXI S ((K - 1) 1s><1) .
47)

Constraints standardization. By (37), (41)—(42), and (46),
the linking constraint Ba < (3, in (16a) is equivalent to
constraint (12h) in the original ILP. Likewise, using (37),
(43)—(44), and (47), we obtain that, for each ¢ € {1,...,m},
the block inequality D;a® < B, in (16b)—(16d) coincides
with the i-th row of constraints (12a)—(12g), that is, the
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(o te:)  —(of)
- (UDT> (o)
(o) ~(of)’

enabling/disabling requirements induced by the positive and
negative examples for place p;.

Among the optional structural constraints in (13a)-(13d),
(13e), and (13g), constraints (13c), (13d), and (13e) act as
linking constraints and are therefore represented in the co-
efficient B, whereas constraints (13a), (13b), and (13g) are
block separable and contribute to the block matrices D;. In the
standardization process, these structural constraints are treated
in the same way as the enabling/disabling constraints discussed
above; for brevity, we do not give their standardized forms.

APPENDIX C
GROUND-TRUTH PETRI NET MODELS OF THE CASE
STUDIES

This appendix provides the detailed structural description of
the ground-truth Petri net models for the parallel production
line (discussed in Section V-A) and the lab-scale LEGO
manufacturing plant (discussed in Section V-A).

Ground-truth models of the parallel production line: Fig. 7
shows three Petri net models of the parallel production line:
an inhibitor net (Fig. 7(a)), its equivalent P/T net (Fig. 7(b)),
and a deadlock-prone inhibitor net (Fig. 7(c)). The first two
models correspond to the deadlock-free configuration under
normal operation, while the third represents the deadlock-
prone configuration under the fault-injection scenario.

For ease of explanation, we refer to the machines of S1, S2,
S3, and S4 as M1, M2, M3, and M4, and the buffers of S2
and S3 as B2 and B3. The states of the buffers and machines
are described by pairs of places. More precisely, place pairs
(p1,p2), (ps,p6), (Po,p10), and (p11,p12) characterize the
states of machines M1, M2, M3, and M4, while place pairs
(ps,pa) and (pr7,ps) characterize the states of buffers B2 and
B3. The nominal nets share the same set of regular transi-
tions, each corresponding to a unique event occurring in the
production line. For example, transition ¢ denotes the event
of moving a part from machine M1 to buffer B2. The BAS
policy is captured by input arcs (ps,t2), (p7,t5), (P11,t4),
and (p11, t7). Take transition ¢o as an example. Because of the
presence of input arc (ps,t2), transition ¢, is disabled even if
place p» contains a token (i.e., machine M1 is busy), but place
ps is empty (i.e., buffer B2 is full). The ROU policy is captured
by transitions ¢4 and ¢7, which denote the events of moving a
part from machines M2 and M3 to machine M4, respectively.
When places pg and p;¢ are both not empty (i.e., machines M2

O1xn =1 O1xn Oixs Oixs
—ej} 1 D1 Oixs Oixs
6;% —1 D;s Oixs Oqxs
Oi1xn 1 O1xn Dis Opxs (43)
O1xn =1 O1xn Dig Opxs
eJ'Tf 1 Oixn O1xs Digs
—el 1 O01xn 01 Dig

and M3 are both busy), and place p;; contains a token (i.e.,
machine M4 is idle), either transition ¢4 or t7 may fire first.
Such nondeterministic competition mimics the ROU policy.
The difference between the two nominal models lies in how
they represent the PBR policy. Note that transition ¢5 denotes
the event of moving a part from machine M1 to buffer B3. In
the inhibitor net (Fig. 7(a)), the priority of buffer B2 over B3
is captured by inhibitor arc (ps, ¢5) in the sense that transition
ts can be enabled only when place ps is empty (i.e., buffer
B2 is full). In the P/T net (Fig. 7(b)), inhibitor arc (ps, t5) is
replaced by an equivalent structure composed of place p and
multiple arcs (t2,p}), (P}, t3), (P}, ts5), and (t5, p}). Place p}
is called the complementary place of p, [45].

To evaluate our synthesis algorithm under anomalous con-
ditions, we extend the nominal inhibitor net (Fig. 7(a)) by
introducing a fault-injection scenario, as shown in Fig. 7(c).
Specifically, we add a fault transition tg that consumes the
token from pi; without returning it to pio. This simulates a
sudden catastrophic breakdown at Station S4. Dynamically,
the firing of tg drives the system into an invalid state where
p11+p12 = 0. Because the BAS control policy strictly requires
downstream availability to release upstream parts, this single
point of failure at S4 triggers a cascading deadlock across the
entire line, preventing any further transition firings.

Ground-truth model of the lab-scale LEGO manufacturing
plant: Fig. 8 shows the ground-truth Petri net model of the
LEGO plant, which was developed and visualized using the
GreatSPN [55]. In this model, the states of the system are
represented by places, while discrete events (e.g., LOAD,
PROCESS, UNLOAD, BLOCK, TRANSFER, and FAIL) are
modeled by transitions. For brevity, we refer to the machines of
stations S1 through S5 as M1 through M5, and their respective
preceding buffers as B1 through BS5.

Due to the high complexity of the complete net, we focus
on station S1 and its interfaces with the upstream (S5) and
downstream (S2) stations as a representative module to explain
the modeling rationale. As presented in Fig. 9, the state of
buffer B1 is characterized by a pair of places indicating the
available slots and the current level, i.e., Pr_S1 buffer slot
and Pg_S1_buffer_level. The states of machine M1 are cap-
tured by specific places such as P;_S1_machine_loading and
P>_S1_machine_idle. State evolutions are characterized by
transitions corresponding to those discrete events. For exam-
ple, the LOAD event is modeled by transition 77_S1_LOAD;
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Pps: B3 level P10: M3 busy (©)

Fig. 7.

upon firing this transition, machine M1 transitions from an
idle to a loading state, meaning a token passes from place
P>_S1_machine_idle to P;_S1_machine_loading. For stations
subject to potential breakdowns (i.e., S1 and S5), the FAIL
event occurs after the processing phase. Consequently, the
UNLOAD event is structurally split into multiple transitions to
capture alternative state evolutions. As illustrated in Fig. 9, af-
ter processing, M1 may either undergo a normal unload (firing
transition 7T5_S1_UNLOAD_1 and entering an unloading state,
P5_S1_machine_unloading) or experience a failure (firing
Ty_S1_FAIL). In the latter case, the system enters a repairing
state (P4_S1_machine_repairing) before firing the alternative
unload transition (75_S1_UNLOAD_2).

The part flows in the LEGO plant are strictly governed
by the BAS policy. As illustrated in Fig. 9, if buffer B2 is
full (i.e., Pg_S2_buffer_slot is empty), the regular transfer
transition 75_S1_TRANSFER_1 is disabled. Instead, the in-
hibitor arc connecting Pg_S2_buffer_slot to 77_S1_BLOCK
enables the block transition. Firing 7%_S1_BLOCK forces
M1 into a blocked state (Ps_S1_machine_blocking). Ml
remains blocked until a slot becomes available in B2,
which subsequently enables the delayed transfer transi-
tion (73_S1_TRANSFER_2). Consequently, the TRANS-
FER event is also modeled using multiple routing tran-
sitions to accommodate these varying conditions. Regard-
ing the routing policies, as shown in Fig. 8, there are
four transitions modeling the TRANSFER events of ma-
chine M2: T77_S2_TRANSFER_1, Tj2_S2_TRANSFER_2,
T13_S2_TRANSFER_3, and T74_S2_TRANSFER_4. The first
two transitions model the part transfer from M2 to buffer B3,
while the latter two model the transfer from M2 to buffer
B4. Taking the unblocked state condition of M2 as an exam-
ple, both T7¢_S2_TRANSFER_1 and T75_S2_TRANSFER_3
share the input place Pp2_S2_machine_unloading. When
downstream Pig_S3_buffer_slot and Po3_S4 buffer_slot are
both available, either transition may fire, accurately mimicking
the nondeterministic routing policy for the parallel branches.

P

P10: M3 busy (b)

Ppg: B3 level

t1: M1 loads a raw part t: A part moves from M1 to B2 #3: M2 assembles two parts into one
t4: A part moves from M2 to M4 t5: A part moves from M1 to B3 ¢g: M3 assembles two parts into one

t7: A part moves from M3 to M4  tg: M4 unloads a finished part ~ t9: M4 fails

Detailed Petri net models of the parallel production line: (a) Inhibitor net model. (b) P/T net model. (c) Deadlock-prone inhibitor net model.

Finally, the ROU policy governing the merging of parts from
S3 and S4 into S5 is modeled using a similar nondeterministic
transition logic.
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