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Abstract: This paper presents a novel step in the extension of subspace identification toward the direct
identification of harmonic decomposition linear time-invariant models from nonlinear time-periodic
system responses. The proposed methodology is demonstrated through examples involving the
nonlinear time-periodic dynamics of a flapping-wing micro aerial vehicle. These examples focus on
the identification of the vertical dynamics from various types of input–output data, including linear
time-invariant, linear time-periodic, and nonlinear time-periodic input–output data. A harmonic
analyzer is used to decompose the linear time-periodic and nonlinear time-periodic responses into
harmonic components and introduce spurious dynamics into the identification, which make the
identified model order selection challenging. A similar effect is introduced by measurement noise.
The use of model order reduction and model-matching methods in the identification process is
studied to recover the harmonic decomposition structure of the known system. The identified models
are validated in the frequency and time domains.

Keywords: flapping wing; micro aerial vehicle; rotorcraft; system identification; nonlinear time-
periodic systems; linear time-periodic systems; subspace identification

1. Introduction

Systems with periodic dynamics exist across multiple engineering disciplines, with ex-
amples including, but not limited to, bio-inspired robots (e.g., insects, birds, fish), spacecraft,
rotorcraft, wind turbines, jet engines, and communication systems. The dynamics of these
systems are generally represented by nonlinear time-periodic systems (NLTPs). A sig-
nificant body of methods and tools is already available for the identification of linear
time-periodic (LTP) systems and their linear time-invariant (LTI) reformulations from linear
systems’ responses, but a number of significant issues remain in the identification of LTP
systems and their LTI reformulations from nonlinear responses. This is especially true
for challenging applications in which time periodicity is associated with multivariable,
nonlinear, and high-order dynamics. Because aerospace vehicles with time-periodic dy-
namics such as rotorcraft and flapping-wing flyers/micro aerial vehicles (MAVs) are indeed
characterized by multivariable, nonlinear, and high-order dynamics, the development of
new methodologies is key for assessing their dynamic stability and for performing flight
control design.

A considerable amount of literature exists on the extraction of LTP systems and their
LTI reformulations from NLTP systems via numerical schemes. In rotorcraft applications,
LTP systems and their linear time-invariant (LTI) reformulations are relevant to the predic-
tion of vibratory/rotor loads and to the analysis and design of active rotor control systems.
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A comprehensive survey of active rotor control system approaches can be found in Ref. [1].
Furthermore, LTI reformulations of LTP systems enabled the study of the interference
effects between the higher harmonic control (HHC) and the aircraft flight control system
(AFCS) in maneuvering flights [2–5]. Recently, LTI reformulations of LTP systems were
employed in the design of load alleviation control (LAC) laws [6,7]. A comprehensive
survey of the methods used to extract harmonically decomposed LTI models of rotorcraft
can be found in Ref. [8]. In flapping-wing applications, LTI reformulations of LTP systems
are important for the study of dynamic stability. Methods span averaging methods [9–11],
Floquet theory (Refs. [12–15]), and harmonic decomposition (Refs. [16,17]).

All of these methods, however, are focused on the extraction of LTI reformulations of
LTP systems from physics-based models via numerical schemes, rather than from system
identification. In fact, only a limited number of studies have sought to identify the LTP
dynamics of rotorcraft or flapping-wing vehicles. For rotorcraft LTP system identification,
see Ref. [8] and the references therein. For flapping-wing vehicles, see Refs. [18–20].
Surprisingly, to the best of the knowledge of the authors, very little published work exists
which is focused on the direct identification of harmonic decomposition LTI models for
any of these vehicles. It is important to point out that the application of time-invariant
reformulations to convert an LTP model identification problem into an LTI one is far from
straightforward because of the need to define an approach to return the LTI identified model
to its LTP counterpart. To handle this difficulty, as well as to simplify the application of
model identification in Multi-Input Multi-Output (MIMO) LTP systems, periodic extensions
of subspace model identification methods have been developed over the last few years.
Early works in this direction include the LTP extensions of the intersection algorithm [21]
and of the Multivariable Output Error State sPace (MOESP) algorithm [22,23] and the
approach in Ref. [24]. In Ref. [25], an approach towards Linear Parameter Varying (LPV)
model identification subject to the requirement of a periodic scheduling sequence has been
proposed. In recent years novel approaches towards the subspace identification of LTP
systems have been proposed, both in the time domain and in the frequency domain using
harmonic transfer functions (see, e.g., Refs. [26–31]).

As such, the objective of this paper is to extend the use of the subspace identification
of higher-order LTI systems in harmonic decomposition form from nonlinear time-periodic
(NLTP) system responses, as presented in our previous work [32]. Unlike existing methods,
our approach employs system identification directly on the harmonically decomposed
signals of the NLTP response to analyze the dynamics of the nonlinear test data. To the
best of the authors’ knowledge, this methodology has not been previously explored. It
introduces new challenges in the application of identification techniques, such as the
emergence of spurious dynamics and issues with model matching, which are addressed in
this paper.

The paper begins with a detailed description of the proposed methodology and the
mathematical background. The methodology is demonstrated through examples involving
the NLTP dynamics of a flapping-wing micro aerial vehicle (FWMAV). The examples focus
on the identification of the FWMAV dynamics from various types of input–output data,
including LTI, LTP, and NLTP input–output data. The effect of a harmonic analyzer in
decomposing the LTP and NLTP responses into harmonics is assessed for the identification
process, along with the effect of measurement noise. The identified models are validated in
both the frequency and time domains.

2. Methodology
2.1. Mathematical Background

Consider a nonlinear time-periodic (NLTP) system in first-order form:

ẋxx = fff (xxx, uuu, t) (1a)

yyy = ggg(xxx, uuu, t) (1b)
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where xxx ∈ Rn is the state vector, uuu ∈ Rm is the control input vector, yyy ∈ Rl is the output
vector, and t is the dimensional time in seconds. The nonlinear functions fff and ggg are
T-periodic in time such that:

fff (xxx, uuu, t) = fff (xxx, uuu, t + T) (2a)

ggg(xxx, uuu, t) = ggg(xxx, uuu, t + T) (2b)

Note that the fundamental period in the system is T = 2π
ω s, where ω is the frequency of

excitation in rad/s. Let xxx∗(t) and uuu∗(t) represent a periodic solution of the system such
that xxx∗(t) = xxx∗(t + T) and uuu∗(t) = uuu∗(t + T).

Let xxx∗(t) and uuu∗(t) represent a periodic solution of the system such that
xxx∗(t) = xxx∗(t + T) and uuu∗(t) = uuu∗(t + T). Then, the NLTP system can be linearized
about the periodic solution. Consider the case of small disturbances:

xxx = xxx∗ +∆x∆x∆x (3a)

uuu = uuu∗ +∆u∆u∆u (3b)

where ∆x∆x∆x, and ∆u∆u∆u are the state and control perturbation vectors from the candidate periodic
solution. A Taylor series expansion is performed on the state derivative and output vectors.
Neglecting terms higher than the first order results in the following equations:

fff (xxx∗ +∆x∆x∆x, uuu∗ +∆u∆u∆u, t) = fff (xxx∗, uuu∗, t)FFF(t)∆x∆x∆x +GGG(t)∆u∆u∆u (4a)

ggg(xxx∗ +∆x∆x∆x, uuu∗ +∆u∆u∆u, t) = ggg(xxx∗, uuu∗, t)PPP(t)∆x∆x∆x +QQQ(t)∆u∆u∆u (4b)

where:

F(t) =
∂f(x, u)

∂x

∣∣∣
x∗ ,u∗

, (5a)

G(t) =
∂f(x, u)

∂u

∣∣∣
x∗ ,u∗

, (5b)

P(t) =
∂g(x, u)

∂x

∣∣∣
x∗ ,u∗

, (5c)

Q(t) =
∂g(x, u)

∂u

∣∣∣
x∗ ,u∗

(5d)

Note that the state–space matrices in Equation (5) have T-periodic coefficients.
Equations (4a) and (4b) yield a linear time-periodic (LTP) approximation of the NLTP
system of Equation (1) as follows:

∆∆∆ẋxx = FFF(t)∆x∆x∆x +GGG(t)∆u∆u∆u (6a)

∆∆∆yyy = PPP(t)∆x∆x∆x +QQQ(t)∆u∆u∆u (6b)

Hereafter, the notation is simplified by dropping the ∆ in front of the linearized per-
turbation state and control vectors while keeping in mind that these vectors represent
perturbations from a periodic equilibrium. Next, the state, input, and output vectors of the
LTP systems are decomposed into a finite number of harmonics of the fundamental period
via Fourier analysis:
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xxx = xxx0 +
N

∑
i=1

xxxic cos iψ + xxxis sin iψ (7a)

uuu = uuu0 +
M

∑
j=1

uuujc cos jψ + uuujs sin jψ (7b)

yyy = yyy0 +
L

∑
k=1

yyykc cos kψ + yyyks sin kψ (7c)

where the subscript 0 refers to the average (or mean) component of the respective variable,
while the subscripts ic, jc, kc and is, js, ks denote the ith, jth, and kth harmonic cosine and
sine components of x, u, and y, respectively.

As shown in Ref. [16], the harmonic decomposition methodology can be used to
transform the LTP model into an approximate higher-order linear time-invariant (LTI)
model in the first-order form:

ẊXX = AAAXXX + BBBUUU (8a)

YYY = CCCXXX + DDDUUU (8b)

where the augmented state, control, and output vectors are:

XXXT =
[
xxxT

0 xxxT
1c xxxT

1s . . . xxxT
Nc xxxT

Ns
]

(9a)

UUUT =
[
uuuT

0 uuuT
1c uuuT

1s . . . uuuT
Mc uuuT

Ms
]

(9b)

YYYT =
[
yyyT

0 yyyT
1c yyyT

1s . . . yyyT
Lc yyyT

Ls
]

(9c)

with AAA ∈ Rn(2N+1) × n(2N+1), BBB ∈ Rn(2N+1) × m(2M+1), CCC ∈ Rl(2L+1) × n(2N+1), and
DDD ∈ Rl(2L+1) × m(2M+1).

2.2. Subspace Identification

Consider now a discrete-time representation of the harmonic decomposition system
in Equation (8) with unknown coefficient matrices:

XXX[k + 1] = AAAdXXX[k] + BBBdUUU[k] (10a)

YYY[k] = CCCXXX[k] + DDDUUU[k] (10b)

where the subscript d strands for discrete. This system represents the approximate LTI
dynamics to be identified.

For this, subspace identification is used. The choice of subspace identification is
justified by its single-step approach to solving for the unknown system coefficients, as op-
posed to an iterative process. Here, a discrete-time approach to identification is adopted as
the Hankel matrices constructed from input-output data with continuous-time methods
may become ill-conditioned for high-order systems because of their block Vandermonde
structure [33]. Because the systems considered in this study may be of a high order, de-
pending on the number of harmonics of interest, discrete-time subspace identification
offers increased numerical stability. Based on this framework, the identification problem is
stated as follows: given s measurements of input UUU[k] and output YYY[k] generated by the
unknown system in Equation (1) and then decomposed to its harmonics using a harmonic
analyzer, determine the order of the unknown system (i.e., n(2N + 1)) and the coefficient
matrices AAAd, BBBd, CCC, and DDD up to a similarity transformation. The general procedure of the
subspace identification algorithm is summarized from Refs. [23,34,35] and is articulated in
five major steps.
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The first step involves the construction of the block Hankel matrices from the given
input-output data. The input block Hankel matrices are defined as:

UUUblock =



UUU1 UUU2 UUU3 . . . UUU j
UUU2 UUU3 UUU4 . . . UUU j+1

...
...

...
. . .

...
UUUi UUUi+1 UUUi+2 . . . UUUi+j−1

ineUUUi+1 UUUi+2 UUUi+3 . . . UUUi+j
UUUi+2 UUUi+3 UUUi+4 . . . UUUi+j+1

...
...

...
. . .

...
UUU2i UUU2i+1 UUU2i+2 . . . UUU2i+j−1


=

[
UUUp

ineUUU f

]
(11)

where the subscripts p and f indicate past and future data, respectively, i is the number of
block rows, and j is the number of block columns. The number of block rows i is arbitrarily
chosen such that it is larger than the order of the system and j = s − 2i + 1. In Ref. [23],
i is recommended to be equal to twice the ratio between the maximum order and the
number of outputs. The output block Hankel matrices YYYp, and YYY f are found in a similar
way. Note that in Equation (11). past data correspond to rows up to the ith, whereas future
data correspond to rows after the ith. By applying recursive substitution to Equation (10),
one obtains

YYYp = ΓΓΓiXXXp + HHHiUUUp (12a)

YYY f = ΓΓΓiXXX f + HHHiUUU f (12b)

where the observability matrix is defined as:

ΓΓΓi =
[
CCC CCCAAAd CCCAAA2

d . . . CCCAAAi−1
d

]T
(13)

The matrix HHHi is a block Toeplitz matrix of the following form:

HHHi =


DDD 000 . . . . . . 000

CCCBBBd DDD 000 . . . 000
CCCAAAdBBBd CCCBBBd DDD . . . 000

...
...

...
. . .

...
CCCAAAi−2

d BBBd CCCAAAi−3
d BBBd . . . CCCBBBd DDD

 (14)

Additionally, the past and future states are stacked states defined as

XXXp =
[
XXX0 XXX1 . . . XXXi−1

]
(15a)

XXX f =
[
XXXi XXXi+1 . . . XXXi+j−1

]
(15b)

The second step involves the computation of the oblique projection by means of QR
decomposition. In this step, the projection of the future output space along the future input
space into the joint space of the past input and output ( YYY f /UUU f

(
UUUp
YYYp
)) is found. This projection

can be thought of as the problem of predicting the future outputs YYY f using the information

obtained from the past data (
UUUp
YYYp
), and the knowledge of the future inputs UUU f . Then,

the observability matrix ΓΓΓi is extracted from this projection by means of singular-value
decomposition (Ref. [23]).
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In the third step, the singular value decomposition of the weighted oblique projection
is computed. In this step, the order of the system is determined as the number of non-zero
singular values. In practice, the order of the system is found by comparing the singular
values with a small threshold greater than zero. In step four, the shift property of the
observability matrix is used to obtain the identified system and output matrices AAAd and CCC.
In step five, the control and feedthrough matrices BBBd and DDD are calculated using the least
square method. Lastly, the identified system is transformed back to continuous-time form.

2.3. Model-Order Reduction

Because system identification is performed for a harmonic decomposition model,
input–output data from the NLTP system need to be decomposed into harmonics of the
fundamental frequency of the system. To carry this out, the input–output data are processed
with a harmonic analyzer to extract the harmonic coefficients of the signal. This has the
adverse effect of introducing spurious dynamics into the identification. To remove these
spurious dynamics from the identified system, model order reduction is employed. Those
spurious dynamics introduced that are relatively slow compared to the known fundamental
frequency of the system are first removed via truncation. The states corresponding to these
dynamics are typically identified through a spectral analysis of the identified system.
However, some prior knowledge of the system is required to understand which dynamics
are indeed spurious. Next, those spurious dynamics that are faster than the fundamental
frequency are removed using singular perturbation theory [36]. More specifically, under the
assumption that the identified dynamics are stable, residualization is used to further reduce
the order of the model [36].

The state vector of identified dynamics is partitioned into fast and slow components:

XXXT = [XXXT
s XXXT

f ] (16)

Then, the identified dynamics can be re-written as[
ẊXXs
ẊXXf

]
=

[
AAAs AAAsf
AAAfs AAAf

][
XXXs
XXXf

]
+

[
BBBs
BBBf

]
UUU (17)

By neglecting the dynamics of the fast states ( i.e., ẊXXf = 0
)

and performing a few algebraic
manipulations, the equations for a reduced-order system with the state vector composed of
the slow states is

ẊXXs = ÂAAXXXs + B̂BBUUU (18)

where

ÂAA = AAAs − AAAsfAAA−1
f AAAfs (19a)

B̂BB = BBBs − AAAsfAAA−1
f BBBf (19b)

2.4. Model Matching

Because subspace identification yields an unstructured system, the states of the identi-
fied system do not generally have a physical meaning. In addition, the identified system
will, in general, not be in the harmonic decomposition form. However, when the sys-
tem dynamics are know a priori, the physical meaning of the states can be recovered as
the identified system matrices are within a similarity transformation matrix of the har-
monic decomposition model (Ref. [37]). Consider the identified unstructured dynamics in
continuous time:

Gc :
{

ẊXX = AAAXXX + BBBuuu
YYY = CCCXXX + DDDUUU

(20)
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Additionally, consider a structured model with unknown coefficients θθθ.

Gs(θθθ) :
{

ẋ̇ẋx = AAA(θθθ)xxx + BBB(θθθ)uuu
yyy = CCC(θθθ)xxx + DDD(θθθ)uuu

(21)

The model matching problem consists of finding those unknown coefficients that minimize
the H∞ norm of the difference between Gc and Gs. Formally,

θθθ∗ = arg min||Gc(s)− Gs(s; θ)||∞ (22)

This minimization problem is a non-convex non-smooth optimization problem. This prob-
lem can be reformulated as a structured control problem for which robust computational
techniques are available [38].

2.5. Summary

In summary, the proposed methodology for the direct identification of LTI harmonic
decomposition models is articulated in five major steps:

1. The generation of the input–output data from the NLTP system.
2. Processing the input–output data with a harmonic analyzer to extract the harmonics

of the fundamental frequency of the system.
3. Application of subspace identification to identify the higher-order LTI dynamics.
4. Removal of spurious higher-order dynamics introduced by the harmonic analyzed

via model order reduction.
5. Application of model-matching methods to recover the harmonic decomposition form

of the identified LTI approximation to the NLTP system.

3. Simulation Model

The efficacy of the proposed methodology is demonstrated through examples involv-
ing the dynamics of a flapping-wing micro aerial vehicle (FWMAV). Consider the NLTP
vertical dynamics of a FWMAV in Ref. [10]:[

ẇ
ϕ̈

]
=

[
g − kd1 |ϕ̇|w − kLϕ̇2

−kd2 |ϕ̇|ϕ̇ − kd3 wϕ̇

]
+

[
0

1
I f

cos ωt

]
U (23)

where w is the vertical speed, ϕ̇ is the wing flapping speed, and g is the gravitational
acceleration. Additionally, kd1 , kd2 , kd3 , and kL are constant parameters, IF is the flapping
moment of inertia, ω is the flapping frequency, and U is the amplitude of the flapping
control input. The state vector is xxxT =

[
w ϕ

]
and the control vector is uuu =

[
U
]
. A high-order

LTI approximation to the NLTP dynamics at hover is found using the harmonic balance
algorithm described in Refs. [17,39]. The state and control input harmonics retained in this
process are up to the first order (i.e., N = 1 and M = 1). It follows that the higher-order LTI
system has the following state and control input vectors:

XXXT =
[
w0 ϕ̇0 w1c ϕ̇1c w1s ϕ̇1s

]
(24a)

UUUT =
[
U0 U1c U1s

]
(24b)

where the state and input vectors have dimensions of n(2N + 1) = 6 and m(2M + 1) = 3,
respectively. The numerical values of the system parameters are taken from Ref. [10], and
result in the following model:
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

ẇ0
ϕ̈0
ẇ1c
ϕ̈1c
ẇ1s
ϕ̈1s

 =



−4 0 0 −0.032 0 −0.105
0 −75.51 −428.4 0 −1.408 × 103 0
0 −0.065 −2.892 0 −165.9 0

−856.9 0 0 −54.74 0 −179.4
0 −0.211 164.5 0 −5.107 0

−2.817 × 103 0 0 151.0 0 −96.28





w0
ϕ̇0
w1c
ϕ̇1c
w1s
ϕ̇1s



+



0 0 0
0 3.628 × 106 0
0 0 0

7.256 × 106 0 0
0 0 0
0 0 0


U0

U1c
U1s

 (25)

The state vector is rearranged to show the existence of two uncoupled subsystems:

ẇ0
ϕ̈1c
ϕ̈1s
ϕ̈0
ẇ1c
ẇ1s

 =



−4 −0.032 −0.105 0 0 0
−856.9 −54.747 −179.46 0 0 0

−2.817 × 103 151.0 −96.28 0 0 0
0 0 0 −75.51 −428.4 −1.408 × 103

0 0 0 −0.065 −2.892 −165.9
0 0 0 −0.211 164.5 −5.107





w0
ϕ̇1c
ϕ̇1s
ϕ̇0
w1c
w1s



+



0 0 0
7.256 × 106 0 0

0 0 0
0 3.628 × 106 0
0 0 0
0 0 0


U0

U1c
U1s

 (26)

The zeroth harmonic of the vertical speed, w0, is coupled with the first-harmonic states
of the flapping speed, ϕ̇1c and ϕ̇1s). These states are decoupled from the remaining three
states (i.e., ϕ̇0, w1c, and w1s), which are in turn coupled together. The zeroth harmonic
of the control input is shown to affect the first subsystem only, whereas the first cosine
harmonic of the control input affects solely the second subsystem. To better understand the
dynamic properties of each subsystem, the modal participation factors are computed [40]
and are shown in Figure 1. Figure 1a shows that the vertical speed contributes to the heave
mode exclusively through its zeroth harmonic, whereas its first harmonic contributes to
the flap mode. On the other hand, Figure 1b shows that the flapping speed contributes to
the heave mode with its first harmonics , and to the flap mode solely through its zeroth
harmonic. The heave mode has a base eigenvalue of −3.53, whereas the flap mode has
a base eigenvalue of −75.75. These results indicate significant frequency separation and
modal participation between the two modes. Based on these considerations, the subsystem
consisting of w0, ϕ̇1c and ϕ̇1s will be identifiable by perturbing the system through the zeroth
harmonic of the control input, and by measuring the response of the zeroth harmonic of
the vertical speed and the first harmonic of the flapping speed. Conversely, the other
subsystem which includes ϕ̇0, w1c and w1s will be identifiable by perturbing the system
through the first cosine harmonic of the control input and by measuring the response of the
first harmonic of the vertical speed and the zeroth harmonic of the flapping speed.
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Figure 1. Modal participation factors for the vertical dynamics of the FWMAV in hover. (a) Vertical
speed; (b) flapping speed.

4. Results

The efficacy of the proposed methodology is demonstrated through examples involv-
ing the FWMAV dynamic model described above. These examples focus the identification
of the subsystem corresponding to the heave dynamics from various types of input–output
data. First, identification is performed by directly using the input–output data collected
from the harmonic decomposition model (i.e., the high-order LTI model). Note that these
data are already decomposed into harmonics. Next, the perturbation response corre-
sponding to the LTP system states is reconstructed from the LTI input–output data using
Equation (7c). A harmonic analyzer is applied to re-extract the harmonic coefficients of the
reconstructed input–output data. These data are then used in the identification process.
This is carried out to assess the effect of the harmonic analyzer on the identification process.
Next the identification is repeated by applying the harmonic analyzer directly to the LTP
input-output data. The process is repeated with white noise applied to the identification
data to simulate measurement noise. Lastly, the proposed identification method is applied
to the input–output data gathered from the NLTP system. The identification process uses
the MOESP algorithm (Ref. [23]).
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4.1. Identification from LTI Input-Output Data

As a first example, the proposed identification method is applied to input–output data
obtained using the harmonic decomposition model in Equations (25) and (26). This case is
chosen first as the input–data are already decomposed into harmonics of the fundamental
frequency of the system. In practical terms, the system is perturbed in its zeroth-harmonic
input U0 with a doublet starting at t = 5 s and the resulting responses of w0, ϕ̇1c, and ϕ̇1s
are measured. The LTI system’s response is shown in Figure 2 with a red dashed line.

The singular values resulting from the SVD of the oblique projection are shown in
Figure 3. One can see a clear gap after the third singular value, showing that only three
harmonic states are controllable, thus identifiable, when using the zeroth harmonic input.
The eigenvalues of the identified system are shown in Figure 4. The identified eigenvalues
match well with those of the heave dynamics subsystem.
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Figure 2. Response of the NLTP, LTP and high-order LTI vertical dynamics of a FWMAV to a doublet
input in the flapping torque.
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Figure 3. Singular values when using LTI input-output data directly (no noise).

It is worth noting that, in reality, the state/output measurements are not readily
decomposed into harmonics of the fundamental frequency of the system. It follows that a
harmonic analyzer must be used to recover the harmonic coefficients of the input–output
data. In the special case just considered in which the harmonic coefficients are readily
available, the harmonic analyzer was assumed to be perfect.

The identification process is repeated for a case where white noise is added to the
LTI input–output data. The white noise has a signal-to-noise ratio of 20 when applied to
the output data. The singular values for this case are shown in Figure 5. As for the case
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without noise, a gap is still clearly seen between the third and fourth singular values of the
identified dynamics. As such, the order of the identified model is chosen to be three and its
eigenvalues are shown in Figure 6.

-80 -70 -60 -50 -40 -30 -20 -10 0
-200

-150

-100

-50

0

50

100

150

200

LTI (exact)

LTI (identified)

Figure 4. Identified vs. true eigenvalues using LTI input–output data directly (no noise).
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Figure 5. Singular values when using LTI input-output data directly (with noise).
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Figure 6. Identified vs. true eigenvalues using LTI input–output data directly (with noise).
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4.2. Harmonic Analyzer’s Effect on the Identification

Because input–output data from either the LTP or NLTP dynamics are not readily
available in the harmonic components, a harmonic analyzer must be used to compute the
harmonics of the output signals. However, the harmonic analyzer may introduce distortions
in the signal that may hinder the identification process. In this section, the effect of the
harmonic analyzer on the identification process is assessed. To carry out this assessment,
the perturbation response corresponding to the LTP system states is first reconstructed from
the LTI input–output data using Equation (7c). Then, the harmonic coefficients are extracted
from the perturbation response using the harmonic analyzer. When these data are used in
the identification process, the jump in the singular values occurs at the eleventh singular
value rather than at the third, as shown in Figure 7. This indicates that the harmonic
analyzer introduced spurious dynamics in the identified model. These are high-frequency
dynamics introduced by the windowing effect of the harmonic analyzer. The eigenvalues
of the identified 11-state system are shown in Figure 8. In spite of the introduction of
high-frequency dynamics and thus extra eigenvalues, the three eigenvalues corresponding
to the heave dynamics subsystem are identified correctly. Model order reduction is then
used to retain only those three states associated with the heave dynamics, which are shown
against the eigenvalues of the known dynamics in Figure 8.
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Figure 7. Harmonic analyzer’s effect on the singular values.
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Figure 8. Identified vs. true eigenvalues when using the harmonic analyzer.

4.2.1. Identification from LTP Input-Output Data

Once the effect of the harmonic analyzer is understood, it can be applied to identify
the high-order LTI dynamics from LTP data. The LTP data are generated by feeding the
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same doublet input used for the LTI dynamics into the LTP system, and by measuring
the perturbation response in the vertical speed and flapping angle. The LTP system;s
response is shown in Figure 2 with a blue line. Then, the harmonic analyzer is applied to
the output data to extract the signals w0, ϕ̇1c, and ϕ̇1s. The singular values of the identified
dynamics are shown in Figure 9. A gap is observed between the seventh and eighth
singular values. As such, the order of the system is selected to be seven. The eigenvalues
of the identified seven-state system are shown in Figure 10. Again, while high-frequency
eigenvalues are introduced by the harmonic analyzer, the three eigenvalues corresponding
to the heave dynamics subsystem appear to be identified correctly. The spurious high-
frequency dynamics is truncated and residualized and the three-state model eigenvalues
are shown in Figure 10.
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Figure 9. Singular values when using LTP input–output data (no noise).
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Figure 10. Identified vs. true eigenvalues using LTP input–output data (no noise).

To validate the identified three-state dynamics in the time domain, the responses of the
identified dynamics and LTP dynamics are compared for a double input different to that
used in the identification process. The responses are shown in Figure 11, where the output
of the identified system nearly overlaps with that of the LTP system. Note that Equation (7c)
was used to reconstruct the perturbation response from the LTI system’s output. These
results suggest the suitability of the proposed approach for the identification of high-order
LTI dynamics from LTP system responses when applied to simple FWMAV models.

The process is repeated for the case where white noise is applied to the input–output
data prior to the use of the harmonic analyzer. The signal-to-noise ratio is again chosen
to be 20. The singular values plot from the identification is shown in Figure 12. When
compared to Figure 9, a clearer jump is noted after the seventh singular value. Nonetheless,
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the harmonic analyzer introduces four extra eigenvalues into the identification. Once again,
in spite of the four extra eigenvalues, the three eigenvalues corresponding to the heave
dynamics are correctly identified. The eigenvalues after the application of model-order
reduction to remove the spurious dynamics are shown in Figure 13 and correspond to those
of the original vertical-motion dynamics subsystem.
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Figure 11. Identified LTI vs. original LTP responses following a control input doublet.
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Figure 12. Singular values when using LTP input-output data (with noise).
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Figure 13. Comparison between the identified and original systems’ eigenvalues when using the
harmonic analyzer on the LTP signals with measurement noise.
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4.2.2. Identification from NLTP Input–Output Data

As a last example, the identification process has been performed based on input–output
data obtained from the NLTP dynamics. After obtaining the NLTP system response using
the same control input doublet used in the previous examples, the periodic trim solution is
subtracted from the input–output data to find the control input and state perturbations.
The resulting signals are processed with the harmonic analyzer to decompose the signal into
harmonics of the fundamental frequency of the system. The Fourier coefficients of the input-
output data are then used in the identification process. The singular values resulting from
the subspace identification are shown in Figure 14. In this figure, a clear jump is seen at the
ninth singular value, indicating that once again the harmonic analyzer introduces spurious
dynamics. The eigenvalues of the identified nine-state system as well as the reduced-order
model eigenvalues are shown in Figure 15. The eigenvalues of the reduced-order model are
very similar to those of the known system. To validate the identified three-state dynamics in
the time domain, responses of the identified dynamics and NLTP dynamics are compared
for a doublet input different than that used in the identification process. The responses are
shown in Figure 16, where the output of the identified system nearly overlaps that of the
NLTP system. These results suggest the suitability of the proposed approach also for the
identification of the high-order LTI approximate dynamics from NLTP system responses,
when applied to simple FWMAV models.
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Figure 14. Singular values when using NLTP input–output data (no noise).
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Figure 16. Identified LTI vs. original NLTP responses following a control input doublet.

4.3. Model Matching

Model matching is performed by leveraging the robust control toolbox in MATLAB®

R2020a . It is assumed that the outputs correspond to the states in harmonic decomposition
form and that the feedthrough matrix is equal to zero (i.e., DDD = 000). The unstructured
matrices identified with subspace identification are converted to continuous-time form
using the d2c function. Next, the continuous-time state–space model thus obtained is
compared to the parametrized state–space model using the function hinfstruct. This
command solves for those unknown parameters θθθ of the structured system that minimize
the H∞ norm of the difference between the identified dynamics and the structured system.
In the minimization process, the H∞ norm tolerance is set to 1 × 10−20, and the target
gain is set to 1 × 10−3. The minimization problem is run for all of the examples presented
above. The system matrix AAA for each case is found and compared to the original upper
left 3 × 3 matrix from Equation (26). The Frobenius norm is used to find the percentage
error between the identified and known structured system matrices. Table 1 shows the
percentage error in the difference between the exact and the identified matrices for all of
these cases above, where the error is defined as

e =
|AAA(θθθ∗)− AAAexact|F

|AAAexact|F
(27)

The dynamics identified from the LTI input–output data provide the best match with the
exact dynamics. In fact, the match is almost perfect. This does not come as a surprise as this
is also the case when the harmonic analyzer is assumed to be perfect. The remaining cases
show that the use of the harmonic analyzer reduces the accuracy of the identified dynamics,
and that identification using NLTP dynamics is less precise than that using LTP data.

Table 1. Percentage error of the difference between the identified structured system matrix and the
exact dynamics in harmonic decomposition form.

Input-Output Data Type Error, e [%]

LTI 9.0843×10−7

LTI + Noise 0.0767
LTI + Harmonic Analyzer 0.0026

LTP 0.328
LTP + Noise 0.4514
NLTP data 4.1337
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5. Conclusions

In this work, the use of subspace identification was extended toward the direct iden-
tification of higher-order LTI systems in harmonic decomposition form from nonlinear
time-periodic system (NLTP) responses. The methodology was demonstrated through
examples involving the NLTP dynamics of a flapping-wing micro aerial vehicle (FWMAV).
Examples focused on the identification of the heave dynamics from various types of input–
output data, including LTI, LTP, and NLTP input–output data. The effect of a harmonic
analyzer to decompose the LTP and NLTP responses into harmonics was assessed on the
identification process. The effect of white noise on the identification process was studied as
well. Based on this work, the following conclusions can be reached.

1. The application of harmonic analyzers to decompose input–output data into harmon-
ics of the fundamental frequency of the system introduces spurious dynamics into
the identified system. These spurious dynamics make it challenging to determine the
correct order of the system. When the order of the system is known, these spurious
dynamics can be removed using model order reduction methods such as truncation
and residualization. However, some prior knowledge of the system is necessary to
remove the spurious dynamics introduced by the harmonic analyzer.

2. The mismatch between the identified and exact systems when the identification is
performed from LTI input–output data (i.e., for the case where the harmonic analyzer
is perfect) is very small. The mismatch grows, but is still acceptable, if the identification
is performed using harmonically decomposed LTP and NLTP input–output data.

3. Noise is shown to have a negative effect on the accuracy of the identification. Addi-
tionally, noise makes it harder to determine the true order of the system.

4. Model matching us allowed to recover the harmonic decomposition structure in the
identified model. However, previous knowledge of the system to be identified is
necessary for this step. This prior knowledge is essential to distinguish genuine
system dynamics from spurious dynamics introduced by the harmonic analyzer and
the identification process.

The methodology can be applied to more complex and higher-order systems such
as the longitudinal flight dynamics of FWMAVs, to helicopter rotors, and to rotorcraft in
general. An important consideration in this methodology, however, is the requirement of
prior knowledge of the physics during the model matching phase. Such prior knowledge
is crucial to differentiate the system’s behavior from artificial dynamics that result from
the harmonic analysis and identification methods. Without this understanding, it becomes
challenging to accurately determine the true order of the system and to remove irrelevant
dynamics effectively. Furthermore, transitioning from the identified LTI models back to
the original LTP models is not easy due to the complexities inherent in NLTP systems.
Therefore, while this approach can successfully identify LTI models that are directly usable
for analysis and design control, it does not directly produce the corresponding LTP models.
Future work could incorporate the application of this identification technique to systems
with time-varying delays like those in Refs. [41,42].
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