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THE ENERGY-DISSIPATION PRINCIPLE FOR
STOCHASTIC PARABOLIC EQUATIONS

LUCA SCARPA AND ULISSE STEFANELLI

ABSTRACT. The Energy-Dissipation Principle provides a variational tool for the anal-
ysis of parabolic evolution problems: solutions are characterized as so-called null-
minimizers of a global functional on entire trajectories. This variational technique
allows for applying the general results of the calculus of variations to the underly-
ing differential problem and has been successfully applied in a variety of deterministic
cases, ranging from doubly nonlinear flows to curves of maximal slope in metric spaces.
The aim of this note is to extend the Energy-Dissipation Principle to stochastic par-
abolic evolution equations. Applications to stability and optimal control are also
presented.

1. INTRODUCTION

This note is concerned with a global variational approach to the Cauchy problem for
the abstract stochastic parabolic evolution equation

du + 0¢(u)dt > F(-,u)dt + G(-,u) dW, u(0) = u°. (1)

The trajectory u : Q x [0,T] — H is defined on the stochastic basis (2, %, (%t)sc(0.17, P)
and the bounded time interval [0, 7] and takes values in the separable Hilbert space H.
The functional ¢ is assumed to be convex and lower semicontinuous, the nonlinearities
F and G are taken to be suitably smooth, and W is a cylindrical Wiener process on a
second separable Hilbert space U. More precisely, solutions u of equation (Il) are asked
to be Ité processes of the form

¢
u(t) = ul(t) + / u(s)dW(s), te[0,7], (2)
0
where u? is an absolutely continuous process and u® is a W-stochastically integrable
process. In particular, we look for solutions u of equation (II) in the space % con-
sisting of all It6 processes of the form (2) with u? € L2,(Q; HY(0,T;H)) and u® €
L%, (4 L2(0,T;.2%(U,V))). Here, £2(U,V) indicates the set of Hilbert-Schmidt opera-
tors from U to V', where V is a separable reflexive Banach space, densely and compactly
embedded into H.

Existence, uniqueness, and continuous dependence on the initial data for stochastic
evolution problems in the form (I]) are addressed within the classical variational theory
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by Pardoux [44, [45] and Krylov & Rozovskii,[32] in the sense of analytically weak or
martingale solutions: we refer also to the monographs [19] [47] for a general presentation.
In the context of analytically strong solutions, existence for stochastic equations in the
subdifferential form () has been obtained by Gess [27]. Well-posedness results in a
weak sense have also been obtained under more general conditions in the monograph
[34] and in the papers [37, 35 [36] 50].

Following the seminal remarks by De Giorgi [I], one can variationally characterize
solutions of the Cauchy problem (Il) in terms of trajectories minimizing the Energy-
Dissipation-Principle (EDP) functional I : % — [0, 00] defined as

1_ (7T 1_ (T
I(u) = E¢(u(T)) — E¢(u(0)) + §E/0 |9pu]|? ds + §E/0 10 (u) — F(-,u)||* ds
T T
—E/O (Bu®, F(-,u))ds — %E/O Try L(u)ds
T
#2048 [ 0" = Gl ds + Eu(0) — I 3)

if u e C([0,T); L3(Q, F;V)) and I(u) = oo otherwise. Here, L(u) := u®(u®)* Dgd¢(u)
and u¢, u® are associated to u via the decomposition (2). The symbols (-,-) and || - ||
stand for the scalar product and the norm in H, respectively, and d¢(u) denotes the
subdifferential of ¢, here assumed to be Gateaux-differentiable from V to V*. The
constant Cy, > 0 depends on ¢ and is defined in (G) below. Within our assumption
setting, we will have that L(u) € £(V, V), where the latter is the space of trace-class
operators from V to V. The symbol Try hence denotes the trace of the operator with
respect to an orthonormal system of H in V. The fact that I takes nonnegative values
hinges on the validity of an It6 formula for ¢, see Proposition B.1] below.

The focus of this note is to discuss the equivalence of solutions of equation (Il) and
null-minimizers of the EDP functional I. Under general assumptions on ¢, F, and G,
our main result, Theorem 2.1], states that

u solves (I) < Ozl(u):rr}z}n[.

The core of this characterization resides on the nature of the EDP functional I, which
in the present setting corresponds to the squared residual of the system

ot 4+ 0p(u) = F(-,u), u®=G(u), u(0)=u’,

as illustrated in Proposition 3.2l below. The approach in (3] is however more general and
can be adapted in Banach spaces and doubly nonlinear problems as well, see Remark

3.3 below.

The residual nature of the EDP functional entails that the EDP variational principle
0 = I(u) = ming I is not a mere minimization problem, for one is asked to check that
the minimum is actually 0, motivating the use of the term null-minimization. This issue
is not uncommon for global variational approaches and can be traced back to celebrated
Brezis-Ekeland-Nayroles principle [16] 17, [42] [43]. In the current stochastic case, the
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existence of a unique null-minimizer follows from the well-posedness of the differential
problem (IJ). Still, minimization cannot be tackled directly, for the functional I shows
some limited semicontinuity properties, see Section [l Apart from the case when € is
atomic, this prevents us from providing an alternative existence theory for problem ().
On the other hand, we make use of the EDP characterization for proving stability of
the Cauchy problem for equation (1)) under perturbations of the data (u°, ¢, F,G) in
Section [Bl and for discussing the penalization of an optimal control problem constrained
to () in Section

Before moving on, let us mention two alternative global variational principles for
SPDEs of the class ({l]. The mentioned Brezis-Ekeland-Nayroles principle has been
indeed extended to the stochastic case. Following some specific application in [5] (6]
8], a general theory has been presented by Barbu & Réckner [7, @, [10] in the linear
multiplicative case and by Boroushaki & Ghoussoub [14] in the nonlinear multiplicative
case. In our notation, the stochastic Brezis-Ekeland-Nayroles functional from [14] reads

u E/OT (qs(u) G (F(u) — Bpu) — (F(u) — Z?tud,u)> ds

1o
+ 38 [ I = Gy ds + Eu(0) — o

Here, ¢* stands for the Legendre conjugate of ¢. Recall that ¢(u) + ¢(v) > (v,u) for
all u, v € H and that equality holds if and only if v € d¢(u). Hence, a null-minimizer
of the latter necessarily solves the Cauchy problem for (). By resorting to the far-
reaching theory of anti-self dual Lagrangians, the existence of null-minimizers of the
Brezis-Ekeland-Nayroles functional has been ascertained in [14].

In the additive case, a different global variational approach to (1) is in [53], where
the Weighted-Energy-Dissipation functional

T c T 1
u E/ e s/ (_Hatud|]2 + ¢(u) — (F, U)) ds +E/ e/ |uf — Gl Y2y ds
0 2 0 2 ’

is investigated. This strictly convexr functional admits a unique minimizer u. over tra-
jectories with given initial value u°. At all levels € > 0, such minimizers solve an elliptic-
in-time regularization of equation (1), complemented by an extra Neumann boundary
condition at the final time 7. In particular, the minimization of the Weighted-Energy-
Dissipation functional corresponds to a noncausal differential problem. As ¢ — 0 one
can prove [53] that u. converge to the solution to the Cauchy problem (I). In particular,
causality is restored in the limit.

Compared with the Brezis-Ekeland-Nayroles approach, the null-minimization of the
EDP functional is a priori not restricted to the case of a convex ¢ (although we limit
ourselves to convex ¢ in this note, for simplicity) and is easily adapted to more nonlinear
situations, see Remark [3.3] below. With respect to the Weighted-Energy-Dissipation
approach, the null-minimization of the EDP functional does not require to take the
extra limit € — 0 and is causal. It is hence better suited to discuss convergence issues.

We collect notation, assumptions, and the statement of the characterization, i.e., The-
orem [2.1] in Section 2l Section B is devoted to the proof of a generalized Itd formula,
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which is crucial for studying the EDP functional and brings to the proof of the character-
ization. We discuss in Section [ the coercivity and the restricted lower-semicontinuity of
the EDP functional, as well as the fact that minimizers of I are actually null-minimizers.
We then obtain a stability result with respect to data perturbations in Section[Bl Even-
tually, in Section [6] we discuss a general penalization procedure for an optimal control
problem based on ().

2. SETTING AND STATEMENT

In preparation of the statement of our main result, let us collect here the assumptions
on spaces and nonlinearities, which will be tacitly assumed throughout the paper.

Let (Q2,.7,(Zt)ieio,1),P) be a stochastic basis, with right-continuous and saturated
filtration (fft)te[o,T}’ H and U be separable Hilbert spaces, and W be a cylindrical
Wiener process on U. Moreover, let V be a separable and reflexive Banach space, with
V C H densely and compactly, so that V' C H C V* (dual) is a Gelfand triplet. We
recall that the symbols (-,-) and || - || denote the scalar product and the norm in H.
Moreover, (-,-) stands for the duality product between V* and V. The norm in any
other Banach space E will be denoted by || - || .

In the following, we use the classical notation .Z(V, H), Z*(U,V), and £ (V,V)
to indicate the space of linear and continuous operators from V to H, the space of
Hilbert-Schmidt operators from U to V, and the space of trace-class operators on V,
respectively. The symbols % (V, H) and %, (V, H) indicate that the space Z(V, H) is
endowed with the so-called strong, resp. weak operator topology. For all L € £ (V,V)
we denote by Try L the trace of the operator with respect to an orthonormal system
(ex)ren of H contained in V', namely,

TI‘H L= Z(Lek, ek).
i=1

We denote by & the progressive o-algebra on © x [0,7] and write L*(2; E) and
L#(0,T; F) for the spaces of strongly measurable Bochner-integrable E-valued functions
on 2 and (0,7), for all s € [1,00] and a Banach space E. For s,r € [1,00) we use the
symbol L%,(€; L"(0,T; E)) to indicate that measurability is intended with respect to
the progressive o-algebra &2.

In the following, we will make use of the space % of It6 processes given by
U = {u € L*(Q;C([0,T]; H)) : the decomposition (@) holds for
ut € L%, (0 HY(0,T; H)), u® € L%(Q; L*(0, T;.2%(U,V)))}-
Note that the representation v = u¢ + u® - W is unique and defines an isomorphism
U ~ L%(Q;HY(0,T; H)) x L% (% L2(0,T; LU, V))).

In the following, we will systematically (and tacitly) use such isomorphism by identi-
fying v € % with the corresponding pair of processes (u?,u®) € LEZ(Q; H'Y(0,T;H)) x
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L%,(Q; L*(0,T;.2%(U,V))). We will also make use of the the subspace ¥ C % given by
V=% NC(0,T); L*(Q,.F;V)}.

We ask ¢ : H — [0,00] to be a convex and lower semicontinuous with ¢(0) = 0 and

essential domain D(¢) = {u € H : ¢(u) < oo} =V, and require the subdifferential

0¢ : D(0¢) C H — H, where D(0¢) = {u € H : 9¢p(u) # 0}, to be single-valued and
coercive in the following sense:

E|C¢ >0: (a(ﬁ(ul) — 8(]5(UQ),U1 — UQ) > cd)Hul — UQH%/ Yuq, ug € D(8¢) (4)

We moreover ask ¢ to be continuous at some point of its domain , so that the subdif-
ferential 9(¢|v) : V' — V* of the restriction ¢|y : V — [0, 00] is maximal monotone and
coincides with 0¢ on V. We further assume d¢ : V — V* to be Gateaux-differentiable
with Gateaux-differential Dgd¢ € C(V; Zs(V, V™)) fulfilling

1Cs >0: HDga(b(u)”g(Mvﬂ <Cy VYuelV. (5)
Note that the latter entails that ¢ is linearly bounded from V to V*. Indeed, we have
that
1
ostlv- = [ Dgootru).u)ar
0

and we can compute that

Ll < o) = [ @otrwwar <
Moreover, we have the control
Vue : Try L(u) < Cd)HusH?(ﬂ(Uy) a.e. in Q x (0,7), (7)
where we recall that L(u) := u®(u®)*Dgd¢(u).
We require the map F : [0, 7] x H — H to be Carathéodory with F(-,0) € L?>(0,T; H)

and to be Lipschitz continuous, uniformly with respect to t. More precisely, we assume
that

ully dr < Cy|lully

1
< / | Ddd(ru)l 2 i)
V* 0

! C
rCollull} dr = =P ull, VueV. (6)

Jep>0: ||F(t,ur) — F(t,ue)| < cpllug — usl|
Vuy, ug € H, for a.e. t € (0,7). ()
The latter specifically implies that the process F(-,u) belongs to L%,(€; L?(0,T; H)) for
all w € L2,(Q; L*(0,T; H)).
The map G : [0,T] x V — £?(U,V) is also asked to be Carathéodory with G(-,0) €

L2(0,T; £%(U,V)) and uniformly Lipschitz continuous and linearly bounded with re-
spect to t, namely,

Jeg>0:  [|G(t,u1) = Gt u2)l| w2y < callur — ugl]
Yuy, ug € H, for a.e. t € (0,T), 9)
and
dege >0 G u)ll 22wy < cga(L+ |lullv) YueV. (10)

In particular, G(-,u) € L%,(Q; L*(0,T;.2*(U,V))) for all u € L%,(Q; L*(0,T;V)).
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Eventually, we prescribe the initial datum
u’ € L2(Q, Fo; V). (11)

The Cauchy problem for (Il) can hence be specified as
¢ t
u(t) = u’ +/ (F(-yu) — 0p(u))ds +/ G(,u)dW Vtel0,T], P-as. (12)
0 0

where the latter is intended as an equation in H.

Under the above assumptions, one can adapt the theory from [52] and [27] in order
to prove that equation (I2)) admits a unique solution u € ¥ which in addition belongs
to

L2(92;L°°(0,T;V)) == {v : @ — L*®(0,T;V) weakly* progressively measurable
with El[v][Zee (1) < 00},

and can be obtained as limits of approximations arising from Yosida-regularizing 0¢.
As such, when referring to a solution of equation (I2)) the regularity u € ¥ will be
always assumed in the following. Note that this is not restrictive, for all strong-in-
time solutions of (I2)), namely, u¢ € L2(Q; W11(0,T; H)), can a posteriori be proved to
belong to ¥, see Remark [B.4] below.

The central observation of this note is the following characterization.

Theorem 2.1 (Energy Dissipation Principle). u € % solves (I2)) if and only if 0 =
I(u) = ming I.

This characterization is proved in the next Section [B] by resorting to a generalized
[t6 formula for ¢.
3. ITO FORMULA AND PROOF OF THEOREM [2.1]

In the deterministic case, the Energy-Dissipation Principle hinges on the validity of
the chain rule for the functional ¢. In the stochastic case, this corresponds to a specific
1t6 formula, which we now present.

Proposition 3.1 (It6 formula). Letu € ¥ and assume that 0¢(u) € L%,(Q; L*(0,T; H)).
Then,

ou(t) = 6(u(0) + [ (B 06w))ds + [ (@o(u),u* aw)
0 0
+%/0 Try L(u)ds Vi€ [0,T], P-a.s. (13)
In particular, t — Eo(u(t)) € WH1(0,T) and

%Egb(u(t)) — (0, 9o(u)) + %E Tey L) for ace. t € (0,T). (14)
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Proof. The It6 formula (I3]) is proved in [52 Lemma 3.2] for ¢ replaced by its Moreau-
Yosida approximation ¢, at level A\ > 0 [I5]. In particular, for all A > 0 we have
that

t
0

or(u(t)) = 62 (u(0)) + / By, 05 (w)) ds + /0 (D5 (u), u* AWV

+% / Tog (u (4 Dodn(u) ds Ve € [0.T], Pas. (15)
0

In order to check for (I3]), we hence aim at taking the limit A — 0 in (I5)). The pointwise
convergence of ¢y to ¢ on D(¢) [15, Prop. 2.11, p. 39] ensures that ¢y (u(t)) — ¢(u(t))
and ¢ (u(0)) — ¢(u(0)). Moreover, from [0y (u)|| < |[0p(u)| a.e. and the fact that
Op(u) € L% (Q; L*(0,T; H)) we conclude that d¢y(u) — & in L%,(Q; L*(0,T; H)) by
possibly extracting a not relabeled subsequence. On the other hand, one readily check
that £ = 0¢(u) a.e. by passing to the limit A — 0 into (9¢px(u), w —u) < Px(w) — P (u)
a.e. for all w € L%](Q; L?(0,T; H)). Hence, extracting a subsequence was actually not
needed. Eventually, the first two integrands in the right-hand side of (I3]) converge to
the corresponding limits.

We are hence left to check the limit of the trace term. To this aim, we recall from
[52, Lemma 3.1] that

DgO¢x(u) = Dg0¢(Jx(u)) DgJx(u)

where we have denoted by Jy : V* — V the resolvent Jy := (I +\3¢)~!. The coercivity
assumption (4)) ensures that Jy is Lipschitz continuous. Moreover, one can enhance the
usual a.e. convergence Jyu — u in H to

T
C¢||J)\’LL - u”i?@(Q;LQ(O,T;V)) < E/O (a@(J)\’LL) - 8¢(u)7 Jau — ’LL) ds — 0,

so that Jyu — u in V a.e. Recalling that Dgd¢p € C(V; Zs(V,V*)) one gets that
u® (u®)*Dgdop(Jy(u)) — u®(u®)*Dgdp(u) in LHV,V) a.e.

On the other hand, from [52, Lemma 3.1] one has that DgJy(h) — I in Z,(H, H) for
all h € H. In fact, under the coercivity assumption (4), the argument of [52, Lemma
3.1] can be straightforwardly extended to ensure that the convergence DgJy(v) — I
actually holds in %, (V, V) for all v € V, as well. In particular, for all k¥ € N we have
that

(u®(u®)*Dgdp(Jx(u)) DgJr(u)er, er) = (DgJ(u)ex, Dgdp(Jx(u))u® (u®)*ey)
— (ex, Dgdp(u)u® (u®)*ex) = (L(u)ex, ex).

In order to use the latter and pass to the limit in

o0

Try (u®(u®)* Dgde(Ja(u)) DgJa(u)) = > (u(u®)* Dgdp(Jx(u)) DgJa(u)ex, ) (16)
k=1
we now provide a bound on the series, independently of A\. We recall the invariance of
the trace under permutations, namely,

Trg (u®(u®)*Dgd¢(JIx(u)) DgJx(u)) = Try ((u”)” Dgdd(Jx(u)) DgJx(u)u®),
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where now Try is the trace in Z*(U,U), related to a given (hence any) orthonormal
basis (vg)gen C U. In particular, we have that

Trpg (u®(u®)* Dgdd(Ja(u)) DgJx(u)) =Y (Dgdp(Jr(w)) DgJx(u)u vy, u*vy)
i—1

and we can argue as follows

|(Dgd¢(Jx(u)) DgJ(w)u vy, uvy)|
< 1D (I (w))l| v,y | D In(w) | vy luvr 1T,

C
< Z2|ufvp || € £
Co

By the Dominated Convergence Theorem we have hence proved that

Try (u®(u®)* Dg0d(Ja(u)) DgJy(u)) — Tryg L(u)  a.e.

as well as
S S * C S
Try (u®(u®)* Dgdg(Ja(uw)) DgJa(u))| < —C(Z)Hu ey a-e

As HUSH?(ZQ(U v) € L%, (€ L'(0,T)) one can use again the Dominated Convergence The-
orem, pass the limit in (I5) as A — 0, and get (I3)).
We now localize formula (I3]) to a subinterval [s,¢] C (0,7) in order to get that

Eo(u(t)) = Eg(u(s)) + E/t(ﬁtud,(‘)qﬁ(u)) ds + %E /t Try L(u)ds VO<s<t<T

This proves that ¢ — E¢(u(t)) is absolutely continuous, and the differential 1t6 for-
mula (I4]) follows by the arbitrariness of s and t. O

We now use Proposition [3.1] in order to give an equivalent formulation of the EDP
functional I in terms of squared residuals.

Proposition 3.2 (Equivalent formulation). Foru € ¥ with d¢(u) € L?,(€; L*(0,T; H))
one has

1 T T
) = 5B [ 10 + 06(w) = Pl Pds + 2048 [ u® = Gl )y ds

+Eflu(0) — |3 (17)
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Proof. Under the assumptions u € ¥ and d¢(u) € L?,(Q; L*(0,T; H)) the It6 formula
(I3) holds and we can compute

1 (T 1 (T
I(u) = E¢(u(T)) — E¢(u(0)) + ;E /0 19| ds + S /0 1F (- u) = 9(u)]* ds
1 T T J
—éE/O TrHL(u)ds—IE/O (Opu®, F(-,u))ds
T
#2048 [ u* = Gl ds-+ Blu() I}

1 (T 1 [T
@ 5IE«:/O |8,u?||® ds + §E/O |F(-,u) — O¢(u)||* ds

T T
+B [ (0, 00(0) ~ F(.w)ds +20E [ u* = Gl.)lFyaqy ds
0 0
+ E[[u(0) — u’|f5
1 T d 2 T s 2
= §E ; |Opu® 4+ 0p(u) — F(-,u)||* ds + 2C4E ; [u® = G(u)| g2y ds
+ E||lu(0) — u0||%/. O

Owing to the equivalence from Proposition we are now in the position of checking
the characterization Theorem 211

Proof of Theorem[21l Let w € % be such that I(u) = 0. The boundedness of I
in particular entails that u € ¥ and that the difference 0¢(u) — F(-,u) belongs to
L%, (Q; L*(0,T; H)). As u € L% (€ L*(0,T; H)) one has F(-,u) € L%(Q; L*(0,T; H))
owing to (8). This implies that d¢(u) is in L%,(Q;L*(0,T; H)). We can hence use
equation (I7) and obtain that

LT T
§E/O 10ru? + ¢ (u) — F(-,u)|* ds + 2C¢E/O [u® = G(u) | Y2y ds

+Eflu(0) -« 2 1(u) = 0.

This proves that dué+09¢(u) = F(-,u) and u® = G(-,u) a.e. in Qx (0,T) and u(0) = u°
P-a.s. Hence, u solves equation (I2]).

Let now u € ¥ solve equation (I2)). In particular, we have that d;u?+0¢(u) = F(-,u)
and u® = G(-,u) a.e. in Q x (0,7) and u(0) = u® P-a.s. As du? € L%, (Q; L*(0,T; H))
and F(-,u) € L% (S L?(0,T; H)) from (8), we have that d¢(u) € L%, (€ L*(0,T; H))
as well. Again, the equivalence (I7) holds and we have that

D Ly [ o+ o Feou)Pds £ 20 [ [la® — G2 d
=35 ; hu + 0p(u) — F(-,u)|” ds + @ 0 Ju® — ("U)H,S,ﬂ?(U,V) §

+E[u(0) — |} = 0.

I(u)

This concludes the proof of the theorem. O
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Remark 3.3. The equivalence (I7) reveals that the EDP functional is indeed nothing
but the square residual of the system
ot 4+ 0p(u) = F(-,u), u®=G(u®), u(0)=u’.

In particular, the expression in (7)) could have been used as alternative and possibly
more informative definition for I. On the other hand, definition (B]) is the direct sto-
chastic extension of the classical one [Il, 20] and has the advantage of making sense also
out of the purely Hilbertian setting. Without going into the greatest generality, which
would call for considering stochastic integrals in Banach spaces, let us mention that the
present results (in particular, the validity of Theorem 2]) could be extended to the
EDP functional

T
I(0) = Eo{u(T) ~ Eo(u(0) + E [ (@0, ~09(u) + Fl-.u)) ds
T T
— 'LLd U S — I u S
E/o (Oyu, F (-, u))d E/o Teyy L(u)d

T
2R /0 lu* = Gl )l ds + Ellu0) — )3 (18)

Here, 14 : H x H — (—00, o] is a convex function representing the maximal monotone
operator A : H — H in the sense of the Fitzpatrick theory [23], see also [506] 57] for
additional material and details. In particular,
Ya(v,w) > (v,w) Yv, w € H, (19)
Ya(v,w) = (v,w) <& we A). (20)
An example for such 14 is the so-called Fitzpatrick function
Ya(v,w) = sup{(0,w) + (v, ) — (0,w) : 0, w € H, w € A(D)}.

If A is cyclic, namely A = 9n for some n : H — (—00,00] convex, proper, and lower
semicontinuous, a second example for ¢4 is the Fenchel function

Ya(v,w) =n(v) +n"(w)
where n* is the Legendre conjugate of 7.

By using (I9)-(20) one can prove that null-minimizers of I from (I8]) solve the doubly
nonlinear equation

AQud) dt + u® AW 4 dp(u) dt = F(-,u) dt + G(-,u) dW

where A : H — H is maximal monotone, nondegenerate, and linearly bounded but not
necessarily cyclic. The latter, under suitable assumptions, has been proved to admit
martingale solutions in [52].

Remark 3.4. By adapting the argument of Proposition 3.1 one can check that strong-
in-time solutions with u¢ € L2(Q; W1(0,T; H)) of equation (I2)) are actually in 7, so
that assuming u € ¥ is actually not restrictive. Indeed, given u? € L2(Q; W1(0,T; H))
and taking (8)-() into account one has that d¢(u) € L%, (S LY(0,T; H)), F(-,u) €
L%, (9 L2(0,T; H)), and G(-,u) € L%(Q; L*(0,T;.£*(U,V))). In order to conclude for
u € % it hence suffices to prove that indeed d¢(u) € L%, (Q; L*(0,T; H)). At some
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approximation level (for instance, that of Yosida approximations uy from the proof of
Proposition B1]), the Ité formula holds for d¢(u) in L%,(Q; L*(0,T; H)), as well. On
solutions of the equation (IZ) one can hence replace dyu? in the Ito formula (I4) by
F(-,u) — 0¢(u) and easily check that indeed d¢(u) € L?,(Q; L*(0,T; H)). In fact, by a
standard application of the Burkholder-Davis-Gundy inequality one additionally obtains
that solutions of ([IZ) belong to L%,(%; L>(0,T;V)), as well.

4. SOME PROPERTIES OF THE EDP FUNCTIONAL

As mentioned above, under the assumptions of Section 2] equation (I2]) admits a
unique solution u. In particular, the null-minimization problem for I is uniquely solv-
able.

In this section, we comment on the possibility of tackling the null-minimization prob-
lem for I directly. We prove that I is coercive in ¥ (Propositiond.1]) and that minimizers
are actually null-minimizers (Proposition [£.3]). Moreover, we check that I is lower semi-
continuous, up to possibly changing the underlying stochastic basis (Proposition F2)).
Unfortunately, this lower semicontinuity property is too weak to allow for an applica-
tion of the Direct Method, preventing us from obtaining a complete alternative existence

proof for (I2]).

The case of an atomic € is special. Here, no change in the stochastic basis is needed
for lower semicontinuity and the null-minimization of I can be directly carried out,
bringing to a fully variational existence proof for (12)).

Proposition 4.1 (Coercivity). The sublevels of I are bounded in V.

Proof. Assume I(v) < co. Then v € ¥ C L%,(Q;L*(0,T; H)) and we have F(-,v) €
L%,(Q; L*(0,T; H)) and G(-,v) € L% (% L*(0,T; £2(U;V))) from @®)-@). As I(v) is
finite, we deduce that d¢(v) € L2,(€%; L?(0,T; H)) as well. Applying the It6 formula
(I4]) and integrating on the interval [0, ¢] for ¢ € [0,7] we deduce that

I I
Bo(u(t) ~ Eo(o(0) + 5B [ 10072 ds-+ 58 [ 100(0) = Plo) s
t 1 t T
—E/ (F(-,v), 0% ds — §E/ Try L(v) ds+2C¢E/ [|v® —G(',U)Hf(ig(va) ds
0 0 0
1 t t
= 5B [ 100"+ 06(0) — F(. o) ds + 2048 [ 10* = G, gy ds
0 0
< I(v). (21)
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We now use the coercivity (@) in order to get that

c 1 [ 1 [

ZE|v(t)} + —E/ 19:0°* ds + —E/ 196 (v) — F(-0)|* ds

2 4 J 2 Jy

3C, r .
+ T¢E/() l* %217,y s
t 1 t
< E¢(v(0)) + E/ | E(,v)|* ds + §E/ Try L(v)ds

0 0

t
+8CE [ 1600}y, ds + 1(0)

By the Lipschitz continuity of F' and the linear boundedness of G from (8)—(I0) and
the bounds (6])-(7) we get

c 1 t 1 t
SR o(t)? + 1B / 1002 ds + o / 106(v) — F(-v)||? ds
2 1), 27/,
3C r .
. 2¢E/ lo* 1y ds
0

c t Co ('
< ZENO +0/0 Ello]? ds + 7(’5/0 E)[o%][2a(0r v ds + C + I(0).

for some positive constant C, depending on the data ¢4, Cy, cF, cq, cg2, |[u°|v, and
[£(-;0)ll 20,7, mry> but independent of v. An application of the Gronwall Lemma ensures
that

T T
max E[[v]|2 +E/ 18:0?|2 ds +E/ [ ey, ds < C(1+ I(v),
[0,7] 0 0 ’
possibly by updating the constant. The assertion follows. O

In order to discuss lower limits, we make the notation for the EDP functional more
precise by explicitly indicating the background stochastic structure and the given initial
value. When needed in the following, we use the extended notation

u = [A(Q7ﬂ0}\7 (ﬂO}\t)tE[O,Tb]P)v VV,UO,U)

instead of u — I(u). Correspondingly, we specify the dependence on the stochastic
basis of the space of Itd processes by using the notation 022(9,55, (Ft)eeo,), B, W).
Our lower-semicontinuity result reads as follows.

Proposition 4.2 (liminf tool). For all u. — u in ¥ one can find a stochastic basis
(Q, Z, (jt)te[QT],]fD), a not relabeled sequence of measurable maps 7 : (Q, ﬁ) — (2,7)
with Pon, = I@’, a cylindrical Wiener process W on U, a process

(S %(973;\7 (jt)tE[O,T}v]pv W) N C([07T]7L2(Qaj7 V))a

and an initial value @0 € L2(Q,.Z0; V) such that ue on. — @ in C([0,T); H) a.e. in Q
and

A A A ~

I(Qy Z, (Jt)tG[O,Tb]fD’ Wa ’LAL(]’ ZAL) < lim inf I(UE) (22)

e—0
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Proof. As (ug)e>0 is bounded in ¥, the classical result [24] Lemma 2.1] ensures that

Le ::/ us dW
0

is uniformly bounded in L?,(Q; H*(0,T;V)) for some u € (0,1/2). Since V is compact
in H, the Aubin-Lions Lemma [55] ensures that

HM0,T;V) cc L*(0,T; H),
H'(0,T; H) cC C([0,T];V*),
L*(0,T; V)N (HY(0,T; H) + H*(0,T;V)) CC L*(0,T; H).

This entails that the laws of (ue,u®, ud, 1., W) are tight in
LX0,T;H) x V x C([0,T]; V*) x L*(0,T; H) x C([0,T];Uy),

where U is a separable Hilbert space such that the inclusion U — Uj is Hilbert-Schmidt.
By the Skorohod Theorem [31, Thm. 2.7] one can hence find another probablhty space

(Q,.7,P), a sequence of measurable maps 7, : (€,.%) — (€,.%) with Pon. = P for all
€ > 0, and some measurable

A

(a,0°,a%, 0, W) : (Q,.F) — L0, T; H) x V x C([0, T]; V*) x L*(0, T; H) x C([0, T]; Uy ),

such that, letting 4. := u. o 7, &g = ug 0 Mgy be *= L 0 N, and We = We o,

Ge — @ in L?(0,T; H), P-as., (23)
4:(0) — a° inV, P-as., (24)
al = a? in C([0,T);V*), P-as., (25)
i — i in L?(0,T;H), P-as., (26)
W. =W inC([0,T);U,), P-as. (27)

In fact, as 7. preserves the laws, we also have, setting 47 := uf o 7., that

oyl — dya? in L2(Q; L*(0,T; H)), (28)

4 —a°  in L2(Q; L0, T; £%(U,V)), (29)
4:(0) = @ in L3(Q, %o; V), (30)
0p(a:) = € in L*(; L*(0,T; H)), (31)
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The combination of convergences (25) and (BI) entail that £ = dp(d) a.e. Moreover,
the Lipschitz continuity of F' and G gives

F( i) = F(-,@) in L*(Q; L2(0,T; H)), (32)
G(- i) = G(-,a) in L*(; L2(0,T; (U, H)), (33)
G(-, i) — G(-,4) in L*(Q; L0, T; £L%(U,V)). (34)
Setting (ja7t)te[07T] as the filtration generated by (., aZ, i., Wa), using again the fact

that 7. preserves laws, one has that
I(ua) = IA(Quja (ﬁa,t)tE[O,T]Jﬁ)a W67a27a8)’ (35)

Moreover, setting (rjt)te[o 7] as the filtration generated by (4, al, i, W) a classical ar-

gument (see [51], 52]) ensures that W is a U-cylindrical Wiener process, i = @° - W,
and

i = /a ds+/ S(s) IV (s).
Now, since we have that @ € % (Q, %, (% )eelo, 15 P) N C’([O T): L2(Q, Z; V), 06(d) €
L;(Qsz(OaTv H))7 as well as '&8 € %(Q7J7 (/a,t)tG[O,T}7 ) N C([07T]7L2(Qaj7 V))7
0p(u.) € L2§7’ (Q; L?(0,T; H)), we can apply the equivalence (7)) and pass to the lim inf
owing to convergences (28)-([B33) getting
j(Q j (jt)tE[O,T]a]pa Wv '&07 'ZAL)

(IIZD1 ~ ~ANT12 - ~5 A\ 12
Hat +0¢(a) — F(-,a)[" ds + 205 E ; [0 = G( @)l g2y ds

+EIIU( ) =@l

1 N T
< liminf <—E/ |0yl + O¢(t1c) — F(-,a.)||> ds
—0 2 0

T
+ 20¢>E/0 162 = Gy 1) %) ds + El| e (0) — a%%,)

D i inf 1(Q), .7, (j€7t)t€[0,T}7]p7 W, a9, 4.) D Jimint I(ug). O
e—0 e—0
The combination of Propositions [£T]and 4.2 still does not allow to prove the existence
of minimizers of the EDP functional I, for the stochastic basis is changed in the limit.
In the special case of an atomic €2, however, no change in the basis is actually required
and one can find a minimizer of I via the Direct Method.

We conclude this section by proving that minimizers u of I are actually null-minimizers
(I(u) = 0), hence solve (I2). The reader is referred to [3, 29] 48] for some similar argu-
ment, although in different variational settings.

Proposition 4.3 (Minimizers are null-minimizers). Assume that F(t,-) and G(t,-) are
Gateauz-differentiable for all t € [0,T] and let w € % minimize I. Then, I(u) = 0.
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Proof. In order to check that I(u) = 0 let us start by considering the linear problem
dv + Dgd¢(u)vdt = (DgF(-,u)v — f) dt + (DgG(-,u)v — g) AW, v(0) =z, (36)

where f € L2,(Q;L*(0,T; H)), g € L% (S L?(0,T;.£2(U,V))), and z € L*(Q, Z; V)
are given. Owing to our assumptions, we have that the latter is uniquely solvable, for
the time-dependent positive linear operator Dgd¢(u) is coercive, uniformly with respect
to time.

We now use the equivalence of Proposition in order to rewrite
> 1 g d 2
I(u) = §E |Ooru® + Op(u) — F(-,u)||* ds
0

T
+20,4E /0 [ = G )l oy ds + Ellu0) — |13 (37)

Let now v be the solution of (36]) and compute the variation of I at u in direction v
by letting 0 = ¢(0) for g(¢t) = I(u + tv). Owing to the Gateaux differentiability of d¢,
F(t,-), and G(t,-) we obtain that

T
0=F /O (0u® + 06 (u) — F(-,u), 0 + Dgd(u)v — DgF (-, u)v) ds
T
+ E/O (v® — G(,u),v° — DgG(.,u)v)fz(U’v) ds + 2E(u(0) — u®,v(0))y
T
_E /0 (O + () — F (), f) ds

T
+E/ (uS—G(',u),g)gg(UV) ds + 2E(u(0) — u°, 2)y.
0 k)

Since f, g, and z are arbitrary we have proved that @ solves dyu + d¢(u) = F(-,u),
@° = G(-,u), and u(0) = u® a.e. Hence, usolves (IZ). In particular, I(u) = 0. O

5. APPLICATION TO STABILITY

Let us now give an application of Theorem [21] to the analysis of the stability of
problem (I2)) with respect to data perturbations. In the deterministic case, such stability
results have to be traced back to Attouch [2]. See also [58] for some recent developments.
In the stochastic regime, the reader is referred to Gess & Télle [28], where the case
¢n — ¢ is discussed.

Assume to be given a sequence (u?, ¢, F., G¢)->0 of data, as well as a limiting data
set (ug, ¢, Fo, Gp), all fulfilling the assumptions of Section [2| uniformly with respect to
e €[0,1). We are interested in qualifying the convergences u? — u8, o — ¢g, F — Fyp,
and G — Gy in such a way that solutions u. of equation ([Z) with data (u?, ¢c, F., G),
namely,

e (?) :ug+/t(F€(-,u€)—a¢€(u€))d3+/tG€(.,u€)dW e [0,T], P-as.  (38)
0 0
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converge to solutions ug of equation (I2)) with data (ul), o, Fo, Go), that is

t t
ug(t) = ug +/ (Fo(+,up) — o (uo)) ds +/ Go(,up)dW Vvt € [0,T], P-a.s.  (39)
0 0
The reformulation of these problems in terms of null-minimization of EDP functionals
allows to readily treat the stability question. In the case of gradient flows, the ap-
proach dates back to Sandier & Serfaty [49, [54]. Recently, this variational treatment of
limiting processes has been applied to different kind of parameter-dependent nonlinear
dissipative evolution problems and has been originating the concept of EDP convergence
[20, 25| 39, 40]. To the best of our knowledge, we present here the first application of
this technique in the stochastic setting.
Let I. and I indicate the EDP functionals (@) defined with data (u?, ¢, F-, Ge)es0
and (ug, ¢0, Fo, Go), respectively. In order to prove that ug solves (39) one has to check
that Ip(ug) = 0. Since Ij is nonnegative, this would follow from

In(up) <liminf I, (u;) = 0. (40)
e—0

This is nothing but a I'-lim inf inequality for I. [I8], which we check below, by extending
the argument of Proposition[Z2l In fact, the EDP functional approach is flexible enough
to deliver convergence also for approximate minimizers v, of I, namely for I (v.) — 0.
The main result of this section is the following.

Theorem 5.1 (Stability). Let (u2, ¢c, Fr, Ge)eso and (ul, o, Fo, Go) fulfill the assump-
tions of Section[d, uniformly with respect to €. Moreover, assume that, as € — 0,

ul = ud in LA, Fo; V), (41)
¢e — ¢ in the Mosco sense in H, (42)

and that for all we = wy in ¥ the following convergences hold
Fe(-ywe) = Fo(-ywo) in L3 (95 L*(0,T; H)), (43)
Ge (- we) = Go(,wo) —in L3 (25 L2(0, T3 22U V). (44)

If I.(ve) — 0 than v, Xug in ¥, where ug solves 39).

Proof. As I.(v.) — 0, the sequence (v¢). is bounded in ¥ by Proposition LIl This
implies that d;v? and F(-,v.) are bounded in L%,(Q; L*(0,T; H)) and v¢ and G(-,v%)
are bounded in L%,(2; L?(0,T;.£2(U,V))). Moreover, since I.(v.) are bounded we have
that 9¢.(v.) are bounded in L?,(Q; L*(0,T; H)) as well.

Define 1. := fo v:dW. By adapting the argument of Proposition (4.2]), possibly
passing to a not relabeled subsequence we find a probability space (Q, F , ]f”), a sequence
of measurable maps 7. : (,.%) — (Q,.%) with Pon. = P for all £ > 0, and some
measurable

(g, 49, 0,2, W) : (Q,.%) — L*(0,T; H) x V x C([0,T); V*) x L*(0, T; H) x C([0,T); Uy ),
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such that, letting 0. := v. o1, i := tc 07, and Wa := W, o, and the following
convergences hold

b =g in C([0,T]; L*(Q, Z;V)), (45)

b. — g in L2(0,T; H), P-as., (46)

o - ad i C([0, T] %), P-a.s., (47)
9,0 — 9,08 in L2(Q; L2(0,T; H)), (48)
0% — a3 in L2(Q; L0, T; £%(U,V)), (49)
0:(0) = a9 in L2(Q,.%0; V), (50)
0¢:(0=) = & in L*(; L2(0,T; H)). (51)

The Mosco convergence ([@2]) together with convergences (6] and (GIl) ensures that
&0 = O¢p(tp) a.e., hence

0e(b) — dgo(ig) in L*(; L*(0,T; H)). (52)

Eventually, the weak-continuous-convergence properties (43)-(44]) entail that

(o5

F.(,9.) = Fy(-,ip) in L*(Q; L*(0,T; H)), (53)
Ge(:,0:) = Go(-,0)  in L*(; L*(0, T; £2(U;V))). (54)

We set now (.Z. +)tejo,) as the filtration generated by (9., 02, i, W), and (f;t)te[QT} as
the filtration generated by (1, @ uO, , W) As in the previous section, a classical argument
(see [51],52]) ensures again that W is a U-cylindrical Wiener process, i = 4° - W and

%:%+/@%@m+/ﬁme@.
0

0

Using the equivalence (7)), the convergence of the initial data ([@I), and convergences
(@8)-([0) and (B3)-([B4) we can pass to the liminfin I, (ve) = (2, #, (F¢ t)icio,m, P, W, 0e)
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and check that

10(9797 (jt)tG[O,Tb]fD)anO)
T
@ E/ 184 + Do (ito) — Fo(-, o) ds
0

N —

T
20,8 / i — Gole t0)[2aqeryy ds + Bllio(0) — a2

1. (T
< 1iminf§1@/ 1962 + Db (62) — Fo(-, )| ds
0

e—0
" r 2 i 012
42048 [ 1102 = Gale ) Epnry s + Bl 0) = 21
@ P F(F 51 4 —
- ].lIgl_)lélf[a(Q,J, (’/€7t)t6[O,T}7P7 W&ava‘) - 0

As Io(Q, Z, (ﬁt)te[oj],]ﬁ’, W, o) = 0, Theorem 21 guarantees that g is a martin-
gale solution of (I2]). As already commented, the pathwise uniqueness of martingale
solutions of (I2)) ensures that all the limits above hold in the original stochastic basis
(0, 7, (Fi)ejo,r), P), as well, without the need of passing to a different basis. In par-
ticular, the weak* limit ug of v. fulfills Ip(up) = 0 and solves (I2). Eventually, since
solutions of (I2]) are unique, no extraction of subsequences is actually needed. O

6. APPLICATION TO OPTIMAL CONTROL

Consider now the equation
du+ d¢(u)dt > fdt + G(-,u) dW. (55)

This corresponds to equation to (II), where the nonlinearity F'(-,u) is replaced by f €
L?(0,T; H). The datum f is interpreted as a control, which for simplicity we assume
to be deterministic. Given the initial value u°, the Cauchy problem for equation (55)
corresponds to find a process u € % such that

t t
u(t) = u’ +/ (f —0p(u))ds —I—/ G(,u)dW Vtel0,T], P-as. (56)
0 0
Under our assumptions, for all f € L?(0,T;H) there exists a unique solution u €
U N L%,(Q; L>(0,T;V)) of (56)). This defines the solution operator
S:L*0,T;H) — % N L%(Q; L>=(0,T;V)), S(f) :=u.
We are interested in the following optimal control problem

;g;{J(f, u) :u=>S(f)}. (57)

Here, o7 represent the set of admissible controls, which we assume to be nonempty and
weakly compact in L2(0,T; H), and J : L?>(0,T; H) x ¥ — [0,00) is an abstract target
functional, here considered to be lower semicontinuous with respect to the weak* topol-
ogy in L?(0,T; H) x ¥. An f* solving (57) is called optimal control, the corresponding
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u* = S(f) is an optimal state, and the pair (f*,u*) is an optimal pair. Let us start from
the following.

Proposition 6.1 (Existence). There exists an optimal pair (f*,u*) for problem (B7).

Proof. Let f, € < be a infimizing sequence for problem (57)). As ¢ is weakly compact in
L?(0,T; H) we can extract a not relabeled subsequence such that f,, — f*in L2(0,T; H).

By letting u, := S(f,) and using Theorem [5.1] we have that u, — u* in ¥, where
u* € S(f*). Owing to the lower semicontinuity of J we get
) < T _ -
J(f7 ") <Timinf J(fn, un) }gg{J(f, u) u=S(f)}
so that (f*,u*) is an optimal pair. d

By the characterization of Theorem 2.J] one readily finds that
u=>5(f) & I(f,u) =0,
where the controlled EDP functional I : L?(0,T; H) x % — [0,00] is defined as

1 (T 1 (T
IunozEMMT»—Ewmm)+§EA\wmw%b+§EA\www—des
T T
—E/O (Opud, f)ds — %E/o Try L(u)ds

T
+204E [ I = Gy ds + Elul0) = o} (59

if u e C([0,T); L*(Q,.7;V)) and I(u) = oo otherwise. The controlled EDP functional
can be used to penalize the SPDE constraint u = S(f) in problem (57). We consider
the penalized optimal control problems

min By with  Fy(f,u) := J(f,w) + 51(7,0) (59)

where 0 > 0 is the penalization parameter. Let us mention that the penalization of
optimal control problems via weighted residuals is classical and can be traced back to
Lions [33]. Indeed, it has already been applied to different stationary and evolutive
situations, see [11] [12] 13| 26l 30, [41] for a collection of results. In the deterministic
setting, this penalization method via EDP functionals has been discussed in [40].

By combining the coercivity and the lower-limit tool from Propositions K.IH4.2] one
can find a minimizer of Fj for each fixed § > 0, at the price of possibly changing the
underlying stochastic basis.

In the limit 6 — 0 one recovers optimal pairs for the original problem (57)) as limit of
approrimate optimal pairs at level §, without redefining the stochastic basis. The main
result of this section is the following.

Theorem 6.2 (Limit § — 0). Let (fs5,us)s>0 € & X % be such that

liminf | F; — inf F5) =0. 60
im in < 5(f5,us) — inf 5> (60)
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Then, up to a not relabeled subsequence we have that (fs,us) A (f*,u*) in L2(0,T; H) x
¥V where (f*,u*) is an optimal pair for (B1)).

Proof. Choose fy € o/ and let ug = S(fo), so that I(fp,ug) = 0. Owing to the weak
compactness of &7 into L?(0,T; H) we can extract without relabeling so that f; — f in
L?(0,T; H). From (60) we get that

1
lim inf =7(f5, us) < lim inf F5(f5, us) < lirglj(l)lpﬁ}gi;/ Fs < J(fo,u0)-

Again by extracting some not relabeled subsequence, this entails that

%I(f(;)u(;) <1+ J(f07u0)'

As 6 — 0 one has that I(fs,us) — 0 and we are in the setting of Theorem (.11 In

particular, us — u* in ¥ and u* = S (f*). Moreover, owing to the lower semicontinuity
of J, for any v € S(f) we find

J(f*,u") <liminf J(fs5,us) < liminf F5(f5,us) < limsup inf Fy < J(f,u)
6—0 0—0 §—0 IXU

which proves that the (f*,u*) is an optimal pair for problem (57]). O
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