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ARTICLE INFO ABSTRACT
Keywords: Background and objective: Cardiovascular hemodynamic fields provide valuable medical decision markers
Coronary hemodynamics for coronary artery disease. Computational fluid dynamics (CFD) is the gold standard for accurate, non-invasive

Computational fluid dynamics
Machine learning
Coronary simulation runtime

evaluation of these quantities in silico. In this work, we propose a time-efficient surrogate model, powered by
machine learning, for the estimation of pulsatile hemodynamics based on steady-state priors.

Methods: We introduce deep vectorised operators, a modelling framework for discretisation-independent
learning on infinite-dimensional function spaces. The underlying neural architecture is a neural field con-
ditioned on hemodynamic boundary conditions. Importantly, we show how relaxing the requirement of
point-wise action to permutation-equivariance leads to a family of models that can be parametrised by
message passing and self-attention layers. We evaluate our approach on a dataset of 74 stenotic coronary
arteries extracted from coronary computed tomography angiography (CCTA) with patient-specific pulsatile
CFD simulations as ground truth.

Results: We show that our model produces accurate estimates of the pulsatile velocity and pressure (approx-
imation disparity 0.368 + 0.079) while being agnostic (p < 0.05 in a one-way ANOVA test) to re-sampling of
the source domain, i.e. discretisation-independent.

Conclusion: This shows that deep vectorised operators are a powerful modelling tool for cardiovascular
hemodynamics estimation in coronary arteries and beyond.

1. Introduction alternatives to detect ischemic lesions. Computing these biomarkers
requires access to pulsatile velocity and pressure fields within the

Coronary artery disease (CAD) consists in the accumulation of vessel.
plaque in the artery wall which results in narrowing of the blood Clinical hemodynamic biomarkers can be non-invasively quantified
vessel. Stenoses then impair the flow of oxygenated blood through the in-vivo with imaging techniques such as Doppler ultrasound, particle
coronary arteries to the heart muscle, which can lead to myocardial image velocimetry or 4D flow magnetic resonance imaging (MRI).

infarction [1]. Visualisation and quantification of patient-specific blood
flow can be valuable for diagnosis [2], prognosis [3] and treatment [4]
of cardiovascular disease. Quantities derived from the blood flow and
pressure, e.g., wall shear stress, oscillatory shear index and fractional
flow reserve (trans-stenotic pressure ratio, measured during maximal
hyperemia), have been identified as useful decision markers and risk
factors in CAD. For instance, wall shear stress can act as a predictor
for culprit lesions in cases in which fractional flow reserve is above
threshold (>0.8) but the lesion is ischemic [5]. Wall shear stress and the process. Furthermore, sensitivity to modelling choices, such as
other biomarkers derived from blood flow are indicated as possible discretisation of time and space, as well as boundary conditions, make

However, the small size of the coronary arteries limits the extraction
of hemodynamic metrics that can effectively distinguish pathological
conditions. Alternatively, these metrics can be obtained in-silico via
computational fluid dynamics (CFD) based on 3D patient models recon-
structed from computed tomography (CT) [6]. Some of the challenges
related to clinical adoption of CFD are its long runtimes, high com-
putational demand and dependence on expert knowledge throughout
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it difficult to decide upon systematic protocols that are consistent and
repeatable across hospitals. Indeed, it has been shown that there is
inter-operator variability between CFD simulations based on identical
medical images [7]. While CFD is gradually making its way into the
clinic, pioneered in part by commercial service providers like Heart-
Flow [8], the above challenges make such services expensive which
may hinder widespread adoption.

In this work, we address these challenges with an in-silico surrogate
model for estimation of coronary hemodynamics, based on machine
learning. We train the model on a dataset of pulsatile CFD simulations,
i.e. time-varying velocity and pressure fields, in right and left coronary
branches of 74 patients scheduled for clinically indicated invasive
coronary angiography for suspected CAD. Additionally, we create a
steady-state simulation for each patient, representing the pulsatile CFD
solution at the first instant of the cardiac cycle (i.e., at time 7 = 7, + dt
where 1, is the end diastolic time) and use them to cast the learning ob-
jective as operator learning: we let our neural networks learn a mapping
from the steady-state to the corresponding pulsatile hemodynamics.
The steady-state CFD solution provides a powerful prior that enables
us to faithfully predict the pulsatile hemodynamics even with limited
(yet diverse) data.

We name our approach deep vectorised operators and lay out a
modelling framework in which the nonlinear operator is learned by a
vectorised conditional neural field. Relaxing the requirement of point-
wise action of neural fields to permutation equivariance allows us
to parametrise our models as PointNet++ [9] and transformers [10]
which have recently proven capable of learning hemodynamics in
large-scale, anatomical meshes [11,12]. To further facilitate learning
from limited amounts of data, we incorporate group equivariance in
our models, which can be advantageous for extracting information
from small hemodynamic datasets [13]. As in CFD [14], our method
is informed by patient-specific boundary conditions. Once trained, our
models can quickly produce pressure and velocity field estimates for
vascular anatomy on consumer hardware based on boundary conditions
for a new patient. We empirically show that our model is robust w.r.t.
discretisation of the flow domain.

Our contributions are as follows: (1) we explore learning pulsatile
hemodynamics from steady-state priors with a nonlinear operator, (2)
we provide a unified modelling framework for neural hemodynamic
field estimation with state-of-the-art neural architectures and (3) we
evaluate our approach on a relevant, real-life dataset of coronary
arteries with patient-specific CFD simulations.

1.1. Related works

Estimation of hemodynamics with machine learning methods has
been an active area of research. Typically, these works fall into one
of two categories: (1) transductive instance optimisation with physics-
based regularisation (solving partial differential equations) and (2)
inductive, generalising feed-forward methods that learn to infer hemo-
dynamics based on patient anatomy and boundary conditions. The
former category requires long training times for each new subject,
often in the same order of magnitude as CFD. These methods can be
useful in scenarios where hemodynamic parameters are only partially
known [15-17]. In contrast, methods in the latter category are designed
as fast, compute-efficient CFD surrogates.

In this study, we concentrate on the second approach: leveraging
neural networks to model the relationship between vascular geom-
etry, boundary conditions and hemodynamic patterns. These neural
networks process 3D vessel structures to predict blood-flow-related
parameters on the vessel surface or within the interior. In addition to
research aimed at predicting 1D quantities along the vessel tree [18]
and surface characteristics such as wall shear stress [19,20], pres-
sure drop [21] as well as endothelial cell activation potential [11],
several studies have focused on predicting volumetric vector fields.
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For example, Liang et al. [22] and Wang et al. [23] trained fully-
connected neural networks that work on 3D point-cloud representations
of the carotid artery and thoracic aorta, respectively, to predict pres-
sure and velocity fields. Maul et al. [24] developed an octree-based
neural network, paired with trilinear interpolation to learn parametric,
pulsatile flow independently of spatial discretisation and applied it to
synthetic vascular trees. Li et al. [25] employed a point-cloud-based
architecture to estimate pressure and velocity fields in coronary arteries
and synthetic cerebral aneurysms. Zhang et al. [26] used a combination
of PointNet++ [9] and a physics-informed neural network (PINN) based
on the Navier-Stokes equations to estimate velocity fields in 3D models
of the abdominal aorta. In prior work [13] we used a multiscale, E(3)-
steerable graph neural network to estimate velocity fields in synthetic
coronary arteries.

Wessels et al. [27] recently proposed equivariant neural fields by
cross-conditioning on latent geometric attributes using transformers.
This differs from our approach in that the field domain and geometric
object are decoupled while in our case they coincide.

Operator learning approaches, such as DeepONet [28] and (Fourier)
neural operators [29,30] have recently gained traction in the machine
learning community but there are few applications to cardiovascu-
lar hemodynamics estimation. Alkin et al. [31] recently proposed a
transformer-based encoder—-decoder model to learn neural operators for
general physical systems.

2. Materials and methods
2.1. Coronary artery dataset

Patient-specific CFD simulations of coronary flow from a previous
study [6] served as the dataset. A brief overview of the data generation
process is provided in the following. Coronary computed tomogra-
phy angiography (CCTA) scans of patients scheduled for clinically-
indicated invasive coronary angiography due to suspected CAD were
retrospectively collected from Centro Cardiologico Monzino (Milan,
Italy). Overall, 74 stenotic vessel geometries (shown in Fig. 1), from
both the left (48) and right (26) coronary arteries, were reconstructed
from CCTA scans using 3DSlicer [32]. The segmentation included the
artery branches downstream of the ostium, and was terminated when
the vessel diameter fell below 1.5 mm, in accordance with established
guidelines [33]. The aortic root was excluded. The study was performed
in accordance with recommendations of the local Ethics Committee,
with written informed consent from all subjects, in accordance with
the Declaration of Helsinki.

The volume of the reconstructed geometries was discretised — after
mesh sensitivity analysis (details in supplementary material) — into
tetrahedral elements with a characteristic size of 0.25 mm using the
TetGen algorithm embedded within SimVascular [34]. This led to
1,801,029 tetrahedral elements and 314,525 vertices on average. For
each mesh, three cardiac cycles were simulated by numerically solving
the incompressible Navier—-Stokes equations, with time-varying bound-
ary conditions, in SimVascular using svSolver while neglecting any
effect related to arterial wall motion and deformation. A time discretisa-
tion of dr = 0.001 s was adopted in the CFD, results were exported every
0.025 s, which corresponds to the largest time step value that ensured
the numerical convergence of the simulation (based on separately run
sample-tests). Results were retained solely from the last cycle, spanning
35 time steps on average.

To set up the simulation, the average hyperemic flow rate, thp,
was computed using clinical data. Briefly, the myocardial mass Mp,y,
heart rate H and systolic pressure (P,,;) were used to compute the
resting flow rate using a formula by Sharma et al. [35]: Q,,; = 0.14 -
(TE —4- H - P, — 0.4) - M. The hyperemic flow was set to 3.5-fold
the resting one and used to scale a flow rate waveform obtained from
the literature [36], which was applied as the inlet boundary condition
(BC) Ohyp() in the simulation. A five-element Windkessel model was
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Fig. 1. Coronary artery dataset consisting of 74 3D models of stenotic left and right coronary arteries with different numbers of bifurcations and outlets. Patients in this cohort
were scheduled for invasive coronary angiography due to suspected CAD. We partitioned the dataset into training, validation and test split while ensuring equal ratios of left and

right coronary arteries between training and test split.

coupled to each outlet as the BC, with its parameters tuned to match
the patient’s mean aortic pressure, for resistance, and pulse pressure, for
compliance (for further details on the CFD settings, see [6]). Pulsatile
simulations took between 12 to 24 h per case on a 40 cores Intel Xeon
CPU X5670 machine with 64.4 GB RAM.

Additionally, a steady-state CFD simulation was performed for each
model using the inflow value corresponding to the flowrate at the first
pulsatile-CFD solution output: Ohyp(t = 0.025). We chose this initial
time point for the steady-state simulation to minimise inertial effects,
which can influence the pressure field in pulsatile CFD simulations.
Simulations took between 5 to 30 min depending on the flow rate
where computational cost scaled roughly with the Reynolds number.
In the context of our machine learning model, the steady-state solution
functions as cheap information about the characteristic flow in the
respective artery. It can be thought of as the fluid-dynamic system
response to an “impulse excitation”.

2.2. Background

In the following, we will discuss the relevant theoretical back-
ground to put our approach into context. However, our method can
be understood independently of this section.

In this work we consider the problem of learning time-dependent,
c-dimensional vector fields (¢ € N) from data

T X2 — R
y:

1,x = y(t. x)
which are defined on a time interval T and spatial domain . In the
following we propose a family of models that can efficiently repre-
sent specific instances of such vector fields while enabling zero-shot
generalisation to instances beyond the training data. In contrast to
common applications in medical imaging, we do not assume the data
to have grid structure that we can exploit, e.g., via convolutional

neural networks (CNN). Rather, our model learns a map between
infinite-dimensional function spaces.

TcR, QCcR?,

2.2.1. Neural fields

A neural field is a parametrised map f,: R%n — [R¢ut between
vector spaces where f, is a neural network with parameters 6, e.g., a
multilayer perceptron (MLP). The domain R¢n is commonly required to
be spacetime [37]. The neural network f, is trained under observations

{(x' € Ren, )’ € Ru)}, .,y of input-output pairs.” Since neural net-
works are commonly continuous or continuously differentiable, neural
fields can be smooth representations of scalar and vector fields in a
variety of applications, such as neural signed distance functions [38]
and physics-informed neural networks [39].

Conditional neural fields. Neural fields can be conditioned on a collec-
tion of parameters ¢ € =, e.g., by concatenating (||) them with the input
observations and feeding them to the neural network

Réin x & — Reout

x,& = fo(x11).
This enables, e.g., representing multiple vector fields with the same
domain and co-domain in a single neural field by assigning each
vector field a latent code, as proposed by DeepSDF [40], or represent-

ing parametric solutions to partial differential equations. In this case,
observations depend on the parameters ¢ under which they were made.

fo:

Vectorised conditional neural fields. When training conditional neural
fields, input observations x' are commonly vectorised into an (n X
¢ip)-dimensional tensor while f, (conditioned on &) broadcasts over
the batch dimension. Accordingly, f, must act point-wise, i.e., row-
wise on the input tensor. However, if we always feed observations
to the neural field as complete sets, we can relax this requirement
and choose f, — instead of point-wise — as point-wise permutation-
equivariant. Such models allow introducing inter-observation context
and thus implicit conditioning on the complete set of observations.
Based on the same idea, Hagnberger et al. [41] proposed this family
of models under the name “vectorised conditional neural fields”. This
inter-observation context conditions the neural field on characteristics
of the input (e.g. topology or global statistics) and supports interactions
in input spacetime. Precisely this cross-conditioning gives rise to the
expressive power of set-based neural networks like PointNet++ and
transformers. As drawback of adding context, sets must always be
processed in their entirety. In contrast, point-wise independent pro-
cessing natively enables sub-dividing the sets into chunks which is
useful in scenarios where memory is a bottleneck. We identify permu-
tation equivariance as the key requirement with which set-based neural
networks can be cast as vectorised neural fields.

1 ¢n and cy, are the dimensions of domain and co-domain (respectively)
and n is the total number of observations.
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2.2.2. Permutation-equivariant neural networks
Permutation-equivariant functions satisfy the condition

(fooP)() = (Pofy)()

where o denotes composition and S, is the symmetric group of permu-
tations on n set elements. In other words, the relation between input
and output elements cannot depend on their specific ordering. Note
that point-wise functions are trivially permutation-equivariant. Among
the most popular permutation-equivariant building blocks for neural
network composition are message passing and self-attention.

forall PeS,,

Message passing. In this work we consider message passing on point
clouds. Message passing layers act on local neighbourhoods W, around
points p in the input vector space by constructing messages and updat-
ing point features h?

m, 4 = MLP(h?||h?|pll9),

hP « @ m, .

4EN,

(message from ¢ to p)

(point feature update)

where € is an aggregation operator like mean or maximum and ||
denotes concatenation. Permutation equivariance is enabled by the
dependence of the local neighbourhoods V), on the input vector space.

Self-attention. Given an (n X ¢;,)-dimensional tensor x, multi-head self-
attention layers can be defined as follows:

T
a; = Softmax <M> v;(x)

Cin

A = x + Linear (||;4;)
x < A+MLP(A),

where Softmax acts entry-wise and we require query, key and value
functions g¢;,k;,v; as well as Linear and MLP to be row-wise
permutation-equivariant. We denote by ||; sequential concatenation.
Self-attention is a composition of permutation-equivariant operations
and computes pair-wise interactions between all » set elements.

2.2.3. E(3)-equivariant neural networks

Apart from being equivariant under permutations of set elements,
neural networks can be equivariant under element-wise rotation, trans-
lation and reflection in the input vector space R? if they satisfy the
condition

(foor) () = (pofp)()

In other words, the relation between input and output elements cannot
depend on their specific location and orientation in ambient space. All
possible rotations, translations and reflections constitute the Euclidean
group E(3).

for all peE®3).

2.2.4. DeepONet and MIONet

DeepONet [28] and its extension MIONet [42] are frameworks for
learning operators between function spaces. Let y be a source and y be a
target function. The objective is to learn an operator G, : Rfin — Réeut s0
that G, (x) = y(x). MIONet generalises this to multiple source functions
which may include boundary conditions &, i.e.,

G, (%) = ye(x).

Learning this operator is realised by feeding observations of the input
functions to “branch” networks b, b, and coordinates x to a “trunk”
network r and multiplying their outputs entry-wise:

Gy e(x) = Sum (b ({r"}icprm) © by (€'} iep1y) © 7(x))

where Sum denotes summations of all vector entries and ® is the
Hadamard product. Optionally, a bias term can be added.
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2.3. Deep vectorised operator

In this work, we propose a model that takes as inputs steady-
state hemodynamic fields as well as pulsatile boundary conditions and
estimates the pulsatile hemodynamic fields. Let £2 be the artery and de-
note by u, p velocity and pressure, respectively. Define the steady-state
hemodynamic fields as

Q->RxR
v:
x - ullp
and the pulsatile hemodynamic fields as
JTxQ->R3xR
T nx e gl

53]

te

where £ is the function space of all pulsatile boundary conditions
described by three quantities: velocity, pressure at the artery inlet and
pulsatile waveform. We allow ¢ to be dependent on ¢ which we omit
for compactness of notation. Conceptually, our model is in between
MIONet and (vectorised) conditional neural fields. Our objective is to
learn an operator

G, TxQ->R*xR  sothat G, .(x) = y:(x).

We do so via a conditional neural field f, so that point-wise

Gy (t.) = forNlIr(lIE)

where r(x) is fixed, relational encoding of coordinates which we de-
scribe below. We train f, on tuples of observations

(GO, 1y X)) i € [1,m), j € [1,n]}

in a vectorised manner. Thus, we can introduce spatial context by
allowing f, to be permutation-equivariant. This setup can also be
viewed as a time-continuous, space-discrete, conditional neural field.

2.3.1. Backend variants

Conditional (vectorised) neural field f, can be embodied by many
different neural architectures. When designing neural networks for
large-scale hemodynamic problems, it is imperative that the mod-
els are scalable in the number of query points w.r.t. computation
complexity and device usage. We choose a simple, point-wise MLP,
the permutation-equivariant PointNet++ and the permutation- as well
as SE(3)-equivariant LaB-GATr [12,43] with memory-efficient atten-
tion [44]. We also include LaB-VaTr, which uses the same layout
as LaB-GATr but vanilla fully-connected layers instead of geometric
algebra.

2.3.2. Coordinate encoding

We equip our model with a powerful coordinate space by lifting x/
to a higher-dimensional, relational encoding r(x’) of spatial location.>
To this end, we compute - for every point x/ within the artery - relative
position to the inlet, closest outlet and inner lumen wall [13]. We
separate these vectors into magnitude and direction, both of which
we feed to f,. Furthermore, we employ a geometry-aware location
descriptor in the form of diffusion distance and direction to inlet and
outlets. For this we use the heat method for distance computation [46],
originally developed for geodesic distance on surfaces, which readily
transfers to volumetric point clouds. The heat method works with a
point cloud Laplacian to define an analogue to the heat equation. We
can then simulate diffusion of heat sources placed at the inlet and
outlets, respectively, and treat the resulting heat map as distance field.
Solving the heat equation on point clouds requires solution of a sparse
linear system which can be done in near-linear time [46]. To obtain
the “direction” of diffusion, we simply take the gradient of said field
via the discretisation scheme described in [47].

2 Despite its similar name, the purpose of this coordinate encoding is
to construct canonical coordinates across arteries, different from positional
encoding for combatting spectral bias [45].
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Fig. 2. Deep vectorised operator. Steady-state hemodynamic fields y(x) and relational point encoding r(x) are fed to a permutation-equivariant model f, together with conditions
¢ and query time ¢. Functional quantities y(x) and r(x) can be vectorised, i.e., supplied all at once, to enable cross-conditioning by parametrising f, with message passing or
self-attention layers. In that case, global quantities ¢ and ¢ are broadcast over the batch dimension. Neural field f, then predicts pulsatile hemodynamics y,(r,x) at (each of) the

query point(s) (#,x) in spacetime. This defines the nonlinear operator G, .(t, x).

2.3.3. Boundary condition encoding

As conditions &, we supply to our model at each point in time ¢
the average velocity vector over the inlet, decomposed into magnitude
and direction, along with the average pressure over the inlet. We
assume access to both these quantities because they can readily be
measured in hospitals. Additionally, we assume access to a patient-
specific blood flow waveform of which we query the mean, standard
deviation, minimum and maximum value over the cardiac cycle, which
we feed to our model along with the subject’s heart rate. We do so by
simple concatenation to the point-wise observations of the functional
quantities y(x) and r(x) (compare Fig. 2).

2.3.4. Pressure drop estimation

Instead of estimating point-wise pressure p(t, x) directly, we found
it beneficial to predict the pressure drop relative to the pressure at the
inlet.

2.4. Evaluation metrics
To evaluate our method, we must compare vector fields, i.e., point-

wise model predictions fy(...) =: f, and ground truth y.(...) =: yg
We do so via the following metrics. We define approximation disparity

Approx. disp. : \/2 ||y§ -1/ Z ||y§||§
P »

which measures the similarity between the vector fields. Furthermore,
we use mean cosine similarity between vectors

Cos. similarity : mean cos A(yz,fgp)
> ;

which ranges between —1 (opposite) and 1 (proportional) and measures
directional agreement independent of magnitude.

3. Experiments and results
3.1. Implementation

We implemented all neural networks in Python using PyTorch [48]
and PyTorch Geometric [49]. For PointNet++, we opted for an ag-
gressive sampling strategy with cumulative factors of 0.0033, 0.3344,
0.6656 and 0.9967 to account for the large-scale data. Likewise, we
chose a compression ratio of 0.0033 for LaB-GATr and LaB-VaTr. We
let LaB-GATr use cross-attention for the compression module and LaB-
VaTr message passing. We chose these settings since they resulted in
favourable runtime and accuracy. We chose hidden channels size so

all networks had approximately 0.65 million trainable parameters. We
used PyTorch just-in-time compilation to speed up training for MLP
while the other models did not benefit from it due to unsupported
software.

3.2. Training details

We split the 74 patient-specific CFD simulations into 55 training,
4 validation and 15 test cases. We ensured that training and test split
had the same ratio between left and right coronary arteries. Left and
right coronary artery of the same subject were considered separate
cases. Where the dataset contained geometries of the left as well as the
right coronary artery of the same subject, both where included in the
same dataset split. All models were trained with batch size 12 (enabled
by gradient accumulation) on NVIDIA L40 (48 GB) GPUs using Adam
optimiser (learning rate 3 - 10™4). We trained MLP, PointNet++ and
Lab-VaTr each for 1000 epochs on a single GPU which took 56:28 h on
average. We trained LaB-GATr for 200 epochs (47:00 h) on four parallel
GPUs to ensure fair comparison. For each neural network, we per-
formed two training runs, with and without (both) exponential learning
rate decay and gradient clipping. LAB-GATr showed increased accuracy
while the other models did not benefit from it. Our implementation is
publicly available.®

3.3. Hemodynamics estimation

Fig. 3 compares the estimated pulsatile hemodynamics by our deep
vectorised operator G, in a subject from the test split to CFD. Here,
G, . uses LaB-GATr as backend. From the streamlines, we see good
overall agreement between ground truth and prediction. We observe
the highest disparity in regions with high-frequency flow components,*
e.g., around the bifurcation and along the tortuous downstream vascu-
lature during peak systole (time steps four and five). Looking at the
pressure maps, we observe excellent agreement between G, - and CFD
in upstream vasculature which slightly and gradually decreases moving
downstream (compare again peak systole). This might be because we
prescribe boundary conditions ¢ exclusively at the artery inlet in G, ¢,
since it is easier to measure in a clinical scenario. We put the qualitative
evaluation into perspective by reporting mean absolute error (MAE)
between estimation and ground truth across the test split in Table 2.

3 github.com/sukjulian/deep-vectorised-operators.
4 By high-frequency, we mean high variation in direction and magnitude
on a relatively small spatial and temporal scale.
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Fig. 3. Qualitative evaluation of machine learning (ML) model G, .(#,x) in comparison to CFD y.(t,x) in a test subject (generalisation). Approx. disp. associated with u||p estimation
in this subject was 0.325. We visualise streamlines and pressure maps for eight time points in the cardiac cycle with spacing dr = 0.125 s. The backend model was LaB-GATr.

Table 1

Quantitative evaluation of backends. We report mean + standard deviation (across time and subjects) of Approx. disp. and Cos. similarity w.r.t.
hemodynamics u||p jointly, as well as velocity u and pressure p separately. We denote in bold best evaluation metrics where they significantly
(p < 0.05) differ from the next best (one-way ANOVA test). Additionally, we state each model’s training complexity.

Backend Train. complex. ullp u p
Approx. disp. | Approx. disp. | Cos. similarity 1 Approx. disp. |
MLP 254 s/epoch 0.432 + 0.065 0.439 + 0.066 0.72 +0.05 0.121 £ 0.068
PointNet++ 164 s/epoch 0.382 +0.073 0.388 +0.073 0.76 + 0.04 0.115 +£0.075
LaB-GATr 857 s/epoch® 0.368 + 0.079 0.374 + 0.080 0.76 + 0.04 0.105 + 0.049
LaB-VaTr 191 s/epoch 0.402 +0.076 0.409 + 0.076 0.74 +0.04 0.098 +0.072
2 On four devices in parallel.
Table 2

o [e]
0.6 g g
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20.4 . g 3 g
503 ,a
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o0 | -

training  test training  test

Fig. 4. Distribution of MAE | (over time and subjects) between the machine learning
model compared to CFD as boxplots for both training and test split for estimation of
velocity u and pressure p, respectively. The backend model was LaB-GATr.

We find that MAE is an order of magnitude lower than the values
observed in Fig. 3. Furthermore, in Fig. 4 we provide comparison of
the distribution of MAE across both training and test split. Fig. 5 shows
three levels of accuracy — worst, average and best — among time steps

Mean absolute error (MAE) | of the machine learning model compared to CFD. We
associate each time step in each test subject with a scalar MAE value and report the
average and maximum among all of these. The backend model was LaB-GATr.

u [m/s] p [kPa] vFFR
Average Max. Average Max. Average Max.
0.189 0.653 1.0 4.7 0.07 0.25

in all subjects. We chose velocity u for this comparison. In the average
case, we find good agreement, even for difficult regions around the
bifurcations. In the worst case, which is associated with peak systole,
we observe difficulties capturing the high-frequency flow components
which supports the observations above. In Fig. 6 we present the spatial
distribution of MAE at each point in the cardiac cycle for three subjects
in the test set, corresponding to three levels of accuracy w.r.t. estima-
tion of velocity u. We observe that the highest errors, both for velocity
and pressure estimation, occur during peak systole in all three cases.
The amplitude of the boxplots can be interpreted as spatial deviation of
MAE. For example, the error is higher in arterial bifurcations (compare
Fig. 5). We observe that during peak systole, spatial deviation of MAE
increases, which can be explained by formation of high-frequency flow
components.
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Fig. 5. Comparative study of different levels of accuracy (w.r.t. Approx. disp. associated with u) of the machine learning (ML) model in comparison to CFD in different test subjects
(generalisation). We visualise velocity field vectors corresponding to isolated points in time. The backend model was LaB-GATr.
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Fig. 6. MAE | over cardiac cycle for test subjects (generalisation) corresponding to different levels of accuracy (w.r.t time-averaged MAE associated with u). Distribution of MAE
over spatial points in the artery is shown as boxplot for each temporal point in the cardiac cycle. We exclude outliers for visual clarity (due to the very large number of spatial

points). The backend model was LaB-GATr.
3.4. Estimated fractional flow reserve

We evaluate the capability of our machine learning model to es-
timate ‘“virtual” fractional flow reserve (VFFR), which we define as
pressure field p, divided point-wise by the average pressure over the
artery inlet. In Table 2 we compare estimated vFFR between our deep
vectorised operator and CFD on the basis of MAE across the test split.
We find that average MAE is as low as 0.07 while maximum MAE
among all time steps in all subjects breaches the clinical decision
threshold (0.75-0.8) at 0.25. Note that this evaluation is based on the
volumetric pressure field rather than a surface map (the latter of which
is sufficient for vFFR) and no task-specific fine-tuning was performed.

3.5. Backend study

In Table 1 we compare model predictions on the held-out test split
to the corresponding ground truth values via Approx. disp. and Cos.
similarity. LaB-GATr achieves the highest accuracy on the estimation
of u||p, followed by PointNet++, LaB-VaTr and MLP with statistically
significant (p < 0.05 in a one-way ANOVA test) difference. When
isolating the target fields, PointNet++ and LaB-GATr are tied for most
accurate (directional) velocity prediction in terms of Cos. similarity
while LaB-GATr achieves lower Approx. disp.. LaB-VaTr achieves the
lowest mean Approx. disp. in pressure field estimation, however, there
is no statistically significant difference to LaB-GATr. In terms of training
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Fig. 7. Discretisation sensitivity analysis of machine learning (ML) model in a test subject (generalisation). We evaluate G, .(,x) on positions x induced by the CFD mesh as well
randomly sampled positions from the domain and visualise the resulting velocity fields. The backend model was LaB-GATr.

Table 3
Multitask versus isolated training target. We re-trained PointNet++ three times to
predict only velocity u, only pressure p and both u||p jointly and report the resulting
metrics.

Training target u p

Approx. disp. | Cos. similarity 1 Approx. disp. |

ullp 0.386 + 0.072 0.76 +0.04 0.114 + 0.073
u 0.388 + 0.074 0.76 +0.04 0.345 +£0.148
P 1.006 + 0.018 -0.16+£0.12 0.113 + 0.068

complexity, PointNet++ is the fastest at 164 s per epoch, outpacing
MLP despite just-in-time compilation. LaB-GATr is computationally
heavy to train, requiring 857 s per epoch even when parallelised across
four GPUs.

3.6. Multitask versus isolated target learning

We investigate the possible advantage of isolating the estimation
of velocity and pressure into separately trained neural networks. To
this end, we re-trained a model with the PointNet++ backend for
400 epochs three times, with prediction target u||p (jointly), as well
as u and p (isolated). In Table 3 we present the results. We did not
find statistically significant (p < 0.05 in a one-way ANOVA test)
difference between multitask and isolated target learning, indicating
that multitask learning neither benefits nor harms prediction of velocity
or pressure fields.

3.7. Sensitivity to discretisation

We investigate our models’ capability for zero-shot generalisation
to re-discretisation of the domain. To this end, we discard the mesh
vertices and sample new positions (freely in space), approximately
evenly from the surface of the artery and from within the artery
lumen. We make sure the number of sampled surface and volume
points are approximately equal to the CFD meshes used during training.
We then evaluate the pre-trained (vectorised) conditional neural field
fp with MLP, PointNet++, LaB-GATr and LaB-VaTr as backends on
these newly sampled points. To enable comparison to the ground truth,
we perform proportional interpolation of steady state and pulsatile
hemodynamic fields y,y. based on distance to four closest points in

Table 4

Discretisation sensitivity. We evaluate the pre-trained models on new point coordinates
that are randomly sampled from the domain. We report the difference 4 in Approx. disp.
for joint prediction of u||p and check whether the difference is statistically significant
(one-way ANOVA test).

Backend ullp

A Approx. disp. |
MLP —0.004
PointNet++ +0.021*
LaB-GATr —0.000
LaB-VaTr —0.003

* Significant (p < 0.05).

the source mesh. In Table 4 we report 4 Approx. disp. (the difference
in Approx. disp.) between training resolution and randomly sampled
points in subjects from the test split. Positive values mean that Approx.
disp. increased, i.e., accuracy decreased. We find that for all four
backends 4 Approx. disp. is marginal. Furthermore, we find that for
MLP, LaB-GATr and LaB-VaTr, the difference is not statistically signif-
icant (p > 0.05 in a one-way ANOVA test), i.e., re-discretisation has
not changed their accuracy. The PointNet++ backend is the only one
resulting in statistically significant A Approx. disp.. Fig. 7 showcases
the discretisation-robustness of (vectorised) conditional neural field
fo = G, for the example of velocity field estimation. Here, f, uses
LaB-GATr as backend. We observe that the vector fields resulting from
evaluation of G, .(f,x) on positions x from the CFD mesh (training
discretisation) and randomly sampled positions visually coincide. The
amount of outliers is negligible.

4. Discussion and conclusion

In this work, we presented a novel deep learning approach that
takes the end-diastolic steady-state hemodynamics in the coronary
arteries and estimates the corresponding pulsatile hemodynamics, over
the full cardiac cycle. This idea is based on the observation that
steady-state simulations are orders of magnitude faster than pulsatile
simulations while medically relevant biomarkers may be related to
pulsatile flow, e.g., multi-directional wall shear stress [50]. Our model
is conditioned on the patient-specific pulsatile waveform, as well as
the flow and pressure over the artery inlet. All of these quantities
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are easily accessible from direct or indirect clinical measurements.
We evaluated our method on a dataset of CFD-based hemodynamic
simulations in stenotic left and right coronary arteries encompassing
74 cases across a cohort of real-life patients. By casting the learning
objective as operator learning from steady-state to pulsatile flow, our
method is able to accurately capture the 4D nature of blood flow based
on limited amounts of (fairly diverse) data. Steady-state simulations
were 24 to 288 times faster than pulsatile simulations in these subjects.
Consequently, our approach could potentially be useful in the clinic
to make pulsatile hemodynamic fields available in settings where time
is critical or computational resources are limited. Medical decision
markers like wall shear stress, oscillatory shear index and fractional
flow reserve can then be computed from pressure and velocity fields.
Importantly, our method is robust w.r.t. discretisation of the flow
domain which could be beneficial for inter-operator variability.

We described this approach in a unified framework which we
called deep vectorised operator, since our model maps between infinite-
dimensional function spaces. Deep vectorised operators are
parametrised by (vectorised) conditional neural fields [41] that can
be embodied by several backends, as long as they are point-wise
permutation-equivariant like message passing or self-attention models.
Importantly, vectorised neural fields differ from neural fields in the
sense that all query points are fed to the model at once, in a vec-
torised way. Our empirical evidence justifies the nomenclature “neural
field” by suggesting that deep vectorised operators are discretisation-
independent, i.e., enable zero-shot generalisation to re-sampling of the
domain. This is remarkable, because the neural architectures we tested,
in particular PointNet++ [9], are based on cross-conditioning between
the query points. Our evidence suggests that they nevertheless function
as a mapping between domain and co-domain, just like traditional
neural fields [37] parametrised by point-wise neural architectures like
MLP. As expected, the deep vectorised operator with MLP as backend
was agnostic to re-sampling of the domain while PointNet++ exhibited
small (but statistically significant) sensitivity, hinting at pronounced
cross-conditioning.

As data-driven approach, the accuracy of the presented method is
proportional to the amount of available data. In our evaluations, we
observed loss of accuracy for high-frequency flow components. This
indicates that the model is not able to reliably overcome spectral
bias [45] based on the available amount of data. However, we expect
improvements when more training data is available. While the pre-
sented method maps between function spaces and is thus agnostic to the
topology (e.g. number of bifurcations) and discretisation (e.g. number
of mesh vertices) of the domain, its estimations will only be accurate in-
sofar the training data sufficiently resembles the data seen at inference
time.” This argument extends to the encoding of Dirichlet boundary
conditions and waveform. The operator learning setup affords repre-
sentational freedom, e.g., discretisation of any (including real-world)
waveform at a fixed number of points in time. Since our training data
was based on a scaled template waveform from the literature, we opted
for simple statistical measures, though. Ultimately, more sophisticated
waveforms would require a larger amount of representative training
data, of leveraging which — we argue — our model is a-priori capa-
ble. Investigating applicability and adaptability to realistic, real-world
waveforms is an important avenue for future work.

Our approach is similar in scope to DeepONet and MIONet as we
are learning a deep operator between function spaces. In comparison to
MIONet, we sacrificed the entry-wise Hadamard-product structure for
scalability and ease of implementation. This affects the learned operator
and in turn the available mathematical approximation theory, investi-
gating which is an interesting avenue for future work. In comparison

5 In particular, this means that for clinical adoption, each hospital would
have to train its own model on proprietary data or a large representative
dataset would have to be collected to train a universal foundation model.
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to Maul et al. [24], our work explores the incorporation of steady-
state hemodynamics as powerful prior for pulsatile hemodynamics, our
model returns velocity and pressure and our dataset is composed of
real-life patients. For future work, we plan to incorporate a balance
term for inlet and outlet flux in the training loss , as well as continuity
and momentum terms, to improve consistency with the flow physics
and pressure estimation at the artery outlet. A key limitation in the
present study is that, while medical decision markers like wall shear
stress, oscillatory shear index and (virtual) fractional flow reserve can
indeed be computed from deep vectorised operators’ estimated velocity
and pressure fields, we only showcase this for vFFR. Since wall shear
stress (and consequently oscillatory shear index) is a first-order differ-
ential quantity which depends on the Jacobian of the velocity field,
there is no naive way of computing it and we require interpolation,
finite differences or finite elements. In order for deep vectorised opera-
tors to output sufficiently smooth velocity fields, we conjecture that at
least first-order regularisation is required during training. In detail, we
aim to include a Neumann boundary condition relating the near-wall
velocity field with the (finite-elements-based) wall shear stress from
CFD. As this approach requires differentiation, it blends in with the
aforementioned continuity and momentum regularisation. We plan on
investigating these jointly.

In conclusion, deep vectorised operators can be used to estimate pul-
satile from steady-state hemodynamics in coronary arteries while being
independent of the discretisation of the domain. Furthermore, deep
vectorised operators are a useful modelling tool with many expected
applications in cardiovascular medicine and biomedical engineering.
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Fig. 8. Preliminary results on time-averaged wall shear stress (TAWSS) extraction from the estimated velocity field at different levels of accuracy (w.r.t. MAE associated with

TAWSS) in test subjects. The backend model was LaB-GATr.

0.20 g

_ 05| 8-

© —

£ z

3 5 0.10 Q

= 2
0.05

L

Fig. 9. Distribution of MAE | of time-averaged wall shear stress (TAWSS) (over
subjects) and wall shear stress (WSS) (over time and subjects) between the machine
learning model compared to CFD as boxplots for the test split. The backend model was
LaB-GATr.

Appendix A. Preliminary results on wall shear stress

In Fig. 8 we show preliminary results on time-averaged wall shear
stress (TAWSS) extraction from the estimated velocity fields for two lev-
els of accuracy. We compute wall shear stress (WSS) via L? projection
based on the tetrahedral mesh from CFD simulation. We observe that
high TAWSS is captured in terms of artery segment but not magnitude.
We attribute this to the fact that wall shear stress is a first-order
differential quantity for which we do not yet account for via velocity
field regularisation during training. In Fig. 9 we provide comparison of
the distribution of MAE for TAWSS and WSS across the test split.

Appendix B. Supplementary data

Supplementary material related to this article can be found online
at https://doi.org/10.1016/j.cmpb.2025.108958.
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