Rend. Mat. Appl. (7). RENDICONTI DI MATEMATICA
Volume 42 (2021), 271 — 292 E DELLE SUE APPLICAZIONI

Blow-up and global existence for the inhomogeneous porous
medium equation with reaction
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Abstract. We study finite time blow-up and global existence of solutions to the Cauchy problem
for the porous medium equation with a variable density p(x) and a power-like reaction term. We
firstly consider the case that p(z) decays at infinity like the critical case |x|~2 divided by a positive
power of the logarithm of |x| and we show that for small enough initial data, solutions globally
exist for any p > 1. On the other hand, when p(x) decays at infinity like the critical case |x| ™2
multiplied by a positive power of the logarithm of |x|, if the initial datum is small enough, then
one has global existence of the solution for any p > m, while if the initial datum is large enough,
then the blow-up of the solutions occurs for any p > m. Such results generalize those established
in [27] and [28], where it is supposed that p(z) decays at infinity like a power of |z|, without

logarithmic terms.

1. Introduction

We are concerned with global existence and blow-up of nonnegative solutions to

the Cauchy parabolic problem
ple)u, = A@W™) + p@)ur in RY x (0,7)
u = ug in RN x {0},

(1.1)

where m > 1, p> 1, N > 3, 7 > 0. Furthermore, we always assume that
(i) up € L®(RYN), up >0 in RV ;

(1.2)
(i) p € C(RN), p> 0 in RY;

the function p = p(z) is usually referred to as a variable density.

The differential equation in problem (1.1), posed in (—1, 1) with homogeneous
Dirichlet boundary conditions, has been introduced in [21] as a mathematical
model of a thermal evolution of a heated plasma.
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We refer the reader to [27, Introduction], [28, Introduction] for a comprehensive
account of the literature concerning various problems related to (1.1). Here we
limit ourselves to recall only some contribution of that literature. Problem (1.1)
without the reaction term has been widely examined, e.g., in [3, 4, 8, 9, 10, 14, 15,
16, 17, 18, 19, 20, 29, 30, 31, 33, 34]. Furthermore, global existence and blow-up
of solutions of problem (1.1) with m = 1 and p = 1 have been studied, e.g., in
[5, 12]). If

<1+ 2
p= N’

then finite time blow-up occurs, for all nontrivial nonnegative data, whereas, for

1 2
p > + N?
global existence prevails for sufficiently small initial conditions. In addition, in
[22] (see also [2]), problem (1.1) with m = 1 has been considered.

Similar results for quasilinear parabolic equations, also involving p-Laplace
type operators or double-nonlinear operators, have been stated in [13, 23, 24, 25,
32, 36] (see also [7] and [26] for the case of Riemannian manifolds); moreover, in
[11] the same problem on Cartan-Hadamard manifolds has been investigated.

Global existence and blow-up of solutions for problem (1.1) with p satisfying

< pla) <
Falelt = "= Teglala

for all |z| > 1 (1.3)

have been investigated in [27] for ¢ € [0,2), and in [28] for ¢ > 2. In [27], for
q € [0,2), the following results have been established.

e ([27, Theorem 2.1]) If p > P, for a certain p = p(k1, k2,q, m, N) > m and
the initial datum is sufficiently small, then solutions exist globally in time.
Observe that

jy:m-kiN q when k; = ks.

e ([27, Theorem 2.4]) For any p > 1, for all sufficiently large initial data,
solutions blow-up in finite time.

e ([27, Theorem 2.6]) For 1 < p < m, for any non trivial initial data, solutions
blow-up in finite time.

e ([27, Theorem 2.7]) If m < p < p, for a certain p = p(k1,k2,q,m,N) < P,
then, for any non trivial initial data, solutions blow-up in finite time, under
specific extra assumptions on p.

Such results extend those stated in [35] for problem (1.1) with p=1,m >1,p > 1
(see also [6]).

Furthermore, assume that (1.3) holds with ¢ > 2. In [28] the following results
have been showed.
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e ([28, Theorem 2.1]) If ¢ = 2 and p > m, then, for sufficiently small initial
data, solutions exist globally in time.

e ([28, Theorem 2.2]) If ¢ = 2 and p > m, then, for sufficiently large initial
data, solutions blow-up in finite time.

e ([28, Theorem 2.3]) If ¢ > 2, then, for any p > 1, for sufficiently small initial
data, solutions exist globally in time.

Finally, in [7], (1.1) is addressed, when p < m. It is assumed that (1.2) is
satisfied, and that the weighted Poincaré inequality with weight p holds. Moreover,
in view of the assumption on p also the weighted Sobolev inequality is fulfilled. By
using such functional inequalities, it is showed that global existence for L™ data
occurs, as well as a smoothing effect for the solution, i.e. solutions corresponding
to such data are bounded for any positive time. In addition, a quantitative bound
on the L norm of the solution is given.

In what follows, we always consider two types of density functions p. To be
more specific, we always make one of the following two assumptions:

there exist k € (0,4+00) and « > 1 such that

! H
—— >k (log|z)® |z> for all z € RN\ B,(0); (H1)
p(x)
there exist ki, k2 € (0, +00) with ki < ks and « > 1 such that
LI 2] (1)

N
ogla)® = o) = P oglaps or Al T ERTABL).

Assume (H;). For 1 < p < m and for suitable initial data ug € L>(RY),
we show the existence of global solutions belonging to L>(RY x (0,7)) for each
7 > 0. Indeed, in this case, the global existence follows from the results in [7] for
up € Ly (R™). However, now we consider a different class of initial data ug. In
fact, up € L(RY) and satisfies a decaying condition as |z| — +o00; however, ug
not necessarily belongs to L;"'(RN ).

On the other hand, for p > m > 1, if ug satisfies a suitable decaying condition
as || — 4oo, then problem (1.1) admits a solution in L> (RN x (0, 4+00)).

Now, assume (Hs). For any p > m, if ug is sufficiently large, then the solutions
to problem (1.1) blow-up in finite time. Moreover, if p > m, ug has compact
support and is small enough, then, under suitable assumptions on k; and ko, there
exist global in time solutions to problem (1.1), which belong to L (RY x (0, +00)).

The proofs mainly relies on suitable comparison principles and properly con-
structed sub- and supersolutions, which crucially depend on the behavior at infinity
of the density function p(z). More precisely, they are of the type

w(z,t) = CC(t) |1 — P
+
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for any (z,t) € [RN \ B.(0)] x [0,T), for suitable functions ¢ = {(t),n = n(t) and
constants C' > 0,a > 0,79 > 0 and ¢ > 1. The paper is organized as follows. In
Section 2 we state our main results, in Section 3 we give the precise definitions
of solutions and we recall some auxiliary results. In Section 4 we prove Theorem
2.1. The blow-up result (that is, Theorem 2.2) is proved in Section 5. Finally, in
Section 6 Theorem 2.3 is proved .

2. Statements of the main results
For any zo € RY and R > 0 we set

Br(zo) = {z € RY : ||lz — 20|| < R}. (2.1)
When zy = 0, we write Bgr = Bg(0).

2.1. Density p satisfying (H;)

The first result concerns the global existence of solutions to problem (1.1) for any
p>1and m > 1, p #m. We introduce the parameter b € R such that

O<b<a—1. (2.2)
Moreover, since N > 3, we can choose € > 0 so that
N-2—-¢eb+1) >0, (2.3)

and rg > e so that

1

—— <& foranyzeRY. 2.4
log(|z| 4+ ro) Y (2:4)

Finally, we can find ¢ > 0 such that

el

[log(|z| +1r¢)]"™ <& for any x € RV . (2.5)

Observe that, thanks to (1.2)-(i) and (H;), we can say that there exists kg > 0
such that

1 a
@ > ko [log(|z| +70)]* (|z| +70)* for any z € RV . (2.6)
Theorem 2.1. Let assumptions (1.2), (Hy) be satisfied. Suppose that

p>1, p#m,

and that ug is small enough. Then problem (1.1) admits a global solution u €
L>® RN x (0,7)) for any 7 > 0. More precisely, we have the following cases.
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(a) Let 1 <p<m. If C >0 is big enough, T > 1, >0,
uo(z) < CT? (log(|z| + 7‘0))7% for any x € RY | (2.7)

with bye,rg as in (2.2), (2.3) and (2.4), then problem (1.1) admits a global
solution u, which satisfies the bound from above

u(x,t) < O(T +t)? (log(|z| + 7’0))_% for any (z,t) € RY x (0, +00). (2.8)

(b) Let p>m > 1. If C > 0 is small enough, T > 0 and (2.7) holds with f =0,
then problem (1.1) admits a global solution u € L>® (RN x (0,+00)), which
satisfies the bound from above (2.8) with 8 = 0.

2.2. Density p satisfying (H»)

The next result concerns the blow-up of solutions in finite time, for every p > m >
1, provided that the initial datum is sufficiently large. We assume that hypotheses
(1.2) and (Hz3) hold. In view of (1.2)-(i), there exist p1, p2 € (0, +00) with p; < po
such that

1 -
< —< for all z € B.(0). 2.9
P1 (7) P2 (0) (2.9)
Let
b=a+1, (2.10)
and
(log |z|)> if zeRV\B,,
s(x) = 2.11
v L o
2¢2 2 <

Theorem 2.2. Let assumptions (1.2), (Hsz). Let
p>m,

T > 0; suppose that, for C > 0 and a > 0 large enough, the initial datum satisfies
et
ug(x) > CT 7 {1 - ﬁ(mTrlﬂ for any x € RN | (2.12)
a
+

with b and s(x) as in (2.10) and (2.11), then there exists S € (0,T] such that the
solution u of problem (1.1) blows-up at time S, in the sense that

lu(t)|loo = 00 ast — S~ . (2.13)

Moreover, the solution u satisfies the bound from below

ww,t) > O — 1) 77 1= 2 0 _ 52| for any (2,6) € RY % (0,9).

a +
(2.14)
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Observe that if ug satisfies (2.12), then

2

—m
p—1 } .

suppug 2 {z € RN : s(z) < aT

From (2.14) we can infer that
suppu(-t) D {z e RN : s(z) <a(T —t)>1} forallte0,5). (2.15)
The choice of the parameters C' > 0,7 > 0 and a > 0 is discussed in Remark 5.2.

The next result concerns the global existence of solutions to problem (1.1) for
p > m. We assume that p satisfies a stronger condition than (Hz). Indeed, we
suppose that

(el +r0 _ 1 _,  (al+ro)

7 < < 5 forall z € RV, (2.16)
Hlog(lz] +10)* = pla) = " (log(Jz] + ro))
where " .
ro>e, —<m+(N-3) <m> , (2.17)
k1 b
and B
bi=a+2. (2.18)

Theorem 2.3. Assume (1.2), (2.16), (2.17). Suppose that
p>m,

and that ug is small enough and has compact support. Then problem (1.1) admits
a global solution u € L= (RN x (0, +00)).
More precisely, if C > 0 is small enough, a > 0 is so that

m—1

0<wy<

<w
for suitable 0 < wg < wy, T > 0,

1

! b e |
M -5 ] for any z € RN | (2.19)

+

up(z) < CT #T [1 -

with b as in (2.18), then problem (1.1) admits a global solution v € L (RN x
(0, +00)). Moreover,

1
m—1

(T + t)’}f’?] (2.20)
+

u(,t) < C(T +1) 77 [1 _ (og(la] + 1))

for any (z,t) € RN x (0, +00).
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Observe that if ug satisfies (2.19), then

suppg € {# € RY - (log(Js] +r0))" < aT5 .

From (2.20) we can infer that

suppu(-,t) C {z € RY : (log(|z| + ro))g <a(T+t)7 1} forallt>0. (2.21)

The choice of the parameters C' > 0,7 > 0 and a > 0 is discussed in Remark 6.2.

3. Preliminaries

In this section we give the precise definitions of solutions of all problems we address.
Moreover, we recall some auxiliary results. The proofs can be found in [27, Section
3.

Throughout the paper we deal with very weak solutions to problem (1.1) and to
the same problem set in different domains, according to the following definitions.

Definition 3.1. Let uy € L (RY) with ug > 0. Let 7 > 0, p > 1,m > 1. We say
that a nonnegative function u € L®(RY x (0,9)) for any S < 7 is a solution of
problem (1.1) if

_/RN /OTp(x)ugotdtde/ p(z)uo(z)p(x,0) da

R

N

+/ / u™ Ap dt dz
RN Jo

—|—/ / px)uPpdt dx
rY Jo

for any ¢ € C°(RY x [0,7)), ¢ > 0. Moreover, we say that a nonnegative function
u € L=®(RY x (0,9)) for any S < 7 is a subsolution (supersolution) if it satisfies
(3.1) with the inequality “ <” (“>") instead of “ =" with ¢ > 0.

Proposition 3.2. Let hypotheses (1.2) be satisfied. Then there exists a solution
u to problem (1.1) with

1

T>2T)i= ———————.
(p = Dluoll5"

Moreover, u is the minimal solution, in the sense that for any solution v to problem
(1.1) there holds
w<v in RN x(0,7).

We state the following two comparison results, which will be used in the sequel.
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Proposition 3.3. Let hypothesis (1.2) be satisfied. Let u be a supersolution to
problem (1.1). Then, if u is the minimal solution to problem (1.1) given by Propo-
sition 3.2, then

uw<a ae inRY x(0,7).

In particular, if u exists until time 7, then also u exists at least until time 7.

Proposition 3.4. Let hypothesis (1.2) be satisfied. Let u be a solution to problem
(1.1) for some time T =11 > 0 and u a subsolution to problem (1.1) for some time
T =79 > 0. Suppose also that

SUpp u|r~ x[0,5] 8 compact for every S € (0,72).

Then
u>u in RY x (0,min{r,m}) .

In what follows we also consider solutions of equations of the form

1 m u? in T
Up = mA(u )+ Q x (0,7), (3.1)

where Q C RY is an open subset. Solutions are meant in the following sense.

Definition 3.5. Let 7 > 0, p > 1,m > 1. We say that a nonnegative function
u € L*(Q x (0,5)) for any S < 7 is a solution of equation (3.1) if

—// p(a:)ugotdtdx:// u™ Ap dt dz
Jo aJo
—|—// p(z)uP o dt dx
aJo

for any ¢ € C°(Q x [0,7)) with ¢lag = 0 for all t € [0,7). Moreover, we say
that a nonnegative function u € L (Q x (0,.5)) for any S < 7 is a subsolution
(supersolution) if it satisfies (3.2) with the inequality “ < ” (“ > ”) instead of
“=7 with ¢ > 0.

(3.2)

Finally, let us recall the following well-known criterion, that will be used in the
sequel. Let Q C RY be an open set. Suppose that Q = Q; UQs with Q; N Qs = 0,
and that ¥ := 9Q; N 9N is of class C.

Let n be the unit outwards normal to 21 at 3. Let

Y {ul in O x[0,7), (33)

U2 in QQ X [0,11)7

where O;u € C(Ql X (0, T)), u;n S Ci(Ql X (O, T)) ﬂCl(ﬁl X (O7 T)), Ogug € C(QQ X
(0,7)),usr € C*(Q2 x (0, 7)) NCH(Q x (0,T)).
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Lemma 3.6. Let assumption (1.2) be satisfied.
(i) Suppose that

1
Opur > —Aul* +ul  for any (z,t) € Q x (0,7),
f (3.4)
Opug > —Aub' +ub  for any (z,t) € Qy x (0,7),
p

out S ouy’
on — On
Then u, defined in (3.3), is a supersolution to equation (3.1), in the sense of
Definition 3.5.

(ii) Suppose that

for any (z,t) € ¥ x (0,7). (3.5)

Uy = u2,

1
Oup < =Au* +ul  for any (z,t) € Q. x (0,7T),
p

1
Opus < =Aul* +ub  for any (z,t) € Qy x (0,7),
p

oul? < ouy’
on — 0On
Then u, defined in (3.3), is a subsolution to equation (3.1), in the sense of Defi-
nition 3.5.

Uy = Uz, for any (x,t) € ¥ x (0,T).

4. Proof of Theorem 2.1

In what follows we set r = |z|. We assume (1.2), (Hy), (2.2) and (2.3). We want
to construct a suitable family of supersolutions of equation

w = %A(um) +u? i RN x (0, +o0). (4.1)

In order to do this, we define, for all (z,t) € RY x (0, 4+o0),

)

a(z,t) = a(r(z),t) == CC(t) (log(r +10)) ™ ; (4.2)
where ¢ € C*(]0,+00); [0, +00)), C > 0 and 7y > e such that (2.4) is verified.

Proposition 4.1. Let ¢ € C'([0,+00);[0,+00)),¢" > 0. Assume (1.2), (H;),
(2.2), (2.3), (24), (2.5), (2.6) and that

kob(N — 2 — e(b+1))C™¢™ — ¢ CPCP > 0. (4.3)

Then @ defined in (4.2) is a supersolution of equation (4.1).
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Proof of Proposition 4.1. In view of (2.3) and (2.4), for any (z,t) € (RY \ {0}) x
(0, +00),

1
iy — —A(@™) — P
¢ p( )

(log(r+70) """ (4.4)
(r+mo)

> ¢ (log(r + 7o)~ % + % (N—2—c(b+1)}Cmc™

bp

— CP¢P (log(r + 1) .

Thanks to hypotheses (2.2), (2.5) and (2.6), we have

L(log(r+70)) """ (log(r+r0)* "
- >k r+rg)° > ko,
p o (r+r)2 T (r4m)? (r+ro)” 2 ko (4.5)
— (log(r + ro))f%p > —c.
Since ¢’ > 0, from (4.5) we get
1
ap — ;A(am) —uP > kob(N —-2—¢(b+1)C™m¢™ —cCP¢P. (4.6)
Hence (4.6) is nonnegative if
kob(N —2 —e(b+1))C™¢™ —eCP¢? > 0, (4.7)

which is guaranteed by (2.3) and (4.3). So, we have proved that
1
Uy — ;A(am) —a? >0 in (RY\{0}) x (0,400).
Now observe that

u € C(RYN x [0, +00)),
u™ € CHRY \ {0}] x [0,+00)),

;' (0,t) <0.
Hence, thanks to a Kato-type inequality we can infer that « is a supersolution to
equation (4.1) in the sense of Definition 3.5. O

Remark 4.2. Let assumption (H;) be satisfied. In Theorem 2.1 the precise
hypotheses on parameters 5, C' > 0, T > 0 are as follows.

(a) Let p < m. We require that

B >0, (4.8)
kob(N —2 —e(b+1))C™ —C? > 0. (4.9)

(b) Let p > m. We require that
B =0, (4.10)

kob(N —2—¢e(b+1))C™ —cCP > 0. (4.11)
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Lemma 4.3. All the conditions in Remark 4.2 can hold simultaneously.

Proof. (a) We observe that, due to (2.3),
N—-2—-¢(b+1)>0.

Therefore, we can select C' > 0 sufficiently large to guarantee (4.9).
(b) We choose C' > 0 sufficiently small to guarantee (4.11). O

Proof of Theorem 2.1. We now prove Theorem 2.1 in view of Proposition 4.1. In
view of Lemma 4.3 we can assume that all conditions in Remark 4.2 are fulfilled.
Set

C(t)=(T+1t)?, forall t>0.

Let p < m. Inequality (4.3) reads
kob(N —2 —e(b+1)C™(T 4+ )™ —cCP(T +t)*® >0 forall t>0.

This follows from (4.8) and (4.9), for T' > 1. Hence, by Propositions 4.1 and 3.2
the thesis follows in this case.

Let p > m. Conditions (4.10) and (4.11) are equivalent to (4.3). Hence, by
Propositions 4.1 and 3.2 the thesis follows in this case too. The proof is complete.

O
5. Proof of Theorem 2.2
We construct a suitable family of subsolutions of equation
up = ﬁA(um) +u?  in RY x (0,7). (5.1)
We assume (1.2) and (Hs). Let
_ Ju(a,t) in RN\ B.(0)] x [0,T),
wle,t) = wlr().t) = {vw) in B.(0) x [0,7), (52)
where )
(logr)® 1"
wz,t) = u(r(z),t) = OC(t) |1 - ——=n(?) (5-3)
+
and )
_ ,_ br? b\ n] ™!
v(z,t) = v(r(z),t) == C((t) [1 - (262 +1- 2) a} L (5.4)
Let )
Py =1 0B
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and

br b
G(r,t)i=1— <2+1—2>Z.

Observe that for any (z,t) € [RY \ B.(0)] x (0,7, we have:

1 I
712}: . l_cgil’lpmiﬁl. (5.5)

CCF?YL 1 +CC

my __ Cm m m 2 (logr)*_
AW™) =—-¢ Tzl

cm o m \> ., (logr)™2 .
_TC g <m—1> " r2 Fme
(5.6)

2
1
Fm—1

1
Fwt—l -1

ey (log TQ)
a m—1 r
cm™ o, m (logr)™' .
774 m—lb 72 V-2
Observe that for any (z,t) € B.(0) x (0,T'), we have:

1 1 ! 1 1
v, = COGTT 4 cc— T oL T g, (5.7)
m—1n m—1n
m o b, 1 cm m
m 777" = m—1 77”7* m1, 58
Aw™) C( Yy GG N =" 517G ™1 (5.8)
We also deﬁne
/ m—1
o)=L e (bm+N—2),
m—1mn a m—1 m—1
¢
ot) i = ————
a(t) mo1u
(t) = CPI¢P, (5.9)
C n/ b Cmfl m
Y o =z m
ay(t) :==¢ +7m_1n+pzN62 ",

m—1
-1 p—1 —1 p—1
K= _m= _(_m= > 0.
p+m—2 p+m—2

Proposition 5.1. Let T € (0,00), ¢, n € C([0,T);[0,+00)). Let 0,0,7,00, K be
defined in (5.9). Assume that, for all t € (0 T),

P+ m—1

o(t) >0, Ko@) 5T <)yt , (5.10)
(m—1)a(t) < (p+m—2)y(t). (5.11)
oo(t) >0, Kloo)() 7T < 8(t)y(t) 5= (5.12)
(m = Deot) < (p+m—2(2). (5.13)

Then w defined in (5.2) is a subsolution of equation (5.1).
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Proof of Proposition 5.1. In view of (5.5) and (5.6) we obtain

1
u, — —Au™) —uf

p
/ /
— O FaT 4 o—S Mpis o S M pati-
m—1n m—1n
m b—
_ l Cf{;?’ﬂ m QZ (lOgT) 2},‘vml_l—l
p|l a’ (m—1)? ?
m b—2 m b—2
+07Cm m b (logr) 7 11,i<m m b (log ) s
a m—1 r2 a m—1 r2
cm m (logr)>™" .
m b F N -2
+ a ¢ 1- r2 " )
— CPCPFwoT, for all (2,t) € Dy .
(5.14)
In view of (Hz) and (2.10), we can infer that
1 (lOgT)Q_Q ]fl N
_Z <_ < —ky, forall z € R¥N\ B,(0), 5.15
ST <<k frall € RY\BO).  (G15)
1 (logn)*™ <™ b forall zeRY \ B.(0) (5.16)
p 12 ~logr 7 o '
1 (logr)*_l N
p 3 < ko, forall x€RY\ B.(0). (5.17)
From (5.14), (5.15), (5.16) and (5.17) we have
AW -
u— —AW™) —u
Uy o w
) / Cm—l
corm 1 p ¢ L e Ty (N2
m—1n a m—1 m—1
o Cp—lch”j:[’lIz .
m—1n
(5.18)

Thanks to (5.9), (5.18) becomes
1
u~ —Au") —u? < CF71lg(F),
p
where, for each t € (0,7),

ptm—2

(F):=a(t)F —§(t) —y(t)F =T .

Our goal is to find suitable C,a, {,n such that, for each ¢ € (0,7,
e(F)<0 forany F e (0,1).
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To this aim, we impose that

sup (F) = max ¢(F) = ¢(Fy) <0,
Fe(0,1) Fe(0,1)

for some Fy € (0,1). We have

dp p+m—2 p-1
d—F—O = a(t) — y()Fm=1 =0
m—1
m—1 o(t)] 7!
<~— F=F)= =
0 [p+m—27(t)}
Then
cr(t)m}zTTz
SO(FO) = Kﬁ m—1 _é(t)7
()P

where the coefficient K depending on m and p has been defined in (5.9). By (5.10)
and (5.11), for each t € (0,7,

SO faI, we ha\/e p oved lhal
u u w m 1- 2
=t (fL‘) = -

Furthermore, since u™ € C*([RY \ B.(0)] x (0,T)), due to Lemma 3.6 (applied
with Q; = Dy, Qy = RV \ [B.(0) U D1],u; = u,us = 0,u = u), it follows that u is
a subsolution to equation

1

——A™) —u = in [RY
S —w =0 i RY\B0)] x (0.7),

Uy —

in the sense of Definition 3.5.
Let
Dy :={(z,t) € B.(0) x (0,T) : 0 < G(r,t) < 1}.

Using (2.9), (5.1) yields, for all (z,t) € Do,

v, — =A™ P
: p( ) —v
m—1
gCGmfl{G [g +%—+N p L€ cmmln]
, @ m= (5.21)
O i ptm2
m—1n crera }

p+m—2 :|

= 07! ()G - 0(t) = 1()G 7
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Now, by the same arguments used to obtain (5.20), in view of (5.13) and (5.14)
we can infer that

1
v, — —Av™ <P for any (z,t) € Ds. (5.22)
P
Moreover, since v™ € CY(B.(0) x (0,T)), in view of Lemma 3.6 (applied with
Oy = Dy, 09 = B.(0) \ D2, u; = v,us = 0,u = v), we get that v is a subsolution
to equation

1
v = A" = i B(0) < (0.7), (5.23)

in the sense of Definition 3.5. Now, observe that w € C(RY x [0,T)); indeed,

u=1v=C((t) {1— 773)}“ in 9B.(0) x (0,T).
+

Moreover, w™ € CH(RY x [0,T)); indeed,

Wy = ), = ey IO 1O o, 0) x 0.7,

m—1 a e a |,
(5.24)
In conclusion, in view of (5.24) and Lemma 3.6 (applied with Q; = B.(0),Qs =
RN\ B.(0),u; = v,us = u,u = w), we can infer that w is a subsolution to equation
(5.1), in the sense of Definition 3.5. O

Remark 5.2. Let p > m and assumptions (Hz) and (2.9) be satisfied. Let define
w = C™ 1/a. In Theorem 2.2, the precise hypotheses on parameters C' > 0,
a>0,w>0and T > 0 are the following.

Cm—l Cm—l N
max{l—i—mkgb (N—2+bm) ; 1+mpo b2}
a m—1 a e (5.25)
<(p+m—20rt,
K cm-1 S
m— p—1
e A sy N-24+p—" ;
ptm—2
(m—1) 51 a m—1
(5.26)

p+m—2
cm1 N = p—m
1 b— <2 = cmt,
<+mp2 a > }— (m—1)(p—1)

Lemma 5.3. All the conditions in Remark 5.2 can hold simultaneously.

Proof. We can take w > 0 such that
wo Sw <wy

for suitable 0 < wy < wy and we can choose C' > 0 sufficiently large to guarantee
(5.25) and (5.26) (so, a > 0 is fixed, too). O
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Proof of Theorem 2.2. We now prove Theorem 2.2, by means of Proposition 5.1.
In view of Lemma 5.3 we can assume that all conditions of Remark 5.2 are fulfilled.
Set

C=(T-t)", n=(T—-t), forall t>0,

1 _m-—p
B_p—l’ A_p—l'
Then
1 cml m m p
= A N2 (T =)
o(t) {m—1+ a m—lka (bm—1+ >]( ) ’
p—m _r
St)i=—— (T —t) %71,
0= - Y (5.27)
y(t) == CPHT — )75 1,
1 po Nmb C™1 _
ao(t);:m_l[w 262 - ](T—t)

Let p > m. Condition (5.25) implies (5.11), (5.13), while condition (5.26) implies
(5.10), (5.12). Hence by Propositions 5.1 and 3.4 the thesis follows. O

6. Proof of Theorem 2.3

We assume (1.2), (2.16) and (2.17). In order to construct a suitable family of
supersolutions of (4.1), we define, for all (z,t) € RN x (0, +00),

ao 1) = a(r(a), 1) o= Oc(t) | 1 — 1B+ 7o)

m—1

n(t) ; (6.1)
+
where 1, ¢ € C1([0,4+00); [0, +00)), C >0, a >0, rp > e and b as in (2.18).
Now, we compute
1
ay — —A(@™) — aP.
p
To this aim, set B
(log(r +79))"
a

F(r,t):=1-— n(t),

and
Dy == {(z,t) € RN\ {0}] x (0,+00) | 0 < F(r,t) < 1}.
For any (z,t) € Dy, we have:

a

. 1 . ] b
= 0P + O L pat <_<0g<7"+ro>>n/>

(6.2)
1

/ /
T pwts _CC;iFm,l_l_l_
m—1n m—1mn

= C('FaT + C¢
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. (N-1)( -C™ . m L (log(r + 1))
A my — » 7 —b—C™ F’"_l
@) r b a ¢ m—1 (r+ro) g
m b—2 .
_7C’7 m lcm [ m - ) (log(r +7"0)2 jarn
a m-— m— j (r+mp) (6.3)
_C™ m (log(r + o))"
b m ;
L m—lc K (r+1m9)?
—2C™  m (log(r + 7o) b2 1y
b _ m F?nfl .
+ a (m— I)ZC K (r+m9)?
We also define
C ,'7/ _(m—1
o(t) =+ ——L 15—, (b+N—3),
m—1mn a 1 —
o ¢ 2Ot L m (6.4)
6()_m—17]+b a C (m_l)an27
3(t) = Cr7i¢P

Proposition 6.1. Let ¢,n € C'([0,+00);[0,+00)). Let &, &, ¥ be as defined in
(6.4). Assume (Hz), (2.16), (2.17), (2.18) and that, for all t € (0, +0o0),

7]’ 72 Om_l m—1 m
- L> :
772 - b a C m— 1k27 (6 5)
and ) B
- Cm- m - m b
! m N_ o
¢ b a ¢ mln[<bm1+ 3)k1 (ml)kz} (6.6)

_ Op—lc:p >0.
Then @ defined in (6.1) is a supersolution of equation (4.1).
Proof of Proposition 6.1. In view of (6.2) and (6.3), for any (x,t) € Dy,

1
a——A(@™) —a?

1 1
>chm1+C¢——12le—cg——TlFm1

_cm m‘mgﬂ%&+m»4

a m—1 (r+mr0)?
™ m - om_ (log(r + 79)
P M
2C™ m (log(rJrro)) -2
(r+m)?

b—2

_|_

VDI= D= D
Q
—

CpCme T ,
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where we have used the inequality

1 S 1
r(r+mre) = (r+rg)?’

Thanks to (2.16) and (2.18), we have
(log(r +r0) b2

1
Zaer %) >k forall zeRY 6.8
P (r+mrp)? =moran e ’ (68)

1 (log(r + 7o) b2

- > — for all RY .
p (r+r)?* — k2 forall zeRT, (6.9)
1 (log(r +r0))"”" N
; W Z k'l lOg(T + 7’0) Z kl for all x € R". (610)
From (6.8), (6.9) and (6.10) we get
ay — —A(a™) —af
/ m—1
>CFm-1-! {F [C’+ ¢ ’7—+BC "k <b m +N—3>}
1n a -1 -1
< ’I]/ -2 Cm—l m 1 ptm—2
- LA m ky — CP PR
m—1n a ¢ (m—l)2772 cre 1
(6.11)
From (6.11) and (6.4), we have
= 1 —m = e e N < _ ptm—2
i A@") - a2 CF [a(t)F —8(t) — () PR } . (6.12)

For each t > 0, set

ptm—2

o(F):=a(t)F —6(t) —5(t)F =1, Fe(0,1).

Now our goal is to find suitable C,a,(,n such that, for each ¢ > 0,
@(F)>0 forany F € (0,1).
We observe that ¢(F) is concave in the variable F'. Hence it is sufficient to have

that ¢(F) is positive at the extrema of the interval (0,1). This reduces, for any
t > 0, to the conditions

These are equivalent to

—6(t) >0, (t)—d(t) —5(t) >0,
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that is
! o M1
-7 G
n a m—1

_(m—1 7 E
e M (5 N8 ) k- — k| —crier > .
a m—1 m—1 (m—1)

which are guaranteed by (2.17), (6.5) and (6.6). Hence we have proved that
1 _ :
ay — —A(@™)—a” >0 in D;.
p

Now observe that
€ C(RN x [0,+00)),
a™ € CH([RN \ {0}] x [0,+0c0)), and by the definition of u,
@ =01in RN\ Dy] x [0, +00)).
Hence, by Lemma 3.6 (applied with Q; = Dy, Qo = RN\ Dy, uy = @, uz = 0,

u = 1), u is a supersolution of equation

Uy — %A(ﬂm) —a@? =0 in (RV\ {0}) x (0, 400)

in the sense of Definition 3.5. Thanks to a Kato-type inequality, since u]"*(0,t) < 0,

we can easily infer that @ is a supersolution of equation (4.1) in the sense of
Definition 3.5. O

Remark 6.2. Let p > m and assumption (2.17) be satisfied. Let w := C™"!/a.
In Theorem 2.3 the precise hypotheses on parameters C' > 0, w > 0, T" > 0 are
the following:

p—m _ -2 m
> .
2 ek, (6.13)
bo—" ke (- s N—3) - 2 p sy L (6
m—1"\Um-1 (m—1) |~ -1 '

Lemma 6.3. All the conditions in Remark 6.2 can be satisfied simultaneously.

Proof. Since p > m the left-hand-side of (6.13) is positive. By (2.17), we can
select w > 0 so that (6.13) holds and

_ m —m ky - 1
b ki(b N-3)— bl > ——.
“ml[l(mﬁ ) <m1>}—p1
Then we take C' > 0 so small that (6.14) holds (and so a > 0 is accordingly
fixed). 0
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Proof of Theorem 2.3. In view of Lemma 6.3, we can assume that all the condi-
tions in Remark 6.2 are fulfilled. Set

C(t) = (T+t)_ﬁ, forall ¢t>0,

and -

nt)=(T+t)" 571, forall t>0.
Let p > m. Consider conditions (6.5) and (6.6) with this choice of ¢ and 1. They
read

_ _ m—1
p—m > bQC m o,
p—1 a m-—1
1 —_Ccm™t m - m b
— b b N-3)k ————k| —CP1>0.
p—1+ a m—l[(m—1+ ) T m—1) 2} -

Therefore, (6.5) and (6.6) follow from assumptions (6.13) and (6.14). Hence, by
Propositions 6.1 and 3.2 the thesis follows. O
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