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Abstract. This work presents the use of two Data-Driven Reduced Order Modelling techniques in pre-
dicting the transient response of a Molten Salt Fast Reactor when one or more sensors fail and, thus,
provide wrong information; Supervised Machine Learning techniques are used to compensate for the failed
sensors. Data-Driven Reduced Order Modelling integrate the physical knowledge contained in high-fidelity
mathematical models with that coming from data measured on the actual system. This enables refining and
updating the mathematical model, and address the challenges related to local-only observations, allowing
for global state estimation. These methods are of interest when both sources of information are present,
albeit incomplete, as is the case of the Molten Salt Fast Reactor. In these designs, typically operating in
the fast neutron spectrum, the fuel is liquid, and no solid structures are foreseen in the core, thus making
sensing and monitoring of safety-critical parameters and quantities quite challenging. Additionally, most
literature studies on Data-Driven Reduced Order Modelling take the experimental observations as (noisy)
ground-truth: very few works consider the case in which sensor fail or malfunction, and how this affect the
state estimation.

1 Introduction

When analysing the behaviour of complex engineering sys-
tems, and even more so for safety-critical applications
such as those of nuclear reactor engineering, the state-
of-the-art approach is to use physics-based high-fidelity
numerical models, as accurate as possible. Despite the
advancements in computational hardware, the drawback
becomes the computational cost of these models, both in
terms of storage (and data-sharing) and simulation time; a
cost that becomes even more unsustainable for online con-
trol and dynamic monitoring. To address this drawback,
several algorithms for Reduced Order Modelling (ROM)
have been developed [1,2]. The literature on this topic is
quite abundant, and the authors of this work have focused
mainly on Reduced Basis approaches [3]. Briefly, given a
dataset of solutions of the Full Order Model (FOM), typ-
ically called snapshots1, through this approach, one can
extract the fundamental modes, which describe the dom-
inant spatial physics within the dataset [4]. These modes,
then, define a surrogate space, whose dimension is much

∗ e-mail: antonio.cammi@polimi.it
1 These are usually spatio-temporal/parametric data.

smaller than the degrees of freedom of the starting FOM,
upon which a reduced model is built. This surrogate model
is now much more efficient, in terms of computational bur-
den, compared to the FOM, at the cost of some accuracy:
however, it is possible to tune the dimension of the sur-
rogate space to achieve the desired accuracy level [2]. Its
uses span from inverse problems like parameter estima-
tion, that is, retrieving physical parameter values char-
acterising transients not included in the starting dataset
without the need of solving the FOM again, and forecast-
ing of the future state of the system. Additionally, opti-
misation problems such as those within Data Assimilation
(DA) algorithms [4] can now be solved on the reduced
space, with a significant reduction in complexity and com-
putational cost: as, traditionally, the optimisation problem
was the bottleneck for most state-of-the-art variational
DA methods [5], their integration with ROM techniques
looks very promising.

For this purpose, the authors of the present work have
defined a novel framework, called Data-Driven Reduced
Order Modelling (DDROM) [6], a branch of Scientific
Machine Learning [7] fusing physically consistent data
and governing equations with data-driven machine learn-
ing methodologies. This framework aims to update and
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correct the background mathematical model using obser-
vations (either from experimental sensors or some higher-
fidelity model) and to select the optimal positioning of
sensors to maximise the amount of information collected
[8,9]. Most ROM techniques can be adapted within the
DDROM framework: the present work restricts the focus
on two of them, the Generalised Empirical Interpolation
Method (GEIM) [9] and the Parameterised-Background
Data-Weak (PBDW) formulation [8], already tested for
nuclear reactor engineering problems [10–14]. Although
these studies consider noisy measurements, proposing also
regularisation techniques if needed [15,16], all of them
assume that the data coming from the sensors are the
ground-truth, implicitly assuming that a sensor cannot
malfunction nor it can fail; thus, there is no consideration
regarding the robustness of the DDROM algorithms and
their performance in presence of malfunctioning sensors.

However, faulty sensors imply a faulty ground-truth,
meaning that the DDROM algorithm is fed wrong refer-
ence values; in an engineering system, sensors may fail
or malfunction for multiple reasons, and any methodol-
ogy that relies on measurements should implement cor-
rective actions to retain its reliability. Therefore, to use
the DDROM framework outside laboratory test cases, it
becomes mandatory to assess how its algorithms perform
in the presence of malfunctioning or faulty sensors, to
discriminate between working and faulty sensors and to
determine strategies to retrieve the missing information
[17]. Available literature on this topic, to the best of the
authors’ knowledge, is quite scarce: it is worth mentioning
the work of [18], which developed a framework for ‘robust
data assimilation’ by changing the traditional norm for-
mulation from L2 to L1 to dynamically adjust the impor-
tance weight of the data according to their deviation from
the mean forecast, the work of [19], in which the missing
values of incomplete sensors are approximated with the
Gappy-POD technique, and the work of [20], which devel-
oped a robust Dynamic Mode Decomposition by suppress-
ing outliers in the dataset; there has not been an in-depth
investigation on the performance of GEIM and PBDW
methods n presence of faulty sensors [21]. Regarding the
implementation, this work follows a companion approach
as [19], adding another building block to the DDROM
framework by implementing Machine Learning (ML) tech-
niques to retrieve the missing information (or correct the
wrong information) of the faulty sensor: more in detail,
Gaussian Process Regression (GPR) is used [22]. Addi-
tionally, this work also includes a preliminary analysis on
faulty sensor recognition, both by adopting a Random For-
est algorithm [23] for a priori classifying and labelling sen-
sor faults within the training dataset, and by leveraging
the trained GPR to identify unexpected signals coming
from the system in quasi-real-time, and thus automati-
cally substituting the faulty measure with the GPR pre-
diction without the need of knowing a priori which sensor
has failed.

As a test case, this work builds from the results
obtained in [14], which applied DDROM algorithms to
the study of an accidental transient scenario of the Euro-
pean Molten Salt Fast Reactor [24] for online monitoring
in presence of noisy measurements, introducing the possi-

bility of having one or more malfunctioning sensors under
the assumption that a single (unknown) sensor can fail at
the beginning of the transient. Regarding sensor position-
ing, the premise of this work is to assess whether auxiliary
sensors, located in ‘safer’ (from the point of view of the
sensor failure probability) regions of the domain can be
used to recover the missing information from a failed sen-
sor located in a safety-critical region of the domain, char-
acterised by much higher sensor failure probability due to
the harsher environment conditions: for the MSFR, the
two regions are, respectively, the solid outside reflector
and the liquid core2.

Section 2 includes a brief presentation of the DDROM
framework and the two algorithms (GEIM and PBDW)
used in this work; Section 3 then describes the strategy
for sensor recovery. Section 4 reports the main results, first
assessing the performance of the algorithms in the pres-
ence of a malfunctioning sensor, exploring two different
recovery strategies and discussing autonomous faulty sen-
sor classification and recognition. Finally, Section 5 sum-
marises the key findings of the study and reports some
future perspectives regarding this research topic.

2 Data-driven reduced order modelling

Reduced Order Modelling techniques aim to reduce the
computational complexity of high-fidelity numerical mod-
els by efficiently compressing the information while main-
taining the desired level of accuracy. Being based on
ROM techniques, the DDROM framework shares the typ-
ical offline-online decomposition [1], or training/testing
decomposition typical of ML approaches, with the addi-
tional step of optimal sensor placement algorithms to
include experimental measurements. Figure 1 shows the
scheme of the DDROM framework [6]. The DDROM
framework, then, combines the background knowledge in
the mathematical model with the information retrieved
from the experimental sensors. Compared to stand-alone
ROM methods, the accuracy of the FOM no longer bounds
the accuracy of the state estimate/reconstruction; by inte-
grating measurements of the fields of interest, the latter
can be improved by including unforeseen uncertainties and
non-modelled physics [6,16,25].

– In the offline phase, the FOM is solved several
times for different values of the model parameters
µ ∈ D ⊂ Rp (including time and/or thermo-physical
properties, input parameters, boundary conditions):
each full-order solution or snapshot uFOM (x;µn) ∈
RNh , which depends on the spatial coordinate and
the vector of parameters µ within the training dataset
Ξtrain, is then collected and stored. From this dataset,
through a dimensionality compression technique of
choice, it is possible to extract a set of basis func-
tions {ψn(x) ∈ RNh}Nn=1, whose physical interpreta-
tion depends on the reduction algorithm used; these

2 For the purpose of this work, it is assumed that sensors of
any quantity of interest can be located inside the liquid core,
although this scenario, given the current design, is not fully
realistic.
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Fig. 1. Schematic of the DDROM framework, highlighting the offline-online decomposition: from a series of snapshots, the
ROM algorithm extracts the fundamental modes, performing dimensionality reduction and building the DDROM model; in the
online phase, measurements are given as input to the reduced model to obtain an updated state estimation. Taken from [21].

basis functions span a linear subspace of the solution
space, and they embed the fundamental spatial depen-
dence of the training dataset. The FOM is, then, pro-
jected onto this surrogate space, whose dimension N
is much smaller than the degree of freedoms Nh of the
FOM, to build a Reduced Order Model, from which
the modal coefficients {α(µn)}Nn=1, which embed the
parametric dependence (including time) of the training
dataset, can be retrieved. Finally, the problem of find-
ing the optimal positioning of sensors within the physi-
cal system to maximise the amount of information that
can be extracted and solved in the reduced space, sig-
nificantly reducing its computational cost: this implies
searching for the optimal configuration within a large
space of possible combinations, but the costs associ-
ated to this task can be greatly reduced through the
aforementioned reduction process.

– In the online phase, measurements y(utrue(x,µ∗)) ∈
RM are collected from aptly-positioned sensors to
retrieve an augmented state estimate ûDDROM (x,µ∗)
that accounts for both source of information. The
ROM is solved quickly and accurately due to its much
lower dimension. Finally, the output of the reduced
model can be decoded back to the full state of the
system, approximating the true solution.

Regarding the selected reduction techniques, this work
adopts the Generalised Empirical Interpolation Method
and the Parameterised-Background Data-Weak formula-
tion, both have been implemented within the pyforce pack-
age, leveraging the Python programming language [6,14].
The former is part of the ROSE framework (Reduced
Order multi-phySics data-drivEN), developed and main-
tained by the authors and available,under the MIT license,
at https://github.com/ERMETE-Lab/ROSE-pyforce.

2.1 Generalised empirical interpolation method

The Generalised Empirical Interpolation Method is a
DDROM technique, first proposed in [9]. The basis func-
tions ψn(x) and the optimal locations of sensors are

selected following a greedy procedure. More in detail, the
GEIM approximates a given function u with a suitable
interpolant:

u(x,µ) ' IM [u](x,µ) =
M∑
m=1

βm(µ) · qm(x) (1)

s.t. {υm(u) = υm(IM )}Mm=1,

where the magic/basis functions {qm(x)}Mm=1 embed the
spatial behaviour, whereas the coefficients {βm(µ)}Mm=1
contain the parametric dependence. Each magic function
is associated with a magic sensor υm(·,xm, s), which can
be represented mathematically by a linear functional cen-
tred in xm ∈ Ω with a point-spread s ∈ R+ represent-
ing the area onto which the sensor collects data, to sim-
ulate the fact that, since sensors have a physical dimen-
sion, they do not collect point-wise data; the value of the
point-spread depends on the sensor itself and the spatial
discretisation of the FOM [16].

– In the offline phase, the greedy algorithm returns a
set of magic functions and sensors by minimising the
interpolation error between the interpolant IM and the
training dataset. The magic sensors are selected from
the library Υ , representing the set of available locations
in the domain.

– In the online phase, measurements are collected from
the magic sensors:

ym = υm(utrue(x),xm, s) + εm (2)
with m = 1, ...,M,

with εm ∼ N (0, σ2) being uncorrelated Gaussian ran-
dom noise and σ2 its standard deviation, also called the
noise level. The reduced coefficients β ∈ RM can, then,
be determined by solving the linear system (having
dimension M � Nh) resulting from the interpolation
condition equation 1. To avoid having an unbounded
error due to noisy data [26], this work adopts the
Tikhonov-regularised version of the GEIM, henceforth

https://github.com/ERMETE-Lab/ROSE-pyforce
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called TR-GEIM, developed by the authors in [16]; this
version weakens the interpolation condition by adding
a penalty term λ, and the equivalent linear system of
dimension M2 to be solved becomes:

(BTB + λTTT)β = BTy + λTTTβ̄, (3)

given Bij = υi(qj), T the regularisation matrix, which
depends on the standard deviation of the training coef-
ficients β and λ the regularisation parameter, whose
optimal value is σ2 in the optimal case of uncon-
strained sensors [14].

For more details on the mathematical implementation of
the TR-GEIM algorithm, interested readers can refer to
[16].

2.2 Parameterised-background data-weak formulation

Among all reduction techniques that are built upon the
Reduced Basis framework, the PBDW (Parameterised
Background Data-Weak) [8] offer a general formulation for
coupling with additional data. Derived from the general
DA problem statement [5,27], the PBDW algorithm aims
at approximating the state u(x,µ) through the linear com-
bination of the available sources of information, namely
the physical knowledge from the mathematical model zN
and the information from the data ηM :

u(x,µ) ' zN (x,µ) + ηM (x,µ) (4)

=
N∑
n=1

αn(µ) · ξn(x) +
M∑
m=1

θm(µ) · gm(x),

where {ξn}Nn=1 is the basis of the N -dimensional reduced
space spanned by the mathematical model and {αn}Nn=1 is
the associated weight coefficient, whereas {θn}Nn=1 is the
basis of the M -dimensional update space obtained from
the data, with {g}Nn=1 its weight coefficients.

– In the offline phase, to build the reduced space of the
mathematical model, any Reduced Basis techniques
can be used: in particular, the present work uses the
Proper Orthogonal Decomposition (POD) [1]; for what
concerns the update space, which typically refers to the
experimental data, a sGREEDY procedure [25,27,28]
is used, with the overall goal of minimising the recon-
struction error by selecting the optimal positioning of
the available sensors {υm}Mm=1. In particular, the basis
functions gm of the update space are the Riesz repre-
sentation of the linear functional υm [6,8,25].

– In the online phase, the weight coefficients α ∈ RN
and θ ∈ RM are computed by solving the following
(N +M)2 linear system:[

χMI + A K
KT 0

]
·
[
α
θ

]
=
[
y
0

]
, (5)

given Am,m′ = (gm, gm′)L2(Ω), Km,n = (gm, ξn)L2(Ω),
and χ a hyperparameter that should be tuned using
cross-validation to improve the performance of the
algorithm [14], and I being the identity matrix.

The PBDW algorithm is generally stable in the presence
of noise; therefore, it does not require additional regular-
isation, and the hyperparameter χ becomes a weight of
the relative importance of models and measurements [28].
For more information on the algorithm and its implemen-
tation, interested readers can refer to [6,8].

3 Strategy for sensor recovery

With noisy measurements as input data, the TR-GEIM
and the PBDW formulation are reliable and robust in per-
forming state reconstruction and state estimation, given a
correct tuning of the hyperparameters λ and χ. However,
to the best of the authors’ knowledge, research regarding
the performance of these algorithms (and more in general,
of DDROM and DA-based ROM) in presence of one or
more malfunctioning sensor is still scarce [17], despite the
significant importance for the deployment of such tech-
niques in industrial settings.

As a first analysis, this work focuses on two classes
of possible malfunctions, both represented by the general
formulation:

ym = υm(utrue(x),xm, s) + εm +N (κ, ρ). (6)

High values of κ correspond to drifting, that is, a time-
uniform shift compared to the average value; high values
of ρ, conversely, indicate unexpected spikes (that is, not
related to random noise). Modelling the lifetime of the sen-
sor during the incidental transient is outside the scope of
this work; instead, this work includes a preliminary anal-
ysis on faulty sensor recognition and supervised classifi-
cation, discussed more detail in Section 3.1. The recovery
strategy proposed in this work relies on the use of Super-
vised Learning (SL) methods and the premise of redun-
dancy: the missing information about the measurement of
the malfunctioning sensor is retrieved through the use of
auxiliary sensors, located in ‘safer’ regions and trade mea-
surement accuracy with reliability and robustness. For the
case of nuclear reactors, where the in-core region is charac-
terised by high neutron fluences and therefore the sensors
are subjected to significant radiation, this implies posi-
tioning sensors outside the core, where the radiation field,
and thus the probability of failure, will be lower. There-
fore, the problem in principle becomes two-fold, as the
algorithm must be able to infer the state of the system in
one region of the domain from sensors located in another
part of the domain: both TR-GEIM and PBDW are quite
suited for the latter problem [13,14].

To solve the former, Supervised Learning methods can
be used to learn the input-output relationship between
primary sensors and auxiliary ones, that is, the map
yk(t) = F(yext); once this map is learned and a surro-
gate model is built, it is possible to map the signal from
auxiliary sensors back to the in-core ones, thus retriev-
ing the expected measurement despite the presence of a
faulty signal. The above strategy is shown in Figure 2 for
the case study of the Molten Salt Fast Reactor (MSFR)
and assuming that the observable field is temperature T
(although the strategy hereby discussed can be adapted
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Fig. 2. Recovery of missing information of failed sensor yT
k (in black on the left) from external sensors yT

ext(in blue), for the
temperature field T . Taken from [21].

for any case study and any observable field of interest). In-
core measurements yT are labelled from 1 to 15, and they
are represented by black dots; positioning of these sensors
is determined by a greedy procedure, meaning that they
are ordered according to their importance. Auxiliary out-
core measurements yText are labelled from A to D and rep-
resented by blue dots. The Supervised Learning technique
selected for this work is the Gaussian Process Regression
(GPR) method [22], whose output replaces the missing
information from the malfunctioning sensor.

Generally speaking, SL algorithms find a model f that
can infer the existing relationship between input and out-
put; in particular, the GPR infers a probabilistic distribu-
tion, used for predicting yi in the presence of unknown
input values x. Then, the prior distribution of f is a
Gaussian Process (GP) f(x) ∼ GP (µ(x,K(x,x′)), with
mean value µ(x) (typically taken as a constant function
based on the training measurements) and covariance func-
tion K(x,x′); this latter term is also called kernel, whose
selection is a hyperparameter of the GPR model. This
work uses the default Radial Basis Function (RBF) kernel.
The kernel function depends on the hyperparameters ϑ,
whose values must be tuned by maximising a log-marginal
likelihood loss function [21].

GPR models include the knowledge within the training
dataset X into the prior distribution to obtain a posterior
distribution. Given a set of training input measurements

X = [x1|x2|...xNs
] ∈ Rd×Ns , a set of corresponding out-

puts y = [y1, y2, ..., yNs
]T ∈ RNs and a set of unseen test

input data X∗ ∈ Rd×M , predictions y∗ ∈ RM can be
made by using the theorem of conditional Gaussian, in
which the conditional distribution of the predicted GP is
y∗ = f(X∗|y,X,X∗) ∼ GP (µ̂(X∗), K̂(X,X∗) [29].

The GPR implementation used in this paper is
from the Python package GPy (https://github.com/
SheffieldML/GPy), which includes the hyperparameter
optimisation.

3.1 Faulty sensor recognition

Compared to the preliminary work done by the authors
in [21], in which the state of each sensor was known a-
priori and thus it was an input to the GPR algorithm,
the present work removes this hypothesis by implement-
ing faulty sensor recognition. In particular, two different
strategies have been used.

The first strategy assumes that the map yk(t) =
F(yext) has been learnt for each sensor k. Then, given a
new set of measurements (retaining the assumption that
only one sensor fails at time t = 0), the malfunction-
ing sensor can be recognised by comparing each trajec-
tory yk(t) with the one predicted by the GPR. For the

https://github.com/SheffieldML/GPy
https://github.com/SheffieldML/GPy
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comparison, the z-score has been defined as:

zscore =
||yk(t)||L2 − ||µ̂(X?)||L2√

K̂(X,X∗)
(7)

recalling y∗ ∼ GP (µ̂(X∗), K̂(X,X∗), that is, the trajec-
tory predicted by the GPR being described by the mean
µ̂ and the covariance K̂. This quantity is, then, compared
to a threshold, whose value must be tuned to discriminate
between measurement noise and the actual faulty signal.
It is worth mentioning that this strategy does not require
labelled data, as it works by simply comparing the incom-
ing signal to its expected value.

In the second strategy, instead, a supervised learning
classification algorithm is used to classify sensors a-priori:
this allows a more thorough training of the GPR algo-
rithm, as now the model can discriminate between healthy
and faulty sensors. The selected classifier is Random For-
est (RF) [23], with output being the class of sensor failure
(for the present test case, four different labels are possi-
ble: ‘Healthy’, ‘Drift’, ‘Spikes’, ‘Both’). The implementa-
tion used here is from the sklearn Python package [30]. It
is worth mentioning that in actual applications with real-
world sensors, labelled data may be unavailable, and the
RF classifier may be substituted, for example, with a sim-
ple binary classifier, only discriminating between ‘Healthy’
and ‘Faulty’ sensors, which will be enough for the
algorithm.

4 Numerical results

This work considers the Unprotected Loss of Fuel Flow
(ULOFF) accidental transient scenario for the MSFR,
using the 2D axisymmetric wedge of the EVOL geome-
try [24] with an external Hastelloy reflector layer [31] as
in Figure 3.

For sensor placement, main sensors (used as input to
the DDROM) can be located freely within the domain,
whereas auxiliary sensors (aimed at recovering the infor-
mation from failed sensors) can be located only in the
solid reflector region, where the neutron fluence is lower.
The simulation also includes a momentum source, rep-
resenting the primary loop pump and a heat sink, the
primary-to-intermediate loop heat exchanger. The model
is solved within the OpenFOAM environment using the
custom-made msfrPimpleFoam coupled solver, developed
by Politecnico di Milano [32] and adapted by the authors
to include the solid reflector layer [31]: in particular, the
modified solver imposes the continuity of the variables
at the interface between regions, whereas at the exter-
nal reflector, wall vacuum and adiabatic conditions are
imposed, respectively, on the neutron fluxes and temper-
ature fields.

The FOM dataset then includes 275 snapshots, with
time domain [0:0.2:55] seconds. This dataset Ξ is split into
three subsets:

– train set Ξtrain, including 75% of the starting dataset
up to time instant ti = 250 s;

Fig. 3. EVOL geometry. The dark blue external layer rep-
resent the Hastelloy solid reflector, whereas the lighter blue
domain is the primary loop containing the liquid fuel. The loca-
tion of the pump and heat exchanger (green and red, respec-
tively) is also reported.

– test set Ξtest, including 25% of the starting dataset up
to time instant ti = 250 s, used for cross-validation;

– predict set Ξpredict, which includes the last snapshots
from ti = 250 s to tM = 275 s, to analyse the fore-
cast capabilities of the reconstruction algorithm, and
includes 25 snapshots.

The train-test split was done randomly using the Python
package scikit-learn. To ensure training stability and to
improve the performance of the algorithms, given that dif-
ferent fields have quite different orders of magnitude, all
FOM snapshots were normalised to the maximum value
of the initial condition: given a generic field u:

u(x, t)← u(x, t) ·
[
max
x∈Ω

u(x, 0)
]−1

. (8)

Sensors are described by linear functionals with a
Gaussian kernel centred in the sensor position and with
point-spread s = 0.025 [14]. Normalised measurements
were synthetically generated during the online phase of
TR-GEIM and PBDW using the sensors selected by (2),
and corrupted by Gaussian white noise with variance
σ2 = 10−3.

4.1 Performance of TR-GEIM and PBDW with
malfunctioning sensors

The performance of TR-GEIM and PBDW algorithms
in the presence of a malfunctioning sensor and without
implementing any recovery strategy will be analysed first.
Assuming that a single sensor fails at time t = 0, its out-
put yk will be corrupted according to (6), using κ = 0.1
and ρ = 0.5 to simulate the generic malfunctioning sce-
nario of a fixed drift from the truth value and oscillations
caused by an increase in noise due, for example, to elec-
trical contacts (Fig. 4).
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Fig. 4. Example of malfunctioning sensors with both a drift
from the true value (κ = 0.1) and spikes due to unwanted noise
(ρ = 0.5).

To measure the performance of the two DDROM algo-
rithms, the absolute reconstruction error is used, given
r[u(·, t](x) = |u(·, t)−RM [u(·, t)]| as the residual field:

Ek[u] =
1

dim(Ξ∗)

∑
t∈Ξ∗

||r(x, t)||L2(Ω), (9)

where M = 153 is the number of sensors for the field u,
chosen during the offline phase by measuring the reducibil-
ity of the problem [1], RM [u(·, t)] is the reconstruction
operator for TR-GEIM, Ek is the average absolute error
measured in L2-norm assuming that the kth has failed,
and given Ξ∗ ⊂ D a subset of the parameter space with
unseen data (either test or predict sets).

Figure 5 shows the reconstruction error for the two
algorithms when a single sensor k fails, compared against
the reference case of no malfunctioning sensors (which
serves as a best-case scenario for the error). As expected,
the error increases for both algorithms, meaning that
the reconstruction is becoming less and less accurate:
in particular, PBDW shows a larger deterioration in
performance, with the error increasing by three orders of
magnitude. Generally, the errors increase compared to the
reference case for the sensor k depends on the variabil-
ity of the measurement itself: sensors that measure less
variability will influence less the performance of the algo-
rithms, whereas sensors which record more variability will
influence more in reconstruction. Still, regardless of their
impact, a single failed sensor is enough to significantly
worsen the reconstruction in the whole domain, as can be
seen in Figure 6 for temperature and, for sake of brevity,
the TR-GEIM algorithm only, with PBDW showing a sim-
ilar behaviour (for the scenario κ = 0.1 and ρ = 0.5,
and failed sensor #4): reconstruction is visibly worse in

3 The optimal number of sensors can be retrieved by look-
ing at the inf-sup constant βN,M : for a reduced space with
dimension N = 10, selecting M = 15 offers a good compro-
mise between computational cost of the greedy procedure and
additional amount of information.

Fig. 5. Reconstruction error (computed using Eq. 9 for the
most general case of both κ and ρ different from zero. The red
line reports the error for the reference case without malfunc-
tioning sensors, serving as a lower bound. The shaded area
indicates the uncertainty band of the error (each scenario is
repeated 20 times randomly sampling the measurement noise,
to obtain statistical relevancy).

the entire domain, not only in the region near the failed
sensor.

In principle, once the failed sensor has been correctly
identified, the algorithm could remove the corrupted mea-
surements from the associated linear system. The effec-
tiveness of this strategy depends strongly on the field
under consideration and the selected DDROM algorithm.
Indeed, for TR-GEIM, deleting the kth observation means
deleting also the associated kth basis function: since TR-
GEIM adopts a greedy approach to select sensors in a
hierarchical manner, the loss of information is inversely
proportional to the index of the sensor [26]. Instead, in
the PBDW algorithm, sensors are used for updating the
background space, and therefore their correction is more
on a local level, whereas the global spatial behaviour is
given by the numerical model: sensors are still selected
hierarchically, but in the update space only. For PBDW,
issues may arise if more than one sensor fails, such that
M < N : when the update space is larger than the back-
ground space, the algorithm may become unstable, losing
its good convergence properties [8]. Such behaviour can
be seen in Figure 7.
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Fig. 6. Absolute error in the domain for the reconstruction of the temperature field, assuming malfunctioning sensor #4.

The hierarchy of sensor importance is clear for TR-
GEIM and temperature, with the error improving as sen-
sors with higher index are removed; conversely, PBDW
is quite robust against a single sensor failure, with only
a slight worsening of the error. Interestingly, the tem-
perature and neutron flux errors show a markedly dif-
ferent behaviour in the TR-GEIM algorithm, with the
former being much more affected by the removal of high
index sensors. Indeed, whereas for temperature good error
behaviour is recovered only after k = 9, for neutron flux
it is recovered starting from k = 2.

To explain this behaviour, it is possible to look at
the complexity of the two fields, which is linked to their
reducibility: more complex fields will be less reducible,
meaning that a larger number of basis will be needed
to properly capture its fundamental spatial behaviour: a
way to measure how much a given field is reducible is by
decomposing its snapshot matrix through Singular Value
Decomposition and plot the obtained singular values (see
Appendix A). Figure 8 reports the normalised first forty
singular values λi for the neutron flux and the tempera-
ture: the singular values for the former decay much faster
compared to those for the latter, indicating that less basis
functions are needed to retain all the relevant information
regarding the neutron flux (in particular, most informa-
tion is retained by the first basis function): therefore, for
this field the only critical sensor from the point of view of
removal is the very first one.

4.2 Faulty sensor recognition

As seen in the previous section, simply removing the mal-
functioning sensor may not be enough to recover the good

performance of the DDROM algorithm for all fields of
interest, especially for TR-GEIM in which sensors are hier-
archical: thus, in the following section the recovery strat-
egy described in Section 3 is implemented and used on the
discussed test case. Then, given the kth sensor which fails
at time t = 0, GPR learns the input-output relationship
between the external auxiliary measurements yext and the
output of the malfunctioning sensor yk: from the mathe-
matical standpoint, the prediction obtained with the GPR
fills the missing term in the measurement vector y appear-
ing in the RHS of TR-GEIM and PBDW linear systems,
respectively equations 3 and 5.

Whereas in [21] the index k of the failed sensor was
known a-priori and was given as a fixed input to the
trained GPR to recover the missing information, in this
work, two different strategies have been implemented to
recognise the malfunctioning data. The most straightfor-
ward method can be seen as a a-posteriori identification:
assuming that a new set of measurements comes at t = 0
from the system and that the GPR has been thoroughly
and correctly trained, it leverages equation 7 to compare
each new trajectory to the expected output obtained from
the GPR: if the z-score for the kth sensor is below a cer-
tain threshold, the kth is considered failed, and its tra-
jectory is substituted with the one predicted by the GPR
in the measurement vector that serves as an input to the
DDROM.

The performance of this method is strongly dependent
on the selection of the threshold value zth and on the dis-
turbance level. Figure 9 reports (not on scale) the True
Positive Rate (recall) for different values of zth and of the
disturbance magnitude (computed as κ + ε for visualisa-
tion purposes). The recall metric is computed as the ratio
between the number of true positives (the faulty sensor
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Fig. 7. Absolute error in the domain for the reconstruction of
the temperature field when the (single) malfunctioning sensor
kth is completely removed from the algorithms’ input.

is correctly identified) and the sum of true positives and
false negatives (the faulty sensor is missed), and it is the
key metric for safety-critical applications, that is, when
missed faults must be minimised. As seen in the Figure,
the only region in which the recall is not 1 is the bottom
right one, corresponding to low fault magnitudes and high
threshold: for low values of fault magnitude, the recogni-
tion algorithm tends to confound them with measurement
noise, thus being unable to correctly detect the presence
of a malfunction.

To better understand why, instead, the bottom left
region (low fault magnitudes and low thresholds) show
high recall values, it is useful to check the value of the pre-
cision metric, defined as the ratio between true positives
and the sum of true positives and false positives (healthy
sensors flagged as faulty): high precision values means few
false alarms, and this metric should be preferred when
false positives are costly from the point of view of main-
tenance. Figure 10 shows the precision heatmap. Indeed,
for low threshold the precision decreases, meaning that
more healthy sensors are wrongfully flagged as ‘faulty’:
for low thresholds, then, the algorithm tend to consider
even the measurement noise as due to a malfunction, so
that regardless of the fault magnitude, all noisy sensors
are considered as faulty, giving rise to many false posi-
tives but also correctly flagging the faulty sensor.

Thus, the z-score-based algorithm is correctly able to
identify the malfunctioning sensor, provided that the fault

Fig. 8. SVD singular values for the neutron flux and the tem-
perature: the faster they decay, the more the field is reducible,
and a few basis can adequately describe it.

Fig. 9. Recall heatmap, reporting the ratio between true pos-
itives and the sum between true positives and false negatives.
High recall values means that faults are rarely missed.

magnitude is larger than the measurement noise magni-
tude: the overall (i.e., considering all threshold values and
fault magnitudes) recall metric is equal to 0.99, whereas
the overall precision is equal to 0.9 (in both cases, values
range between 0 and 1).

4.2.1 Random forest classifier

Despite its good performance, the above algorithm has
two drawbacks: it requires an accurately trained GPR
model for each sensor and cannot recognise the type of
malfunction. Therefore, a companion approach based on
a Random Forest classification algorithm is implemented.
The goal of this algorithm is twofold: 1) classify the
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Fig. 10. Precision heatmap, reporting the ratio between true
positives and the sum between true positives and false posi-
tives. High recall values means that there are few false alarms.

malfunction and 2) feed the GPR classified sensor data to
improve the training and testing performance, by provid-
ing the GPR a-priori information on the shape of possible
sensor failure. For the latter, if the state of each sensor is
not known a priori, one GPR model for each sensor must
be trained and optimised: instead, if the state of each sen-
sor (either healthy or faulty) is known a-priori, it is pos-
sible to select the GPR model to be optimised and later
used to recover the missing information; conversely, hav-
ing information about the type of malfunction can help in
the maintenance process.

For training the classifier, a labelled dataset Ξrf ∈
RNt×2 has been created, with Nt being the size of the
dataset (equal to 5000); labels can be 0 (“Healthy”), 1
(“Drift”), 2 (“Spikes”) and 3 (“Both”), and this dataset
has been divided into train (80%) and test (20%) sets.
Following training, the classification report on the test set
is given in Table 1: this report gives, for each class, the
precision, recall and F1-score metrics, computed as:

F1-Score = 2
Precision · Recall
Precision + Recall

, (10)

as well as the weighted average metrics. The classifier
offers excellent performance on the ‘Healthy’ and ‘Spikes’
classes; for the ‘Drift’ class, almost all drift malfunctions
are caught (high recall), but given the lower precision met-
rics, some ‘Both’ cases are misclassified as drift. Indeed,
the ‘Both’ class is the weakest one, having a recall of
0.83 (meaning that 17% of ‘Both’ malfunctions are either
missed or mislabelled): this is likely due to an overlap of
the feature space with the ‘Drift’ or ‘Spikes’ classes, given
that the dataset has been split in a balanced way to have
almost the same number of samples for all four classes.

To better breakdown the performance of the classifier,
the confusion matrix is reported in Figure 11.

Table 1. Random Forest classification report on the test
set for the different classes, and weighted (over the number
of samples in each class) average metrics.

Precision Recall F1-Score Samples
Healthy 0.98 1.00 0.99 262

Drift 0.89 0.98 0.93 243
Spikes 0.94 0.97 0.96 241
Both 0.97 0.83 0.90 254

Accuracy 0.94 1000
Average 0.95 0.95 0.94 1000

Fig. 11. Confusion matrix for the test set.

Focusing on the “Both” class, only 195 out of 245
malfunctions were correctly identified, with 30 misclassi-
fications as “Drift” and 20 misclassifications as “Spikes”,
thus explaining the lower recall metric. This suggests that
the classifier struggles somewhat to distinguish compound
malfunctions from individual ones, likely due to feature
overlap, as even though oversampling “Both” malfunc-
tions, no significant improvement in the classifier perfor-
mance was observed. Regardless, as the classifier can cor-
rectly detect malfunctioning sensors from healthy ones,
the performance is considered satisfactory.

4.3 GPR-based sensor recovery

In the following, two different recovery strategies have
been considered:

1. the failed sensor is removed from the system and
the corresponding reduced coefficient is reconstructed
using the others: the ML model recovers the failed coef-
ficient from the estimation of the non-failed ones.

2. The GPR algorithm directly reconstructs the miss-
ing measurements by using the information from the
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auxiliary sensors: the linear system for both TR-GEIM
and PBDW retains the starting reduced dimension.

It is worth mentioning that, for the purpose of faulty sen-
sor recovery, the information on the type of failure is not
used: rather, the output of both faulty sensor recognition
techniques is the index of the faulty sensor, to be fed to
the recovery procedure.

4.3.1 Failed sensor removal and coefficient recovery

In the first proposed recovery approach, the kth failed sen-
sor is removed from the input vector of the measurements,
and GPR is used to recover its reduced coefficients βk
starting from the training dataset. This strategy is tested
only for the TR-GEIM algorithm, since it is the most
affected by the removal of the failed sensor4, as seen in
Section 4.1: the input vector will, therefore, have dimen-
sion M − 1, and the missing coefficients are computed a
posteriori using GPR. Other possibilities can actually be
investigating, such as the use of the magic functions and
magic sensors as basis for the PBDW and then remove the
failed one, since this algorithm is less sensitive to the hier-
archy of sensors. Moreover, regularisation strategies and
variants of EIM-like methods [33] can be adopted: this will
be matter of future analysis.

The absolute reconstruction error under this recovery
approach is shown in Figure 12; the reconstructed coef-
ficients are shown in Figure 13; finally, the residual field
for temperature and failed sensor k = 2, for the three
cases (perfect sensors, removed sensors, recovered coeffi-
cients) are shown in Figure 14. Globally, reconstruction
is quite good, albeit somewhat noisy, except for coeffi-
cients with behaviour similar to βΦ9 , which show small
oscillations around a constant value. Still, given the hier-
archical nature of TR-GEIM, these high-index coefficients
have significantly less impact on the performance. Regard-
ing the absolute error, there is an improvement of the
performance, especially noticeable with temperature, for
k > 1: interestingly enough, this improvement is not
monotonous, especially for k = 3 and k = 4, and further
studies regarding this peculiar behaviour are currently in
progress. Regardless, this strategy fails when k = 1, hence
the need for a more robust recovery strategy.

4.3.2 Failed sensor recovery

The strategy proposed in the previous section, in which
the information from the malfunctioning sensor is com-
pletely removed from the measurement input vector and
the reduced coefficients about it are recovered using GPR,
shows good but not great performance, especially for
TR-GEIM when high-index sensors fail. Indeed, by remov-
ing an input measure, the associated basis function gets
removed as well, thus impoverishing the reduced space.
This unwanted behaviour is especially significant when
k = 1, that is, the first sensor fails: for TR-GEIM, this
is the one containing most of the information of the start-
ing dataset, and, as seen in Figure 12, its loss cannot be

4 At the moment, the failed index is not provided by the
methods presented in the previous section, rather it is provided
as a-priori information.

Fig. 12. Absolute reconstruction error for TR-GEIM when the
failed measurement is removed from the input vector and the
associated missing coefficients are estimated through GPR.

compensated by the recovery of the associated reduced
coefficients through GPR. The PBDW, on the other hand,
can weigh the trust in either the model or the measure-
ments through the hyperparameter χ and hence, for failed
sensors, the model can be considered more reliable and
produce a state estimation based on the background infor-
mation [25,27].

Therefore, a second recovery strategy is hereby pro-
posed: the kth failed sensor is not removed from the mea-
surement input vector, but rather, it is substituted by the
output provided by the GPR, obtained using the auxiliary
sensors located in ‘safer’ regions of the domain (in the case
of the MSFR, the solid reflector layer). The reduced linear
system then maintains its starting dimension M , and the
basis function associated with the failed sensor is retained.
Then, the online phase proceeds as in the case of perfect
sensors.

Figure 15 shows the reconstructed measurement for
sensor k = 1, for both temperature and neutron flux:
clearly, an adequately-trained GPR can correctly recover
the missing measurements, even in presence of drifting and
unphysical spikes, meaning that it is possible to substi-
tute the GPR output into the measurements input vector
and, then, proceed with the ‘standard’ online phase for
DDROM. The good performance of this approach com-
pared to the previous one can be seen in Figure 16, which
shows the average absolute error, computed as:

E =
1
M

M∑
k=1

Ek[T ], (11)
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Fig. 13. Reconstructed coefficients β for TR-GEIM for four different failed sensors, both for temperature and for the neutron
flux. Reconstruction is relatively good albeit somewhat noisy, except for constant or almost-constant coefficients: however, since
sensors in TR-GEIM are hierarchical, high-order oscillating coefficients have less effect on the performance of the algorithm.

given Ek defined in equation 9. Only temperature is con-
sidered for brevity, as it is the field that is more influ-
enced by malfunctioning sensors. Four different scenarios,
considering a time instant outside the training dataset,
have been considered: 1) perfect case, in which all sen-
sors are correctly operating; 2) malfunctioning sensors
with κ = 0.1 and ρ = 3; 3) scenario in which the mea-
surement yTk associated with the failed sensor is removed
from the measurement input vector; 4) GPR-aided case in
which the input-output map learned by GPR during the
training phase through auxiliary external sensors is used
to recover the output of the failed sensor, for the case
κ = 0.1 and ρ = 3. The difference in the removal strat-
egy for TR-GEIM and PBDW is evident: generally speak-
ing, algorithms that adopt greedy procedures to select the
optimal location of sensors are sensitive to malfunctioning
ones, especially for high-index sensors; thus, the improve-
ment in performance when the offending measurement is
removed is minimal.

Conversely, by recovering the missing information
through GPR, TR-GEIM shows a significant improvement
in the performance, and the error returns comparable to
the perfect case; the fact that the GPR-aided TR-GEIM
shows better performance than the truth case is related
to the fact that the GPR tends to output smoother mea-
surements compared to the original ones, thus lowering
the noise introduced in the algorithm. Due to the fact
that sensors are constrained to stay on the boundary the
value of λ can be further tuned to achieve more accurate
results: however, for the sake of simplicity and brevity it
has been chosen to be equal to the variance of the noise5

5 If this information is not provided, which can be the case
for real scenarios, a hyperameter tuning algorithm should be
implemented similar to [14,28].

Even locally, the improvement in performance through
the recovery of the failed sensor is noticeable, as seen
in Figure 17 for the worst scenario of k = 1 and for a
time instant outside the training dataset. By recovering
the missing measurements, both algorithms can correctly
reconstruct the field of interest, even in forecast mode,
with the performance returning comparable to that of the
perfect case.

5 Conclusions

This paper has presented two Data-Driven Reduced Order
Modelling methods, the Generalised Empirical Interpo-
lation Method and the Parameterised-Background Data
Weak formulation for combining high-fidelity numerical
simulation and measurements collected by physical sen-
sors, in the realistic scenario of sensor malfunction. Two
different classes of malfunctions have been considered,
namely a drift from the true value and non-physical spikes,
under the assumptions that only one sensor can fail at a
time, and that the state of the sensor is known as a priori
(these assumptions will be relaxed in future works). As
a test case, this paper uses the Molten Salt Fast Reac-
tor, and in particular, it considers an Unprotected Loss
of Fuel Flow accidental scenario. The test case is inter-
esting because it features a liquid fuel and a fast neu-
tron spectrum: in the optimal case that in-core sensing
would be possible for the main quantities of interest (in
this work, the neutron flux and the temperature), in-core
sensors will be subjected to high neutron fluences and
very hot molten salt, hence their failure probability will
be higher; conversely, sensors located in the solid reflector
layer will be more robust, thus they can act as ‘redundant’
sensors.
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Fig. 14. Residual field for temperature in the three scenarios
(perfect sensors, removed sensor and recovered coefficients), for
sensor k = 2 at the end of the transient.

Fig. 15. Reconstructed measurements for sensor k = 1 (tem-
perature and neutron flux) using GPR.

Fig. 16. Comparison of the average absolute error using dif-
ferent algorithms, for the following scenarios: perfect sensors,
failed sensor, removed failed sensor, recovered failed sensor.

Indeed, even a single drifted measure coming from
a malfunctioning sensor significantly worsens the capa-
bilities of the two DDROM techniques, for all sensors,
resulting in unbounded errors and unphysical results. The
straightforward removal strategy, that is, removing the
failed sensor from the measurement input vector, shows
different results: whereas it seems viable for PBDW, which
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Fig. 17. Contour plots of the temperature field T for the FOM, TR-GEIM and PBDW (the latter two both in perfect and
GPR-aided conditions), for failed sensor k = 1 at time t∗ = 55 s ∈ Ξpredict.

selects sensors in a non-greedy manner, for TR-GEIM,
removing an input means also removing the associated
basis function and thus impoverishing the reduced space.
Especially for temperature and high-index sensors, since
TR-GEIM greedily selects the optimal sensor position-
ing, the good performance of the algorithm cannot be
fully recovered this way. A study of the performance of
DDROM-like techniques accounting for the realistic pos-
sibility of sensor failure is recommended, regardless of the
selected algorithm.

To overcome this limitation of the DDROM frame-
work, a Machine Learning technique, Gaussian Process
Regression, has been used to try to recover good perfor-
mance. The auxiliary sensors located in the ‘safer’ region
of the solid reflector have been used alongside the in-
core sensor to learn the existing input-output relationship
between them. This map is used to 1) either recover the
reduced coefficients of the removed sensor or 2) directly
reconstruct the missing measurement. Between the two,
the second strategy has been proved to be more successful
even for the worst-case scenario of failed sensor k = 1 and
temperature reconstruction with TR-GEIM, allowing the
algorithm to correctly forecast the field of interest even
for a time step outside the training dataset.

To correctly identify the failed sensor, to serve as an
input to the trained GPR for the recovery step, two differ-
ent strategies have been adopted. In the first one, based on
the evaluation of the z-score of the incoming sensor trajec-
tory and its comparison with the respective prediction of
the GPR, good performance were observed as long as the
fault magnitude can be distinguished from the measure-
ment noise: low fault magnitude and high threshold for
discriminating between healthy and malfunctioning sen-
sors gave rise to false negatives, where faulty sensors were
not correctly labelled as such; conversely, for low thresh-
olds the number of false positives is high, meaning that
the algorithm tends to consider all kind of deviations,
including measurement noise, as malfunctions. Regard-

less, the overall recall score was 0.99, with a precision
of 0.9.

To further study the classification problem, a Ran-
dom Forest classifier was also implemented to discrimi-
nate between the types of faults and to give a-priori infor-
mation to the GPR algorithm during the training phase.
Performances were quite good also for the RF classifier,
with an overall recall metric of 0.95. In terms of correct
classification, the class with the worst performance was
the “Both” class (recall metric 0.83), due to misclassifica-
tion of “Both” malfunctions either into the “Drift” or the
“Spikes” class: given the balance in the test set, this indi-
cates a feature overlap, which may indicate the need of
performing feature engineering on the dataset to further
improve the performance of the classifier.

This work and its promising results are the first step
of a methodological pathway for engineering applications
where the algorithm itself can recognise the state of each
sensor in time and retrieve the information from each
failed sensor when needed to develop autonomous sys-
tems from the point of view of monitoring, control and
diagnosis. Future studies in this direction are currently
underway, including the use of unsupervised classifiers,
accounting for the actual sensor failure probability and
simulating the lifetime of the sensor, and accounting for
the possibility of concurrent malfunctions.
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Glossary

Acronyms

DA Data Assimilation

DDROM Data-Driven Reduced Order Modelling

FOM Full Order Model

GEIM Generalised Empirical Interpolation Method

GPR Gaussian Process Regression

ML Machine Learning

MSFR Molten Salt Fast Reactor

PBDW Parameterised-Background Data-Weak

POD Proper Orthogonal Decomposition

RBF Radial Basis Function

RF Random Forest

ROM Reduced Order Modelling

SL Supervised Learning

ULOFF Unprotected Loss of Fuel Flow

Latin Symbols

D Subset of the parameter space

E Average absolute error in L2-norm

F GPR input-output map

g(x) PBDW data coefficients

IM [u] TR-GEIM interpolant for the field u

K GPR kernel

M Number of sensors

N Dimension of the ROM

Nh Dimension of the FOM

p Dimension of the parameter space

P log-marginal likelihood loss function

q TR-GEIM magic functions

r Reconstruction error

RM Reconstruction operator for TR-GEIM

s Sensor point-spread

T TR-GEIM regularisation matrix

uFOM (x,µ) Full order solution (snapshot)

ûDDROM (x,µ∗) Output of the ROM

x Spatial coordinate

X GPR training dataset

y(utrue(x,µ∗)) Measurement vector

zN (x,µ) PBDW model knowledge

Greek Symbols

α(µn) PBDW model coefficients

β(µ Modal coefficients for TR-GEIM

ε ∼ N (0, σ2) Uncorrelated Gaussian random noise

κ Measurement drift

λ TR-GEIM regularisation parameter

µn Vector of parameters

ρ Measurement spike

ηM (x,µ) PBDW measurement knowledge

σ2 Measurement noise level

θ PBDW update space basis function

ϑ GPR hyperparameters

υ TR-GEIM magic sensors

Υ Library of magic sensors

ξ(x) PBDW model basis functions

Ξ∗ Splitted dataset (train, test, predict)

χ PBDW hyperparameter

ψn(x) Generic basis functions
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Appendix A Problem reducibility and singular
value decomposition

When considering a reduction problem, it is important to
assess how well the high-fidelity dataset can be approx-
imated by a reduced subspace: an estimate on the opti-
mal size of this reduced subspace can be found through
the Singular Value Decomposition (SVD) [3]: given any
complex-value matrix X ∈ CNh×Ns , the SVD provides a
unique decomposition:

X = UΣV?, (A.1)

in which U = {ϕi}Nh
∈ CNh×Nh contains the left

singular vectors of X, Σ = [diag(σ1, ...σN∫ , 0, ..., 0] ∈
RNh×Ns contains the singular values and V? = {υ∗i }∗Ns

∈
CNs×Nh contains the right singular vectors of X. If Nh >
Ns, the diagonal matrix Σ has at most Ns non-zero
elements so that the economy SVD can be retrieved
[34]:

X = ÛΣ̂V?, (A.2)

In practice, the SVD provides a hierarchy of low-rank
approximations, due to the fact that the singular values
are ranked from the most to the least important: a simple
and interpretable way of approximating X, and hence the

associated snapshots, is therefore:

X =
Ns∑
i=1

σiϕiv
∗
i . (A.3)

Since each subsequent term is less important in capturing
the most dominant features of X, a good approximation
can be obtained by truncating at some rank r << Nh:

S ' ŨΣ̃Ṽ∗ =
r∑
i=1

σiϕiv
∗
i , (A.4)

allowing for the discovery of dominant low-dimensional
patterns in the data matrix X. The truncated SVD basis
Ũ then provides the basis functions that span the reduced
space. Moreover, the SVD comes also with another impor-
tant property related to the energy captured by the trun-
cation: the partial sum, till k ≤ r, captures as much of
energy of the matrix S and the SVD basis represents the
optimal rank-r approximation. In the end, some insights
about what the columns of Ũ, i.e. the modes or basis func-
tions, and the rows of Ṽ represent can be given. The for-
mer describes the most dominant/energetic spatial fea-
tures of the data; whereas the latter embeds the paramet-
ric and temporal dependences (sometimes referred to as
latent dynamics).
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