
 

Abstract -- In this paper an analytical model of a permanent 
magnet synchronous motor (PMSM) drive in/around torsional 
resonance is developed in the dq frame. The model accounts for 
electrical and mechanical aspects of the system, emphasizing 
their coupling and effects regarding voltage, torque and speed 
harmonics. Its aim is to obtain simple formulae which can 
predict electromagnetic and shaft torque response to a 
harmonic voltage supply, often present in variable speed drives. 
The model is solved by applying the small variations method 
and transfer functions formalism. The solution allows for 
predicting system behaviour in different operating conditions, 
especially important in/around resonance. The results are 
verified by extensive simulations in Matlab/Simulink 
environment.  
 

Index Terms--Torsional vibrations, shaft torque, harmonic 
voltage 

I.   INTRODUCTION 

 N variable-speed drives including a power converter, 
almost any kind of modulation technique produces 

voltage harmonics which are injected in the system besides 
the fundamental component. This is due to the discrete 
switching of the power semiconductors and the generated 
harmonics are related to the drive topology, switching 
frequency, motor parameters, control algorithm, etc. [1]. 
These voltage harmonics give rise to line current harmonics, 
which, in turn, result in electromagnetic torque harmonics. 
Consequently, shaft oscillations occur which are reflected in 
the measurements and affect the control system as well.  
 Many researchers have been dealing with torsional 
analysis, investigating the causes for torsional vibrations and, 
more importantly, various damping methods. In [2], an 
extensive mathematical analysis of pulsating torque 
components in ac machines is presented. The paper provides 
tools for predicting their locations in the frequency domain, 
as well as their amplitudes. However, the developments are 
not accurate for low-power machines in low-speed regions 
away from their rated operating points. Moreover, in the 
computations current amplitudes are used without clarifying 
how they can be obtained. In [3], the authors state out that, 
after identifying the voltage harmonics, the current 
harmonics can be found in a straightforward way from the 
motor steady-state stator impedance.  

In [4], a torque harmonic with magnitude 0.02p.u. at 
frequency equal to the system natural frequency excites the 
resonance. Simulations through equivalent electrical circuits 
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are presented to confirm that torque harmonic frequency is 
much more important than its amplitude. However, only the 
mechanical system is analysed, without considering the 
interaction with its electrical companion and the conclusions 
are not experimentally confirmed. 

The authors in [5] present a methodology for torque 
harmonic prediction excited by a speed harmonic in 
induction motors (IMs). Although the analysis outcome has 
been confirmed in practice, it is not clear how it can be 
extended to PMSM, the procedure is iterative and does not 
account for the coupling characteristics.  

In a few papers, like [6] and [7], the electromagnetic 
phenomena are represented in the torsional vibration analysis 
by an equivalent stiffness and damping. Consequently, the 
natural frequencies increase even up to 8-10 percent, 
particularly evident in case of “soft” couplings. However, [6] 
regards only IMs at constant speed, while [7] deals with 
reciprocating machinery where torque oscillations occur at 
multiples of the running speed. Both publications do not 
provide mathematical tools for predicting the expected 
torque harmonics amplitudes.     
 Some researchers, on the other hand, consider that 
electrical and mechanical systems do not affect each other 
due to the large difference between their time constants, thus 
electrical and mechanical dynamics can be analysed 
separately [8].  This is true only in certain applications, like 
wind energy conversion systems, but not for servomotor 
drives.  
  In this paper, a theoretical model of the electromechanical 
interactions in a PMSM coupled with its load is presented in 
Section II, considering both the PMSM dq-frame model and 
the mechanical two-degree-of-freedom model. Above all, the 
behaviour close to resonance is pointed out. The dynamical 
electrical equations are extended to include a harmonic in the 
supply voltage. Furthermore, differential equations 
describing the mechanical aspects are added and the small 
variations method is applied to the overall system. After 
solving it in the Laplace domain, relationships between 
harmonic excitations and system response are obtained. 
Moreover, straightforward formulae for predicting 
electromagnetic and shaft torque harmonic amplitudes are 
derived. In Section III, the theoretical results are verified in 
Matlab/Simulink at various operating points, i.e. in a wide 
range of excitation frequencies, particularly important 
about/in resonance conditions. Conclusions are presented in 
Section IV. This analytical model could be a particularly 
useful tool for identifying critical points when a rotating 
system approaches resonance and for providing knowledge 
of potentially dangerous torques that can be generated.   
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II.   ANALYTICAL MODEL 

The objective of this analysis is to create a simplified 
analytical model which can predict the electromagnetic and 
the shaft torque harmonics excited by a PWM voltage 
harmonic component, particularly close to resonance. The 
model includes both electrical and mechanical system 
aspects, i.e. the dynamical equations of a synchronous 
PMSM in the dq-frame, differential equations for a 2 degree-
of-freedom (DOF) system and a load angle equation. A 
simplified representation of the analysed system is shown in 
Fig. 1, while the block-diagram of the input-output effects 
chain is shown in Fig. 2.  

A typical control for this kind of systems is realised in the 
dq-frame and consists of internal current loop and external 
speed loop. The lower the cutoff frequency of the current 
loop, the more the system becomes voltage driven. 

A.   Electrical Aspects of the System 

The electromagnetic fluxes of a PMSM in the dq-frame 
can be expressed in the time domain as: 

൜
𝛹ௗ ൌ 𝐿ௗ𝑖ௗ ൅ 𝛹௉ெ
𝛹௤ ൌ 𝐿௤𝑖௤

                              (1) 

where Ld=Lq=L is the synchronous inductance of an isotropic 
motor, ΨPM is the permanent magnet flux and id and iq are the 
dq current components. 

The well-known stator voltage equations are:  

ቊ
𝑣ௗ ൌ 𝑅𝑖ௗ ൅ 𝑝𝛹ௗ െ 𝜃ሶ𝛹௤
𝑣௤ ൌ 𝑅𝑖௤ ൅ 𝑝𝛹௤ ൅ 𝜃ሶ𝛹ௗ

                         (2) 

where R is the motor phase resistance, 𝜃ሶ  is the motor 
electrical angular speed and p stands for time derivative. 

Let us assume that the motor supply voltage consists of a 
fundamental v1 and only one harmonic component vh 

resulting from the switch-mode inverter sinusoidal PWM 
modulation: 

 
 

Fig. 1. System under study consisting of a power supply, switch-mode 
inverter, a 3-phase PMSM and a load. 

 
 
Fig. 2.  Block-diagram of the developed analytical model. In red are the 
variables subject to analysis. Subscripts 0 and h stand for steady-state value 
and harmonic oscillation, respectively.  
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        (3) 

where Vh is the harmonic magnitude rms value, hv is the 
voltage harmonic order and ω1 is the fundamental angular 
frequency.  

Equation (3) can be represented in the dq-frame by 
applying the Park transform T() on v1 and vh separately and 
superposing the outcomes. In case of positive/negative 
sequence harmonics, we get respectively: 

   ቊ
𝑣ௗ ൌ √3𝑉ଵ 𝑠𝑖𝑛 𝛿 െ √3𝑉௛ 𝑠𝑖𝑛ሾℎ𝜔ଵ𝑡 െ 𝛿ሿ

𝑣௤ ൌ √3𝑉ଵ 𝑐𝑜𝑠 𝛿 ൅ √3𝑉௛ 𝑐𝑜𝑠ሾℎ𝜔ଵ𝑡 െ 𝛿ሿ
  ℎ ൌ ሺℎ௩ െ 1ሻ  

(4a) 

   ቊ
𝑣ௗ ൌ √3𝑉ଵ 𝑠𝑖𝑛 𝛿 ൅ √3𝑉௛ 𝑠𝑖𝑛ሾℎ𝜔ଵ𝑡 ൅ 𝛿ሿ

𝑣௤ ൌ √3𝑉ଵ 𝑐𝑜𝑠 𝛿 ൅ √3𝑉௛ 𝑐𝑜𝑠ሾℎ𝜔ଵ𝑡 ൅ 𝛿ሿ
  ℎ ൌ ሺℎ௩ ൅ 1ሻ  

(4b) 

where V1 is the rms fundamental voltage, h is the harmonic 
order in dq-frame and δ is the load angle conventionally 
defined as:  

𝛿 ൌ
గ

ଶ
െ 𝜔ଵ𝑡 ൅ 𝜃                                (5) 

As an example, from now on we will consider a negative 
sequence harmonic only, although the same procedure and 
conclusions can easily be proved to be valid for positive 
sequence harmonic as well. It can be considered as a “small 
disturbance” acting on the system, which is in a steady-state 
condition. Thus, the small variations method can be applied 
to the variables in (4): 

⎩
⎪
⎨

⎪
⎧𝑣ௗ଴ ൅ ∆𝑣ௗ ൌ √3𝑉ଵ 𝑠𝑖𝑛ሺ𝛿଴ ൅ ∆𝛿ሻ ൅

√3𝑉௛ 𝑠𝑖𝑛ሾℎ𝜔ଵ𝑡 ൅ 𝛿଴ ൅ ∆𝛿ሿ

𝑣௤଴ ൅ ∆𝑣௤ ൌ √3𝑉ଵ𝑐𝑜𝑠ሺ𝛿଴ ൅ ∆𝛿ሻ ൅

√3𝑉௛ 𝑐𝑜𝑠ሾℎ𝜔ଵ𝑡 ൅ 𝛿଴ ൅ ∆𝛿ሿ

              (6) 

After some trigonometric simplifications and Taylor series 
expansion, the dq-voltage variation is obtained from (6) as: 

ቊ
∆𝑣ௗ ൌ 𝑣ௗ௛ ൅ ൫𝑣௤଴ ൅ 𝑣௤௛൯𝛥𝛿
∆𝑣௤ ൌ 𝑣௤௛ െ ሺ𝑣ௗ଴ ൅ 𝑣ௗ௛ሻ𝛥𝛿

                    (7) 

where the voltage harmonics of interest are: 

ቊ
𝑣ௗ௛ ൌ √3𝑉௛ 𝑠𝑖𝑛ሾℎ𝜔ଵ𝑡 ൅ 𝛿଴ሿ

𝑣௤௛ ൌ √3𝑉௛ 𝑐𝑜𝑠ሾℎ𝜔ଵ𝑡 ൅ 𝛿଴ሿ
                   (8a) 

and ቊ
𝑣ௗ଴ ൌ √3𝑉௛ 𝑠𝑖𝑛ሺ𝛿଴ሻ

𝑣௤଴ ൌ √3𝑉௛ 𝑐𝑜𝑠ሺ𝛿଴ሻ
                        (8b) 

On the other hand, applying the small variations method 
to (2) leads to:  

⎩
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⎨

⎪
⎧
𝑣ௗ଴ ൅ ∆𝑣𝑑 ൌ 𝑅ሺ𝑖ௗ଴ ൅  𝛥𝑖ௗሻ ൅ 𝑝ሺ𝛹ௗ଴ ൅ 𝛥𝛹ௗሻ െ

൫𝜃ሶ଴ ൅ 𝛥𝜃ሶ൯൫𝛹௤଴ ൅ 𝛥𝛹௤൯

𝑣௤଴ ൅ ∆𝑣𝑞 ൌ 𝑅൫𝑖௤଴ ൅  𝛥𝑖௤൯ ൅ 𝑝൫𝛹௤଴ ൅ 𝛥𝛹௤൯ ൅

൫𝜃ሶ଴ ൅ 𝛥𝜃ሶ൯ሺ𝛹ௗ଴ ൅ 𝛥𝛹ௗ  ሻ

     (9) 



 

 In normal operation, it is assumed id0 = 0 due to a 
maximum torque-per-ampere algorithm. Considering that the 
products ΔxꞏΔy are sufficiently small, Δidq = Δψdq/L, and 
substituting (7) in (9), the perturbations vdh and vqh are:  

 

 ቐ
𝑣ௗ௛ ൌ ቀ
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𝑣௤௛ ൌ 𝜃ሶ଴𝛥𝛹ௗ ൅ ቀ
ோ

௅
൅ 𝑝ቁ𝛥𝛹௤ ൅ 𝛹ௗ଴𝛥𝜃ሶ ൅ ሺ𝑣ௗ଴ ൅ 𝑣ௗ௛ሻ𝛥𝛿

  

(10) 
The model of interest in (10) is non-autonomous, due to 

the time varying periodic voltages vdh and vqh that multiply 
the angle variation Δδ. Therefore, (10) cannot be solved in 
the time domain applying any of the simple and on-hand 
methods, nor in the Laplace domain. On the other hand, the 
amplitudes of the harmonic voltages are usually much lower 
than the steady-state values, therefore in the coefficient of  
 we can neglect the terms vdh and vqh, compared to vd0 and 
vq0 respectively. In fact, by simulating the complete model, it 
will be shown that this simplification leads to acceptable 
results. Thus, instead of (10), we have: 

ቐ
𝑣ௗ௛ ൌ ቀ

ோ

௅
൅ 𝑝ቁ𝛥𝛹ௗ െ 𝜃ሶ଴𝛥𝛹௤ െ 𝛹௤଴𝛥𝜃ሶ െ 𝑣௤଴𝛥𝛿

𝑣௤௛ ൌ 𝜃ሶ଴𝛥𝛹ௗ ൅ ቀ
ோ

௅
൅ 𝑝ቁ𝛥𝛹௤ ൅ 𝛹ௗ଴𝛥𝜃ሶ ൅ 𝑣ௗ଴𝛥𝛿

    (11) 

The system described by (11) is time invariant, and 
therefore treatable within the classic framework of transfer 
functions.  

Additionally, the load angle derivative can be found from 
(5) and its variation becomes: 

െ𝛥𝜃ሶ ൅ 𝑝𝛥𝛿 ൌ 0                               (12) 

B.   Mechanical Aspects of the System 

A basic 2DOF mechanical system consisting of a motor 
and its load can be described by the differential equations:  

ቊ
𝐽௠𝑝ଶ𝜃௠ ൌ 𝑇௘௠ െ 𝐾ሺ𝜃௠ െ 𝜃௅ሻ െ 𝐵൫𝜃ሶ௠ െ 𝜃ሶ௅൯

𝐽௅𝑝ଶ𝜃௅ ൌ 𝐾ሺ𝜃௠ െ 𝜃௅ሻ െ 𝐵൫𝜃ሶ௠ െ 𝜃ሶ௅൯ െ 𝑇௅
     (13) 

where Tem and TL are electromagnetic and load torque, Jm 
and JL are motor and load moments of inertia, K and B are 
coupling stiffness and damping, θm and θL are motor and load 
angular mechanical positions.  

Machine coupling is typically realised by two joints and a 
torquemeter. A simplified representation of the mechanical 
components, as well as the procedure for calculating the 
parameters K and B is shown in Appendix I.  

The shaft torque Tsh acting on the coupling depends on the 
physical properties of the materials, the geometry and on the 
position and the speed difference of the two shafts. Thus, the 
shaft torque is: 

𝑇௦௛ ൌ 𝐾ሺ𝜃௠ െ 𝜃௅ሻ ൅ 𝐵൫𝜃ሶ௠ െ 𝜃ሶ௅൯                (14) 

This parameter is important, above all, close to resonance 
condition because it is linked to the strain of the coupling and 
the shafts. 

From (13), the transfer function relating the 
electromagnetic torque Tem and the motor electrical speed , 

can be written as: 

𝜃ሶ

𝑇௘௠
ൌ

𝑛௣ሺ𝐽௅𝑝ଶ ൅ 𝐵𝑝 ൅ 𝐾ሻ

𝐽௠𝐽௅𝑝ଷ ൅ 𝐵ሺ𝐽௠ ൅ 𝐽௅ሻ𝑝ଶ ൅ ሺ𝐽௠ ൅ 𝐽௅ሻ𝐾𝑝
ൌ
𝑛௣𝑁ሺ𝑝ሻ
𝐷ሺ𝑝ሻ

  

 (15) 

where np is the number of pole pairs. Since we are interested 
in the effect of Tem harmonics on the speed, the load torque 
TL can be considered constant, and thus it can be neglected in 
the derivation of (15) and in the further analysis of small 
variations.  

After applying the small variations method to (15), the 
following expression is obtained: 

𝑇௘௠଴ ൅ 𝛥𝑇௘௠ ൌ
஽ሺ௣ሻ

௡೛ேሺ௣ሻ
൫𝜃ሶ଴ ൅ 𝛥𝜃ሶ൯              (16) 

On the other hand, the electromagnetic torque depends on 
the current iq: 

𝑇௘௠ ൌ 𝑛௣𝛹௉ெ𝑖௤                           (17) 

By (1) and by resorting to small variations, (17) becomes:   

𝑇௘௠଴ ൅ 𝛥𝑇௘௠ ൌ
௡೛అುಾ

௅
൫𝛹௤଴ ൅ 𝛥𝛹௤൯        (18) 

Equating the torque variation from (16) and (18), a 
relationship between the electrical and the mechanical 
quantities can be obtained: 

అುಾ
௅
𝛥𝜓௤ െ

஽ሺ௣ሻ

௡೛
మேሺ௣ሻ

𝛥𝜃ሶ ൌ 0                 (19) 

Finally, the overall system model consists of (11), (12) 
and (19). In matrix form in the Laplace domain, it is: 
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𝛥𝜓ௗ
𝛥𝜓௤
𝛥𝜃ሶ
𝛥𝛿

൪ ൌ ൦

𝑉ௗ௛
𝑉௤௛
0
0

൪  (20) 

Once the system is solved, the flux variation ΔΨq is 
particularly important because it gives rise to a current, and 
consequently, a torque variation ΔTem. 

𝛥𝑇௘௠ሺ𝑠ሻ ൌ
𝑛௣𝛹௉ெ

𝐿
𝛥𝜓௤ሺ𝑠ሻ ൌ 

𝐺௘௠,ௗሺ𝑠ሻ𝑉ௗ௛ሺ𝑠ሻ ൅ 𝐺௘௠,௤ሺ𝑠ሻ𝑉௤௛ሺ𝑠ሻ             (21) 

The full expressions of the transfer functions Gem,d and 
Gem,q are given in (22). 

𝐺௘௠,ௗ
௡௨௠ሺ𝑠ሻ ൌ െ𝑛௣𝛹௉ெ𝐿𝜃ሶ଴𝐽௠𝐽௅𝑠ଶൣ𝑠ଶ ൅ 𝐵𝑠/𝐽௘௤ ൅ 𝜔ே,௠௘௖௛

ଶ ൧ 

𝐺௘௠,௤
௡௨௠ሺ𝑠ሻ ൌ 𝑛௣𝛹௉ெ𝑠ଶሺ𝑅 ൅ 𝑠𝐿ሻ𝐽௠𝐽௅ൣ𝑠ଶ ൅ 𝐵𝑠/𝐽௘௤ ൅ 𝜔ே,௠௘௖௛

ଶ ൧ 
𝐺௘௠,ௗ௤
ௗ௘௡ ሺ𝑠ሻ ൌ 

𝐽௠𝐽௅𝑠ଶ ቂሺ𝑅 ൅ 𝑠𝐿ሻଶ ൅ ൫𝐿𝜃ሶ଴൯
ଶ
ቃ ൤𝑠ଶ ൅

஻ ௦

௃೐೜
൅ 𝜔ே,௠௘௖௛

ଶ ൨ ൅

൅𝐽௅൫𝑛௣𝛹௉ெ൯
ଶ
ൣ𝑅𝑠 ൅ 𝐿൫𝑠ଶ ൅ 𝜃ሶ଴

ଶ൯൧ ቂ𝑠ଶ ൅
஻ ௦

௃ಽ
൅

௄

௃ಽ
ቃ  (22) 

where ωN,mech is the mechanical natural frequency and Jeq is 
the equivalent inertia, which are given by: 



 

𝜔ே,௠௘௖௛ ൌ ඥ𝐾/𝐽௘௤                            (23) 

𝐽௘௤ ൌ 𝐽௠𝐽௅ / ሺ𝐽௠ ൅ 𝐽௅ሻ                          (24) 

The electromagnetic torque harmonic ΔTem excites a shaft 
torque harmonic ΔTsh. The relationship between them is 
given by the transfer function in (25), obtained by combining 
(13) (neglecting TL), (14) and (15). The full procedure is 
given in Appendix II. 

𝛥𝑇௦௛ሺ𝑠ሻ

𝛥𝑇௘௠ሺ𝑠ሻ
ൌ 𝐺௦௛ሺ𝑠ሻ ൌ

𝐽௅𝐵𝑠ଶ ൅ 𝐽௅𝐾𝑠
𝐽௠𝐽௅𝑠ଷ ൅ 𝐵ሺ𝐽௠ ൅ 𝐽௅ሻ𝑠ଶ ൅ ሺ𝐽௠ ൅ 𝐽௅ሻ𝐾𝑠

 

   (25) 

By substituting (21) in (25), the shaft torque harmonic in 
the Laplace domain can be found: 

𝛥𝑇௦௛ሺ𝑠ሻ ൌ 𝐺௦௛,ௗሺ𝑠ሻ𝑉ௗ௛ሺ𝑠ሻ ൅ 𝐺௦௛,௤ሺ𝑠ሻ𝑉௤௛ሺ𝑠ሻ        (26) 

where Gsh,d = Gem,dGsh and Gsh,q = Gem,qGsh. 

The transfer functions relating vdh and vqh as inputs and 
ΔTem,h and ΔTsh,h as outputs, for a system whose data are 
given in Appendix III, are plotted in Fig. 3. As an example, 
the fundamental frequency is set f1=5Hz, Tem0=0.2p.u. and 
the system is supplied by a fundamental and a single voltage 
harmonic whose frequency is treated as a continuous 
variable.  

A few not-so-trivial conclusions can be drawn: 
 As the electromagnetic torque frequency fh approaches the 
mechanical natural frequency fN,mech=ωNmech/(2π), the 
amplitude of this torque harmonic Tem,h tends to zero. In fact, 
since the motor angle variation becomes significant at fN,mech, 
it affects severely the back-emf variation, therefore the 
current harmonic spectrum changes causing the relevant Tem,h 
to vanish. From a mathematical point of view, the pole in the 
transfer function (15) becomes a zero in (22). Therefore, the 
initially critical point for the system fN,mech does not exist 
anymore. Methods for damping Tem,h cannot be applied here 
because this point of operation is not a threat to the system 
anymore. 
 At the same time, the corresponding shaft torque harmonic 
Tsh,h starts increasing. 
 At a slightly higher frequency fh=fN, both Tem,h and Tsh,h  
 

 
 
Fig. 3. Bode magnitude response to a voltage harmonic. Transfer functions 
from vdh and vqh to ΔTem and ΔTsh. 

reach a peak value. The new resonance frequency for the 
voltage-driven system is identified, whose value can be 
found by solving numerically the equation 𝐺௘௠,ௗ௤

ௗ௘௡ ሺ𝑠ሻ ൌ 0. At 
this point, the oscillation threatening to damage the shaft 
becomes critical.  
 Even without any mechanical damping, the peak values 
remain limited due to the energy dissipated by the motor 
resistance. 

One should have in mind that in practice, only discrete 
points of these curves exist, since there is a limited number 
of harmonics related to a given fundamental frequency. 

C.   Torque Harmonics Evaluation 

All the transfer functions obtained in Section II.B show 
relationships between the inputs vdh, vqh and the outputs Tem,h 
and Tsh,h. However, a harmonic phase voltage vh at frequency 
ωh=hω1 generates simultaneously both perturbations in vd 
and vq. Thus, the torque response must combine these two 
contributions in a unique formula. 

Equations (21) and (26) in the time domain have the same 
representation:   

𝑇௛ሺ𝑡ሻ ൌ √3𝑉௛ሾ𝑘ଵ 𝑠𝑖𝑛ሺ𝜔௛𝑡 ൅ 𝛿଴ሻ ൅ 𝑘ଶ 𝑐𝑜𝑠ሺ𝜔௛𝑡 ൅ 𝛿଴ሻሿ (27) 

where the gains k1 and k2 depend on the magnitude and the 
phase of the transfer functions Gd and Gq evaluated at the 
forcing frequency ωh: 

𝑘ଵ ൌ |𝐺ௗሺ𝑗𝜔௛ሻ| 𝑐𝑜𝑠 ቀ𝑎𝑟𝑔൫𝐺ௗሺ𝑗𝜔௛ሻ൯ቁ െ 

         ห𝐺௤ሺ𝑗𝜔௛ሻห 𝑠𝑖𝑛 ൬𝑎𝑟𝑔 ቀ𝐺௤ሺ𝑗𝜔௛ሻቁ൰              (28.1) 

𝑘ଶ ൌ |𝐺ௗሺ𝑗𝜔௛ሻ| 𝑠𝑖𝑛 ቀ𝑎𝑟𝑔൫𝐺ௗሺ𝑗𝜔௛ሻ൯ቁ ൅ 

         ห𝐺௤ሺ𝑗𝜔௛ሻห 𝑐𝑜𝑠 ൬𝑎𝑟𝑔 ቀ𝐺௤ሺ𝑗𝜔௛ሻቁ൰             (28.2) 

where the transfer functions Gd  {Gem,d, Gsh,d} and Gq  
{Gem,q, Gsh,q}  respectively. 

Finally, the torque harmonic amplitude is computed as: 

|𝑇௛| ൌ √3𝑉௛ඥ𝑘ଵ
ଶ ൅ 𝑘ଶ

ଶ                      (29) 

When it is not measured, an approximate value of Vh in 
practical conditions can be found by using the well-known 
formula, valid for sinusoidal PWM modulation: 

𝑉௛ ൌ
√ଶ௏೏೎
௠గ

𝐽௡ ቀ𝑚
௠ೌగ

ଶ
ቁ 𝑠𝑖𝑛 ቀሾ𝑚 ൅ 𝑛ሿ

గ

ଶ
ቁ         (30) 

where Vdc is the dc voltage supply, ma is the amplitude 
modulation index, m and n are indices related to the voltage 
harmonic order hv=mmf+n, mf is the frequency modulation 
index and Jn() is the Bessel function of first type of order n. 
The harmonic components which typically exist in the three-
phase output voltage of an inverter with SPWM are of order 
hv  {1, mf ± 2, 2mf ± 1, 3mf ± 2, 4mf ± 1, …}.    

As an example, let us analyse the h=mf+3 torque harmonic 
resulting from an hv=mf+2 phase voltage harmonic, with 
mf=15. At varying fundamental frequency and a fixed 
harmonic order, the torque amplitudes calculated by (29) are 



 

plotted in Fig. 4. In this plot, each point represents operation 
at steady state. 

Conclusions like those at point B can be drawn: 
 When fh = fN,mech, Tem,h ≈ 0 and Tsh,h increases. 
 At fh = fN,mech, both Tem,h and Tsh,h reach a peak value. 
 The peak values of the torque harmonic amplitudes are 
limited. 

In case of more phase voltage harmonics contributing to 
the same torque harmonic, superposition of the effects can be 
applied. The procedure explained in Sec. II should be 
repeated for each vh separately, and the resulting torque 
components at the same frequency are superposed in the time 
or the frequency domain. 

III.   SIMULATION RESULTS 

Initially, the individual transfer functions Gem,d, Gem,q, Gsh,d 
and Gsh,q were verified in Matlab/Simulink environment. 
Model parameters are given in Appendix III. The PMSM 
was supplied by a fundamental phase voltage and a 
sinusoidal perturbation in the voltages vd and vq, respectively. 
The results are given in Fig. 5a for several different harmonic 
frequencies, where the points represent simulation results, 
and the dashed lines are obtained analytically. The 
fundamental frequency was f1=5Hz and the electromagnetic 
torque Tem0=0.2p.u. Another example is shown in Fig. 5b, 
where f1=9.33Hz and Tem0=0.36p.u. 

The errors in predicting both the electromagnetic and the 
shaft torque harmonics are about 1%, as evident from Fig. 5. 
It means the approach of neglecting the terms vdh and vqh in 
the coefficient of Δδ is justified. 

The next step was to verify the formula in (29) proposed 
for predicting analytically the amplitudes of the harmonics 
Tem,h and Tsh,h. Considering again a torque harmonic 
h=mf+3=18, the fundamental frequency was varied in such a 
way that the harmonic frequency fh=hf1 fell within an 
interval containing the natural frequency fN. The results are 
shown in Fig. 6, where each point represents a steady-state 
point of operation. It can be seen that calculated values 
match almost perfectly the simulation results.  

 
 
Fig. 4. Amplitudes of the h=mf+3=18th electromagnetic Tem,h and shaft Tsh,h 
torque harmonic when the system is supplied by hv=mf+2=17th phase voltage 
harmonic. Each point represents operation at steady state. At fN,mech there is 
almost zero Tem,h. At fN, both Tem,h and Tsh,h reach peak value. 

 

 
 

 
 
Fig. 5. Transfer functions between the inputs vdh and vqh and the outputs Tem,h 
and Tsh,h for fixed f1 and variable harmonic frequency. Comparison between 
analytical (dashed line) and simulated results (points) for two different 
cases: a) f1 = 5Hz, Tem0=0.2p.u. b) f1 = 9.33Hz, Tem0=0.36p.u. 
 

 
 

 
 
Fig. 6. Amplitude of the h=mf+3=18th electromagnetic and shaft torque 
harmonic for various fundamental frequencies.  



 

 
 

 
 
Fig. 7. Amplitude of the h=mf–3=12th electromagnetic and shaft torque 
harmonic for various fundamental frequencies.  

IV.   CONCLUSIONS 

In this paper, a mathematical model of a PMSM operating 
in/around resonance was presented, accounting for the 
harmonic voltage supply, coupling characteristics and load 
equation. Simple formulae were obtained for predicting the 
electromagnetic- and shaft-torque harmonic amplitudes 
caused by a supply harmonic voltage. The model was proved 
to provide accurate results in simulation environment. The 
trend of a specific torque harmonic amplitude can indicate 
when the system approaches resonance, which is very helpful 
for field engineers who should take suitable measures. 

V.   APPENDIX I 

A simple representation of the PMSM, its load (in this 
case, a dc machine), and their coupling elements is shown in 
Fig. 8.    

Equivalent coupling stiffness considers a series connection 
of all the elements, thus: 
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Fig. 8. System components relevant for computing the mechanical 
parameters. PMSM and a dc machine coupled by two joints and a 
torquemeter. 

where the stiffness of the couplings Kc1, Kc2 and the 
torquemeter Ktm can be read from the manufacturer 
datasheets. The stiffness of the shaft segments is calculated 
accounting for the material shear modulus G, external 
diameter Dm,L, shaft length lm,L: 

                                            𝐾௠,௅ ൌ
గீ஽೘,ಽ

ర

ଷଶ௟೘,ಽ
 (AI.2) 

Coupling damping is typically one percent of the critical 
damping, which is related to the inertias as: 

                                            𝐵௖௥ ൌ 2𝐽௘௤𝜔ே.௠௘௖௛ (AI.3) 

Motor and load inertia are: 

                         𝐽௠ ൌ 𝐽௠௢௧ ൅ 𝐽௦௛,௠ ൅ 𝐽௖ଵ ൅ 𝐽௧௠/2 (AI.4.1) 

                            𝐽௅ ൌ 𝐽௧௠/2 ൅ 𝐽௖ଶ ൅ 𝐽௦௛,௅ ൅ 𝐽ௗ௖ (AI.4.2) 

VI.   APPENDIX II 

Equation (15) can be written in the Laplace domain: 

       ቊ
𝐽௠𝑠ଶ𝜃௠ ൌ 𝑇௘௠ െ 𝐾ሺ𝜃௠ െ 𝜃௅ሻ െ 𝐵൫𝜃ሶ௠ െ 𝜃ሶ௅൯

𝐽௅𝑠ଶ𝜃௅ ൌ 𝐾ሺ𝜃௠ െ 𝜃௅ሻ െ 𝐵൫𝜃ሶ௠ െ 𝜃ሶ௅൯ െ 𝑇௅
     (AII.1) 

Expressing the angular positions through the speeds as 
𝜃௠,௅ ൌ 𝜃ሶ௠,௅/𝑠 leads to: 

ቊ
𝐽௠𝑠𝜃ሶ௠ ൌ 𝑇௘௠ െ ሺ𝐵 ൅ 𝐾/𝑠ሻ൫𝜃ሶ௠ െ 𝜃ሶ௅൯ ൌ 𝑇௘௠ െ 𝑇௦௛
𝐽௅s𝜃ሶ௅ ൌ ሺ𝐵 ൅ 𝐾/𝑠ሻ൫𝜃ሶ௠ െ 𝜃ሶ௅൯ െ 𝑇௅ ൌ 𝑇௦௛ െ 𝑇௅

     

(AII.2) 

Equation (AII.2) can be represented by the block scheme 
in Fig. 9. After a few simplification steps, the open-loop 
transfer function Lsh(s) between the electromagnetic torque 
Tem and the shaft torque Tsh (Fig. 10) is given in (AII.4), and 
the closed-loop transfer function Gsh(s) in (AII.5). 
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Fig. 9. Block-scheme representation of (AII.2) in the Laplace domain.  

 

 
Fig. 10. Simplification steps of the block-scheme in Fig. 9  
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VII.   APPENDIX III 

 
TABLE I 

PMSM, LOAD AND COUPLING DATA 
 

Rated power Pn [kW] 6.91 
Rated torque Tem,n [Nm]  22 
Number of pole pairs np 3 
Rated frequency fn [Hz] 150 
Permanent magnet flux ΨPM [Wb] 0.165 
Phase resistance R [Ω] 0.393 
Synchronous inductance Ld=Lq=L [H] 4.8ꞏ10-3 
Motor side inertia Jm [kgꞏm2] 3ꞏ10-3 

Load side inertia JL [kgꞏm2] 123ꞏ10-3 
Coupling stiffness K [Nm/rad] 1458.5 
Coupling damping B [Nms/rad] 0.0567 
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