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Abstract A novel variational model is proposed to address design control for composite multilayered meta-
materials self-assembled via vapor deposition. The model is formulated within the framework of continuum
mechanics, with the reference configuration corresponding to the equilibrium lattice of the substrate material.
To account for the potential mismatch with the free-standing equilibrium lattices of each layer’s material, fol-
lowing the literature on Stress-Driven Rearrangement Instabilities, a nonzero mismatch strain varying across
layers is considered. Moreover, building on the results of [47], the model allows for the treatment of the inter-
play between coherent and incoherent regions, which can coexist at each interlayer interface, as both elastic and
surface effects—and their competition—are taken into account. The surface of each film layer is assumed to
satisfy the“exterior graph condition” introduced in [47], which allows bulk cracks to be of non-graph type. By
applying the direct method of calculus of variations under a constraint on the number of connected components
of the cracks that are not connected to the surface of the film layers, the existence of energy minimizers is
established in two dimensions. As a byproduct of the analysis, advancements are also made in the state of the
art in the variational modeling of single-layered films by allowing the substrate surface to be free and including
the possibility of delamination from the substrate.
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1 Introduction

In this manuscript, we address the problem of the design control for composite metamaterials [7,25] by intro-
ducing a variational model for multilayer film materials [57,60,61]. Advances in the mathematical modeling
of the microscopic morphology of film and multilayer film materials have the potential to drive significant
progress in the development of novel layered composites with tailored electromechanical properties. This
potential arises from the fact that films created through vapor deposition of diverse material constituents, are
self-assembled heterostructures. Consequently, newly conceived film metamaterials offer a high degree of
manufacturing feasibility.

Nowadays film-based nanostructures have found numerous applications, particularly in the manufacturing
of electronic and photonic devices, such as in the fabrication of semiconductor components and solar photo-
voltaic cells. Examples of multilayer films employed in optoelectronic applications include multiple quantum
well structures with alternating compressive and tensile strained layers, as well as short-period quantum-dot
superlattices. Notice that in the latter case, as detailed in [60,61], the superposition of multiple material layers
is essential for achieving the high degree of order required for applications, particularly with respect to the
size, density, and distribution of quantum dots. Additionally, multilayer film structures are also applied in the
construction of solid-state batteries. Notably, [48] reports the autonomous formation of an interlayer during
the sputter deposition of garnet-structured thin films on steel substrates.

Films grow via vapor deposition (see Fig. 1) when film atoms condense onto the substrate surface, aggre-
gating into a film phase. Atomic bonding at the film-substrate interface leads to significant stresses within
the film, caused by the mismatch between the equilibrium lattices of the film material and the substrate. To
relieve the resulting elastic energy, atoms from both materials deviate from their ideal atomic arrangement. In
addition to deformation as a stress-relief mechanism, various surface instabilities may arise, such as surface
roughness and internal cracks. The alternative mechanism is the debonding of film and substrate atoms, which
keeps the film and substrate surfaces delaminated at their contact interface, as described in [59] with the failure
of certain oxide film coatings. We refer to coherency as the bonding setting where a uniform lattice spans
the film-substrate interface, albeit with possible deformation. In contrast, incoherency refers to debonding or
delamination at the interface (see Fig.2). Additionally, the model accounts for the coexistence of coherent and
incoherent regions not only at the film-substrate interface but also at the interfaces between each pair of layers
in the multilayer setting.

To bridge the gap between the complexity of such deposition processes and the variational models available
in the literature—which are limited to single-layer films deposited on fixed substrates without delamination
[17,23,24,31]—our goal is to pursue three directions: first, allowing the substrate surface to deform freely;
second, considering the presence of multiple layers composed of different materials; and third, accounting for
the coexistence of coherent and incoherent regions at the interfaces between each pair of layers.

The adopted method essentially consists in combining the implementation to the multiphase setting of the
film models considered in [17,23,24,31], in which delamination is not taken into account, with the recent
results for a two-phase setting of [47], in which the interfaces between phases are instead allowed to present
both coherent and incoherent portions. In this way the extension of the single-layer literature to the multilayer
setting (with possible delamination at each layer interface) is performed within the theory of stress driven

<m0

Fig. 1 Description of the vapor deposition of film atoms condensing on an underlying substrate material: A self-assembled
heterostructure with two material constituents presenting different free-standing equilibrium lattices is formed
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Fig. 2 Description of the duality between coherent and incoherent film-substrate interfaces: on the left a coherent interface is
represented with dashed line (bonding between the film and substrate lattices occurs, with possibly lattice deformation as the
only stress-relief mechanism), while on the right the incoherent interface is indicated with a full black line (debonding occurs
between the film and the substrate lattices)

rearrangement instabilities (SDRI) [6,22,36,58], which was also at the basis of the variational single-layer
models introduced in [55,56] and analytically validated in [17,23,24,31].

Following the SDRI theory [6,22,37,58] as in [55,56] for thin films, and more generally for free crystals in
[40-42], we identify only one reference configuration, namely, the one corresponding to the equilibrium lattice
of the substrate material, and we model the mismatch between such reference lattice and the free-standing
equilibrium lattice of each layer by assuming that the minimum of the elastic energy would be reach in a
possibly nonzero strain different in each layer. We refer to such fixed strain as the mismatch strain, as it is
the generalization to our multilayer setting of the mismatch strain employed in [55,56] for the single-layer
setting. A different modeling approach provided by the mixture theory for composite materials would consist in
considering different superimposed reference lattices for each composite constituent, as they could undergo an
individual deformation, and then in including composite structural effects, by specifying the coupling between
the individual constituent motions (see, e.g., [8,9,26,53]).

In regard to the literature results for settings with phase interfaces exclusively assumed to be coherent, we
refer to the literature on the optimal shape of partitions in the absence of elastic effects, which was initiated by
Almgren in [1], who formulated the problemin R?, ford > 1, for surface tensions proportional at each interface.
By working in the framework of integral currents of geometric measure theory he singled out a condition
referred to as “partitioning regularity”, that ensures the lower semicontinuity of the overall surface energy with
respect to the L'-convergence of the sets in the partition. Then, Ambrosio and Braides expanded the scope in
[2,3] by including also non-proportional surface tensions and by introducing an integral condition called BV -
ellipticity, which they proved to be both sufficient and necessary for the L!-lower semicontinuity. Afterwards,
various other conditions have been introduced and studied, such as B-convexity and joint convexity, in the
attempt of finding a more practical condition than BV -ellipticity, as the latter can be challenging to be verified
as it represents the analogue of Morrey’s quasi-convexity condition in the setting of Caccioppoli partitions.
BV -ellipticity though remains the only known condition characterizing the the L'-lower semicontinuity apart
from specific contexts (we refer to [14,51] for more details), and the fact that it coincides with the triangle-
inequality condition, which is simpler to check, for the case with 3 phases [2,3]. Finally, in [35] the analogous
version of the BV -ellipticity condition in the framework of B D-spaces has been studied.

Instead, in regard to the settings with only incoherent interfaces, we refer to the results obtained with respect
to the related Mumford-Shah problem for also the application to image segmentation, which was actually
originally introduced in [52] as a multiphase formulation. In this context, interfaces represent the contours
of the image color areas that can be characterized as the discontinuity set of an auxiliary state function. We
refer to [4,21] for existence and Ahlfors-type regularity results in the context of a single phase, which has
been then extended also to the Griffith model in fracture mechanics in the context of linear elasticity with
respect to vectorial state functions representing the bulk displacement of crystalline materials [18,33]. Finally,
Bucur, Fragala, and Giacomini addressed the original multiphase setting of [52] in [11] and [12] by providing a
rigorous mathematical formulation with incoherent interfaces (see also [20] for a related multiphase boundary
problem for reaction-diffusion systems).

In [11] they recover Ahlfors-type regularity results for an ad hoc nonstandard notion of multiphase local
almost-quasi minimizers for an energy accounting for the incoherent portions of each interface and disregarding
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the contribution of the remaining coherent portions. Afterwards, in [12] the same Authors introduced what
they refer to as the multiphase Mumford-Shah problem, that is characterized by the sum of possibly different
Mumford-Shah-type energy contributions, each related to a different phase, to which an extra term (justified on
statistical reasons) is added. Such extra term is needed as otherwise minimizing configurations would present a
single phase. However, in [12] coherent interfaces are not counted in the energy as “no-jump interface portions”
along the reduced phase boundary are weighted in each phase energy in the same way as the jump portions.

To include in our model the interplay between coherency and incoherency, by allowing each phase interface
to present also both coherent and incoherent portions, we adopt the strategy initiated in [47] for the setting
with a film phase deposited on a substrate. Since the results in [47] regards d = 2 and were achieved under
a so-called exterior graph constraint on the substrate surface, in order to implement those results to multiple
film phases, we also restrict to d = 2 and we assume on both the substrate surface and the film profiles the
exterior graph constraint. We notice that even in the presence of such condition internal cracks in each film
layer and in the substrate are allowed to be also of non-graph type.

We denote by Q2 := (—1, 1) x (—L, 400) for positive parameters /, L. € R the region where the multilayer
film and the substrate are located, and, given o € N, we denote a multilayered film composite with o layers
on top of the substrate phase Sp, which is also denoted in the following as the Oth layer, by S,. Furthermore,
for each j € {0, ..., o} we assume that the profile of each jth layer is parametrizable by a height function
h' :[—I,1] — [—L, +00) measuring the thickness of the profile of jth composite S;, i.e., the j-layered film
composite including all ith layers for i € {0, ..., j}, by assuming that hi—Y < pi for j € {1,...,a}. We also
denote by K I c Int(S,;), where S,,; is the subgraph of h', the cracks of the jth composite, which are assumed
such that K/ N Int(S)-1) C K71 so that then for j € {1, ..., «} the j-composite S coincides with

Spi ki = Sp \ K7,

and the jth film layer coincides with S, g \S ;l?_, kil (see Fig. 3). It follows that there is no formal distinction
in the hypotheses taken on the substrate phase So’and the one taken on each jth film composite Sj,; ; (apart
from the fact of being contained in all of them).

In particular, by writing that (h/, K/) € AHK(Q) we assume that each jth layer height function // is
an upper semicontinuous function with bounded pointwise variation and each jth composite crack set K/ is
a closed H!-rectifiable set with finite ! measure. More precisely, we denote the family B* of admissible
multilayered film composites in €2 with « layers (on the substrate layer), as a (o« + 1)-tuple of all the jth
composites S, gj for j € {0, ..., o}, namely

B := {(She, ke, .- ., Spo go) :(h?, K7y € AHK(Q), h/ ™" < b/, K7 C Int(S,)),
KI NInt(S);-1) € K/ Mor j e {1,...,a}}.

Furthermore, by following the SDRI theory [6,22,36,55,58] and in the analogy with the single-layer film
setting [17,23,24,31,47], we define the family of admissible configurations C* by

CY = {(Spo.kes -+ Spo g0, 1) 1 (Sha ke, .., Spo o) € B, u € Hjg (Int(Spe ke ))},

where the functions u represent the bulk displacements in the multilayered film composites, and we consider
a configurational energy ¢ : C — [—o0, 0o] given by the sum of an elastic energy WV and a surface energy
S5, namely,

fg(Sha,[(a, ey ShO,KO’ Ll) = W(Sha’[(a, ceey Sho’Ko,u) + Sg(Sha’Ka, ey ShO,KO)

for any (Spe ke, ..., Spo_go, u) € C®. The parameter o € {s, t} is introduced to differentiate the setting in

which each layer is assumed to interact with all the other « layers of the composite for o = ¢ from the setting

in which each jth layer interacts only with the two layers surrounding it (if present), i.e., with the (j + 1)th

layer located directly above and the (j — 1)th layer directly underneath, for ¢ = s. Let us refer in the following

to 7Y (and to SY) as the a-layered total and sequential (surface) energy for o =t and o = s, respectively.
The elastic energy W is defined in C* by

W(She ko, ..., Spo go,u) i= / W(x, Eu(x) — Ej(x))dx,

Sha,Koz
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where the elastic density W denotes the quadratic form

Wx,M)=Cx)M: M,
defined for the fourth-order tensor C : Q — ngm,
E®w) = W+TVT” for any v € HILC(Int(A); R?) for a set A, and represents the strain, and E is the mismatch
strainx € Q > Ef (x) € ngm defined as

E denotes the symmetric part of the gradient, i.e.,

Eg) inQ\ Spe-1,
E§ == { E(uh) inInt(Sy)\ Sp-1fori=1,...,a—1
0 iIl Int(ShO’KO),

with respect to fixed « functions uf) e HY(Q;R?) fori e {1,...,a}.

Both the surface energies S¢ for o = s, ¢ are given as sums of pairwise contributions S©/) : B! — [0, oc]
for 0 < i < j < o defined by

SED (S, 1. Syt ) = / Vi@ v) dH, (1.1
3Sh,"K,' UaShj,Kj
for every admissible multilayered composite (Spe ke, ..., Sy go) € B*, where v; ; denotes the anisotropic

surface tension that takes different definition with respect to the various portions of 9y xi U Sy g,. More

precisely, in order to properly define v; ; we consider the three surface tensions ¢;, ¢;, @;; : QxR? — [0, 0]
characterizing the vapor-ith layer interface, the vapor-j layer interface, and the ith layer-; layer interface.
Moreover, in order to address both the wetting and dewetting regimes with respect to the materials of each
pair of film layers, we introduce two additional surface tensions for each pair (S;,; g, S i Ki ), denoted as the
i, j regime surface tensions, which are defined as follows: '

(/)ilj = min{g;, ¢; + ¢ij}  and gol-zj = min{g;, ¢;},

in analogy to the definitions given in [47] for two-phase setting. It follows that

@j(x,vs,; 5 (X)) x € QN 0%y ki \ " Syi ki)
@ (X, vs,; () X € QNS ki NSy ki
@ij (%, V8, i () x € QN %Sy ki \ 98,5 k1)
() + )05, 00 X € QNS 0 N 9S00 0L .
i (2, v(x) o= 1205 (x,vs,; () X € QNS ki NS g NSk
207 (x, V8,7 i ) X € QNS ki NSy xi?,
x € QN (0Syi ki \ dSyj ki)
20ij(x, vs,; (X)) N (S;(l},)Ki u S;??Ki) n S}(l_l]-)’m,
ok, vs,, () X € QMBS ki NS, ki NS i

where, givenaset U C R2, vy, 0*U,and U @) denote, when well defined, the outward pointing normal to dU,
the reduced boundary, and the set of points of density « € [0, 1], respectively. Notice that if « = 1 the energy
SO coincides with the surface energy defined in [47] as, by following the notation of [47] we have that
©o = s, P1 ‘= QF, @01 := @Fs and as a consequence <pél = ¢ and go&l = ¢'. More precisely, the a-layered
surface energies Sy : B¥* — [—o00, oo] are given for o = s, t by

o
S;x(Sha’Ka, ey ShO,KO) = ZS(]_LJ)(Shj,Kj’ Shjfl’Kj—l),
j=1
and

a j—1

S;X(Sha,Ka, ooy ShO,KO) = ZZS(i’j)(Shj,Kj’ Shi,Ki)’
j=1i=0
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Q

Fig. 3 A multilayered film composite with 2 layers (on the substrate Oth layer Sj0 ko) associated to an admissible configuration

(Sp2 g2, Spr g1, Spo_go, u) € C2, (see Definition 3.1) is represented by indicating each jth layer with a gray color with decreasing
value with respect to the increasing order of the index j = 0, 1, 2. Furthermore, the jth layer is indicated with a thinner line with
respect to the increasing order of the index j = 0, 1, 2, and for the Oth and 1st layer we distinguish between their coherent and
incoherent portions by using a dashed or a continuous line, respectively

respectively. Notice that we also address the more general case in which the surface density ; ; in (1.1) are
not interconnected for different pairs of indexes 0 < i < j < « (see Remarks 3.7 and 4.4 for more details).

It was observed in [40,47] that the family B' lacks compactness with respect to the signed distance conver-
gence. In order to overcome this issue and being able to apply Gotab’s Theorem [36] to recover compactness,
we impose a constraint 7 ; € N on the number of connected components of the cracks of the jth composite
that are not connected to the jth layer for j = 0, ..., «. Therefore, we restrict to the family of configurations
Cy, C C“ for which such constraints hold, where m := (my, ..., mg) € Netl,

The main goal of the paper is to prove that, given @ € N, o € {s, ¢}, and a family of area constraints
{vj}i, C (£L3(Q) /2, L£2(€2)] for each Jjth composite, the minimum problem

inf Fo(Sha kes ...y Spo go, ). (1.2)
(Shot’[(a, ey ShO,KO7 M) S Cg],
L3Sy xi) =vj, for j=0,....a
admits a solution.
To do that we employ the Direct Method of Calculus of Variations that consists in finding a proper topology

Tce weak enough to prove compactness in Cg, C C* and strong enough to have lower semicontinuity of 7% in
Cg,- The topology tce that we consider is the one for which the convergence

Tcl)t
(Shg ks oo Sp 0 k) ——> (She ke -0 Spo g0, 1)
is equivalent to
foreveryi =0,...,a, supycy H! (E)Sh;‘c Kf;) < 00,

sdist <~, 38 K;;) —= sdist (-, 3, gi) locally uniformly in R? and
’ —00 ’

uy — u a.e.inlnt (Shol’Ku) ,
k—o00
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where the signed distance function is defined for any E C R? as follows

dist(x, E) ifx e R?\ E,

dist(x, 0F) :=
sdist, 0B) =1 yist(x. E) if x < E.

For the compactness we implement in the multilayer setting the compactness results proven for the substrate
in [47], which were based on [17,23,24,31] (with the difference that instead of lower semicontinuous graph
we assume an upper semicontinuity property). We notice that in order to include incoherency in the setting
of [17,23,24,31] we implement for multilayers the setting of [47], where in the elements in the (« + 1)-tuple
are not each film layers, but the jth composites. In particular, this allows to include in the model also the
possible presence of a countable island of one material onto the other layers. In order to establish the lower
semicontinuity property we instead proceed by induction by directly using the lower semicontinuity result of
[47] for the basis of the induction.

We conclude by describing the organization of the paper. In Sect.2 we state the notation and recall fun-
damental definitions used throughout the paper. In Sect. 3 we introduce the model and the main results of the
paper. In Sect.5 we prove the existence of minimizers for single-layer films with delamination. Finally, in
Sect. 6 we prove the existence result for the minimum problem (1.2) with a finite number « of layers over the
substrate Oth layer.

2 Notation

In this section, we collect the relevant notation used throughout the paper.

Linear algebra

We consider the orthonormal basis {e1, e2} = {(1, 0), (0, 1)} in R? and indicate the coordinates of points x in
R? by (x1, x2). We indicate by a - b := Z?:l a;b; the Euclidean scalar product between points a and b in R?,
and we denote the corresponding norm by |a| := /a - a.

Let M? be the set of (2 x 2)-matrices and by ngm the space of symmetric (2 x 2)-matrices. The space

M2 is endowed with Frobenius inner product E : F := 212 =1 E;j F;j and, with a slight abuse of notation, we

denote the corresponding norm by |E| := /E : E.

Topology

Since the model considered in this manuscript is two-dimensional, if not otherwise stated, all the sets are
contained in R?. For any set E C R?, we denote by E€ the complement of E and by Int(E), E and d E interior,
the closure and the topological boundary of E, respectively.

Finally, let dist(-, E£) and sdist(-, d E) be the distance function from E and the signed distance from 0 E
respectively, where we recall that sdist(-, d E) is defined by

dist(x, E) ifx e R?\ E,

dist(x, 0F) := . .
sdist(x ) —dist(x, E) ifx e E

for every x € R2.

Geometric measure theory

We denote by £2(B) the 2-dimensional Lebesgue measure of any Lebesgue measurable set B C R? and by
1 p the characteristic function of B. For o € [0, 1] we denote by B@ the set of points of density « in R2ie.,

2
B@ .— {xeRz:limwz }
r0  L2(B, (x)
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We denote the distributional derivative of a function f € LllOC (R?) by Df and define it as the operator
D : C®(R?) — R such that

/}Rszw:—/sz-Vrpdx,

forany ¢ € Cgo(Rz).
We denote with 7! the 1-dimensional Hausdorff measure. We say that K C R? is H{!-rectifiable if
0 < HY(K) < 400 and 6,(K, x) = 6*(K, x) = 1 for H'-a.e. x € K, where

1 1
HENB @) 0K, x) = lim sup K 1 Br @),

0.(K, x) := liminf
r—0+ 2r r—0t 2r

We define sets of finite perimeter as in [4, Definition 3.35] and the reduced boundary 9*E of a set E of finite
perimeter by

= {x € R : Jvg (x) i= — lim £ B )

i e, oy e 1= 1 =y

where we refer to vg (x) as the measure-theoretical unit normal at x € 0E.
For any set E C R? of finite perimeter, by [49, Corollary 15.8 and Theorem 16.2] it yields that

HYEVD\9*E)=0 and 9*E c EV/?. (2.2)
Moreover, for any set E C R? of finite perimeter, we have
AE=NUJIEUEDPUED)NIE, (2.3)

where N is a Hl—negligible (see [49, Section 16.1]).
Functions of bounded pointwise variation

Given a function # : [a, b] — R we denote the pointwise variation of /& by
n
Var h := sup {Z|h(x,~) — h(xi—1)|: P :={xo, ..., x,} is a partition of [a, b]}.
i

We say that & : (a, b) — R has finite pointwise variation if Var s < oco. We recall that for any function &
such that Var 4 < oo, h has at most countable discontinuities and there exists & (x*) := lim, =+ h(z). In the
following given a function 4 : [a, b] — R with finite pointwise variation, we define

h™(x) := min{h(x ™), h(x")} = li?Li)?f h(z)

and

ht(x) := max{h(x™), h(x ")} = lim sup h(2).

=X
In view of [46, Corollary 2.23] and with slightly abuse of notation, the limits

ht(@) = lim h(x) and h~(b) = lim h(x) (2.4)

xX—>a~

are finite.
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3 Mathematical setting and variational model

We begin by introducing the family of admissible regions with finite number of composite layers and the
respective family of admissible configurations. Let Q := (—I,1) x (—L, 00) C R? for positive parameters
[,L eR.

Following the characterization of the substrate layer in [47], we prescribe an exterior-graph constraint on
each composite of layers. In other words, the surface of each layer satisfies a graph assumption with respect to
a function measuring its thickness and cracks in the bulk are allowed given as closed and H!-rectifiable sets.
More precisely, we consider the family of admissible heights AH(S2) defined by

AH(Q) :={h : [-1,1] — [0, L] : h is upper semicontinuous and Varh < oo} 3.1
and let S, denote the closed subgraph with height 7 € AH(£2), i.e.,
Spi={(x,y): =l <x<Il,y<hXx)}. (3.2)
Furthermore, we define the family of admissible cracks AK(2) by
AK(Q) :={K C @ : K is aclosed set in R?, H! -rectifiable and HI(K) < 00} 3.3)
and the family of pairs of admissible heights and cracks AHK(S2) by

AHK(Q) := {(h, K) € AH(Q) x AK(Q): K C Int(Sp)). (3.4)

Finally, given (7, K) € AHK(2) we refer to the region characterized as the subgraph of the height function
h without the internal cracks of K, namely,

Spx = (S \ K)NQ, 3.5)

as the (generalized) subgraph with height h and cracks K, and we define the family of admissible subgraphs
as
AS(Q) :={S C Q2 : S =S8k forapair (h, K) € AHK(2)}. 3.6)

We observe that for every (h, K) € AHK(R2)
Sh.xk = Sn, Int(Sp.x) =Int(Sp) \ K and 9Sp x =095, UK. 3.7

We have that 95y, is connected and, 9.5, and 0S5y x have finite H!-measure. By [29, Lemma 3.12 and Lemma
3.13], for any h € AH(S2), 9}, is rectifiable and applying the Besicovitch-Marstrand-Mattila Theorem (see
[4, Theorem 2.63]), 05, is H!-rectifiable, and hence, aSh.k 1s H!-rectifiable. Furthermore, by applying [41,
Proposition A.1] S, and S, x are sets of finite perimeter.

Definition 3.1 (Admissible multilayers and admissible configurations) We define the family of two layers B!
by

B' = {(Sp1 k15 Spo ko) = fori =0, 1 there exists (h', K') € AHK(SQ), Spi ki € AS(L2),
h® < h'and dSp1 g1 NInt(Spo go) = ¥} C AS(L2) x AS(€).
Let o € N, we define the family of admissible (@ + 1)-layers B* by

B i= {(Spe, ks - Syo o) € [AS(QIF 2 (Syi g, Syt gi-1) € B!
forevery 1 <i < a},

where [AS(Q)]*H := AS(Q) x ... x AS(Q) represents the (o + 1) cartesian product of AS(€2).
We define the family of admissible configurations by

C* := {(Spe g\ .- ., Sho)Ko, u) : (Spe ke, . ., Sho’[(o) eB* ue Hlloc(Int(Sh"‘,K“))}~

Remark 3.2 In view of Definition 3.1, it follows that every (Spe ke, ..., Sy o) € B* satisfy the following
properties:
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(i) h' < h/ and 0Spi ki NInt(Syi gi) = P forevery 0 <i < j < o and hence, (Syj ki, Spi i) € B! for
every0 <i < j <o
(i) K' C Int(Sy) \ Int(Syi—1 gi-1) foreveryi =1,..., a;
(i) K' N K2 NInt(Syi—2) C K NInt(Spi-1) C 38y gi NInt(Spi—1) C K~ foreveryi =2,...,a.

For any @ € N, motivated in [40,41,47] we introduce a notion of convergence for the families 5% and C“.

Definition 3.3 (tg«-Convergence) A sequence {(Shg,Kg,-u,Shg, K,?)} C B* tg-converges to (S« ke,
...,Sho’Ko) e B if

— SUPgeN Hl(aSh;-(’K;;) < oo, foreveryi =0,..., A

— sdist <~, 85@@) — sdist (-, 3Shi’](i) locally uniformly in R2 as k — oo for everyi =0,...,A,

where
Spi ki =Sy \ Ki and Sy gi =S \ K",
foreveryk e Nandi =0, ..., .
Definition 3.4 (7co-Convergence) A sequence {(Spe ko, ..., Shg, K> up)} C C* toa-converges to (Spe e,

...,Sho’](o,u) e C* if

TR
— (Shg,kg. - Spo k0) 5 (She ks -y Spo o),
— uy — ua.e. in Int(Spe go).
Analogously to [40,41,47], we introduce a subfamily of 5% subject to a restriction on the number of

connected components of the boundary of each composite layer and the subfamily of C* with the corresponding
configurations.

Definition 3.5 Let « € N and let m := (my, ..., my) € N*T1. We refer to
By = {(Spe ko, ..., Spo go) € B* 1 Sy gihas at most m;-connected components
fori =0,...,a}

as the families of admissible multilayers and to
Cf,‘l = {(Sher, ke, ..o Spo go, u) € C: (She ko,..., Spo ko) € B}
as the family of admissible configurations.

In the sequel we fix @ € N. Motivated in the model introduced in [47], we consider the surface tension
between two layers SU/) : B% — [0, +00] in the family of admissible layers B* by

SISy ks Spi ki) = / i j(z,v)dH",
BShi,KiUBShj,Kj
where (Spe ke, ..., Sho, ko) € B* for 0 < i < j < o, and the surface tension v; ; is defined in different
portions of 9S,i gi U dS),; ki, more precisely,
9i(x,vs,; () X € QN @*S) ki \ 9 Syi ki)
(pl.lj (x,vs,; 0 (1) x € QNO*Syi ki N* Sy ki,
(p,‘j(x,v_ghi i (x)) X EQﬂ(a*Shi’Ki \aShj’Kj)
’ 1
() + @0, vs () X € QNI Sy ki NS £ NS, ),
)] ©0)
Vi (@) 1= 1 205000, (1) X €SN ISu s VS s O Sy i (3.8)
20500, vs, 0, @) X € QNS i NS ki,
xefn (8Shi’Ki \ 3Shj,1(.i)
2¢ij(x,vg; o (X)) ) 0) )
i N (S5 USk) NS g
1
ol e, vs,; o (0) X €QNAS), gi NS, giN S,iifKi,




Variational modeling of multilayer... Page 11 of 26 32

where ¢;, ¢;j : QxR? - [0, oo] and, given also the function ¢; : Q xR? — [0, oo], we define the functions
gol.lj and gol.zj in C(§ x R2; [0, oc]) by

(pilj =min{g;, ¢; +¢;j} and gol.zj := min{g;, ¢;}.

In view of [47], for every 0 < i < j < «, ¢;, ¢;, ¢;j represent the anisotropic surface tensions of the
film/vapor, the substrate/vapor and the substrate/film interfaces, respectively, while gol.lj and gol.zj are referred

to as the anisotropic regime surface tensions and are introduced to include into the analysis the wetting and
dewetting regimes.

Remark 3.6 If « = 1, we can observe that the surface tension S considered in [47] coincides with S©-D
by considering, with respect to the notation of [47], ¢y := ¢s, ¢1 = @¢F, @01 ‘= @Fs and as a consequence
goél = ¢ and gogl =¢.

Now, we are in the position to define the a-layered total surface energy Sf : B* — [0, co] and the
a-layered sequential surface energy S : BY — [0, oo] by

a j—1
SE(Sha ke Spo g0) = D> SEI (S5 ki Sy ki) (3.9)
j=1i=0
and
d . .
SE(Spakar s Spo g0) = Y SUTEI (S5 ks Spimt gim1), (3.10)
j=1

respectively. For simplicity we refer to the energy S5 : B* — [0, oo] for o € {s, t} as the «-layered surface
energy.

Remark 3.7 The terms in the sum of both definitions (3.9) and (3.10) depend on the surface tensions 1; ; that
are defined in terms of the family & of surface tensions given by

= {pj, 0 QxR = [0,00] : j=1,...,0,i =0,...,j— 1}

Furthermore, we observe that the definition of the surface tensions ¥; ; and vj; fork € {1,...,a}, j €
{1,....,k—1},andi € {0,..., j — 1} are interconnected, as they both depend on ¢;. We would like to
point out that this is just a choice done for simplicity (and in relation to the physical meaning of the surface
tensions of each pair of ith and jth composites for j = 1,...,candi =0,...,j —1,ie, ¢;, ¢;, and ¢; j,
which follows from [47] and Remark 3.6). We can avoid this interconnection, for example by working in the
following settings:

(i) given g; : Q x R? — [0, 0o] in the definition of ¥j_1,; by replacing ¢; in the definition:
— of each ¥ ; (and of the corresponding (pjl-’  and (pjz.’ ) fork € {j+1,...,a} with a surface tension
¢ i possibly different from ¢;,

— of each v; ; (and of the corresponding <pi{ j and (pl.% j) fori € {0, ..., j — 2} with a surface tension <plf’ j
possibly different from ¢,
namely by enlarging the definition of ® by considering instead

¢/:=¢U{(p;’k,gﬂl{’j:§XR2—>[O,OO]2
=1 ak=j41, . ai=0,... j—2) G.11)

(ii) by defining some surface tensions in ¢ € @’ as a combination of the other surface tensions, namely the
surface tensions in @ \ {¢}.

Leta € Nandlet o € {s, t}, the a-layered total energy F5 : C* — [—00, 00] is defined by

fg(Sha,Ka, ey Sho’Ko, bt) = Sg(Sha,Ka, ey Sho’Ko) + W(Sha,](a, ceey ShoﬁKo,l/t)
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for any (Spe ko, ..., Spo ko, u) € C%, where VWV stands for the elastic energy, more precisely,
W(She ke, ..., Spo go,u) 1= / W(x, Eu(x) — Ej(x))dx,
Shut K«
and W is determined by the quadratic form

Wx,M)=Cx)M : M,

. . . T
for a fourth-order tensor C : Q — ngm, E denotes the symmetric gradient, i.e., E(v) := w for any
v € H}_(Q) and EY is the mismatch strain x € Q > EJ (x) € ngm defined as

E@g) inQ\ Spe1,
E§ :={ E(u}) inInt(S,)\ Sy-1fori=1,...,a—1
0 in Int(Sho,Ko),

for a fixed sequence {uf)}f‘:_ll c HY(Q; R?).

4 Main results

We begin by detailing all the hypotheses assumed throughout the manuscript on the model introduced in
Sect.3. Let « € N. We fix [, L > 0 and we consider 2 := (—/,/) x (—L, 00). For every pair of integers
0 <i < j <« we consider <pi1j :=min{g;, ¢; + ¢;;} and <pi2j :=min{g;, ¢;} and we assume that:

H1) o;, ¢ij, goilj, goizj eC (§ X RZ) are Finsler norms such that there exists ¢; > ¢; > 0 such that

cllEl < 9 (x, €), 9} (x, £), 9ij(x, &) < c2l€| forevery x € Qand € € R?, 4.1)
(H2) We have _
0l (x, &) > lgij(x, &) — ¢ (x.&)| forevery x € Qand & € R?. (4.2)
(H3) C e L*°(Q; ngm) and there exists ¢3 > 0 such that
Cx)M:M >2c3M: M 4.3)
for every M € ngm.
We notice that under assumptions (H1)-(H3), the energy F7 (Spe ko, ..., Sy go,u) € [0, oc] for every
(She ks - s Spo_ ko, u) € C“.

We now state the main theorem of the paper.

Theorem 4.1 (Existence of minimizers) Fixa € N,m = (mo, ..., my) € Nt ando € {s, t}. Let {vili_y, C
[L',Z(Q)/Z, L2(Q)] be such that Vi, < Vi, forevery 0 < iy <ip < a,andlet X := (Ao, ..., y) € Rt pe
such that A; > 0 foreveryi =0, ..., «a. If (HI)-(H3) holds true, then both the volume constrained minimum
problem
inf fg(Shot,Ka, ey Sh() KO M) (44)
(She K@ - . ., Spo_go, u) € C, ’

L2y xi) =vi,i=0,....c

and the unconstrained minimum problem

inf FEM(Spa ke ..., Spo o, u) € CZ, 4.5)

(Sher kot -, S0 1 0,u)ECH

where F&* : C% — R is defined as

o
FM (S ke -2 Syo g0, ) 1= F2(Spe ks - Spo go. 1) + Y M| L2(Syi i) — vil,
i=0

admit a solution.
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We employ the Direct Method of Calculus of Variations to prove Theorem 4.1. In order to apply this method
we prove that any energy equi-bounded sequence {(Spe ke, ..., Syo go,u)} C Cy, satisfies the following
compactness property.

Theorem 4.2 Fixa € N, m = (my, ..., mg) € Nt and o € {s, t}. Let {(Sng kg - S0 g0+ ui) ke C
C3, be such that

sup (]:“(Sha K& Sh(k)’KE’ ur) + L2 (Shg,K;j» < 00. (4.6)
keN

Then, there exist an admissible configuration (Spe ke, ..., Spo go,u) € Cy of finite energy, a subse-
quence {(Sha K s Sh° KL , Uk, ) IneN, a sequence {(Sha Re» Sho RO Mk”)}neN C C, and a sequence

{bn}nen of piecewise rtgtd dlsplacements associated to Sha R such that

Tou
(Shthn’k"g, ey Shg,l’[?r?’ Uk, + bn) e (Shot’Kot, ey ShO,KO’ I/l)
and
liminf 7 (Shg kg -o Sp k0 » k) = BN FE (S0 Rooos Sy otk + ba). 4.7)

Furthermore, we show that 77 is lower semicontinuous in C, with respect to the topology tce for any
a €Nando € {s,t}.

Theorem 4.3 (Lower semicontinuity of 75) Fixa € N, m = (my, ..., mq) € Nt and o € {s, t}. Assume
(H1)-(H3). If{(Shz,K;{r, cee, Sh(;f»K/?’ u)tken C Cyy and (Spe ke, . .., Spo go, u) € Cp are such that
Toa
(S kg -+ Sp0 k0> k) — (She, ke, - - Spo_go, ),
then
Fo (Sha ey ..., Spo go,u) < hm 1nf.7-"°‘(Sha K& ’ShE,K,?’ u). 4.8)

We conclude this section by addressing the more general setting introduced in Remark 3.7 regarding the
family of surface tensions ®’ defined in (3.11).

Remark 4.4 We observe that Theorems 4.1-4.3 continue to hold in the more general setting for the surface
energies (3.9) and (3.10) that is described in Remark 3.7-(i) (and so, also for the setting of Remark 3.7-(ii))
by simply adapting hypotheses (H1) and (H2) to the more general definition of v; ; given in Remark 3.7-(i)
in terms of the family @’ of surface tensions defined in (3.11). More precisely it suffices to replace ¢; in (H1)
and (H2) with <pl € @ forall j € {2,...,a},andi € {0, ..., j —2}. In this way, as the application of [47,
Theorem 4.2], [47 Theorem 4.3], and [47, Theorem 5.13], respectively, in Proposition 5.1, and in Theorems
5.2 and 5.3, is preserved, the same proof of Theorems 4.1-4.3 yields the corresponding results in the setting
of Remark 3.7.

5 Single-layered films with delamination

In order to establish Theorem 4.1 we use an induction argument, and in this section, we prove the basis of
the induction. More precisely, we prove Theorem 4.1 by assuming that « = 1 and hence, in the following,
we consider m := (m1, mo) € N?>. We begin by observing that the double-layered film setting of & = 1 is a
particular case of the two-phase setting considered in [47], with the only difference that the “exterior graph
condition” is assumed not only on the substrate region but also on the film phase. The analogy comes also
from the fact, that as proved below, for energy equi-bounded admissible configurations in C', we can easily
reduced to bounded rectangular containers 2 := (=1, 1) x (—=L, L) for a properly chosen constant L>0.
We recall that in [47] the families of admissible regions B(Q) and Bm(Q) are defined as

BQ) :={(A, Sp.x): (h, K) e AHK(S), Ais £2-measurable set with S, x C A C &
such that 0A N Int(Sy k) = ¥, dAis H!-rectifiable,
H'(DA) +H'(DS) < o0}
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Q

Fig. 4 A single-layer film (on the substrate Oth layer Sj0 go) associated to an admissible configuration (Sp1 g1, Syo go, u) € ch
(see Definition 3.1) is represented by indicating each jth layer with a gray color with decreasing value with respect to the increasing
order of the index j = 0, 1 and each jth layer with a thinner line with respect to the increasing order of the index j = 0, 1.
Furthermore, in the Oth layer we distinguish between its coherent and incoherent portions by using a dashed or a continuous line,
respectively

and
Bm(2) := {(A, Sh.x) € B(Q) : 0A and S, x have at most
m1and mgconnected components, respectively}.
Notice that~B ! (SNZ) C B~(§) and B,ln(?Z) - Bm(fz). Furthermore, the families of admissible configurations in
[47] are C(€2) and Cpy (R2) defined by
C(Q) = ((A, Sp.x.u): (A, Snx) € B and u € H. . (Int(A); R?)}

and

Cm () := {(A, Sn.x,u) € C(Q) : (A, Sp.x) € Bm(D)},

so that C! () c C() and C,ln(EZ) C Cm (). Therefore, since the elastic energy YV and the surface energy S
considered in [47] coincide with the energies VW and S' of this manuscript (by also observing that, following
the notation of [47], o = ¢s, ¥1 = ¢F, 01 = ¢FS, (pél = ¢ and ‘/’(%1 = ¢'), we have that

S=8" and F=7F!, (5.1)

inC! (S~2) and CIIII(EZ). Finally, we also observe have that the topologies 73 and 7¢ defined in [47] coincide with
the topologies tj51 and 7p1, respectively.

On the basis of these observations and by using the results for the two-phase setting of [47], we now prove
that energy-equibounded sequences in C,ln are compact and that F! is lower semicontinuous with respect to
the topology 1.

Proposition 5.1 Let {(Shll(’K]:, Shg,K,?)} C B}, be such that

sup (8" Sy g +22 Sy ) < 0. 62

Then, there exist a not relabeled subsequence {(Shllc'KI:’ Shg,K,?)} C Blln and (Sp1 g1, Spo go) € B,ln such

TBI
that (Shllc’Kkl’ Shg,K,?) —> (Sp1 g1, Spo ko).
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Proof We begin by observing that in view of [4, Theorem 3.47] from (5.2) it follows that there exists L>0
such that for every k € N, Shllc’KI: Cc (-1, x (—L, L) : Q. Since (Sh K} Sho KO) € B for every k € N,

by (5.1), where in [47] we consider 9 = ¢s, ¥1 = @F, 01 = ¢FS, <p01 = ¢ and ‘/’01 = ¢’, we have that

supS(Shl e Sp0 g0) = supSl(Shl k1> Sp0 g0) < 00. (5.3)
keN k> ™k keN k> k k> ™k

By applying [47, Theorem 4.2] with respect to the region S, there exist a not relabeled subsequence
{(Shi,Kkl’ ShE’Kf)} C Bm and (S, ;0 g0) € Bm such that
T

(Sy) K+ S0 k0) > (S, Spo_go). (5.4)

By definition of tz-convergence and by the second statement of [47, Lemma 3.8] there exists (2!, K1) €
AHK(£2) such that

S= 8, k1. (5.5)
In view of the definition of 4° and /! that comes from [47, Lemma 3.8], we see that

ho(xl) sup{lim suph (x]) x1 — x1} < sup{lim sup h,i(x{‘) : x{‘ — x1} =: hl(xl)

k— 00 k— 00

for every x; € [—1,1]. Thus, (Sy1 g1, Spo go) € Blln. Finally, from (5.4) and (5.5), and by the fact that the
T1-convergence is similar to the tz-convergence of [47] we obtain that

T4l
(Shllc’Kl:’ ShQ,K,?) —> (Sp1 g1, Spo_g0)

which concludes the proof. O

We are in the position to prove that Crln is compact with respect to the topology 1.

Theorem 5.2 (Compactness of C}n) Let {(Shll{’Kl:, ShQ,K,?’ up)ken C C,ln be such that

sup (J—' (St k1 St k0 L2 (S 1)) < . (5.6)
keN k

Then, there exist an admissible configuration (Sy1 g1, Spo go,u) € Clln of finite F' energy, a subsequence
{(Shzi K} ,Shg K? s Uk, )IneN, a sequence {(Shzi K> Shg <t Uk, nen C CL and a sequence {b,}nen of

piecewise rigid displacements associated to Sh}( 71 such that

Tcl
(Sh}m’l?r}’ Sh?,,,l?,?’ Ug, +bn) —> (Sp1 g1, Spo_go, u)

and
lim inf 7' (S, KL S KD k) =1§1n_1)iot<1)f}"](5hi Rp> S0 Ry h, + bn)- (5.7)

n—oo

Proof We begin by observing that in view of [4, Theorem 3.47] from (5.2) it follows that there exists L>0
such that for every k € N, Shl K} c (—1,1) x (—L, L) : ©. In view of the observations at the beginning of

the section by (5.1) and (5. 6) we have that

sup]—'(Shl K} ShO KO uy) = sup]—' (Shl K} Sho KO up) < 00,
keN keN

where F : C(Q) — [0, oo] is the total energy considered in [47]. Hence, by applying [47, Theorem 4.3]
with respect to the region €2, we deduce that there exist a triple (S, S0 go, u) € C(£2) of finite F-energy, a
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subsequence {(Shli K> Shg KD , Uk, ) }nen, a sequence {(S,, Shg K0 Uk, ) neN C Cm and a sequence {by },eN
n n n n n

of piecewise rigid displacements associated to §n such that

(Sas Sy R0k, + ) => (S, Syo go, ) (5.8)
and _
1}1r210%f f(Shli,ka],,’ Shgn’KI?n L Uk,) = lbnlgcl)f F(S,, Shgn»ﬁ,?’ Uk, + bp). 5.9)

In view of the proof of [47, Theorem 4.3]
we have that

So =81 a0 \ (950N 08y 1 ) (5.10)

In analogy to the definition of K ,(Z) in the proof of [47, Theorem 4.3], we define
Kl:=kK!u (as,,, \ 35/1;,,1%‘,1) (5.11)

and we claim that §n = Shll{ #1. Indeed, we have that

S & =08y U(Sy \RY) =05, (s \(K1u (03005, 4 )
~ C

=08, U (S N (DN (05105, « )))

1 ~ c
= (95 V(S \K2)) (s U (05\08 4 ))
= Sy & M08 VS US, 0 ) =S 0 \O5\0S )
= Sna

(5.12)

where we used (3.5) in the first and fifth equalities, (5.11) in the second equality, De Morgan’s laws in the
third, fourth and sixth equalities, and (5.10) in the last equality, and hence (Shl KL Sho RO Uk, ) € C

Furthermore, by (5.6) and the non-negativeness of F it follows from Propogmon 5. 1 that S=8 nt g1 fora

proper pair (h', K') € AHK(Q) and, in particular, we have that (S;1 g1, Spo go, u) € C,ln. Finally, in view of
the definition of 7p1-convergence, by (5.8) we obtain that

Tc]
(Shiylzkln’ Shgn’gl?l s Uk, + bp) —> (Sp1 g1, Spo_go, u),
T 7

and, by (5.1), (5.9) we obtain (5.7), which concludes the proof. O
Now, by applying [47, Theorem 5.14] we prove that F' is lower semicontinuous with respect to the

7o1-topology.

Theorem 5.3 (Lower semicontinuity of FY) Assume (HI)-(H3). Let {(Sh,L,K,g’ Shg,K,?’ u)een C Clln and

(Sp1 g1, Spo ko, u) € Cél be such that (Shllc’KkI’ Shg,l(,?’ uy) E) (Sp1 k15 Spo ko, u). Then
F! (Sp1 k15 Spo go, u) < llmlnf]: (Sh Kl Sho KO Uug). (5.13)

Proof Without loss of generality, we assume that the right side of (5.13) is finite. In view of [4, Theorem
T

3.47] and from the fact that and since (ShivK/f’ Shg,K,?’ ur) il) (ShlyKl, Sho’Ko, u)it follows that there exists

L > 0 such that for every k € N, Shllc’Kkl c (=1,1)x (—L, Z) =: Q. Since the topology t5 considered in [47]

coincide with the topology tz1, by (5.1) and by applying [47, Theorem 5.13] applied in the regions 2 = Q,
we have that

S! (Shl’KI, Sho’Ko) < likn_l)ioléfsl (Shll{’Kk]’ ShgvKlg)' (5.14)
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Now, we are going to prove that the elastic energy is lower semicontinuous. Indeed, let D CC Int(Sj1 g1), by
properties of the signed distance convergence we have that D CC Int(S), 1K) ) for k large enough. By definition

of 7o1 convergence we have that uy — u a.e. in D. Furthermore, since E uy are bounded in the L2(D) norm,
we have that E uy — E u in L?(D). By convexity of W we obtain that
/ W(x, Eu — E})dx < liminf/ W(x, Eug — Ej)dx < liminf W(S,1 g1, S0 g0, tx)
D k—oo Jp k— 400 B e B
By taking D " Int(S)1 k1) we conclude that

W(Sp1 k15 Spo ko, u) < liminf W(Shllc'Kkl" Shg,K,?’ ug). (5.15)

li
k—+o00
By (5.14) and (5.15) and thanks to the superadditivity of the liminf, we get that
fl(Shl,Kl, Spo g0, u) = W(Sp1 g1, Spo go, u) + S! (Shl,Kl, Sho,Ko)
L. .. 1
< lkll_l)l_'l_rolg W(Shllekl’ Shg,K,?’ uy) + hkn—l>lor<1>f8 (Shllc'Kkl’ Shg,K,?)
. 1
< timinf WSy . S0,k 10+ 8" (Syy k- S x0)
T 1
=: hk”i{)%ff (Sh}»Kkl’ ShQ,KE’ ug),
which concludes the proof. O

Finally, we state the main result of this section. The following result is the analogous result of Theorem
4.1, more precisely, we prove the existence of minimizers for a volume constrained problem and for an
unconstrained problem, respectively, with respect to the admissible family of deformable film and substrate
Cll11 for every m := (mg,m1) € N x N.

Theorem 5.4 (Existence of minimizers) Assume (HI)-(H3) and let vo, vy € [£L*(2/2), £L>()] such that
vo < vi. Then for everym = (mg, mp) € N2, the volume constrained minimum problem

inf FU(Sp1 g1, Spo go, 1) (5.16)

(St k15,0 g0 ECK, L2(S)1 x1)=V1, L2(S,0 0)=V0
and the unconstrained minimum problem

inf F'M (S k1 Spo_gos 1) (5.17)

(St k15,0 x0.1)€C;,

have solution, where F1* : Crln — R is defined as

1
FI2(Sut 1 Spo o, ) := F' (St g1, S0 go. w) + D Ml L3Sy xi) — vil.
i=0

forany A = (Lo, A1) € R2 such that Lo, A1 > 0.

Proof We follow the Direct Method of the Calculus of Variations. Fix m := (m,mg) € NZ. Let

1 o . .« . 1 2 _ P
{(ihé,,(;, Shg,Kf’ ur)} C C, be a minimizing sequence of 7' such that £ (Sh;-{’K;;) = v; fori = 0,1,
an

1
sup F (S;1 w1, S50 w0, Ug) < 00.
keg (St k) Spo. k0> k)

. 2 .
Since L (Shi’Kkl) = v for every k € N, by Theorem 5.2, there exist a subsequence {(Sh}q,Kkll’ Sh(k)pKz?, S Uk},

a sequence {(Shil’kll’ Shg,’l?zo’ V) }nen C C,ln and (Spy1 g1, Spo o, u) € C,ln such that

fcl
(Shllcl’l?ll’ Shgl’glo, v) —> (Sp1 15 Spo ko, u)
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as | — oo and

liminf F'(S,1 71, Sy0 go, v) = liminf F1(S,1 1, S50 g0, uk). (5.18)
|—00 kp» ™l kpo |— 00 kp> kg k> kg

According to Theorem 5.3, we have that
FUSy k1, Spo go, u) < liminf F1(S,1 1, S0 70, vp). (5.19)
’ ’ |— 00 ko kR

We claim that {(S;1 g1, Spo go)} and (Shll g Sh2 EIO) satisfy the volume constraints of (5.16). Indeed, fix
1’ I
i =0, 1, by [47, Theorem 4.3], forany [ > 1, v; = 52(% k)= LZ(Shi &1)- Thanks to the fact that
1"k 1’

51
(Shll,’lzll’ Shg,’l?zo) —> (Sp1 g1, Spo ko),

applying [40, Lemma 3.2] we infer that Sy, zi — Sy xi in L'(R?) as | — oo, and thus £L%(Syi gi) = vi.
0 , .
From (5.18) and (5.19), we deduce that
inf FYUS)1 k1. Spo go, 1)
(St 15,0 g0 ECK, L2(S)1 x1)=V1, L2(S40 0)=V0 ' '
. 1 PR 1
= > = %
klgrgof (Shll’Kkl’ Shg’,(i), uy) = lllrglorgf]: (Shll[’th Sh(k)l’l(lo’ )
> FU(Sp k1. Spo_go, ).

We conclude from the previous inequality that (A, i, K, u) is a minimum of (5.16). The same argu-
ments are used to solve the unconstrained problem (5.17) by noticing that for a minimizing sequence
{(Shli’Kl{l, Sho, k9> ug)} C CL of F1-* such that

LA
sup FU4(S,1 w1, S50 w0, Ur) < 00
keg (S k) Sn9 k0> k)

LS )<£ S )—w + v <_:£15)~(S S0 Uuj —+ v
(hllc’Kl \| (hllc’K¥ 1| 1 X )\.1 hl,Kkl’ h,Kk’ ) 1

and thus supycy £2(Shi’Kkl) < o0. ]

6 Multilayered films

In this section, we consider & > 1 and we denote m := (my, ..., my) € N**t!. The main goal of this section
is to prove Theorem 4.1. In order to do this, first we prove that Cp, is compact and by induction, with respect to
o € N we show that 7* is lower semicontinuous with respect to the topology of 7¢«. Notice that in the previous
section, we proved the basis of the induction for the lower semicontinuity property. We start by proving that
By, and Cj;, are compact.

Proposition 6.1 Let {(Spe kg, ..., Shg,Kg)} C B, such that
sup (Sg(shg,,(g, o Sh%K]?)Jrﬁz(shg,Kg)) < 00 6.1)
keN
Then, there exist a not relabeled subsequence {(Sh‘,f,l(ga e, ShQ,K,?)} C By, and {(Spe ke, . .., Spo g0)} €

TRa
BS, such that (Sh%,K;{"» e Shg,K,({)) —> (Spe ko, - -5 Spo o).
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Proof We proceed by induction on @ € N. If @ = 1 by Proposition 5.1 the assertion holds. We now prove that
if the assertion holds for & = n, then the assertion also holds for
o = n + 1. Thus, let us assume that the assertion holds for @ = n. From the definition of S”*! and the

non-negativeness of St+L)) for every j =0, ..., n it follows that
n—+1 n
Sa (ShZ+I,KZ+1 PR Shg,](g) 2 80’ (Sh",K]:'7 ey Sh(k)’Kl(c))

(6.2)
+ SISyt ot S kp)

for every k € N. By (6.1), (6.2), and the non-negativeness of S”*1.”) the induction hypothesis yields

that, up to extracting a not relabeled subsequence, there exists (Sp» g», ..., Sho’ x0) € Bﬁ,n such that
T
(Shg,K;g, c, Shg K,E’) BN (Spr kns -+ ., Spo ko), where my := (mo, ..., my,). Furthermore, by (6.1) and

(6.2) and the non-negativeness of S/, in view of Proposition 5.1 applied to S (n+1.1) it follows that, up
to extracting a not relabeled subsequence, there exist a region Syn+1 gn+1 With (k"1 K" e AHK(S)

‘L’Bl
(and (Shn+l’Kn+l, Shn’[(n) € Bllnl for m; = (mn,m,,+]) € Nz) such that (ShZ+I,K£+I’ Shst]?) —
(Spnt1 gnt1, Spn kn), where we used the uniqueness of the sign-distance convergence.

It remains to prove that (Syn+1, Kt « e s Sho, x0) € B Since 0S8y ki has at most m; connected com-
ponents fori =0, ..., n 4+ 1, it remains only to check that dSpnt1_gnr1 N Int(Spn gn) = @. Let us assume by
contradiction that 8Shn+l’ xn+1 N Int(Spn gn) # @. Then, there exists

X € 08yt gnrt N INt(Spn gn). (6.3)
By properties of the signed distance convergence (see [47, Remark 3.8]) there exists x; € 95 JYaai vas such
T
that x; — x, and, since (ShZH’K;{m, ShZ,K,?) il> (Sh;ﬁ»lyKIH»l, Spn k) it follows that
sdist(x, 35};;{’,1(,?) — sdist(x, dSpn_ xn) ask — oo. (6.4)

By (6.3) there exists ¢ > O such that sdist(x, 0Sp» k») = —e, we can find kg := ko(x) for which
sdist(x, 8ShZO, Kl?o) is negative. Then, x € Int(ShZO, Kl:zo) and so, there exists § < /2 such that

Xko € Bs(x) C Int(Spr gn ),
ko ko
which is an absurd since 95, n+1 gn+1 ﬂInt(Shz K ) = . Finally, we conclude the proof by observing that there
ko ko 0" ko
. +
exists (Syns et -+ Syo x0) € B! suchthat (Sype et -, Syo x0) B (St st - Syo.go). O
. , FaRN ¢ ,

Now, we prove that C;, is compact with respect to the topology t¢e.

Proof of Theorem 4.2 Denote R := supy.y (fgf(s,,a, Koo Sy k0, WO+L (S, ,(g)). Without loss of gen-
erality (by passing, if necessary, to a not relabeled subsequence), we assume that
l%cnigffg(Sh%’Kg, ces Shg,K,?’ up) = klgrolo ]—'(‘j‘(Shg,K;(x, cees Sh?,l(,?’ ur) < R. (6.5)

Since W is a non-negative energy, by Proposition 6.1 there exist a subsequence {(Spe k¢, .. ., Sh(k) KE)} C By,
and (Spe ke, ..., Spo go) € By, such that

Ro
(Shszl?’ cees Sh‘,ﬂ,K,?) — (Shot’Kot, e, ShO,KO)-

The rest of the proof is devoted to the construction of a sequence {(Shg Keseoes S n KOs ui,)} C B, to which
we can apply [40, Corollary 3.8] (with P = Int(Sp« k«) and P, = Int(Shiz R respectively) in order to
obtain u € HILC(II_lt(S;.,azKa)_; R?) such that (Spe ke, ..., Sy go, u) € C% has finite energy, and a sequence
{by}nen of piecewise rigid displacements such that

Tca
(Shz,ﬁgt"-'ashg ’Er?auk”_i_bn)—_) (Sha,Kav"'5Sh0’KOau)'
n n
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Furthermore, we observe that also Equation (4.7) will be a consequence of such construction and hence, the
assertion of the theorem will directly follow.
By [40, Proposition 3.6] applied to Sh% K¢ and Sy« ko there exist a not relabeled subsequence {Shzg K¢ }

and a sequence {Z,,} with H'-rectifiable boundary Bgn of at most mg-connected components such that

sup Hl(aA‘n) < 00, (6.6)
neN
that satisfy the following properties:
(al) 0Spe xe C 0A, and lim H'(0A,\3Spe g« ) =0,
kn* " kn n—o00 kn> " kn

(a2) sdist(-, BZ,,) —> sdist(-, dSp«, k«) locally uniformly in RZ asn — o0,

(a3) If{E;};es isthe family of all connected components of Int(Sye g« ), we can find the connected components
of Int(;f,,), which we enumerate as {E' };¢/, such that for any i and G CC E; one has G CC E} for all
n large (depending only on i and G),

(ad) L2(Ay) = L2(She ez ).

Furthermore, from the construction of A, » (namely from the fact that A n 1s constructed by adding extra “internal”
topological boundary to the selected subsequence Spe ke , see [40, Propositions 3.4 and 3.6]) it follows that

An =S kg \ @A\ Sy k) ©.7)

with Bg \d Shw K given by a finite union of closed ' -rectifiable sets connected to 9 Shw K More precisely,

there exist a ﬁmte 1ndex set J and a family {I";} ;< s of closed H!-rectifiable sets of connected to .5k, such
that

A, \ 0Sue Ky = Ur;.

jeJ
We define
K; =K U((0A,\ 0Sng k) NSy ) C Sy
for every i = 0,...,«, and we observe that E I is closed and H!-rectifiable in view of the fact that

IA \E)Sha K. is aclosed set in € and is H'-rectifiable, since 9 A, is H!-rectifiable. Therefore, (hl ,K ) €
AHK(R2) for every i =0,...,a. Furthermore, we have that

Sh;(,,vgfl - Sh;cn - Shi,, = S Kj’
forevery 0 < i < j < «. We claim that BShi K has at most mi-connected components fori = 0, ..., A.
Indeed, leti € {0, ..., a}, if forevery j € J, Sh, K N I'; is empty there is nothing to prove, so we assume

that there exists j € J such that Sh, e Nnr; ;é v, On one hand if I'; C Sh, K , thanks to the facts that I';
is connected to E)Sha Kg and S P KD C th , we deduce that I"j needs to bg connected to BSha KE - On the
other hand, if I'; N (Shaanan \Shin) 7& @, then we can find x; € I'; N Sh;cn’Kllcn and xp € I'; N (Shaanan \ Sy, )-
Since I'; is closed and connected, by [29, Lemma 3.12] there exists a parametrization » : [0, 1] — R? whose
support y C I';j joins the point x1 with x. Thus, y crosses 0§ h KL and we conclude that I'; is connected to

N h KL . Finally, by repeating the same arguments of (5.12), we obtaln that

~

An - Shfn’ggl
and thus, (Shﬁ,,’l?y‘i” R Sh}f”,l?,(,’) € By,
We claim that (Shg Raseons Shg 7o) L (She, ko, ..., Spo go) as n — oo. In view of (6.6), (a2), by
(3.7) and the previous construction of K},

supH (CAYY K,) < 00,

neN kn?
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foreveryi =0, ..., A. It remains to prove that
sdist(-, ashin’@) — sdist(-, 98 ki) (6.8)
locally uniformly in R? as n — oo foreveryi =0, ..., a. Letus fixi =0, ..., «, by properties of the signed

. . K K
distance convergence, it suffices to prove that Sh;; g — Spi and that Q\Sh;-{ i — Q\Int(S,i gi). On one

hand, by the tp«-convergence of { (Sh%n’ Rereeoo Sh](:n’ 1;2)}, the fact that Shi,p g = Su - and the properties of

Kuratowski convergence, it follows that S’li & X Spi- On the other hand, let x € Q\Int(Si gi), since
Im(Shi,,J?,’;) = Im(Shin) \ K, C Int(Sh;-m) \ K, = Int(Shinkn)

and by the fact that Q\Int(Sh;-( Ki ) £> Q\Int(Syi gi), there exists
Xy € Q\Int(Sh;-( Ki ) C Q\Int(Sh;-( &)

such that x,, — x. Now, we consider a sequence x, € Q\Int(Sh;-{ %) converging to a point x € £2. We
tn

n
proceed by contradiction, namely we assume that x € Int(S: gi). Therefore, there exists € > 0 such that
sdist(x, 88, gi) = —e, which implies that sdist(x, 8Sh,- K ) = —e as n — 00. Thus, there exists ne € N,

such that x, € B¢2(x) C Int(S ,k Kl ), for every n > nE However notice that
xn € @\ Int (8 1) =\ (In(s, )\ K))
(@ (500) (857990, 12) 752

where in the last equality we used the definition of K’ = Ki U ((0 Sha Eu \d Sha K )N Sh" ) and the fact

that Int(Sh, e ) = Int(S i )\K’ Therefore, by (6.9) we deduce that Xn € asha Ka \E)Sha Kg for every

n > ne and hence X € 8Sha K« by (a2) and by [47, Remark 3.7]. We reached an absurd as it follows that
X € Int(Sh,’ ki) N dSpe ge = . This concludes the proof of (6.8) and hence, of the claim.
By (4.1) and by conditions (al), (a4) and (6.7), we observe that

(6.9)

. o _Qu - - _
nli)ngo ISy (Shf,,skff,,’ e, Shganz?n) Sy (Sh,‘fn,K,‘f’ R Shg,,us(lm 0, (6.10)
and
W(Shgn,Kgn, R Shgn»K;?”’ uy,) = W(Shzn‘k‘g, R Shin»l?,?’ U, ). (6.11)

By (4.3), (6.5), (6.7), (6.11), (a3) and thanks to the fact that S¢ is non-negative, we obtain that

2 2 R
le(ug,)"dx < le(ug,)["dx < C5—,
Er Sie R 2¢3
for every i € I, for n large enough and for a constant C := C(uj, ..., u%) > 0. Therefore, by a diagonal

argument and by [40, Corollary 3.8] (applied to, with the notation of [40], P = E; and P, = E}') up to extracting
not relabelled subsequences both for {ux,} C HILC(Q; R?) and {E!'}, there exist w; € HILC(E,-, R?), and a
sequence of rigid displacements {bi,} such that (uy, + b;)]lEln — w; a.e.in E;. Let {D!'}, 7 for an index set

T be the family of open and connected components of S he e \ Ui EF such that by (a3) Int(D') converges

iel
to the empty set for every i € I.1In D' we consider the null rigid displacement, and we define

b, = ZbﬁlILEin and u = Zwﬂlgi.

iel iel
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We have that u € (Int(Spe x«); R2 ), b, is a rigid displacement associated to Sha Ka , Uk, + by —

loc
u a.e. in Int(Spe ge) and hence, (Spe ke, ..., Spo go,u) € Cy and (Sha N CIREE Sho K0 Uk, + by) —
(She, ke, .- ., Spo_go, u). Furthermore, as E(ukn + b,) = Euy,, from (6. 10) and (6.11) it "follows that

nl;r{:o |]:g(Sh%n’Kgn’ cee Shg,,”(fn , Uk,) — fg(shﬁn,l?ﬁ’ cees Shg,,,@’ uk, + b,)| =0, (6.12)
which implies (4.7) and completes the proof. O

In the following proof, we show by induction that 77 is lower semicontinuous.

Proof of Theorem 4.3 Since
(¢4 . QU
Fo (Sng ks -+ Spo g0 k) 7= Sg (Sug ks -5 S0 g0) + WI(Shg kgt - -5 S0 05 Ui,

and by non-negativeness of S and WV we prove first that S¢ is lower semicontinuous with respect to the
convergence in t3e, and then we prove that )V is lower semicontinuous with respect to the convergence in t¢e.

First, we assume that 0 = ¢. To prove that S7* is lower semicontinuous we proceed by inductionon o € N.
Notice that if « = 1, by Theorem 5.3 the assertion holds. Assume now that for « = n the assertion of the
theorem holds. We are going to prove that the assertion of the theorem holds if « = n + 1. By definition of
the energy S"*! we see that

1
st (Syet gt - S0 k0) = S (Sh Ko -+ So c0)
n
. (6.13)
(n+1.) o
+ D ST (St gty Sy 1)
j=0
for every k € N. By the induction hypothesis and the fact that
RN
(ShZ’KJ?’ AU ShQ,K,?) BEAN (CYIN ShoyKo)
we have that
S (Spn gns - o Spo ko) < hmme (Spr, ks ’Shg,xg)- (6.14)
Furthermore, by the definition of tz.+1-convergence it follows that
‘L'Bl
(Shz+l,[(:+l . Sh,}(,Klf) — (Shn-H 7Kn-f—] ) Shlj(,K]{) (615)

for every j = 0,...,n. Thus, by (6.15) and by the basis of the induction (see the proof Theorem 5.3) we
deduce that

ST Syt gt Syp o) < Niminf STED (S0 i, S 1) (6.16)
forevery j =0, ..., n. It follows from the superadditivity of the liminf that
ZS("“ DSyt gty Syt ) < th inf ST (St gt Sy1 1)
=0
/= 6.17)

<limianS("+l’j) Syt gn1, 8,7 i)
SRR ST O k)
J:
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where in the first inequality we used (6.16). Therefore, we have that

SISyt gty ooy Spo g0) = S (Spn ks« + o Spo_g0)

n
n ZS(nJrl’j)(Sh’”",K'H'l s Shf,Kj)

j=0
. eon
< hkrigéfsf (ShZ’KI:l’ R ShE,K,?)
n
S (n+1,j) o
—i-llkIE)lOI(l)f S (Sthrl’K;Hrl, Shi’K/i)
j=0
. n
< liminf (SISu kg -+ Sig k)

n
L
+ Zs(n-s— ")(ShZ“,K;’“’ Sh]{,ka,')
=0
ji

RTINS 41
= llkl"llgéf S;l (ShZJrl,K;:Jrl g e ey Shg,K,?)’ (618)

where in the first and the second equality we used (6.13), in the first inequality we used (6.14) and (6.17), and
in the second inequality we used the superadditivity of the /iminf, and thus, S is lower semicontinuous with
respect to the topology 3¢ .

For the case with o = s, we proceed also by induction and, on the basis of the induction hypothesis with
o = s, in order to obtain the lower semicontinuous property for Sf“, we proceed in the same way, with the
only difference that the subscript ¢ is replaced by s, instead of (6.13) we use

n+1 _con
S; (Shz+l’K1:v+l, R ShQsK;E’) =S (ShZ,K}f’ e, Sh;?’K}())

n,n+1
+S( )(ShZ+I,K,:’+" SthKI?)’

and that, because of the definition of Sg“, it is enough to use (6.16) only with j = n.
With respect to the elastic energy it is enough to repeat the same arguments of the proof of lower semicon-
tinuity of W in the proof of Theorem 5.3, from which we obtain that

W(Shz,K;{r, e, Shg,K,?’ u) < likn—1>iol<1>f W(Shz,K,‘(’% e Sh,?,K,({)’ Ur). (6.19)

Finally, we conclude the proof by observing that by the superadditivity of the liminf it follows that

fg(Sha,Ka, ey ShO,K()’ bt) = Sg(Sha,Ka, ey Sho’Ko) + W(Shg)](g, ceey Sh(k),K]?’ u)

< likIE)ioI(l)f Sg(Shz,ij‘? ce SthKI?)
+ li]{n_l)i;ljf W(Shtkl,K;(r, e, Shg,K,?’ uy)
< liminf (SE(Sug kg - S0, k0) + WS- Sy g 10))
= likrigéffg(shg,lgg, R Shg,l(,?’ ug),
where in the first inequality we used the lower semicontinuity of S* and W. O

Finally, we are now in a position to prove the main result of this paper.

Proof of Theorem 4.1 ‘We follow the Direct Method of the Calculus of Variations. Fix m = (mg, ..., my) €
Nt and et {(Shz,K,‘j‘» ceey ShQ,K,‘jv ur)} C Cg, be a minimizing sequence of 77 such that £2(Sh§{’K1,;) =v;
fori =0,...,«a,and

sup]-"g(Shz,KIg, e Shg,K,?’ up) < oo.

keN
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Since E2(Sh‘Z’Kf) = vy, by Theorem 4.2 there exist a subsequence {(Shthn NGREEES Shg KO ur,)}, asequence
n n
{(Sh‘g",l?g’ ceey Shgn,l?,‘,” Un)tneN C Cyy and (Spe ke, ..., Spo ko, u) € Cg y, such that
Too
(Shz,l’Ker’ ey Shganr(L)’ Un) —_—> (Sha’Koz, ey ShO,K()? M)

asn — oo and

.. o N B o o
hnn_l)géf Fy (Sh}faner’ R Shgn,K,()’ vy) = liln_l)loléf Fy (Shzn’K;(xn’ e, Shgn'KI?n’ Uk, ). (6.20)
According to Theorem 4.3, we have that

o (S s o Spo o) < iminf P (Spe g2 So o vn). 6.21)

We claim that foreveryi = 0,...,«a, S h;{n’ i and Sh,-’ gi satisfy the volume constraints of (4.4). Indeed, by
Theorem 4.2, for any n € N, v; = Lz(Shi,,!Kf;,,) = EZ(Sh;'wJ;’,-I) foreveryi =0,...,a.Fixi =0, ...,«a. By
definition of t3«-convergence and by applying [40, Lemma 3.2] we infer that S [ — Spi ki in L' (R?) as
n — o0, and thus EZ(ShiyKi) = v;. From (6.20) and (6.21), we deduce that
inf fg(ShN,Ku,...,Sho KO,M)
(She, ko, ..., Spo go, ) eCy, ’
LXSpxi)=vi i =0,....

= nliﬁngof-g(Sh%n’gg, e, Shgnf;?’ Uug,)
> 1%1[2ior<ljffg(shzn’gg, e, Sh}()n,l?f,” Ug,) = fg(Shot’Ka, R Sho,Ko, u).
We conclude from the previous inequality that (Spe ko, ..., Sp0 ko, u) is a minimum of (4.4).
The same strategy is used to solve the unconstrained problem (4.5) thanks to the extra observation that for
any minimizing sequence {(Sne ks oo Sh2 KO ug)} C Cop of fg"* such that
A
sup 75" (Spe ke - -s S0 K0 Uk) < 00
keN
we have that
2 2 [y
L (Spe, k) < 1L (Spe k) — Vol + Vo < E]: (S kg -+ Sp9 k0> ) + Va
for every k € N.
This concludes the proof. O
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