Analytical Model of Electromagnetic Performance
for Permanent-Magnet Vernier Machines using
Nonlinear Exact Conformal Model

Zhaokai Li, Xiaoyan Huang, Member, IEEE, Ang Liu, Zixuan Liu, Lijian Wu, Senior Member,
IEEE, and Tingna Shi, Member, IEEE

Abstract—This paper investigates the air-gap field distribution
of the permanent-magnet vernier machine (PMVM) using
nonlinear exact conformal model (NECM) to account for slotting
effect, flux modulation effect and iron nonlinearity. The exact
conformal model based on the region of one-slot and one-flux-
modulation-pole (OSECM) are introduced to show the
effectiveness of linear analytical model for PMVM. It can keep
high calculation accuracy and significantly reduce the
computational burden. Then, the NECM is developed from
OSECM by introducing the equivalent saturation current into the
air region and coil region. The lumped parameter magnetic circuit
model (LPMCM) model is used to obtain the magnetic potential of
iron region and therefore calculate the equivalent saturation
current. The NECM which combines LPMCM and OSECM can
essentially improve the accuracy of linear analytical model. The
harmonic analysis of air-gap field is performed to theoretically
explain the component of electromagnetic torque. Both finite
element model (FEM) simulation and test results are presented to
validate the NECM.

Index Terms—Conformal transformation, iron nonlinearity,
air-gap permeance, permanent-magnet vernier machines.

I. INTRODUCTION

HE permanent-magnet vernier machine (PMVM) shows

significant advantage of high torque at low speed due to

magnetic gearing effect [1]-[2]. Such merits make it a
promising candidate for ship propulsion and electric vehicle. To
efficiently optimize the performance of PMVM, significant
work has been carried out on the design principle to produce
steady torque [3]-[4].

Generally, the flux modulation pole (FMP) is used between
stator winding and permanent magnet (PM) to obtain the
harmonic magnetic field with the same pole-pair numbers [5].
Although the commercial finite-element (FE) software can
accurately analyze the electromagnetic performance of PMVM,
there is strong demand to have more efficient tool for the design
of PMVM at initial stage or during optimization [6]-[8]. The
high accuracy of analytical model for permanent-magnet
synchronous motors and brushless DC motors has been proved
in the past decades. However, the flux leakage is much more

This work was supported by the National Natural Science Foundation of
China (51922095) and the National Key R&D Program of China
(2019YFE0123500). (Corresponding author: Xiaoyan Huang.)

The authors are with Zhejiang Provincial Key Laboratory of Electrical

severe due to the flux modulation, which decreases the accuracy
of analytical models for PMVM.

The air-gap field modulation theory is widely-used to choose
the possible slot and pole combination for PMVM and give the
qualitive analysis of torque component [9]-[13]. However, this
method is difficult to accurately predict the air-gap filed of
PMVM due to neglecting its significant leakage flux. In [14],
the tooth-tip flux leakage was calculated using lumped
parameter magnetic circuit model (LPMCM), but its accuracy
significantly depended on the prior knowledge of the leakage
flux.

The subdomain model can accurately calculate the
electromagnetic performance of the PM machines [15]-[16].
Oner et al. proposed an accurate subdomain model accounting
for tooth-tip region under either open-circuit [17] or on-load [1]
condition. In [18], the rotor eccentricity of PMVM can be
analyzed by the perturbation method combined with subdomain
model and therefore the air-gap field flux density can be
calculated.

The conformal transformation technique is powerful to build
the relationship between the slotted and slotless air-gap field for
surface-mounted PM machines [19]-[22]. There are mainly
three kinds of analytical models based on conformal
transformation technique: the relative permeance model (RPM)
[19], the complex permeance model (CPM) [20], and the exact
conformal model (ECM) [21]-[22]. For PMVM, RPM was
proposed in [23]-[24] to account for both slotting effect and
magnetic gearing effect while CPM was used in [25] to predict
both radial and tangential flux density. The accuracy of CPM is
higher than RPM as the tangential component of flux density is
neglected in RPM [24]. ECMs are hardly employed in the
analytical analysis for PMVM in the published literature. In
general, there is still no clear vision about the calculation
accuracy and efficiency of conformal transformation technique
for PMVM, which is important and necessary to give the
researchers practical guidelines for calculating the
electromagnetic performance of PMVM.

Unlike the conventional surface-mounted PM machines,
PMVMs have significant leakage flux. Most analytical models
integrate the radial flux density along the central circle of air-
gap to predict the flux linkage [17], [24]. For some analytical
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models using the magnetic vector potential, it can be directly
used to obtain the coil flux linkage [15]. However, there are lack
of accuracy comparison between these two methods for the flux
linkage of PMVM.

The analytical models always make the assumption of
infinitely permeable iron for predicting the air-gap field of
PMVM, as seen in [17]-[18] and [23]-[25]. Such simplification
will introduce large errors when the iron of PMVM is saturated
under heavy load condition. The nonlinear subdomain model
was first proposed for surface-mounted PM machines [26]-[27]
and then it is applied for PMVM [28]. However, the subdomain
model can only calculate the slot/tooth with equal width angle
[16]. Itis difficult to derive the analytical solution of subdomain
model with irregular slot shape and ununiform air-gap.

The hybrid field model combining CPM and LPMCM to
consider the saturation effect is proposed for surface-mounted
PM machines [29]-[30]. However, it has low accuracy for
PMVM as the CPM cannot accurately obtain the air-gap field
and the simple LPMCM shows large errors for predicting the
leakage flux. The predicted leakage flux using LPMCM can be
more accurate if the number of slot reluctance is increased.
However, it can significantly increase the calculation time.

This paper proposes the nonlinear exact conformal model
(NECM) for predicting the electromagnetic performance of
PMVM with higher accuracy and moderate computation time
while considering iron saturation, flux leakage, slotting effect,
and flux modulation effect. In the linear permeance region, one-
slot and one-FMP ECM (OSECM) is the best choice to build
the relationship between the air flux and current sheet
distribution in terms of accuracy and efficiency. The LPMCM
is used to calculate the magnetic field distribution of iron region
in the PMVM. The magnetic potential drop of stator and rotor
represents the level of iron nonlinearity, which will be
equivalently transformed to the saturation current sheet along
the boundary between air region and iron region. Hence, NECM
is built based on the magnetic connection between OSECM and
LPMCM. It shows high accuracy to predict the electromagnetic
performance of PMVM due to considering flux modulation
effect, slotting effect, and nonlinearity effect, which is validated
by both FEM simulation and test results.

The paper is organized as follows. Section Il introduces the
linear analytical model OSECM. Then the iron nonlinearity is
represented by the equivalent saturation current and therefore
NECM is derived from the OSECM in Section Ill. The
comparisons of electromagnetic performance of PMVM using
OSECM, NECM, and FEM are given in Section IV and their
effectiveness is validated by the test results. The conclusion is
presented in Section V.

Il. ONE-SLOT AND ONE-FMP EXACT CONFORMAL MODEL

The linear analytical model using OSECM is investigated to
predict the air-gap field of PMVVM considering both slotting
effect and flux modulation effect. The assumptions are made as
follows for the linear analytical models:

1) the stator and rotor iron are infinite permeable;

2) the property of PM is linear;

3) the end effect is neglected. The iron nonlinearity is
neglected in the linear analytical model and it will be considered
in the NECM at next section.

The linear analytical model using OSECM is applicable for
the magnetic field produced by the dot current and therefore the
PMs are equivalently transformed to the PM current in the air-
gap region. For radial magnetization of PMVM, the PM current
can be calculated by:

oy = Mol = o, 1)
PM H:Noy
where hm, Hcpm, 2 and B, are the thickness, coercivity,
permeability, and remanence of the PM. Npw is the number of
PM equivalent line current on the one side of magnet. The slot
current is obtained from the multiplication of phase current and
number of turns for one phase in one slot.

Then, the conformal transformation technique is used to
calculate the PM current and slot current in different domains,
where the vector potentials stay unchanged. The magnetic
vector potential Ay at the point (r,, a,) in the y plane which is
produced by the dot current ic at the point (re,, o) can be
calculated according to Hague’s equation:
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where rr and rs are the inner and outer radius of annular region
in y plane [32]. Besides, ic represents PM current, slot current,
or equivalent saturation current that will be introduced in the
next subsection. Hence, the radial and tangential flux density is
given as:
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where he(ry,re,) and ho(r,,re,) are calculated from (2)-(4) in the
Appendix.
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Fig. 1 The one-slot and one-FMP conformal transformation process.

As B, is obtained in y plane, the logarithmic function can be
used to conformally transform the annulus of y plane into the
rectangle of W plane, as shown in Fig. 1(a)-(b). The slot current



and the equivalent saturation current of stator iron is uniformly
distributed in the slot region while the PM current and the
equivalent saturation current of rotor iron is placed along the
PM edge and the rotor surface, respectively. Considering the
periodical air region of PMVM, only one-slot and one-FMP
model is required to represent the full model based on their
relative position in their corresponding slot region. The time-
consuming Schwarz-Christoffel transformation can be
accordingly simplified, as shown in Fig. 1(b)-(c). Finally, the
exponential function is used to transform the Z plane to T plane,
as shown in Fig. 1(c)-(d). Therefore, the relationship between
the slotless and slotted air-gap field is established.

Assuming the position in T plane is expressed as (r, «) and it
is represented using (ry, ay) in the ¥ plane, their relationship
can be expressed as:
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where ay and by are the width and height of rectangle in Fig.
1(b). They are obtained from Schwarz-Christoffel
transformation through SC Toolbox in the MATLAB platform.
The Schwarz-Christoffel transformation is expressed as:

Z-1W)=2,+2,[" TTW-w) aw (©)

where Zy, Z1, ¢, and w are the Schwarz-Christoffel parameters
from Schwarz-Christoffel transformation through SC Toolbox.

Both the position for predicting its magnetic field and the
currents representing PM and slot current in T plane can be
transformed to corresponding position in the y plane. The radial
and tangential flux density Bsk and Bsa in the PMVM can be
conformally calculated from B, and B, .« based on the air-gap
permeance.
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where Aeerk and Aceik are the Fourier of the real part and
imaginary part of the air-gap permeance Aq. Qs is the slot
number.
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where f’(w) represents the derivative of the Schwarz-Christoffel
transformation f(w) to the variable w. It is calculated using the
command evadiff(f,w) in SC Toolbox. When the position of PM
current changes due to rotation of PMVM, the updated flux
density Bgx and Bsa can be obtained from the linear
interpolation method since many possible positions of PM
current are obtained along the one-slot and one-FMP span at
beginning, as show in Fig. 1. In consequence, it can
significantly reduce the computational burden.

I1l. NONLINEAR EXACT CONFORMAL MODEL

ECM combined with LPMCM is used for surface-mounted
PM motor. However, its leakage flux is neglected in the
LPMCM since it is small [33]. Unlike the surface-mounted PM
motors, there is significant leakage flux in PMVM. Hence, this
paper firstly proposed that the ECM is used to calculate the
leakage flux of PMVM in Section 11 and the leakage flux source
is introduced to consider its influence on stator iron saturation
in LPMCM, Fig. 2. The air-gap flux source and slot flux source
produced by PM and winding current are obtained from the
solution of OSECM and therefore the LPMCM can be solved
accordingly.

¢km = Ief |:Azkm _Az(km+1)j|

where Azxm and A;xm+1) the vector potential near the iron region.
lef is the effective length of the PMVM.

In Fig. 2, the magnetic reluctance is established using
conception of flux tube [34]. According to Kirchhoff’s law, the
general solution of magnetic potential matrix ¥ for NECM is
given as:

(10)

f(¥) = AAATY—®, =0

ron (11)
where A is incidence matrix obtained from the LPMCM and A
represents the iron reluctance matrix. ®iron is the flux source
matrix produced by the equivalent current including PM, stator

winding and iron saturation.
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Fig. 2 The overview of NECM for predicting the saturated field distribution.

There is equivalence between the saturation current and the
magnetic potential drop on the boundary of air-gap region and
coil region, Fig. 3. According to the magnetic boundary
condition, the tangential magnetic field strength is continuous
across the interface between air and iron, where He air=Ht_iron iS
obtained in Fig. 3(a). Then, if the iron permeability is assumed



infinite, the virtual current sheet representing iron nonlinearity
is introduced to satisfy the magnetic boundary condition and
keep the air field unchanged. The value of tangential magnetic
field strength should be equal to that of virtual current sheet.
Hence, the equivalent saturation current can be obtained from
the magnetic potential drop.

ickm = \Pkm _\Pkm +1 (12)

where ¥im and Pms1 are the magnetic potential in the iron
region of Fig.3 along the tangential direction.
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Fig. 3 The equivalence of air field distribution between (a) nonlinearly
permeable iron and (b) infinitely permeable iron.

It is noted that the iron region in Fig.3 can be used to
represent the iron of stator yoke, stator tooth, FMP, and rotor
surface. Hence, the equivalent saturation current for PMVM
can be found using the blue dot in Fig. 2, whose value is equal
to the magnetic potential drop of the corresponding magnetic
reluctance. According to (2), (10)-(12), the general expression
of NECM for PMVM is manipulated as

f(¥)=(AAAT -PE,)¥ -, - ® =0 (13)

winding

where ®pm and ®uwinding are the flux source matrix produced by
PM and winding neglecting iron nonlinearity. They can be
obtained from (2). Eo is the constant matrix from (10) and (12).
P is the magnetic vector potential matrix from (2) which
represents the relationship between the flux value and dot
current position.

In order to obtain the nonlinear value of A in (13), a solving
loop is established to calculate the magnetic field of PMVM
using Newton-Raphson method, Fig. 4. The Newton-Raphson’s
iteration between ¥+ and ¥, is manipulated as

¥, =¥, - (AAT-PE)) f(¥,) (14)

where o is the relaxation factor to accelerate the convergence
of iterative calculation.

IV. FINITE-ELEMENT AND EXPERIMENTAL COMPARISON

The 56-pole/18-slot PMVM with two FMPs per tooth is
designed to compare accuracy between linear and nonlinear
analytical model. The overhang structure is used to increase the
output torque, as shown in Fig. 5. Therefore, the iron
nonlinearity becomes severe in the stator yoke and tooth region
due to the reduction of axial length. The open-circuit flux
density distribution of PMVM is shown in Fig. 6. The main
parameters of the prototype are show in TABLE I. The PM is
fan-shaped with radial magnetization. The electrical steel for
stator yoke, stator tooth, and rotor yoke is 50WW350 while the
FMP uses soft magnetic material Somaloy700. Their BH curve
is shown in Fig. 7. The performance of the prototype PMVM is

measured in the test rig to validate the proposed models, as
shown in Fig. 8.
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Fig. 4 The calculation flowchart of NECM for PMVM.
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Fig. 6 The on-load flux density distribution of PMVM using commercial FE
software IMAG.




TABLE |

THE MAIN PARAMETERS OF PMVM
Parameter Value Parameter Value
Pole number 56 Slot number 18
Stator outer radius 114mm Rotor outer radius 125mm
Stator inner radius 35mm Rotor inner radius 119mm
Stator yoke height 39mm PM thickness 4mm
Tooth width 13mm Pole arc coefficient 0.93
Tooth height 34.12mm  Magnet remanence 1.23T
Slot opening 4.69mm  Width of FMP 7mm
Axial length of rotor, PM, 80mm Axial length of stator 60mm
tooth-shoe and FMP yoke and stator tooth
Rated speed 600rpm Rated current (rms) 20A

0.5 1 ! 50WW350
] - — — Somaloy700
0.0 T T T T
0 2000 4000 6000 8000 10000
H (A/m)

Fig. 7 The BH curves of magnetic material for PMVM.
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Fig. 8 The experimental setup for prototype PMVM.

A. Air-gap Field

In order to validate the accuracy and efficiency of OSECM,
the whole ECM and single-slot/FMP ECM are introduced to
show the interaction between slot and FMP. According to (7),
the accuracy of air-gap field for PMVVM using ECM is mainly
affected by the air-gap permeance and dot current position in ¥
plane. Hence, the comparison of ECMs for predicting the air-
gap permeance and dot current position is shown in Figs. 9-10.
The whole ECM conformally transforms the whole air region
and coil region, which is the most accurate among these ECMs.
As for single-slot/FMP ECM, the slot region and FMP region
are mapped separately neglecting the interaction between slot
and FMP. It can be seen that these ECMs agree well with each
other in air-gap permeance, which means that the interaction
between slot and FMP has negligible influence on the air-gap
permeance. However, single-slot/FMP ECM shows large errors
in calculating the current position in ¥ plane, leading to large
errors for predicting the air-gap field. The calculation time for
the OSECM, the whole ECM and single-slot/FMP ECM is
0.86s, 11.40s and 1.35s, respectively. As OSECM has similar
accuracy to that of whole ECM and reduces much calculation,
it is used in the NECM to obtain the analytical air-gap filed.
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Fig. 9 The comparison of complex air-gap permeance.
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Fig. 10 The comparison of the current position in ¥ plane.

For the on-load air-gap flux density, the single-slot/FMP
ECM shows largest errors while OSECM can achieve high
accuracy, Figs. 11-12. According to the analytical model, the
major harmonic component of flux density can be obtained, of
which the 14" harmonic dominates. The errors of fundamental
flux density in radial and tangential direction is 2.8% and 2.3%
for OSECM, respectively, while they are 1.6% and 0.4% for
NECM.

B. Flux linkage and Back EMF

There are mainly two methods to calculate the flux linkage
of each phase for PMVVM based on analytical models. The first
method (M1) is to integral the radial air-gap flux density along
the stator bore [24].

a;+7l2

@ph (t) = NCZ Rslef jai—rlz Bsr (Rs,a)da

coil

(15)

where Nc is the number of turns for each phase. ¢ is the coil
center and 7z is the coil span. The flux leakage of PMVM is
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Fig. 11 The radial air-gap flux density distribution at rated load.
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Fig. 12 The tangential air-gap flux density distribution at rated load.

neglected using (15) and therefore large errors are introduced
using either OSECM or NECM. The other method (M2) to
calculate the flux linkage is based on the magnetic vector
potential of each coil:

Pon (t) N Zlef I:Azc Az(c+1):| (16)

coil

where Az and A;(+1) are the magnetic vector potential of the coil
belonging to the same phase.

As shown in Fig. 13, the flux linkages using M2 is more
accurate than that using M1 based on either OSECM or NECM.
NECM-M2 (NECM combined with M2 for calculating flux
linkage) has the best accuracy due to considering both
nonlinearity effect and flux leakage. In Fig. 14, both OSECM
and NECM will underestimate the flux linkage using M1 due to
neglecting flux leakage. The NECM-M2 calculations still agree
well with FEM results at different input current. Hence, M2 is
more suitable to predict the flux linkage in the analytical models
for PMVM.
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Fig. 13 The flux linkage waveform of PMVM under open-circuit condition.
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Fig. 14 Variation of flux linkage amplitude with winding current for PMVM.

The back-EMF is obtained from the derivative of flux linkage
to time:



do
T (17)
Thus, the accuracy of back-EMF depends on the calculation
of flux linkage. As shown in Fig. 15, the predicted back-EMF
using OSECM are larger than measured back-EMF due to the
assumption of infinitely permeable iron while NECM
prediction agrees well with measured back-EMF.
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Fig. 15 The back-EMF waveform of PMVM under open-circuit condition.

C. Electromagnetic Torque

For the analytical model based on conformal transformation,
the electromagnetic torque is calculated using Maxwell tensor
theory [20]:

ce

T.==1,r°[7B, (@.nB,, (@.r)da
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where Bsr and Bs., can be replaced by the flux density obtained
in (7)-(8) for either OSECM or NECM. B, Ban, @, and aen
are the harmonic amplitude and phase of Bsr and Bsa from from
(7)-(8).

As the iron of PMVM is not saturated at open-circuit
condition, the iron nonlinearity has negligible influence on the
cogging torque, as shown in Fig. 16. Hence, both OSECM and
NECM can accurately predict the cogging torque. As for the
rated torque, the iron of PMVM reaches the saturation level due
to the armature reaction field. Therefore, it will decrease the
rated torque. Accordingly, as shown in Fig. 17, OSECM
overestimates the torque value but NECM still achieves high
accuracy. Besides, the comparison of torque harmonic is
investigated in TABLE II. It can be seen that the 14" harmonic
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Fig. 16 The cogging torque waveform of PMVM.

flux density plays the major role in producing the electro-
magnetic torque, which is the result of flux modulation. The
other harmonic, such as the 13th harmonic flux density, only
produce less than 0.2% of the total toque in TABLE II.
Therefore, the errors of other harmonic flux density have
negligible influence on the electromagnetic torque. Fig. 18
shows the average electromagnetic torque of PMVM with
different current amplitude. OSECM overestimates the average
torque at different current amplitude and the errors are larger
than 19%. NECM agrees well with FEM and test results at small
current amplitude, whose errors are less than 5% when the input
current 1n<10A. However, larger errors occur for both NECM
and FEM at large current amplitude due to neglecting end effect
of PMVM, which will be investigated and improved in the
future work.
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Fig. 17 The torque waveform of PMVM at rated load.
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TABLE Il
THE HARMONIC COMPONENT OF TORQUE USING THE HARMONIC FLUX
DENSITY FOR PMVM (UNIT: N-M)

Harmonic order OSECM NECM FEM
4 -0.40 -0.36 0.02
5 -1.31 -1.19 0.01
13 -0.16 -0.15 -0.01
14 141.56 131.64 126.84
23 0.56 0.51 0.03
31 0.00 0.00 0.00
32 -0.08 -0.07 0.04
40 0.01 0.01 0.00
41 0.01 0.00 0.02
Total 140.17 130.16 126.97

D. Calculation Time

The OSECM can significantly reduce the computational
burden due to neglecting iron saturation, as shown in TABLE
111, since there is no iterative process of solving the nonlinear
iron permeability in OSECM. The main configuration of the



computer is Intel i9-9900 CPU@3.10GHz with 32GB memory.
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