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1. Introduction.

The present work is concerned with methodolo-
gies for the hybrid stepping motor project.

The static characteristic of the torque is an
important element in the evaluation: its knowledge
makes it possible to determine the static beha-
viour of the machine and is also indicative of the
behaviour at speed. This characteristic can be
divided into three contributions: detent torque,
due to magnet action; reluctance torque, as-
sociated with the stator m.m.f. only; holding
torque, caused by interaction between the magnet
and the stator m.m.f..

For each of these contributions, which are
periodic functions, the amplitude of the higher
harmonics is generally small with respect to the
fundamental. In practice, the above-mentioned
torque components are sinusoidal.

The relationship between torque and angular
position can be determined point by point, cal-
culating the derivative of the magnetic energy as
a function of the angular stator-rotor position.
This method, while complete and rigorous, requires
very onerous calculations.

A simplified method of calculation is suggested
by the sinusoidal nature of the various contri-
butions to the torque. This method evaluates their
maximum values only, giving origin to the proposed
approach, which reaches its target using calcula-
tions carried out at just a few angular positions.
The method makes reference to the energy balance
equation, applied to a suitable finite turning of
the rotor. It is presented in the general case,
in which saturation is taken into account.

For project optimization, an analysis in linearity
conditions, i.e. in absence of saturation, invol-
ving very simple expressions, is also considered.

2. General considerations on the hybrid stepping
motor.

The hybrid stepping motor is a machine capable
of high torque and speed, with a large number of
steps per turn and with very precise positioning.
The holding torque is of average magnitude and the
rotor inertia is small. The damping of oscil-
lations and the efficiency are both good.

The structure used most frequently is of the
two-phase type. The rotor is uniformly toothed;
the stator can be uniformly toothed, with two
distributed windings, or it can be supplied with
toothed field poles with concentrated windings. In
the first case, the rotor teeth pitch is different
from that of the stator. In the second case,
usually the pitch is the same, but the stator
pPoles are displaced of a fraction of a tooth
pitch, plus a distance of one or more pitches.

The study carried out is basically applicable
to both types of stator. All the same, for simpli-
city of description, reference will be made to a
machine supplied with atator field poles. In prac-
tice, the conceptual difference between the two
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situations constists of treating as a single re-
luctance element at the air-gap the reluctance
relating to a single stator tooth or that relating
to a field pole.

In the case considered,
poles displaced of a quarter tooth pitch between
them. The two rotor casings, toothed and dis-
placed by half a tooth pitch between them, enclose
axially a disc-type permanent magnet, made of a
material with high residual induction. To 1limit
the losses, the magnetic circuit is laminated.
This introduces an equivalent air-gap in the lon-
gitudinal direction.

The method of calculation normally used starts
from the energy balance equation. Let us call:

i, and i, the currents in the two phase windings,

®., and &_, the corresponding total linkages,

@ the rotor rotation angle, referred to any equi-
librium position with unpowered machine,

W. the total magnetic energy within the system.

For an infinitesimal rotation de we can write:

there are eight field

(2.1) 1,80, + i,d%,, = T-de + aw,, ,

from which this expression for torque follows:

T(0) = -(OWDO) | occonac .

In equation (2.2), the expresaion bH,JbB is re-~
duced to the only derivative of the energy W..,
stored in the reluctances at the air-gap, with
variable geometry. This is because the energy
W.e, stored in the reluctances with fixed geometry
is, at constant fluxes, independent of the angle
of rotation e. Considering that the reluctances at
the air-gap are linear, ¥ can be expressed as:
L™ °

Uax*@®ps = Eu i'Puu'(Uek)z ’

(2.2)

o

(2.3) We =T,

x 0
where Us., ®ax, Pex represent, respectively, the
magnetic voltage drop, flux and permeance refer-
ring to the reluctance at the air-gap under the
K-th stator pole.
From equations (2.2) and (2.3) one obtains:

T(6) = §+E. DPon/De)+(Uan)2

The advantages of using this relationship are:
-equation (2.4) enables the calculation to be
carried out at any position ingide the tooth
pitch, and hence makes it posasible to determine
exactly the variation of the torque T(0);

~this expression applies even under dynamic or
transient conditions;

-it 1is possible to allow for any asymmetries due
to construction defects.

On the other hand, scme observations can be made:
~the use of equation (2.4) requires the resolution
of as many magnetic circuits as the number of
points of T(@) to be calculated;

-to calculate the derivatives (bPak/bB) of the
permeances at the air-gap, analytical expressions
for the P,,. are required;

(2.4)

L mQO —

@
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-for the optimized design of the machine, the
method employing (2.4) provides a lot of re-
dundant information;

~on the other hand, the method does not provide
final expressions, even in approximate form, for
the maximum values of the torque components,
which are of interest in guiding the design.

3. The energy variation method.

A method will now be described which permits a
simplified evaluation of the maximum values of the
torque components. With this in view, it is con-
venient to split the energy W.. into different
components: the energy stored in the magnet
(Maew); the energy in the linear reluctances as-
sociated with magnetie circuit lamination and
leakage fluxes (Wmei); finally, the energy in
saturated reluctances (W...). We can thus write:

(3.1) Wi = Worw + Woern + Woey + Wogo  «

Wy, 18 the energy stored in the air-gap and
equals: S

(3.2) Woo = fk *'Rek(e)'(oau): ’

where Ra.(@) is the reluctance at the k-th pole
air-gap, as a function of the rotation angle ©.
<FOr W.em, let us consider a magnet of cross-
section A,,, length 1., residual induction B.: the
straight segment of the hysteresis cycle, along
which there are the points of regular operation,
intersects the H axis in the point -H, (with
H.>H.=coercitive force). As it is well-known, the
following relationship between flux and magnetic
voltage applies to it:

U, = Ro®, - M, ,
with R.=(1/ua)l./An;  Wa=B./H.;
M.=Hol, .
Hence, the energy can be expressed thus:
L
= I Un®@®m = $oR2(0n)2 - Mo00, .
0

(3.3)
@B A

(3.4)

wm’lﬂ
-The energy W.., equals:

(3.5) Woer = I $°Ran*(®:1n)2 ,
where the generic R,, is represented by the
lamination reluctances and by the reluctances
asgsociated with the stray fluxes.
~“Nmre i8 the integral, over the volume V occupied
by ferromagnetic material, of the energy W.ea
per unit volume (energy density):
VWmea*dV , where w,..=| H.°dB_
v 0

The terms in the first part of equation (2.1), as
a function of the m.m.f. M, of each winding and of
the related fluxes ¢, equal:

(3.6)

W™

o
(3.7) 1,0d0,, + 180, = Ek My ede, .

The M,, can assume only two different values, as
they are due to the currents in the two phases.
The energy variation method consists of inte-
grating expression (2.1) over a finite rotation
between two suitable positions, ©, and ©,, at
constant currents (in (2.2), on the other hand,
the calculation is at constant fluxes). Bearing in

mind equation (3.7), we obtain:
- °k(oz> e: m(ea)
(3.8) T, M- de,, = | T(e)+de + a,, ,
: wm(.i)
= wm(al)] .

ok(.l) el
from which:

(3.9) I, Mo [®(0a), - ®ecory] =
2 e

a
= T(@)+de + [W,(aa)
8,
At constant currents, the work of the m.m.f.
sources is transformed partly into mechanical work
and partly into a finite variation in the total
magnetic energy stored.
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It 18 clear that, provided that @, and @, are
chosen suitably, equation (3.9) provides the work
done by the torque in the rotation as above.

The knowledge of the form of T(6) then makes it
possible to evaluate the maximum value of the
torque component desired.

It is possible to obtain a more explicit for-
mulation of equation (3.9) using equations
(3.1)+(3.6), developing the variation of the
stored magnetic energy. 1In this way, it can be
found that the variation relating to the m.m.f, of
the magnet (M,.) is of the same tyre of the varia-
tion of the stator m.m.f.'s, and hence can be
asgociated with them. We hence obtain:

0y 6, a
Ly, Hh‘[oh(.)] = IT(O)'de + L "[Ren(.)'
(3.10) 8, 2
ea ea el
'(oeu(o))a] + L *'Ra'[(ogto))'] + [wmt-(o)]

a 8; 8.
The calculation of the work done by the torque
T(@) reduces to the determination of the air-gap
reluctances, of the fluxes flowing across the
reluctances and the m.m.f.'s, and of the variation
of the energy stored in saturated branches, as a
function of @, and e,.

£ Y

3.1 Calculation of maximum values of the torque
components.

In the following, all the quantities pertinent to
the condition of 1 or 2 phases powered are indi-
cated with the subscripts I and II respectively.

The choice of @, and 8, is based on the fol-
lowing observation: when only one phase is po-
wered, the function T.(8) is an odd periodic
function with respect to any equilibrium position.
Assuming that the origin of @ 4is in such a posi-~
tion, the function can thus be expressed as a
series of sine functions only:

(3.11) T:(8) =L, Txux'31n[k'(n'e)/(2'e-)] ’
a

the quantity of in-
of the first harmonic
only, indicated with

where @, is the step angle;
terest is the amplitude T.,,
of the torque due to 1 phase
Tz for eimplicity. If the torque function con-
sisted of a fundamental only, it would be suffi-
cient to integrate aver a half-period (for example
with @,=0 and ©,22+8.) to calculate its maximum
value T:y. - The presence of higher harmonics
suggests a different approach: let x be a generic
relative fraction of the step angle (Oslxlsl).

The work Lg. done by the k-th harmonic of the
torque for a rotation from 0,=x+@, to 0,= (x+2)+0,

equals:
(m*+3)-0n o

(3.12) L,k-]Txx(e)-de <
Traac® (440,/n) scos(xken/2)/k
for k odd .
This work is inversely proportional to k. 1In ad-
dition, Tiu declines with the increasing order of
the harmonic; its amplitude depends mainly on the
teeth design and on the saturation condition, and
is normally of the order of a few percent of the
fundamental for lower-order harmonics.
In order to minimize the influence of the harmo-
nics on the value of Txzse to be calculated, it is
useful to choose x in such a way as to cancel the
work done by the lowest-order odd harmonic, i.e.
the 3rd. Equation (3.12) shows that this occurs
when x=1/3. This choice also cancels the work done
by the multiples of the 3rd harmonic and reduces
that done by the S5th and the 7th harmonics to
0.866 times what it would be for x=0. The choice
of x=1/3 also reduces the work done by the funda-
mental, but, in order to calculate Tre, 1t 1is
sufficient to allow for that by means of a coef-
ficient obtained from (3.12) for k=1.

As far as the holding torque Tzx(6) is concer-
ned, when both phases are fed with equal .currents,
the torque of one phase is shifted by e, relative
to that of the other phase. Thus, in the case of a
linear magnetic circuit, the resultant torque

for k even
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amplitude of two phases is J2 times the corres-
ponding value due to one phase only. This i8 no
longer true under conditions of saturation, while
the phase relationships remain valid both for the
fundamental and for the harmonics. The torque due
to two phases, T..(8), can also be expressed as a
series of sine functions only, by means of the
following equation: -
Tzz(8) = L Trziae®
(3.13) :
-sin[k-m(e/(z-e.)u/q]-./z‘-cos(k~n/4) .
The quantity of interest is Trxuir indicated as
Trra for simplicity. It can easily be checked that
all the harmonics of the order k=2+(2¢h+1), where
h=0,1,2,..., are equal to zero. This applies, in
particular, to the 2nd harmonic, which corresponds
to the reluctance torque.
The work L::, done by the k-th harmonic between
the positions ©,=x+@, and 0,;=(2+x)+0, is:

0 for k even
(3.14) L;;,=< .
Tznoc'(ﬁ"'e-/“)'cos(k'“/4)'

-cos[k-(n/Z)-(x+§)]/k for k odd.

If it 4is desired to cancel the work done by the
3rd harmonic, it is sufficient to choose x=-1/6.

As for the reluctance torque, which has only a
modest value in a hybrid stepping motor, it must
be calculated, in saturated conditions, as the 2nd
harmonic of the main torque with one phase ex-
cited. Equation (3.11) applies, but the harmonic
components have to be integrated between the posi-
tions @,=x+@_. and 8;=(1+x)+0,, from which:

(3.15) Li = Tract(290./n)¢
-[cos(kvn-x/Z)-cos(k-n/2+k-n-x/2)] .
Thanks to the fact that Tzn 18 known from the

earlier calculations, the reluctance torque is
obtained as difference of the work contributions,
with a value for x which cancels the 3rd harmonic:
bearing in mind that the 4th harmonic makes a zero
work contribution, this velue is x=1/6,

Finally, as for the calculation of the maximum
value 7T, of the fundameatal of the torque due to
the magnet only, the same considerations apply as
in the case of the main torque with only one phase
excited. It should be noted that, in this case,
the fundamental has a pe:lodicity four times grea-
ter than the main torque. Hence, the work is
evaluated for a rotation equal to 0./2, under
conditions of no power supply to the stator. Also
in this case the work dGone by the even harmonics
is zero, and a more accurate calculation of Toe 18
poseible by cancelling out the work done by the
3rd harmonic. This is ohtained when x=1/12, with
the following positions: @,=6_/12; 0,;56,°(7/12).

4. The study of the hybrid stepping motor under
conditions of saturation.

Flg.1 shows the magnetic network used. The
pairs of field poles with an equal relative posi-
tion between the teeth of the stator and of the
rotor are connected in parallel and are represen-
ted by a single branch.

The symbols shown have the following meaning:
~the fluxes and the reluctances with super-scripts

' and " refer respectively to values on the North

and South sides of the nmagnet;

-the subscripts a, b, ¢ and d identify values of
the four different pole pairs in parallel;

-the subscripts ts and tr refer to stator teeth
and rotor teeth quantities respectively;

-the subscript 8 refers to air-gap quantities;
-the subscripts w and m refer to the reluctances
of stator poles on the winding side and on the

magnet side respectively;

~the subscripts 1 and t apply to the laminations
and to the longitudinal dispersion reluctance of
the stator respectively.
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The circuit of fig.l leads to the writing of 23
equations referring to as many fluxes. All the
same, it should be noted that all the reluctances
and fluxes marked with euperscripts 'and " and
having the same subscripts are equal. Later on, by

1% 1% low Ris & fom % Y05 Ao
*Ln'....1tn'...=1§n'..¢ $Rowe RRimt FRome §Rows
Qimz Gimn ¢ Qivt QM2 Qivn Pl

{fim
Dimy

e P
% by L0%,
F‘&a Risa $R
Rs« ¥R ER;,
m;m l.n 1“nl-ﬂa

Fig.l - Magnetic network of a hybrid stepping
motor, considering the saturated reluctances.

eliminating from the equations the flux in the
longitudinal reluctance and the fluxes in the
branches of the magnet, one arrives at a set of 8
equations applying to 4 separate fluxes in the
air-gap and a further 4 in the m.m.f. sources.
Once these fluxes are known, one can calculate the
remaining ones in all the branches by means of
simple expressions. The calculation of the value
T, follows from the above by determining all the
contributions to energy variation.

The method is easily applied on a P.C.: the
fluxes are calculated using a system of 1linear
equations, in which the saturated reluctances are
worked out by iteratively updating the permeabili-
ty value by means of the material magnetic curve.
The fact that the two considered positions are
almost coincidental to those corresponding to
maximum and minimum reluctance at the air-gap
(case established when x=0) makes it possible, in
addition, to evaluate the extreme values of in-
duction in the various branches of the circuit, as
well as the working conditions of the magnet.

4.1. study in the absence of saturation.

In this case, in the circuit of fig.1 there
remain the reluctances at the air-gap, those of
the magnet, longitudinal and dispersion ones.
Thanks to linearity, it can eagily be shown that
eq. (3.9) reduces to the following expression:

0,
(4.1) ]T(e)‘de = §¢I,, Hn'[onua:)'%(.;:] .

1

The conclusion is that, in the case of a linear
magnetic circuit, half the variation of the magne-
tic energy of the m.m.f.'s is transformed into
mechanical work, while the other half appears as a
change in the magnetic energy stored. BRBq. (4.1)
shows that it is sufficient to determine only the
fluxes which flow through the m.m.f. socurces.
Subject to some circuit transformation, this al-
lows the resolution of the problem in closed form.
The circuit reached is shown in fig.2, in which

AAA
vy

Rern®Rea* Ram/ (Re#Retm) §
Rea=1/(1/R1a*4/Re); Rea=Ry. 4R

Mam™Br *Rarm/ (Ru+Raam )
Rona=1/(Pon+Paa);

Fig.2 - Magnetic network of a hybrid stepping
motor, to be used in non-saturated conditions.
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it is sufficient to consider one phase only,thanks
to the linearity. The fluxes of interest, for the
purpose of equation (4.1), are: &, Pocr Pem:
It 1is easily shown that the energy variations in
the sources of fig.2 are equal to those in
clrcuit of fig.1 under non-saturated conditions.

The analytical study of the circuit leads to
slmple expressions for the various components of
the torque. These have been determined by putting
8,20, in order to ease the calcula*ions.

- Holding torque, with one phase excited.
The maximum value of this torque is determined by
cbserving that:

Poa(©1)=Paa( 62)=Pamasx; Panal(©, )=Pana(01)=P,"
(4.2) Paa(@, )=Pac(02)=Pamin, With 0,=0, ©;=2-0, .

The expression obtained is as follows:
“'(Pem.- - P&n&n)'".m'"z

(4.3) Ti .
0,¢[(Ren + Rex) * (PomasctPomantPs”) +2)

It can be seen that the holding torque is propor-
tional to the stator m.m.f., to the equivalent
m.m.f. of the magnet and to the difference between
the maximum and minimum permeances at the air-gap.
The presence of longitudinal reluctances tends to
reduce its value.

~ Detent torque, due to the magnet only.

The following relationships are valid in this
case, while the four air-gap reluctances in bran-
ches a, b, ¢, d, are kept separate:

Poa(03)=Paa(0a) ,

(4.4)
with 6,=0, @,=6_/2 .

Pan(€1)3Psa(0,) ’
Poa(€3)=Psy(0;) ,

Indicating the total reluctance at the air-gap as

Roc(0)=1/L.Paw(8), (k=a,b,c,d), the detent torque
due to the magnet only is obtained as follows:

(u/e-)'[Ret(ez) = Rae(©,)](M_.)2
[Rea*Res#2Roe(€2)]* [ReatRent2°Rec(,)]

(4.5) Toug

One should note the dependence on the square of
the equivalent m.m.f. of the magnet and the depen-
dence on the difference between the total reluc-
tances at the air-gap in the two positions.

It is also possible to carry out a calculation,
analogous to the above, for the reluctance torque.
As its magnitude is small compared wiih the main
torque, the relevant equations are being omitted.

- The influence of the permsance harmonics.

To show the influence of the harmonics of the
permeance at the air-gap, it is useful to express
this permeance as a series. It is an even function
with respect to a maximum position, and hence can
be expanded in terms of cosine functions only:
(4.6) Pa(0) = E:- Pauu"ws[k'(e/e-)‘(“/2)] .
Using equation (4.6) and neglecting the harmonics
higher than those of interest, the earlier expres-
sions change as follows.

Equation (4.3) assumes the following form:

n Pacay
(4.7) Ty = Mo oM, .
6, l’z.PB(D)'(Rt-+Rtr)
Hence, the maximum value of the main torque de-

pends of the first harmonic Pac¢1y of the permeance
at the air-gap and on the average value P, of
this permeance. From equation (4.5) we cbtain:
n 2:Pacay
(4.8) T, = (Ma)2 .
8. [1+2°Pa(o;*(ReutRes) )3

The maximum value of the torque due to the magnet
only is proportional to the 4-th harmonic P ,, of
the permeance at the air-gap and is, hence, usual-
ly of a modest amplitude. This torque also depends

144

on the average value P,.,, of the permeance.

Because of the great importance of the main
torque, it is useful to analyse it in more depth:
~-for this purpose, it is useful to put
Rea*Rer=Re+Ram, Where R, is the total lamination
reluctance of the stator and the rotor;
~the following relationships apply to the ratio
Mer/Ram? Moem/Ream=M/R,=B *A;
-the m.m.f. M,, can be expressed as M,=8sA_,,
where S is the current density and A., is the
total copper cross-section of the coil around a
stator pole.
Using the above, eq. (4.7) becomes:

N, Pe(x)/Pa(o)

2 P-m/Pa(ox*z’(l*Re’P-m)

(4.9) Tr An°A..°8°B, ,

with N, number of steps per turn.

In choosing the design parameters,

useful to use the following guidelines:

-use permanent magnets of a high cross-section and
high residual induction and coercive force;

-use high current densities and high copper cross-
sections;

-gecure a high ratio between the first harmonic
and the mean value of the permeance at the air-
gap. At equal tooth configurations, this cor-
responds to the adoption of narrow air-gaps.

As to the working point of the magnet, for the
rare earth magnets the usefulness of working at
the point of maximum energy product (B./2,-H./2)
is well known. When the stator windings are not
supplied with power, it can be checked that this
position is obtained at a value of the internal
reluctance of the magnet equal to Rua*Ra¢o,/2+Re.
Having chosen A., this relationship yields the
value of the length 1., or the other way round. A
first approximation to the value of Racoy
can be obtained by using the Carter factor for the
toothed structures considered together.

The expressions above constitute useful design

formulae for getting the project started. In the

Presence of saturation, the calculation calls for

an approach of the numerical type.

it appears

4.2. Calculation of permeances at the air-gap.

The evaluation of the permeances at the alr-gap
between the two toothed structures is one of the
most crucial points in the study of stepping mo-
tors. This is because the precision with which the
performance of the machine can be calculated de-
pends on it. Two methods of approach are normally
used for this calculation. One is an analytical
method, which uses an approximate description of
the magnetic field lines, using straight-line and
circular segments. The other is a numerical proce-
dure which determinee the field, for example by
using the finite element method.

The analytical approach is easy to use, as the
expressions are relatively simple and it is easy
to calculate their derivatives. This approach,
however, 1is of limited precision; this becomes
particularly critical in the case of certain tooth
configurations.

The finite element method makes it possible to
obtain a high degree of precision, at the cost,
however, of a more cnerous calculation. The latter
may become impracticable, particularly on a P.C,
in the case where the classical method is used for
the calculation of T(8). This not only requires
many values of permeance, but also does not permit
a simple calculation of the derivative of the
permeance with respect to position.

Up till now, we have used the energy method
with analytical expressions for the permeances.
The use of the finite element method can, however,
be of some interest, thanks to the fact that the
number of positions at which permeances have to be
calculated is small and that it is not necessary
to find their derivatives.

Once the stator-rotor permeance corresponding
to one tooth pitch t. is found, the total permean-
ce under a stator pole is the above quantity
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multiplied by the number of teeth per stator pole,
to which has to be added the right part of the
permeance due to fluxes between the stator pole
sides and the rotor.

The analytical method of calculation employs an
approximate representation of the field, with
magnetic induction lines following either straight
or circular segments (see fig.3a). The assumption
is often made that the teeth are sufficiently high
to be able to neglect the induction lines at the
bottom of the slot. This makes the integrals sim-
ple to work out.

For example, considering the position y represen-
ted in fig.3a, the expression obtained for the
permeance P. (referred to a width 1. and to a unit
length) is given by 6 contributions, corresponding
to 6 different types of flux tubes within 1 tooth
pitch. Using the symbols of fig.3a, if we call:

Kx=(b=-'b:=)/2 . K==(!=‘bg.)/2 ’
for every position y in the range:
K, Sy £ K. we can write:

(4.10)  P.(y) = E, Ponly) . with

HoY

Pey = for a=p

5*5‘(K1-Y)*(G+B)'K,

Mo (B-a)ey
P., = __..1n[1L ] for ofs
B-a 648+ (K,-y)+(a+8) K,
Ho (a+8)* (Ka-y)
Ppeg = ==eln [1*—_—-
a+B 6+84 (K, +y)

Ha 8
Pes = _.1n[1+_.. (K,+y)]
B &

b.u-K,-y Mo a
Pea = Ho® ; Peg = —‘ln[l*—"'(Y'K:.)
<] a [
Mo (a+8)* (K, +Ka~Y) 'l
Pea = ._.1“[1: ]
a+h G+a«(y-K,)

The big problem is how to evaluate the error
committed in adopting the above field representa-
tion instead of the real one: in fig.3b one can
see a qualitative indication of the deviation
between the real lines (continuous lines) and the
fictitious lines, using straight-line and circle
approximation (dashed lines). As can be seen, the
deviation of some of the lines is considerable.
There are some, for example those which spread out
near the corners of the teeth, where the lines of
the representation are longer than the real ones,
while other 1lines, which can be found in the
central part of the slot, have a fictitious length
smaller than that of the corresponding real ones.
The overall effect is that of partial compensa-
tion, thanks to the fact that permeance is an
integral type quantity, hence its calculation
tends to minimize the effect of local errors.

The direct use of permeance values derived from
this treatment of the field has shown up some
limits of precision. It has been found that the
width of the tooth heads (b.. and b.,) was a
particularly critical element, also in relation to
the value of the air-gap 6. In the calculations
carried out, the greatest error has been found in
the maximum value of the detent torque, due to the
magnet only. This is easily understood, if it is
remembered that this torque depends on the value
of the fourth harmonic of the permeance. The lat-
ter value can, in certain cases, be of the same
order as the error in the calculation of the
permeance itself.

The above limitations on precision have led to
a search for fictitious lines which would approxi-
mate the real ones more closely, both in shape and
in length. Let us first consider the situation
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in which a toothed structure is

shown 1in fig.4,
across an air-gap 8.

faced with a smoothed one,
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Fig.3 - Toothed structures, faced each other:

a) field approximation with fictitious lines
coneisting of straight and circular segments;
b) comparison between real and fictitious field

lines.

Fictitious field lines are drawn, using straight-
line and circular segments. A broken trace shows a
modified generic line which, starting from the
line Jjoining the tooth heads, diverges from the
original arc of the circumference. The problem is
how to formulate a law for such a displacement
which would, when applied to all the lines, 1lead
to the exact value of the permeance between the
two structures. The generic shift 4 between the
circumference and the modified line can, by using
a coefficient K., be assumed to be proportional to
the distance z from the corner of the tooth and
to the angle I By a simple integration, the
length of the modified arc is found in this way to
be equal to K,°a*z, where K,=1+K,/2, while the
length of the original circumferential arc was
equal to a+z. The comparison between the two

, |
ARNNRESSE: LTSI

Fig.4 - Toothed and smoothed facing structures,
to define the modified fictitious field lines.
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lengths suggests the introduction of the modified
angle K,*a, 1in place of the geometrical angle a,
in the formula for the calculation of permeance.

Remembering tle origin of the Carter factor, it
is possible to determine K.. It is enough to
stipulate that the ratio between the value of the
permeance as calculated with lines modified by the
use of K, and the value of the permeance between
smoothed structures (with an equal air-gap and
corresponding to a tooth pitch) should be equal to
the inverse of the Carter factor K. evaluated for
the structure shown in fig.4. Utilizing the ex-
preassion for the Carter factor, the iterative
calculation formula shown below follows from it:

the1) n>
(4.11)  Ka=(2/a)<1ln[1+Kaea+b./(2:8))«(1/5+8/b.) .

When considering arrangements where both the sta-
tor and rotor structures are toothed, it is under-
stood (by the image principle, applied with res-
pect to the line at the middle of the air-gap)
that in the situation where teeth face one ano-
ther, it is necessary to evaluate two distinct
coefficients, relating to an air-gap of half the
real width.

While this correction criterion

improves the calculation of permeances,

still subject to two limitations:

-the factors calculated are adequate only for
configurations where the shapes of the stator and
rotor teeth are not too dissimilar. Otherwise,
the intermediate equipotential line, to which
refers the image principle, will depart exces-
sively from a straight line:

~factors calculated in the position of teeth fa-
cing each other are then assumed to remain con-
stant in any other relative position of stator
and rotor.

significantly
it is

4.3. Examples of calculations.

Some results of calculations carried out on a
hybrid stepping motor of 200 steps per revolution
are reported below. The motor characteristics are
listed in Tab.I. The motor referred to has already
been described in the literature [6] hence useful
comparisons can be drawn.

Table I - Principal motor data

Tooth pitch: tv.=1,184 mm air-gap: 6§=0.1 mm
Stator teeth: width b,.=0.53 mm, angle a=n/2 rad
Rotor teeth: width b, =0.50 mm, angle B=1.46 rad
N° of teeth/pole: 5 N° of stator poles: 8
N° of rotor teeth: 50 Rotor diameter=18.85 mm
Ext.stator diameter=40.12 mm Stator length=7.5 mm
Toothed wheels length: 3.0mm Magnet length=1.5 mm
Magnet diameter=15.5 mm Magnet material: SmCo
Rated current:I,=0.185 A N° of turns/pole=160

Table II shows the values of the maximum torques
of the magnet only, with one phase and with two
phases supplied with the nominal current.

Table II- Maximum holding and detent torque values

Torque type Ty [mMNm) (a) {b) (c)

Detent — 0.82 0.76 0.52
Holding (1 ph.)| T, 18.9 18.9 19.1
Holding (2 ph.)| T, 27.8 27.8 27.6

(a) measured (b) calculated [6] from eq. (2.4)

(c) calculated from eq. (3.10)

It should be noted that there is an acceptable
agreement between the energy variation method
(with fictitious field lines modified in accordan-
ce with equation (4.11)) on one hand and experi-
mental values and those calculated using equa-
tion (2.4) on the other. This applies to the
cases of both the torque due to one phase and that
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due to two phases. As for the detent torque of the
magnet, the error is significant in relative va-
lues, though in absolute terms it can be compared
with the error in the holding torque.

In order to demonstrate the sensitivity to

parameters of certain salient quantities in the
design, £ig.5 shows the variation in the maximum
torque (one phase powered) as a function of the
width of the rotor teeth, of the air-gap and of
the length of the magnet.
All the quantities are normalized with respect to
the values corresponding to the data in Tab.I. It
can be seen that the results are in agreement with
the indications of par.4.1. In particular, the
torque increasea (other conditions being equal and
within certain limits) with diminishing width of
the rotor teeth, with a reduction in the air-gap
and with the increase in magnet length at constant
diameter.

1.2 N0
i 1.1 T by
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Fig.5 - variation of the maximum torque due to one
phase, as a function of: rotor teeth width, air-
gap and magnet length. All the quantities are
normalized, referred to those of Tab.I

1.2
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As for the induction level, it has been found
that, if the saturation is pushed up to signifi-
cant levels, it produces a large reduction in the
rice rate of the maximum values of the torques,
caused by a changed flux distribution in the va-
rious circuit branches. It follows that working at
high induction 1level is of little value, also
considering the increased losses caused by it when
functioning at speed.

S. Conclusions.

The work has developed a simplified method
for the calculation of the static torque charac-
teristic of a hybrid stepping motor.

The method, which is of general applicability,
differs from the classical one in that the charac-
teristic 18 evaluated not on a point-by-point
basis, but in global terms. By applying the energy
balance equation, at constant currents, to a fi-
nite turn of the rotor, the complexity of the
calculation is substantially reduced in comparison
with the differential formulation carried out at
constant fluxes. While the latter is necessary
when the study is concerned with the dynamic
functioning of the machine, the energy variation
method is particularly useful when the aim is to
optimize the design.

On the assumption of a linear magnetic circuit,
the method leads to simple expressions for the
maximum values of the torque components as a
function of the construction and operating parame-
ters, useful in guiding the choice of design quan-
tities. By expanding the air-gap permeance into a
harmonic series, the dependence of all the quanti-
ties on the permeance harmonics is demonstrated.

The point of greatest difficulty is the model
of the permeance at the air-gap.

The energy variation method considered in this
paper has the property of using permeance values
corresponding to only a few stator-rotor posi-
tions, without requiring their derivatives.

This property opens the practical suitability of
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for example by the

resolving the field directly,
as well as

use of the finite element method,

permitting recourse to approximate analytical
expressions for such permeances.
The work, which is still in progress, will be

directed towards a further elaboration of the

above subjects.
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List of symbols

a, B [rad): stator and rotor tooth side angles

bPea, be. [m]: stator and rotor tooth head width

b, [m]: slot width, at the air-gap

B, [T]: residual induction of the magnet material

B. [T): induction in the saturated material:

B.=B.(H.): magnetization curve of the ferromagne-
tic material

I' [rad): generic angle for calculating K,

d [m]: generic shift between fictitious and
modified field lines

& (m]: air-gap

@1 [Wb]: flux linkage relative to j-th winding

®am (Wb]: flux in the magnet stray reluctance

%o, [Wb]: flux in the alr-gap reluctance under the
k-th stator pole (k=a,b,c,d)
®um [Wb]: flux in the equivalent magnet branch

®,[{Wb): flux in the longitudinal stator reluctance
@15 [Wb]: flux in the generic linear reluctance
¢ (Wb): flux in the magnet

%o [Wb): flux in the stator reluctances, on the

magnet side (k=a,b,c,d)
®eie [Wb]: flux in the longitudinal stator stray
reluctances (k=1,2,3,4)
Ho [A/m]: coercitive force of the magnet material
H, [A/m): intersect with & axis of the straight

line segment of the magnet hysteresis cycle

H.o [A/m): magnetic force in the ferromagnetic
material

i, [A] : current in the J-th winding

K, [m]: auxiliary variable: Ky = (bea-b..)/2

Ky [m]): auxiliary variable: Ka = (t.-b.,)/2

K. [-]: correction factor of the tooth geometric
angle

Ko [-]: Carter factor for toothed structures

Ka [~): modification coefficient for the

fictitious field lines
Lz [J): work done by the k-th torque harmonic
(1 phase powered)
Lzxx [J): work done by the k-th torque harmonic
(2 phases powered)
Ha [H/m]): reversible permeability: u.= B,./H_
My, [A): m.m.f of the J-th phase (3=1,2)
M. [A): m.m.f. of the magnet: M,=H_°1,
Moo [A): m.m.f. of the equivalent magnet branch
N. [steps/turn]: number of steps per turn
Paw [H]: air-gap permeance under the k-th stator
pole (k=a,b,c,d)
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Pa¢vy [H): amplitude of the v-th harmonic of air-
gap permeance
[H]): air-gap Permeancae,
pitch 1., for a unit

relative to a tooth
longitudinal length

Py

Rae [H™%]: total air-gap reluctance
Ram,Re/Rom [H™*): stray magnet reluctance, magnet
reluctance, reluctance of the
equivalent magnet branch
Rir,Rie [H™*): rotor and stator longitudinal
reluctances
Rawic [H™): stator Pole reluctance on the winding
side (k=a,b,c,d)
Rame [H™2): stator pole reluctance on the magnet
side (kaa,b,c,d)

Re {H™*): stray longitudinal reluctance
ReasesRease [H™2): stator and rotor teeth reluctance
(kna,b,c,d)
ReasRex [H*): stator and rotor total longitudinal
reluctances
Re [H™2]: stator-rotor total lamination reluctance
Tz(®), T:-(0) [Nm): holding torque with 1 or 2
Powered phases

Tw(©) [Nm): detent torque, due to the magnet only

Traocr  Trzsac, Tmwoe [Nm]: amplitude of the k-th

torque harmonic (for 1,2,no phases Powered, resp.)

Te [m]: tooth pitch

© [rad): rotor rotation angle,
equilibrium

0, 0, [rad): starting and final rotation angles

6. (rad]: step angle

W.w [J): energy in the reluctances having variable

geometry

Wonzm Woe s  Woneo {3): energies in the reluctances
having fixed geometry: in the magnet, in
the linear and in the saturated reluctances

Uswk [A): magnetic voltage drop over the k-th air-
gap reluctance (k=a,b,c,d)
U. [A): magnetic voltage drop over the magnet

x [-): fraction of the step angle (in per unit)
Y [m): stator~rotor linear relative position
z (m): auxiliary variable distance
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