
European Journal of Mechanics / A Solids 119 (2026) 106194 

A
0
(

 

Contents lists available at ScienceDirect

European Journal of Mechanics / A Solids

journal homepage: www.elsevier.com/locate/ejmsol  

Full length article

Longitudinal waves in two-dimensional quasi-periodic latticesI

Claudia Comi a ,∗, Marco Moscatelli b , Jean-Jacques Marigo b,c
a Dept. Civil and Environmental Engineering Politecnico di Milano, Piazza L. da Vinci 32, Milan, 20133, Italy
b Institut Jean Le Rond d’Alembert Sorbonne Université and CNRS, UMR 7190, Paris, 75252, France
c Laboratoire de Mécanique des Solides Institut Polytechnique de Paris and CNRS, Palaiseau, 610101, France

A R T I C L E  I N F O

Keywords:
Quasi-periodicity
Lattice
Band-gaps
Wave localization
Topological pumping

 A B S T R A C T

We study longitudinal wave propagation in a two-dimensional elastic lattice formed by parallel bars coupled 
by slender beams whose out-of-plane thickness is modulated according to an Aubry–André–Harper profile. 
This modulation can yield periodic or quasi-periodic architectures depending on the choice of the parameters. 
Starting from the continuous bar–beam model, we derive a discrete formulation and analyze the existence 
of bounded solutions and band-gaps as functions of the modulation amplitude and geometry. We provide 
analytical criteria for band-gap nucleation and explicit estimates of gap widths, and we show how quasi-
periodicity can both create new gaps and shrink existing ones relative to the periodic case. The results offer 
new insights on the influence of quasi-periodicity in 2D elastic lattices. We show numerically how this class 
of structures can be exploited to achieve topological pumping of elastic waves.
1. Introduction

The propagation of elastic waves through periodic lattices has been 
extensively studied, starting from concepts originally put forward in 
the solid state physics by Brillouin (1953) and Kittel (1953). The topic 
has been, and still is, of rapidly growing interest, as it is central for 
the design of metamaterials in many applications, including vibration 
isolation (Palermo et al., 2016; De Ponti et al., 2020; Maurel et al., 
2025), wave-guiding (Bonnecaze et al., 2003; Khelif et al., 2003; Faraci 
et al., 2023), and energy harvesting (Carrara et al., 2013; Lv et al., 
2013). See also Jiao et al. (2023) for a recent review.

The results obtained for lattices have also been exploited to study 
the dynamics of periodic structures. Original significant contributions 
in this field are due to Miles (1956) and Mead (1970), who studied 
vibrations in beams laying on a periodic array of supports. Since then, 
there has been a substantial amount of work dedicated to the devel-
opment of multifunctional metastructures. For instance, Madine and 
Colquitt (2022) dealt with the propagation of torsional–flexural waves 
in a square lattice of massless Euler–Bernoulli beams with the inertia 
being concentrated at the junctions, showing that such configuration 
can sustain negative refraction, mode trapping and beam splitting. In-
plane axial–flexural waves were treated in Cabras et al. (2024) for 
a rectangular grid of Rayleigh beams, which are axially preloaded 
and endowed with sliding constraints, enabling for the presence of 
localization phenomena (see also Bordiga et al., 2022). Periodic framed 
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beams were analyzed in Chesnais et al. (2015) and Rallu et al. (2018) 
by means of asymptotic techniques, to predict the presence of band-
gaps generated by local resonances. More recently, experimental results 
have confirmed the waveguiding capacities of metastructures (Kannan 
et al., 2026).

The presence of frequency gaps in the spectra of metamaterials 
has been exploited to localize waves, and thus elastic energy, by 
introducing defects in the otherwise perfectly periodic structure, such as 
truncated boundaries, interfaces, or internal defects (Delourme et al., 
2016; Rosa et al., 2023; Moscatelli et al., 2020; Davies and Craster, 
2022). Nevertheless, reliance on perfect periodicity can represent a 
limitation in practical applications, where manufacturing imperfections 
and environmental factors can disrupt the idealized structure, possibly 
reducing the localization effect or, in the worst case, destroying it (Am-
mari et al., 2020). This has motivated the exploration of the robustness 
of wave localization phenomena.

In this sense, beyond purely periodic structures, quasi-periodic sys-
tems seem to offer additional design flexibility and reliability for con-
trolling waves behavior. This new class of metamaterials is character-
ized by a Helmholtz governing equation whose operator is a quasi-
periodic function of the spatial coordinates, and thus does not commute 
with translations.

In one-dimension, the most famous of such operators is the so-
called almost-Mathieu operator (Asch et al., 2006; Harper, 1955), whose 
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Fig. 1. Scheme of the considered system: two dimensional lattice with parallel bars (in gray, index 𝑗) and connecting beams (in orange, index 𝑖). (For interpretation 
of the references to color in this figure legend, the reader is referred to the web version of this article.)
associated Helmholtz equation, called Harper equation, is a discretiza-
tion of the Mathieu equation. This model has been extensively studied 
for applications in condensed matter physics (Aubry and André, 1980; 
Hofstadter, 1976), and provides a mathematical framework for un-
derstanding wave localization and band-gap formation in this class of 
quasi-periodic systems.

For elastic waves, this model has been obtained through the so 
called on-site modulation (Martínez et al., 2018), e.g. by modulating in 
space the stiffness of resonators in locally resonant materials, both in 
one-dimensional (Martí-Sabaté and Torrent, 2021) and bi-dimensional 
configurations (Guo et al., 2024). Simultaneous space and time mod-
ulation have also been investigated (Pu et al., 2022), resulting in 
non-reciprocal wave propagation.

However, in mechanical metamaterials, quasi-periodicity was more 
often introduced through off-site modulation, by modulating either the 
stiffness or the spacing of the elements composing one-dimensional 
systems (Gei, 2010; Xia et al., 2020; LeGrande et al., 2024; Davies and 
Morini, 2024).

The extension of these concepts to two-dimensional mechanical 
systems is still less explored, although it holds great promise for ad-
vanced and robust wave manipulation capabilities, as demonstrated 
e.g. in acoustics (Ni et al., 2019), in optics (Kraus et al., 2012), and in 
mechanics (Rosa et al., 2019). This work points towards this direction. 
Specifically, we consider a two-dimensional metastructure consisting of 
parallel elastic bars aligned along the 𝑥-direction, periodically or quasi-
periodically connected at discrete points by slender beams oriented 
along the 𝑦-direction (see Fig.  1). The out-of-plane thickness of these 
connecting beams is modulated in both 𝑥 and 𝑦 directions according 
to an Harper profile, creating either periodic arrangements (when 
the modulation parameters are rational) or genuinely quasi-periodic 
structures (when irrational). This geometric configuration extends pre-
vious results on periodic beam trusses (Marigo et al., 2023) to the 
quasi-periodic regime and builds upon recent works on quasi-periodic 
one-dimensional discrete systems (Comi et al., 2025; Moscatelli et al., 
2024).

In this work, we perform a comprehensive analytical and numerical 
analysis of longitudinal wave propagation along the bars. First, we 
establish the exact solution to the dispersion relation that dictates 
the propagation of such waves in the network of bars and beams. 
Then, we characterize the band-gap structure for both periodic and 
2 
quasi-periodic configurations, and identify how geometric parameters 
control wave propagation. The analysis combines continuous and dis-
crete formulations, providing both theoretical insights and practical 
design guidance for engineered metamaterials. The results reveal that, 
contrary to the one-dimensional case, quasi-periodicity can induce or 
not new band-gaps and increase or reduce existing ones. We also 
illustrate the potential for topological pumping of elastic waves in these 
quasi-periodic lattices, demonstrating their promise for advanced wave 
manipulation applications.

The paper is organized as follows: Section 2 introduces the refer-
ence problem and derives the governing equations. In Section 2.1, an 
equivalent discrete formulation is derived, assuming the displacements 
at the nodes between bars and beams as unknowns. Section 2.2 presents 
the formulation, homogenized along the bars, for small beam spacing, 
while Section 2.3 addresses the discrete case when considering period-
icity in one direction and quasi-periodicity in the other. In Section 3, 
focusing on the 2D periodic problem, we obtain complete, new ana-
lytic results on band-gaps appearance. The extension to quasi-periodic 
arrangements in performed in Section 4. Numerical results are provided 
in Section 5, and conclusions are drawn in Section 6.

2. Reference problem

Let us consider the two-dimensional linear elastic lattice schemati-
cally shown in Fig.  1, constituted by parallel bars along the 𝑥 direction 
(in gray) connected, at discrete points 𝑥 = 𝑥𝑖 located at fixed distance 𝑑, 
by slender beams of length 𝓁, with axis in the 𝑦 direction (in orange). 
For this system, we want to study the propagation of axial waves in 
the bars, labeled with the index 𝑗. In the linear regime this problem is 
decoupled from that related to flexural waves and hence can be treated 
separately.

The same elastic material, with Young modulus 𝐸 and mass density 
𝜌 is assumed for both bars and beams to simplify the notation. The 
cross section of the bars is uniform and denoted by 𝐴, while the beams 
have uniform in plane thickness ℎ, and possibly variable out of plane 
thickness 𝑤𝑖𝑗 .

The two-dimensional periodicity can be considered as perfect or 
can be perturbed by modulating the out of plane thickness 𝑤𝑖𝑗 of the 
beams both in the 𝑥 and/or 𝑦 directions. The Aubry–André–Harper 
profile (Aubry and André, 1980) is assumed in two dimensions 
𝑤𝑖 = 𝑤 1 + 𝑅 cos(2𝜋(𝜃𝑖 + 𝜙𝑗)) . (1)
𝑗 0 [ ]
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Fig. 2. Deformed configuration, local reference frame on beam𝑖
𝑗 and free-body diagram in bar 𝑗 at 𝑥 = 𝑥𝑖.
The rational and irrational 𝜃 and 𝜙 values define periodic and quasi-
periodic patterns, respectively. For 𝜃 = 0 and 𝜙 = 0, all connecting 
beams are equal and the system is periodic of period 𝑑 in 𝑥 and period 
𝓁 in 𝑦. We will refer to that case as 1-periodic case in 𝑥 and 𝑦. For 
rational 𝜃 = 𝑝

𝑛  (𝑝 and 𝑛 integers), the system has a periodicity of 𝑛𝑑 (is 
𝑛-periodic) along 𝑥. Similarly, for rational 𝜙 = 𝑞

𝑚  (𝑞 and 𝑚 integers), the 
system has a periodicity of 𝑚𝓁 (is 𝑚-periodic) along 𝑦. Note that, when 
considering a lattice of finite dimensions, for 𝑛 and 𝑚 large enough, the 
system may not be large enough to contain one period of the infinite 
dimensional one.

For later use, we introduce three non-dimensional parameters char-
acterizing the geometry of the considered system, namely the slender-
ness of the beams 𝜖, the ratio between the bars and beams area 𝛼 and 
the geometric anisotropy of the lattice 𝛿
𝜖 = ℎ

𝓁
, 𝛼 = 𝐴

ℎ𝑤0
, 𝛿 = 𝑑

𝓁
. (2)

The propagation of longitudinal waves of frequency 𝜔 along the bar 𝑗, 
at any 𝑥 ≠ 𝑥𝑖 is governed by the Helmholtz equation 
𝜕2𝑢𝑗
𝜕𝑥2

+𝛺2𝑢𝑗 = 0, (3)

where 𝛺 = 𝜔
√

𝜌∕𝐸. At 𝑥 = 𝑥𝑖 the axial force has a jump due to the 
shear forces 𝑇 𝑖𝑗−𝑖 and 𝑇 𝑖𝑗  transmitted in 𝑥 = 𝑥𝑖 by the two connection 
beams respectively below and above the considered bar 𝑗: 

𝐸𝐴
[[ 𝜕𝑢𝑗
𝜕𝑥

]]

(𝑥𝑖) + 𝑇 𝑖𝑗 − 𝑇
𝑖
𝑗−1 = 0. (4)

The shear force 𝑇 𝑖𝑗−𝑖 is given by the solution of the vibration problem 
of the beam located at 𝑥 = 𝑥𝑖, subjected to imposed displacements 
𝑢𝑗−1(𝑥𝑖) = 𝑢𝑖𝑗−1 and 𝑢𝑗 (𝑥𝑖) = 𝑢𝑖𝑗 at its ends, while 𝑇 𝑖𝑗  corresponds to 
the beam located at 𝑥 = 𝑥𝑖, subjected to imposed displacements 𝑢𝑖𝑗
and 𝑢𝑖𝑗+1 at its ends, see Fig.  2. The transversal vibration 𝑣𝑖𝑗 (𝜂) of the 
slender beam 𝑗, located in 𝑥 = 𝑥𝑖, for − 𝓁

2 ≤ 𝜂 ≤ 𝓁
2 , is the solution of the 

following problem 
ℎ2

12

𝑑4𝑣𝑖𝑗
𝑑𝜂4

−𝛺2𝑣𝑖𝑗 = 0, (5)

with the boundary conditions: 𝑣𝑖𝑗 (− 𝓁
2 ) = 𝑢𝑖𝑗 , 𝑣𝑖𝑗 ( 𝓁2 ) = 𝑢𝑖𝑗+1, 

𝑑𝑣𝑖𝑗
𝑑𝜂

(± 𝓁
2 ) = 0.

Defining the non-dimensional quantity1

𝛬4 =
3𝜌𝜔2

4𝐸ℎ2
𝓁4 = 3𝛺2

4ℎ2
𝓁4 = 3

4

(

𝛺𝑑
𝜖𝛿

)2
, (6)

1 We will often refer to 𝛬 as the ‘‘dimensionless frequency’’, or just 

‘‘frequency’’.

3 
the solution of (5) reads 
𝑣𝑖𝑗 (𝜂) = 𝑎0 cos 2𝛬

𝜂
𝓁
+ 𝑎1 sin 2𝛬

𝜂
𝓁
+ 𝑏0 cosh 2𝛬

𝜂
𝓁
+ 𝑏1 sinh 2𝛬

𝜂
𝓁
, (7)

with

𝑎0 =
sinh𝛬

sinh𝛬 cos𝛬 + cosh𝛬 sin𝛬

𝑢𝑖𝑗 + 𝑢
𝑖
𝑗+1

2
,

𝑎1 =
−cosh𝛬

sinh𝛬 cos𝛬 − cosh𝛬 sin𝛬

𝑢𝑖𝑗+1 − 𝑢
𝑖
𝑗

2
,

𝑏0 =
sin𝛬

sinh𝛬 cos𝛬 + cosh𝛬 sin𝛬

𝑢𝑖𝑗 + 𝑢
𝑖
𝑗+1

2
,

𝑏1 =
cos𝛬

sinh𝛬 cos𝛬 − cosh𝛬 sin𝛬

𝑢𝑖𝑗+1 − 𝑢
𝑖
𝑗

2
. (8)

The shear force is then easily obtained by using 𝑇 𝑖𝑗 = −
𝐸ℎ3𝑤𝑖𝑗

12

𝑑3𝑣𝑖𝑗
𝑑𝜂3

. 
The net shear force transmitted to the bar at 𝑥 = 𝑥𝑖 finally reads

𝑇 𝑖𝑗 (−
𝓁
2
) − 𝑇 𝑖𝑗−1(

𝓁
2
) =

( 2
𝓁

)3 𝐸ℎ3

12

(

𝑤𝑖𝑗𝐹 (𝛬)(𝑢
𝑖
𝑗+1 + 𝑢

𝑖
𝑗 ) +𝑤

𝑖
𝑗𝐺(𝛬)(𝑢

𝑖
𝑗+1 − 𝑢

𝑖
𝑗 )+

𝑤𝑖𝑗−1𝐹 (𝛬)(𝑢
𝑖
𝑗 + 𝑢

𝑖
𝑗−1) −𝑤

𝑖
𝑗−1𝐺(𝛬)(𝑢

𝑖
𝑗 − 𝑢

𝑖
𝑗−1)

)

, (9)

where 
𝐹 (𝛬) = 𝛬3 tan(𝛬) tanh(𝛬)

tan(𝛬) + tanh(𝛬)
; 𝐺(𝛬) = 𝛬3 1

tan(𝛬) − tanh(𝛬)
. (10)

Remark 1.  Considering just two beams, say 𝑗 and 𝑗+1, the contribution 
in (9) proportional to the sum 𝑢𝑖𝑗+1 + 𝑢𝑖𝑗 corresponds to a symmetric 
solution, as considered in Comi et al. (2025), while that proportional 
to the difference 𝑢𝑖𝑗+1 − 𝑢𝑖𝑗 corresponds to an antisymmetric one.

2.1. The general discrete formulation

The jump condition on the axial stress in the bar 𝑗 at the points 𝑖
where the beams are attached reads (see Fig.  2, right)

𝐴
[[ 𝜕𝑢𝑗
𝜕𝑥

]]

(𝑥𝑖) +
2
3

(

ℎ
𝓁

)3(

𝐹 (𝛬)(𝑤𝑖𝑗 (𝑢
𝑖
𝑗+1 + 𝑢

𝑖
𝑗 ) +𝑤

𝑖
𝑗−1(𝑢

𝑖
𝑗 + 𝑢

𝑖
𝑗−1))+

𝐺(𝛬)(𝑤𝑖𝑗 (𝑢
𝑖
𝑗+1 − 𝑢

𝑖
𝑗 ) +𝑤

𝑖
𝑗−1(𝑢

𝑖
𝑗−1 − 𝑢

𝑖
𝑗 ))

)

= 0 ∀𝑖 ∈ N.

(11)

Eq.  (3) can be integrated along the bar 𝑗 in each interval between the 
beams; the solution in (𝑥𝑖−1 − 𝑥𝑖) and (𝑥𝑖 − 𝑥𝑖+1) reads, respectively 

𝑢 (𝑥) = 𝑢𝑖 cos𝛺(𝑥 − 𝑥𝑖) +
−𝑢𝑖−1𝑗 + 𝑢𝑖𝑗 cos𝛺𝑑 sin𝛺(𝑥 − 𝑥𝑖), (12)
𝑗 𝑗 sin𝛺𝑑
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𝑢𝑗 (𝑥) = 𝑢𝑖𝑗 cos𝛺(𝑥 − 𝑥𝑖) +
𝑢𝑖+1𝑗 − 𝑢𝑖𝑗 cos𝛺𝑑

sin𝛺𝑑
sin𝛺(𝑥 − 𝑥𝑖). (13)

The jump of its derivative in 𝑥 = 𝑥𝑖 is hence 
[[ 𝜕𝑢𝑗
𝜕𝑥

]]

(𝑥𝑖) =
𝛺

sin𝛺𝑑
(𝑢𝑖+1𝑗 + 𝑢𝑖−1𝑗 − 2𝑢𝑖𝑗 cos𝛺𝑑). (14)

Combining Eqs. (11) and (14) one finally obtains the discrete prob-
lem, holding at each node 𝑖, 𝑗 of the lattice, point of intersection 
between bars and beams
𝛺

sin𝛺𝑑
(𝑢𝑖+1𝑗 + 𝑢𝑖−1𝑗 − 2𝑢𝑖𝑗 cos𝛺𝑑)+

2
3𝐴

(ℎ
𝓁

)3 (

𝐹 (𝛬)(𝑤𝑖𝑗 (𝑢
𝑖
𝑗+1 + 𝑢

𝑖
𝑗 ) +𝑤

𝑖
𝑗−1(𝑢

𝑖
𝑗 + 𝑢

𝑖
𝑗−1))+

𝐺(𝛬)(𝑤𝑖𝑗 (𝑢
𝑖
𝑗+1 − 𝑢

𝑖
𝑗 ) −𝑤

𝑖
𝑗−1(𝑢

𝑖
𝑗 − 𝑢

𝑖
𝑗−1))

)

= 0 ∀𝑖, 𝑗 ∈ N. (15)

From now on, to simplify the subsequent developments, we will assume 
that 𝛺𝑑 ≪ 1. Eq. (15) hence simplifies to
(

𝑢𝑖+1𝑗 + 𝑢𝑖−1𝑗 −2𝑢𝑖𝑗

(

1 −
(𝛺𝑑)2

2

))

+

2𝑑
3𝐴

(ℎ
𝓁

)3 (

𝐹 (𝛬)(𝑤𝑖𝑗 (𝑢
𝑖
𝑗+1 + 𝑢

𝑖
𝑗 ) +𝑤

𝑖
𝑗−1(𝑢

𝑖
𝑗 + 𝑢

𝑖
𝑗−1))+

𝐺(𝛬)(𝑤𝑖𝑗 (𝑢
𝑖
𝑗+1 − 𝑢

𝑖
𝑗 ) −𝑤

𝑖
𝑗−1(𝑢

𝑖
𝑗 − 𝑢

𝑖
𝑗−1))

)

= 0 ∀𝑖, 𝑗 ∈ N.

(16)

2.2. Homogenized formulation in x direction

When, in addition to the hypothesis 𝛺𝑑 ≪ 1, the distance between 
the connecting beams tends to zero, or when studying the propagation 
of waves with wavelength by far greater than 𝑑, we can consider a 
continuous distribution of connecting elements between the bars with 
a continuous variation of the out of plane thickness in the 𝑥 direction 
as in Fig.  3. In this case the index 𝑖 is replaced by 𝑥∕𝑑, and the out 
of plane thickness reads 𝑤𝑗 (𝑥) = 𝑤0

[

1 + 𝑅 cos(2𝜋(𝜃𝑥∕𝑑 + 𝜙𝑗))
]

. We can 
interpret 2𝜋𝜃𝑥∕𝑑 as a phase, linearly varying along the bars, while the 
periodicity or quasi-periodicity in 𝑦 is defined by rational or irrational 
values of 𝜙. The distributed shear force transmitted to the bars 𝑡𝑗 (𝑥) is 
related to the shear force 𝑇 𝑖𝑗  previously computed by 𝑡𝑗 (𝑥𝑖) = 𝑇 𝑖𝑗 ∕𝑑.

In such case, Eq. (16) can be approximated by the following (scalar) 
differential equation :
𝑑2𝑢𝑗 (𝑥)
𝑑𝑥2

+𝛺2𝑢𝑗 (𝑥)

+ 2ℎ3

3𝐴𝓁3𝑑

(

𝐹 (𝛬)(𝑤𝑗 (𝑥)(𝑢𝑗+1(𝑥) + 𝑢𝑗 (𝑥)) +𝑤𝑗−1(𝑥)(𝑢𝑗 (𝑥) + 𝑢𝑗−1(𝑥)))

+ 𝐺(𝛬)(𝑤𝑗 (𝑥)(𝑢𝑗+1(𝑥) − 𝑢𝑗 (𝑥)) +𝑤𝑗−1(𝑥)(𝑢𝑗−1(𝑥) − 𝑢𝑗 (𝑥)))
)

= 0, (17)

where 𝑢𝑗 (𝑥) is now a continuous function of the position 𝑥 along the 
bars. By rearranging (17) we obtain:
𝑑2𝑢𝑗 (𝑥)

𝑑𝑥2
+ 𝑢𝑗 (𝑥)

(

𝛺2 + 2ℎ3

3𝐴𝓁3𝑑
(𝐹 (𝛬) − 𝐺(𝛬))(𝑤𝑗 (𝑥) +𝑤𝑗−1(𝑥))

)

+ 2ℎ3

3𝐴𝓁3𝑑

(

(

𝐹 (𝛬) + 𝐺(𝛬)
)(

𝑤𝑗 (𝑥)𝑢𝑗+1(𝑥) +𝑤𝑗−1(𝑥)𝑢𝑗−1(𝑥)
)

)

= 0.

(18)
If we make the hypothesis that not only 𝛺𝑑, but also 𝛬 is small, the 

functions 𝐹 (𝛬) and 𝐺(𝛬) defined in Eq.  (10) can be approximated as: 

𝐹 (𝛬) ≈ 𝛬4∕2, 𝐺(𝛬) ≈ 3∕2. (19)

Accordingly, the term 𝐹 (𝛬) +𝐺(𝛬) in Eq.  (18) can be approximated by 
3∕2. The term 𝐹 (𝛬) − 𝐺(𝛬) cannot be approximated in the same way, 
4 
Fig. 3. Homogenized system in 𝑥 direction for small 𝑑. 

as 𝛺2 = (𝛬4). We thus have to consider the following term from Eq. 
(18): 

𝛺2 + 2ℎ3

3𝐴𝓁3𝑑
𝐹 (𝛬)(𝑤𝑗 (𝑥) +𝑤𝑗−1(𝑥)) ≈ 𝛺2

(

1 + 1
4

1
𝛼𝛿

𝑤𝑗 (𝑥) +𝑤𝑗−1(𝑥)
𝜔0

)

.

(20)

If we also assume that the area of the bars 𝐴 is greater with respect to 
the mean area of the connecting beams (i.e. 𝛼 ≫ 1, from relation (2)) 
we can replace the term (20) by 𝛺2, thus obtaining 
𝑑2𝑢𝑗 (𝑥)

𝑑𝑥2
+𝛺2𝑢𝑗 (𝑥) −

𝜖3

𝐴𝑑
(

𝑢𝑗 (𝑥)(𝑤𝑗 (𝑥) +𝑤𝑗−1(𝑥))

− 𝑢𝑗+1(𝑥)𝑤𝑗 (𝑥) − 𝑢𝑗−1(𝑥)𝑤𝑗−1(𝑥)
)

= 0.
(21)

The above equation will be numerically solved in Section 5 to show 
the appearance of adiabatic pumping waves in the considered quasi-
periodic system.

Remark 2.  If the thickness 𝑤𝑗 (𝑥) is the same for all the 𝑗, i.e. 𝑤𝑗 (𝑥) =
𝑤(𝑥) = 𝑤0[1 + 𝑅 cos 2𝜋𝜃

𝑑 𝑥], by studying a solution of the form 𝑢(𝑥) =
𝑈 (𝑥)𝑒𝗂𝜅𝑗 Eq. (17) becomes:
𝑑2𝑈 (𝑥)
𝑑𝑥2

+
(

𝛺2 + 8ℎ3

3𝐴𝓁3𝑑
𝑤(𝑥)

(

𝐹 (𝛬) cos2 𝜅
2
− 𝐺(𝛬) sin2 𝜅

2

)

)

𝑈 (𝑥) = 0

which is a Mathieu equation, see e.g. Brillouin (1953).

2.3. The discrete problem, periodic in 𝑦 and quasi-periodic in 𝑥

We now consider again the discrete formulation of Section 2.1 and 
we specialize it to the case where the out of plane thickness depends 
on 𝑖 only, namely 
𝑤𝑖𝑗 = 𝑤𝑖 = 𝑤0 [1 + 𝑅 cos(2𝜋𝜃𝑖)] . (22)

Eq.  (16) can then be rewritten as
𝛥𝑖𝑢∙𝑗+(𝛺𝑑)

2𝑢𝑖𝑗+

2𝑤𝑖𝑑
3𝐴

(ℎ
𝓁

)3 (

(𝐹 (𝛬) + 𝐺(𝛬))𝛥𝑗𝑢𝑖∙ + 4𝐹 (𝛬)𝑢𝑖𝑗

)

= 0 ∀𝑖, 𝑗 ∈ N (23)

where we introduced the discrete Laplacian operators in the 𝑥 and 𝑦
directions 
𝛥𝑖𝑢∙𝑗 = 𝑢𝑖+1𝑗 + 𝑢𝑖−1𝑗 − 2𝑢𝑖𝑗 , 𝛥𝑗𝑢

𝑖
∙ = 𝑢𝑖𝑗+1 + 𝑢

𝑖
𝑗−1 − 2𝑢𝑖𝑗 . (24)

Let us consider displacements which are periodic in the 𝑦-direction, that 
is, 𝑢𝑖𝑗 under the following form 

𝑢𝑖𝑗 = 𝑈 𝑖 exp(𝗂 𝜅𝑗), (25)

where 𝜅 = 𝑘𝑦𝓁, 𝑘𝑦 denoting the given wave number in the direction 𝑦. 
The values 𝜅 = 𝛽2𝜋, 𝛽 ∈ Z, correspond to the case where the two ends 
of each bent beam move in phase (symmetric solution of (7)), while 
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𝜅 = 𝜋 + 𝛽2𝜋, 𝛽 ∈ Z, correspond to the case where their motion is in 
opposition of phase (skew-symmetric solution of (7)). From (25), one 
gets that the displacements {𝑈 𝑖}𝑖∈N must satisfy the following discrete 
equation: ∀𝑖 ∈ N, 

𝛥𝑖𝑈 ∙ + 𝜆0
(𝜇0
2
𝛬4 +

(

1 + 𝑅 cos(2𝑖𝜃𝜋)
)

(

𝐹 (𝛬) cos2 𝜅
2
− 𝐺(𝛬) sin2 𝜅

2

))

𝑈 𝑖 = 0,

(26)

where 𝜆0 and 𝜇0 are the two dimensionless parameters defined by 

𝜆0 =
8ℎ3𝑑𝑤0

3𝐴𝓁3
, 𝜇0 =

𝐴𝑑
ℎ𝓁𝑤0

. (27)

For the interpretation of the results, it is useful to express 𝜆0 and 
𝜇0 in terms of the dimensionless parameters previously introduced 
(relations (2)) 
𝜆0 =

8
3
𝛿
𝛼
𝜖2, 𝜇0 = 𝛿𝛼. (28)

Remark 3.  Since the parameter 𝜖 characterizing the slenderness of 
beams must be small for the classical theory of beams to be applicable, 
the parameter 𝜆0 must also be small as soon as 𝛿∕𝛼 is of the order 
of 1 or smaller. Moreover, the condition 𝛺𝑑 ≪ 1 requires that 𝛬 ≪
√

1∕(𝜖𝛿). Consequently, in the applications developed below we will 
only consider small values of the parameter 𝜆0 and dimensionless 
frequencies 𝛬 not too large.
Remark 4.  If we consider the case where the bars and the beams have 
the same width ℎ and the bars have thickness 𝑤0, then 𝛼 = 1 and the 
two parameters in (27) simply become 𝜇0 = 𝛿 and 𝜆0 = 8

3 𝜖
2𝜇0.

3. Periodic case

3.1. Setting of the problem

When 𝑅 = 0 or 𝜃 ∈ {0, 1}, the two-dimensional system of stretched 
bars and bent beams is periodic; the in-plane periodic cell corresponds 
to a rectangle of size 𝑑 in the 𝑥-direction and of size 𝓁 in the 𝑦-direction 
(if one neglects the in-plane thickness of the bars and of the beams 
with respect to their distance). The parameter 𝜇0 represents the ratio 
between the mass of the part of the stretched bars over the mass of the 
bent beams included in the periodic cell, whereas 𝜆0 is a coefficient 
denoting the anisotropy of the effective elastic stiffness between the 
directions 𝑥 and 𝑦. In that case, the discrete equation governing the 
displacements of the periodic system can be read as 
𝛥𝑖𝑈 ∙ + 𝜆𝑈 𝑖 = 0, ∀𝑖 ∈ N, (29)

with 
𝜆 = 𝜆̂(𝜅,𝛬) ∶= 𝜆0

(𝜇0
2
𝛬4 + 𝐹 (𝛬) cos2 𝜅

2
− 𝐺(𝛬) sin2 𝜅

2

)

. (30)

3.2. The dispersion equation of harmonic plane waves

The general solution of (29) is well known and has been studied 
in Comi et al. (2025), Moscatelli et al. (2024). Let us recall here the 
main results.

1. If 0 < 𝜆 < 4, then, setting 𝜆 = 2(1 − cos 𝑘)= 4 sin2 𝑘
2  with 

𝑘 ∈ (0,+𝜋), the general solution of (29) is of the form 𝑈 𝑖 =
𝑈0 cos(𝑘𝑖)+𝑉0 sin(𝑘𝑖) for 𝑖 ∈ N where 𝑈0 and 𝑉0 are two arbitrary 
constants.

2. If 𝜆 < 0 or 𝜆 > 4, then, setting 𝜆 = 2(1 ± cosh 𝑘) with 𝑘 > 0, 
the general solution of (29) is of the form 𝑈 𝑖 = 𝑈0 cosh(𝑘𝑖) +
𝑉0 sinh(𝑘𝑖) when 𝜆 < 0 and of the form 𝑈 𝑖 = 𝑈0(−1)𝑖 cosh(𝑘𝑖) +
𝑉0(−1)𝑖 sinh(𝑘𝑖) when 𝜆 > 4, where 𝑈0 and 𝑉0 are two arbitrary 
constants.

3. If 𝜆 = 0, then the general solution of (29) reads as 𝑈 𝑖 = 𝑈0 + 𝑖𝑉0, 
whereas, if 𝜆 = 4, then the general solution of (29) reads as 
𝑈 𝑖 = (−1)𝑖

(

𝑈0 + 𝑖𝑉0
)

.

5 
Accordingly, when 0 ≤ 𝜆 ≤ 4, the displacements 𝑢𝑖𝑗 of the nodes of 
the system of bars and beams reads as 𝑢𝑖𝑗 = 𝑈 exp[𝗂(𝑘𝑖 + 𝜅𝑗)] which 
corresponds to a motion of an harmonic plane wave whose wave vector 
components are (𝑘𝑥, 𝑘𝑦), with 𝑘 = 𝑘𝑥𝑑. From definition (30) of 𝜆, one 
obtains the following dispersion equation giving the relation between 
the normalized wave vector (𝑘, 𝜅) and the dimensionless frequency 𝛬: 

4 sin2 𝑘
2
= 𝜆0

(𝜇0
2
𝛬4 + 𝐹 (𝛬) cos2 𝜅

2
− 𝐺(𝛬) sin2 𝜅

2

)

. (31)

When 𝜆 ∉ [0, 4], such harmonic waves cannot propagate in the system 
of bars and beams.

Introducing, as in Marigo et al. (2023), the effective masses 𝑚𝑎(𝛬)
and 𝑚𝑠(𝛬): 

𝑚𝑎(𝛬) = 𝜇𝑎(𝛬)𝑚f, 𝑚𝑠(𝛬) = 𝜇𝑠(𝛬)𝑚f (32)

with 

𝑚f = 𝜌ℎ𝓁𝑤0, 𝜇𝑎(𝛬) = 𝜇0 −
2𝐺(𝛬)
𝛬4

and 𝜇𝑠(𝛬) = 𝜇0 +
2𝐹 (𝛬)
𝛬4

, (33)

the dispersion relation (31) becomes 

4 sin2 𝑘
2
=
𝜆0
2
𝛬4

(

𝜇𝑠(𝛬) cos2
𝜅
2
+ 𝜇𝑎(𝛬) sin

2 𝜅
2

)

. (34)

The mass 𝑚𝑎(𝛬) represents the effective mass of the periodic cell when 
the two ends of each bent beam vibrate in opposition of phase at 
the dimensionless frequency 𝛬, while the mass 𝑚𝑠(𝛬) represents the 
effective mass when the ends of the beams vibrate in phase. The 
dispersion relation (34) is similar to that studied in Marigo et al. (2023) 
(see equation (3)). It differs simply by the fact that the term 4 sin2 𝑘∕2
in (34) is replaced by 𝑘2 in Marigo et al. (2023) where only the case of 
small 𝑘 was considered.

The study of the dispersion Eq. (31) can be made with the wave 
vector (𝑘𝑥, 𝑘𝑦) varying only in the first Irreducible Brillouin Zone (IBZ) 
[0, 𝜋𝑑 ] × [0, 𝜋

𝓁
], by symmetry. Note that, being the unit cell rectangular, 

also the reciprocal lattice has rectangular, non-isotropic, cells. How-
ever, to simplify the notation, we consider again the non-dimensional 
wave numbers (𝑘, 𝜅), hence, the corresponding IBZ becomes the square 
[0, 𝜋]2, see Fig.  4.

3.3. Some properties of the dispersion equation

Let us denote by 𝛬𝑠𝐼  and 𝛬𝑎𝐼  the ordered sequences of frequencies of 
resonance of the bent beams:
0 < ⋯ < 𝛬𝑠𝐼 < 𝛬

𝑎
𝐼 < 𝛬

𝑠
𝐼+1 < 𝛬

𝑎
𝐼+1 <⋯ , 𝐼 ∈ N∗

where 𝛬𝑠𝐼  is the unique solution of the equation tan𝛬 + tanh𝛬 = 0
with 𝛬 ∈ (𝐼𝜋 − 𝜋∕2, 𝐼𝜋) and 𝛬𝑎𝐼  is the unique solution of the equation 
tan𝛬 − tanh𝛬 = 0 with 𝛬 ∈ (𝐼𝜋, 𝐼𝜋 + 𝜋∕2). The frequencies 𝛬𝑠𝐼
are associated to symmetric modes of resonance whereas the 𝛬𝑎𝐼 ’s are 
associated with skew-symmetric modes. Moreover we set 𝛬𝑎0 = 0. Since 
tanh𝛬 is rapidly equal to 1 when 𝛬 grows, good approximations of 
those frequencies are 

𝛬𝑠𝐼 ≈ 𝐼𝜋 − 𝜋∕4, 𝛬𝑎𝐼 ≈ 𝐼𝜋 + 𝜋∕4 for 𝐼 > 1. (35)

The properties of the dispersion Eq. (31) are essentially due to the 
following properties of the functions 𝐹  and 𝐺, see Fig.  5:

1. The function 𝐹  increases continuously from 0 to +∞ in the 
interval [0, 𝛬𝑠1) and from −∞ to +∞ in each interval (𝛬𝑠𝐼 , 𝛬𝑠𝐼+1)
for 𝑖 ∈ N∗;

2. The function 𝐺 decreases continuously from 3∕2 to −∞ in the 
interval [0, 𝛬𝑎1) and from +∞ to −∞ in each interval (𝛬𝑎𝐼 , 𝛬𝑎𝐼+1)
for 𝑖 ∈ N∗;

3. The function 𝐹 + 𝐺 is positive in each interval (𝛬𝑎𝐼−1, 𝛬𝑠𝐼 ) and 
negative in each interval (𝛬𝑠𝐼 , 𝛬𝑎𝐼 ) for 𝑖 ∈ N∗.
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Fig. 4. In-plane periodic cell of the system of bars and beams and First Brillouin Zone, with the IBZ highlighted in dark gray, of the wave vector (𝑘𝑥, 𝑘𝑦) (left) 
and of the normalized wave vector (𝑘, 𝜅) (right).
Fig. 5. Graphs of the functions 𝐹  and 𝐺 (left), and of 𝐹 + 𝐺 (right).
3.3.1. Location of the pass-bands and band-gaps
The goal of this section is to determine the frequencies at which 

plane harmonic waves can propagate in the system of bars and beams. 
Such a frequency, characterized by its associated dimensionless value 
𝛬, is then a value of 𝛬 ∈ [0,+∞) for which there exists a real wave 
vector (𝑘, 𝜅) ∈ [0, 𝜋]2 satisfying the dispersion Eq. (31). Recalling the 
definition (30) of function 𝜆̂(𝜅,𝛬), defined in [0, 𝜋] × [0,+∞), this is 
equivalent to find the 𝛬’s such that 𝜆̂(𝜅,𝛬) ∈ [0, 4] for some 𝜅 ∈ [0, 𝜋]. 
An interval of frequencies made of such 𝛬 is said a pass-band while an 
interval of frequencies made of 𝛬 for which there exists no wave vector 
satisfying the dispersion equation is called a band-gap. (Those intervals 
can be open, semi-open or closed.) Let us remark that 𝛬 = 0 belongs to 
a pass-band because 𝜆̂(0, 0) = 0.

By virtue of the properties of the functions 𝐹  and 𝐺 described in 
Section 3.3, we obtain the following proposition, the proof of which is 
6 
given in the Appendix  A, concerning the location of the pass-bands and 
the band-gaps: 

Proposition 1.  Considering separately each interval [0, 𝛬𝑠1] and (𝛬𝑠𝐼 , 𝛬𝑎𝐼 ], 
(𝛬𝑎𝐼 , 𝛬

𝑠
𝐼+1] for 𝐼 ∈ N∗, one has

• If 𝜆̂(𝜋,𝛬𝑠1) ≤ 4, then [0, 𝛬𝑠1] is a pass-band; else, then [0, 𝛬0] is a pass-
band while (𝛬0, 𝛬𝑠1] is a band-gap, where 𝛬0 is the unique solution of 
𝜆̂(𝜋,𝛬) = 4 with 𝛬 ∈ (0, 𝛬𝑠1);

• If 𝜆̂(0, 𝛬𝑎𝐼 ) ≤ 4, then (𝛬𝑠𝐼 , 𝛬𝑎𝐼 ] is a pass-band; else, then (𝛬𝑠𝐼 , 𝛬2𝐼+1]
is a pass-band while (𝛬2𝐼+1, 𝛬𝑎𝐼 ] is a band-gap, where 𝛬2𝐼+1 is the 
unique solution of 𝜆̂(0, 𝛬) = 4 with 𝛬 ∈ (𝛬𝑠𝐼 , 𝛬

𝑎
𝐼 );

• If 𝜆̂(𝜋,𝛬𝑠𝐼+1) ≤ 4, then (𝛬𝑎𝐼 , 𝛬𝑠𝐼+1] is a pass-band; else, then (𝛬𝑎𝐼 , 𝛬2𝐼 ]
is a pass-band while (𝛬2𝐼 , 𝛬𝑠𝐼+1] is a band-gap, where 𝛬2𝐼  is the 
unique solution of 𝜆̂(𝜋,𝛬) = 4 with 𝛬 ∈ (𝛬𝑎𝐼 , 𝛬

𝑠
𝐼+1).
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Fig. 6. Family of curves 𝜆̂ versus dimensionless frequency 𝛬: blue curves correspond to 𝜅 ∈ (0, 𝜋), dashed red curves correspond to 𝜅 = 0 (side 𝛤𝑋 of the first 
Brillouin zone), solid bold red curves correspond to 𝜅 = 𝜋 (side 𝑌𝑀 of the first Brillouin zone) for 𝜆0 = 0.005 and 𝜇0 = 0.5 (left) or 𝜇0 = 1 (right); band-gaps are 
shaded in light orange. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
Fig. 7. Left: family of curves 𝑘 versus dimensionless frequency 𝛬: blue curves correspond to 𝜅 ∈ (0, 𝜋), dashed red curves correspond to 𝜅 = 0 (side 𝛤𝑋 of the 
first Brillouin zone), solid bold red curves correspond to 𝜅 = 𝜋 (side 𝑌𝑀 of the first Brillouin zone). Right: family of curves 𝜅 versus dimensionless frequency 𝛬: 
blue curves correspond to 𝑘 ∈ (0, 𝜋), dashed red curves correspond to 𝑘 = 0 (side 𝛤𝑌  of the first Brillouin zone), solid bold red curves correspond to 𝜅 = 𝜋 (side 
𝑋𝑀 of the first Brillouin zone). 𝜆0 = 0.005 and 𝜇0 = 0.5, band-gaps shaded in light orange. (For interpretation of the references to color in this figure legend, the 
reader is referred to the web version of this article.)
Therefore, it suffices to compare 𝜆̂(𝜋,𝛬𝑠𝐼 ) and 𝜆̂(0, 𝛬𝑎𝐼 ) to 4 to deter-
mine whether a band-gap exists in a given interval. By virtue of (10) 
and the definitions of 𝛬𝑠𝐼  and 𝛬𝑎𝐼 , one has

𝜆̂(𝜋,𝛬𝑠𝐼 ) =
𝜆0
2
𝛬𝑠𝐼

3 (𝜇0𝛬
𝑠
𝐼 + coth𝛬𝑠𝐼

)

, 𝜆̂(0, 𝛬𝑎𝐼 ) =
𝜆0
2
𝛬𝑎𝐼

3 (𝜇0𝛬
𝑎
𝐼 + tanh𝛬𝑎𝐼

)

,

and hence, by virtue of (35), one gets
𝜆̂(𝜋,𝛬𝑠𝐼 ) < 𝜆̂(0, 𝛬

𝑎
𝐼 ) < 𝜆̂(𝜋,𝛬

𝑠
𝐼+1) ∀𝑖 ≥ 1 and lim

𝑖→∞
𝜆̂(𝜋,𝛬𝑠𝐼 ) = +∞.

Consequently, one has the following remarkable result: 

Proposition 2.  Band-gap exists in the interval (𝛬𝑠𝐼 , 𝛬𝑎𝐼 ] or (𝛬𝑎𝐼 , 𝛬𝑠𝐼+1] for 
𝐼 large enough, and, as soon as a band-gap exists in an interval, all the 
subsequent intervals contain a band-gap.

3.3.2. Dependence on 𝜆0 and 𝜇0
For a given 𝜇0, if 𝜆0 is large enough so that 𝜆̂(𝜋,𝛬𝑠1) > 4, then 

each interval between subsequent symmetric and non-symmetric eigen-
frequencies contains a band-gap. Otherwise, the first intervals are 
pass-bands. When 𝜆0 ≪ 1 (which is the usual situation), the first index 
𝑖 at which a band-gap exists is of the order of 𝜆−1∕40  when 𝜇0 is of the 
order of 1, and of the order of 𝜆−1∕30  when 𝜇0 ≪ 1.

For a given 𝜆0, the first index 𝑖 at which a band-gap exists is a 
decreasing function of 𝜇0.

Fig.  6 shows an example of the above results for 𝜆0 = 0.005. The 
family of blue curves represents 𝜆̂(𝜅,𝛬) defined in Eq. (30) for fixed 𝜅, 
ranging from 0 to 𝜋, the dashed red curve corresponds to 𝜅 = 0 (side 
𝛤𝑋 of the first Brillouin zone), the solid red curve corresponds to 𝜅 = 𝜋
(side 𝑌𝑀 of the first Brillouin zone), the intervals of frequency such 
7 
that no curves exist in the range 0 ≤ 𝜆̂ ≤ 4 are the band-gaps (shaded 
in light orange). The left and right plot correspond to 𝜇0 = 0.5 and 
𝜇0 = 1, respectively: as expected the first band-gap appears at lower 
frequency as 𝜇0 increases.

The same results can be obtained by representing the solution of 
Eq. (31) in terms of one of the wave number (𝑘 or 𝜅) versus the non-
dimensional frequency 𝛬 when the other wave number (𝜅 or 𝑘) runs 
from 0 to 𝜋. Again the set of curves cover only part of the frequency 
axis; the intervals which are not reached correspond to band-gaps. Fig. 
7 shows the result for the same parameters used in Fig.  6 left: the same 
band gaps are found.

3.3.3. Dependence of band-gaps on geometric parameters
Even though the dispersion properties only depend on two non-dim-

ensional parameters 𝜆0 and 𝜇0, more physical insight can be obtained 
by considering separately the dependence on the slenderness 𝜖, on the 
beam-bar area ratio 𝛼 and on the geometric anisotropy ratio 𝛿. The 
results are summarized in Fig.  8.

The effect of different geometric anisotropy, i.e., different 𝛿, can be 
seen by comparing Figs.  8a and 8b. For fixed slenderness and ratio 
of areas, by decreasing 𝛿, i.e., when the distance between the beams 
decreases with respect to the length of the beams, the first band-gap 
shifts to higher frequencies.

The ratio 𝛼 between the area of the bars and the beams has an 
influence on the width of the band. Namely, for fixed 𝜖 and 𝛿, when 
𝛼 increases, the band-gap width increases (cf. Figs.  8a and 8c).

Finally, when the slenderness of the beams decreases, i.e. when 
𝜖 increases, the first band-gap shifts to lower frequency (cf. Figs.  8a 
and 8d); note, however, that the relation between 𝛬 and the actual 
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Fig. 8. Band-gaps at varying 𝜖, 𝛼 and 𝛿 (meaning of the curves as in Fig.  7 left).
Fig. 9. 𝜖 = 10−3∕2 (𝜆0 = 0.0027 and 𝜇0 = 1), 𝜖 = 0.1, (𝜆0 = 0.027 and 𝜇0 = 1).
frequency 𝜔 also depends on 𝜖. When the band-gaps are represented 
in terms of the actual nondimensional frequency 𝜔̄ = 𝜔𝓁∕𝑐, 𝑐 =

√

𝐸∕𝜌
being the material celerity, one can observe that, if only the slenderness 
𝜖 changes, the first band-gap opens at a similar frequency, see Fig.  9.

4. Analysis of the discrete problem with quasi-periodicity in 𝒙

We now consider the discrete problem defined by Eq.  (26) where 
𝜅 ∈ [0, 𝜋] is the wave number in the direction 𝑦, 𝜃 ∈ (0, 1) is the quasi-
periodicity parameter and 𝑅 ∈ [−1,+1] is a parameter measuring the 
‘‘gap’’ to the periodicity of the out-of-plane thickness. In order to follow 
the method developed in Moscatelli et al. (2024), Comi et al. (2025), 
we formulate the discrete Eq. (26) as follows: 
∀𝑖 ∈ N, 𝛥𝑖𝑈 ∙ + 𝜆(1 + 𝑅∗ cos 2𝑖𝜃𝜋)𝑈 𝑖 = 0 (36)

with 

𝑅∗ =
(

1 −
𝜇0𝛬4

2𝜆

)

𝑅. (37)

Let us first remark that it suffices to consider 𝜃 ∈ (0, 1∕2] because 
the problem is unchanged when 𝜃 is changed into 1 − 𝜃. The question 
8 
is to determine, for a given 𝜃, at which conditions on the data entering 
in the definition of 𝜆 and 𝑅∗, the system (36)–(37) admits non trivial 
bounded solutions {𝑈 𝑖}𝑖∈N. For that, we will essentially follow the 
method presented in Moscatelli et al. (2024), Comi et al. (2025) that 
we briefly recall here.

We set
𝑑𝑖 = 1 + 𝑅∗ cos 2𝑖𝜃𝜋.

However, here 𝑅∗ will depend in general on 𝜅 and 𝛬, and is not a 
constant equal to 𝑅 except when 𝜇0 ≪ 1. Therefore, even if one has 
only to consider the case where |𝑅| < 1 (so that the thickness of the 
beams remains always positive), 𝑅∗ can take any real value. As far as 
the parameter 𝜃 is concerned, we first consider rational values for 𝜃, 
namely 𝜃 = 𝑝∕𝑛 with 𝑝 and 𝑛 integers such that 0 < 𝑝 ≤ 𝑛∕2. Thus 
the system is periodic of period 𝑛. Introducing 𝑈̄ 𝑖 = 𝑈𝑛𝑖 for 𝑖 ∈ N, the 
sequence of the 𝑈̄ 𝑖’s is solution of the following discrete system:
𝛥𝑖𝑈̄ ∙ + 𝜇𝑈̄ 𝑖 = 0, ∀𝑖 ∈ N

where 𝜇 is a polynomial of degree 𝑛 in 𝜆 whose coefficients depend 
on 𝑝, 𝑛 and 𝑅 , see Moscatelli et al. (2024), Comi et al. (2025) for the 
∗
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Fig. 10. In blue, evolution with 𝑅∗ of the domain of admissibility of 𝜆 for the existence of periodic solutions in the cases where 𝜃 = 1∕2 (left) or 𝜃 = 1∕4 (right). 
(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
details. That system admits bounded (and in fact periodic) solutions if 
and only if 𝜇 ∈ [0, 4]. Therefore, denoting by 𝜇𝑅∗

𝑛 (𝜆) the polynomial 
giving 𝜇, the system (36) admits itself bounded (and in fact 𝑛-periodic) 
solutions if and only if 𝜆 is such that 𝜇𝑅∗

𝑛 (𝜆) ∈ [0, 4].
However, a complete analysis is only possible for small values of 

𝑛 because the explicit construction of the polynomial then becomes 
treatable; when 𝑛 is large (and when 𝜃 is irrational) the analysis can be 
performed only for small values of 𝑅. Therefore, we first fully treat the 
cases 𝑛 = 2 and 𝑛 = 4 before presenting partial results for the general 
case.

4.1. Cases where 𝑛 = 2 or 4

When 𝑛 = 2, 𝑝 is necessarily equal to 1, and that corresponds to 
𝜃 = 1∕2. So 𝑑1 = 1 − 𝑅∗ and 𝑑2 = 1 + 𝑅∗. The construction of the 
polynomial 𝜇𝑅∗

2 (𝜆) is made as follows. The system (36) gives
𝑈2 + 𝑈0 + (𝜆𝑑1 − 2)𝑈1 = 0, 𝑈3 + 𝑈1 + (𝜆𝑑2 − 2)𝑈2 = 0,

𝑈4 + 𝑈2 + (𝜆𝑑1 − 2)𝑈3 = 0.

Expressing 𝑈1 in terms of 𝑈0 and 𝑈2 from the first equation, 𝑈3

in terms of 𝑈2 and 𝑈4 from the third equation, and inserting these 
expressions into the second equation, we obtain
𝑈4 + 𝑈0 +

(

2 − (𝜆𝑑1 − 2)(𝜆𝑑2 − 2)
)

𝑈2 = 0,

from which we deduce the polynomial:
𝜇𝑅∗
2 (𝜆) = −(1 − 𝑅∗

2)𝜆2 + 4𝜆.

Therefore, introducing the three critical values of 𝜆, 𝜆±1 (𝑅∗) and 𝜆2(𝑅∗), 
by 

𝜆±1 (𝑅∗) =
2

1 ∓ |𝑅∗|
, 𝜆2(𝑅∗) =

4
1 − 𝑅∗

2
, (38)

the condition 0 ≤ 𝜇𝑅∗
2 (𝜆) ≤ 4 for the existence of periodic solutions for 

the system reads as: 
{

when |𝑅∗| ≠ 1, 𝜆 ∈
[

0, 𝜆−1 (𝑅∗)
]

∪
[

𝜆+1 (𝑅∗), 𝜆2(𝑅∗)
]

when |𝑅∗| = 1, 𝜆 ∈ [0, 1] .
(39)

The case |𝑅∗| = 1 is singular and must be treated independently. 
Note that the interval [𝜆+1 (𝑅∗), 𝜆2(𝑅∗)

] is on the negative real half-line 
when |𝑅∗| > 1. So, except when |𝑅∗| = 1, the original interval of 
admissibility [0, 4] for the 1-periodic system (when 𝑅∗ = 0) is divided 
into two parts for the 2-periodic system. The first interval, namely 
[0, 2∕(1 + |𝑅∗|)], which is always in the positive real half-line, has a 
width that progressively decreases from 2 to 0 when |𝑅∗| grows from 
0 to ∞. The second interval, [2∕(1 − |𝑅∗|), 4∕(1 −𝑅∗

2)], is split into two 
branches, progressively rejected to plus or minus infinity when |𝑅∗|

tends to 1 from below or from above, respectively. The width of the two 
branches of this second pass band is monotonically decreasing from 2 
to 0 when |𝑅 | grows from 0 to ∞, see Fig.  10(left).
∗
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When 𝑛 = 4, since the case 𝑝 = 2 corresponds to 𝜃 = 1∕2 treated 
above, it suffices to consider the case 𝑝 = 1 that corresponds to 𝜃 = 1∕4. 
The construction of the polynomial of degree 4 in 𝜆 is made in Comi 
et al. (2025) for a general family of 𝑑𝑖’s and gives

𝜇4(𝜆) = −𝑑1𝑑2𝑑3𝑑4𝜆4 + 𝑐3𝜆3 − 𝑐2𝜆2 + 4(𝑑1 + 𝑑2 + 𝑑3 + 𝑑4)𝜆

with 𝑐3 = 2(𝑑1𝑑2𝑑3 + 𝑑2𝑑3𝑑4 + 𝑑3𝑑4𝑑1 + 𝑑4𝑑1𝑑2) and 𝑐2 = 3(𝑑1𝑑2 + 𝑑2𝑑3 +
𝑑3𝑑4 + 𝑑4𝑑1) + 4(𝑑1𝑑3 + 𝑑2𝑑4). Here 

𝑑1 = 𝑑3 = 1, 𝑑2 = 1 − 𝑅∗, 𝑑4 = 1 + 𝑅∗, (40)

and the polynomial reads 

𝜇𝑅∗
4 (𝜆) = 𝜆(𝜆 − 2)2

(

1 − (1 − 𝑅∗
2)𝜆). (41)

Note that the polynomial is symmetric in 𝑅∗ and hence the behavior 
of the system depends only on |𝑅∗|. The polynomial passes through 0 
when 𝜆 = 0 and when 𝜆 = 𝜆4(𝑅∗) ∶= 1∕(1 − 𝑅∗

2). Note that 𝜆 = 2
is a double root but the polynomial does not cross 𝜇 = 0 at that 
point because of our choice (40) of the 𝑑𝑖’s. It passes through 4 when 
𝜆 = 𝜆±1 (𝑅∗) or 𝜆±3 (𝑅∗) with

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜆±1 (𝑅∗) =
2 ∓ |𝑅∗| −

√

2 ∓ 2|𝑅∗| + 𝑅∗
2

1 ∓ |𝑅∗|

𝜆±3 (𝑅∗) =
2 ∓ |𝑅∗| +

√

2 ∓ 2|𝑅∗| + 𝑅∗
2

1 ∓ |𝑅∗|
.

Therefore the condition for the existence of periodic solutions reads 
now as 

𝜆 ∈
[

0, 𝜆−1 (𝑅∗)
]

∪
[

𝜆+1 (𝑅∗), 𝜆−3 (𝑅∗)
]

∪
[

𝜆+3 (𝑅∗), 𝜆4(𝑅∗)
]

, (42)

when |𝑅∗| ≠ 1. So the interval of admissibility [0, 4] for the 1-periodic 
system (when 𝑅∗ = 0) is divided into three parts for the 4-periodic 
system, see Fig.  10(right). Let us note that the third interval, namely 
[𝜆+3 (𝑅∗), 𝜆4(𝑅∗)], is in the negative real half-line when |𝑅∗| > 1. Outside 
those parts, there are band-gaps (in terms of 𝜆). Thus, by comparison 
to the 1-periodic system, new band-gaps start at the double roots of the 
equation 𝜇04(𝜆) = 4 (𝜇04 being the polynomial when 𝑅∗ = 0), namely 
at 𝜆01 = 2 −

√

2 and 𝜆03 = 2 +
√

2, with a width that progressively 
increases from 0 to (

√

5−1)∕2 for the first and becomes infinite for the 
second. The fact that no band-gap appears at 𝜆 = 2 is due to the specific 
expression (40) that the 𝑑𝑖’s have in the present case. The first pass-
band [0, 𝜆−1 (𝑅∗)] has a width that progressively decreases from 2 −

√

2
to 0 when |𝑅∗| grows from 0 to ∞. Similarly, the width of the second 
pass-band [𝜆+1 (𝑅∗), 𝜆−3 (𝑅∗)] decreases from 2

√

2 to 0. The third pass-
band [𝜆+3 (𝑅∗), 𝜆4(𝑅∗)] is progressively rejected to infinity with a width 
that decreases from 2 −

√

2 to 0 when |𝑅∗| grows from 0 to 1; then, 
when |𝑅∗| grows from 1 to ∞, the pass-band goes from −∞ to 0 with 
a width which starts and finishes at 0, taking its maximal value 0.122 
at |𝑅 | ≈ 3.62.
∗
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Fig. 11. For 𝜆0 = 0.01 and 𝜇0 = 1, how the quasi-periodicity modifies the domain of admissibility of the frequency 𝛬 where the system admits bounded solution: 
(up left) when 𝜃 = 1∕2 and 𝑅 = 1∕3; (up right) when 𝜃 = 1∕2 and 𝑅 = 0 (equivalent to the 1-periodic case); (down left) when 𝜃 = 1∕4 and 𝑅 = 1∕2; (down right) 
when 𝜃 = 1∕4 and 𝑅 = 0 (equivalent to the 1-periodic case). (For interpretation of the references to color in this figure legend, the reader is referred to the web 
version of this article.)
The modifications of the position of the band-gaps due to the loss of 
the 1-periodicity of the system are shown in Fig.  11 when 𝜃 = 1∕2 and 
𝑅 = 1∕3 (up), or 𝜃 = 1∕4 and 𝑅 = 1∕2 (down). In both cases, 𝜆0 = 0.01
and 𝜇0 = 1. The position of the band-gaps for the 𝑛-periodic system 
(when 𝑛 = 2 or 4 with 𝑅 ≠ 0) are represented on the left sub-figures 
and compared with that of the 1-periodic system (𝑅 = 0) represented 
in the right sub-figures. In each sub-figure, the evolution with 𝛬 of 
𝜇 = 𝜇𝑅∗

𝑛 (𝜆̂(𝜅,𝛬)) is plotted for all values of 𝜅 ∈ [0, 𝜋] (note that the blue 
regions are the collection of the curves obtained with different discrete 
values of 𝜅 ∈ [0, 𝜋]). The band-gaps, shaded in light orange, correspond 
to the intervals of 𝛬 for which 𝜇 is not in the interval (0, 4). Note that 
the right sub-figures are not the same because the polynomial 𝜇02(𝜆) and 
𝜇04(𝜆) are different, but they give the same positions of the band-gaps 
as expected, since both correspond to the same fully periodic system.

For 𝜃 = 1∕2, one can see that the two band-gaps of the 1-periodic 
system located in the intervals (𝛬𝑎1, 𝛬𝑠2] and (𝛬𝑠2, 𝛬𝑎2] still exist when 
𝑅 = 1∕3 but their widths are smaller. Specifically, they change from 
(5.163, 𝛬𝑠2 ≈ 5.498], (5.839, 𝛬𝑎2 ≈ 7.069] to (5.290, 5.498], (5.883, 7.069]. On 
the other hand, a new band-gap appears in the interval (𝛬𝑎1, 𝛬𝑠2], namely 
the interval (4.409, 4.565) when 𝑅 = 1∕3 which does not exist when 
𝑅 = 0. Thus, the loss of 1-periodicity can both decrease the width of the 
original band-gaps and create new band-gaps. This trend is confirmed 
for 𝜃 = 1∕4. Indeed, the band-gap located in the interval (𝛬𝑠2, 𝛬𝑎2]
changes from (5.839, 7.069] to (5.970, 7.069] when 𝑅 changes from 0 to 
1∕2, so its width decreases. In the interval (𝛬𝑎1, 𝛬𝑠2], when 𝑅 = 1∕2
the original band-gap (5.163, 5.498] disappears and is replaced by the 
band-gap (4.839, 5.050) that does not exist when 𝑅 = 0 and does not 
close at 𝛬𝑠2. Therefore, the 4-periodicity instead of the 1-periodicity has 
decreased the width of a band-gap, canceled another one and created 
a new one in the interval [0, 𝛬𝑎2].

In conclusion, those examples show that the replacement of the 1-
periodicity by a 𝑛-periodicity (and hence by a quasi-periodicity) can 
have complex and antagonistic effects in terms of pass-bands and 
band-gaps.
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4.2. Some properties in the general case

For arbitrary values of 𝑛, it is not possible to construct explicitly 
the polynomial 𝜇𝑅∗

𝑛  because it is defined by induction. However, it is 
possible to obtain general properties when the parameter 𝑅∗ is small by 
using asymptotic methods. Indeed, one can expand then the polynomial 
in powers of 𝑅∗:

𝜇𝑅∗
𝑛 (𝜆) = 𝜇0𝑛(𝜆) + 𝑅∗𝜇

1
𝑛(𝜆) + 𝑅∗

2𝜇2𝑛(𝜆) +⋯

The polynomial 𝜇0𝑛 , which corresponds to the 1-periodic system, is 
known and reads as 𝜇0𝑛(𝜆) = 2(1−cos 𝑛𝛽) when 𝜆 ∈ [0, 4], where 𝛽 ∈ [0, 𝜋]
is defined by 𝜆 = 2(1 − cos 𝛽). Its values enter in the interval [0, 4]
at 𝜆 = 𝜆00 ∶= 0 and leave it at 𝜆 = 𝜆0𝑛 ∶= 4. In-between, it oscillates 
between 0 and 4 reaching these extrema values at 𝜆0𝐼 = 2(1 − cos 𝐼𝜋∕𝑛)
corresponding to 𝛽𝐼 = 𝐼𝜋∕𝑛, 1 ≤ 𝐼 ≤ 𝑛 − 1, which are double roots. 
Consequently, when 𝑅∗ is small the potential new band gaps can only 
‘‘nucleate’’ at those points 𝜆0𝐼 . It is what happens for 𝑛 = 2 or 4 as 
one can check in the previous subsection. To determine if a band-gap 
really appears at one 𝜆0𝐼 , one must evaluate the value of the expansions 
of the polynomial at that point. It is first shown in Comi et al. (2025) 
that 𝜇1𝑛(𝜆0𝐼 ) = 0 for 0 ≤ 𝐼 ≤ 𝑛 and then that the criterion of nucleation 
‘‘at the first order’’ in 𝑅∗ is given by 

For 0 < 𝐼 < 𝑛,  if (−1)𝐼+1𝜇2𝑛(𝜆0𝐼 )
{

> 0
< 0,

then
{

nucleation
no nucleation. (43)

When 𝜇2𝑛(𝜆0𝐼 ) = 0, the nucleation or not of a band-gap at 𝜆0𝐼  will depend 
on higher terms of the expansion. Moreover, when the condition of 
nucleation is satisfied, then the new band-gap is, at the first order, 
centered at 𝜆0𝐼  with a width 𝜆̄𝐼  given by 

𝜆̄𝐼 =
4𝑅∗
𝑛

sin 𝛽𝐼
√

(−1)𝐼+1𝜇2𝑛(𝜆𝐼 ). (44)

Using the relation of induction giving 𝜇𝑅∗
𝑛 (𝜆), one can calculate the 

second term 𝜇2 of the expansion which, with our choice of the 𝑑 ’s, 
𝑛 𝑖
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reads as 

𝜇2𝑛(𝜆) = −
𝑛
∑

𝐽=1

𝐽
∑

𝐾=1

𝜆2

sin2𝛽
sin(𝑛 − 𝐽 +𝐾)𝛽 sin(𝐽 −𝐾)𝛽 cos 2𝐽

𝑝
𝑛
𝜋 cos 2𝐾

𝑝
𝑛
𝜋.

(45)

So, it is sufficient to calculate the double sum above for 𝜆 = 𝜆0𝐼 . The 
calculations are not detailed here and the interested reader can find 
the method used in the supplementary file of Comi et al. (2025). One 
eventually gets 

𝜇2𝑛(𝜆
0
𝐼 ) =

⎧

⎪

⎨

⎪

⎩

(−1)𝐼+1 𝑛
2

4
tan2 𝐼𝜋

2𝑛
if 𝐼 ∈ {𝑝, 𝑛 − 𝑝}

0 otherwise.
(46)

Accordingly, a band-gap really nucleates at 𝜆0𝑝 and 𝜆0𝑛−𝑝, that is conform 
to the results found for 𝑛 = 2 and 𝑛 = 4. At the first order, one deduces 
from (44)–(46) that the width of the band-gap is equal to 𝜆0𝑝𝑅∗ and 
𝜆0𝑛−𝑝𝑅∗. (Note that for 𝑛 = 2, since 𝑝 = 𝑛 − 𝑝 = 1, the width of the 
band-gap at 𝜆 = 𝜆01 = 2 is double and hence equal to 4𝑅∗.)

Since the result is valid for any 𝜃 rational, one can extend it at any 
real 𝜃 of the interval (0, 1). So we have obtained the following result: 

Proposition 3.  For a quasi-periodic system whose 𝑑𝑖 are given by 𝑑𝑖 =
1 + 𝑅∗ cos 2𝑖𝜃𝜋 with 𝜃 ∈ (0, 1), a band-gap nucleates at 𝜆 = 2(1 ± cos 𝜃𝜋)
as soon as 𝑅∗ ≠ 0. The width of the band-gap is of the first order in 𝑅∗ for 
small 𝑅∗ and equal to 𝜆𝑅∗.

To find if band-gaps nucleate at the points 𝜆0𝐼  with 𝐼 ∉ {𝑝, 𝑛 −
𝑝}, one must consider higher orders of the expansion. Expanding the 
polynomial 𝜇𝑅∗

𝑛  up to the fourth order, it is shown in Comi et al. (2025) 
that band-gaps whose width is of the order of 𝑅∗

2 can nucleate at 𝜆02𝑝
and 𝜆0𝑛−2𝑝, but the number of calculations required to apply this result 
here is too large to be reproduced in this article.

Since 𝜇𝑅∗
𝑛 (0) is always equal to 0, the half-line (−∞, 0) is always a 

band-gap. At the other end, the half-line (𝜆𝑛(𝑅∗),+∞) is also a band-
gap, 𝜆𝑛(𝑅∗) being the last value of 𝜆 where the polynomial leaves the 
interval [0, 4]. If we assume that 𝜆𝑛(𝑅∗) can be expanded with respect to 
𝑅∗ as follows : 𝜆𝑛(𝑅∗) = 4+𝜆1𝑛𝑅∗+⋯, the condition 𝜇𝑅∗

𝑛 (𝜆𝑛(𝑅∗)) = 𝜇0𝑛(4)
expanded to the first order gives

0 =

(

𝑑𝜇0𝑛
𝑑𝜆

(4)𝜆1𝑛 + 𝜇
1
𝑛(4)

)

𝑅∗ +⋯ .

Since 𝑑𝜇0𝑛∕𝑑𝜆(4) ≠ 0 and 𝜇1𝑛(4) = 0, one gets 𝜆1𝑛 = 0. That means that the 
evolution of the upper-bound of the pass-band is of the second order in 
𝑅∗, which is in conformity with the results obtained for 𝑛 = 2 or 4 (see 
the vertical tangent at 𝜆 = 4 on the Figs.  10).

Finally, the dependence of the first order nucleated band-gap on 𝜃
can be seen in Fig.  12 when 𝑅∗ = 0.1.

As 𝑅∗ depends on 𝑅 and 𝛬 (see eq. (37)), it would remain to 
interpret the above results in terms of the frequency 𝛬 for small values 
of the parameter 𝑅 and for any value of 𝜃. We will not address this 
point here.

5. Adiabatic pumping in the system homogenized in 𝒙

In this section we will show how quasi-periodicity allows to obtain 
adiabatic pumping of longitudinal waves from one bar to another in 
the system considered in Section 2.2. For plane waves along 𝑥 of 
wavenumber 𝑘𝑥, such that 𝑢𝑗 (𝑥) = 𝑈𝑗 exp(𝗂𝑘𝑥𝑥), Eq. (21) becomes: 

(𝛺2−𝑘2𝑥)𝑈𝑗−
𝜖3

𝐴𝑑
(

𝑈𝑗 (𝑤𝑗 (𝑥)+𝑤𝑗−1(𝑥))−𝑈𝑗+1𝑤𝑗 (𝑥)−𝑈𝑗−1𝑤𝑗−1(𝑥)
)

= 0. (47)

Problem (47) is now very similar to the one of Moscatelli et al. 
(2024), Comi et al. (2025), with the difference that here the solution 
11 
Fig. 12. The light orange domains represent the band-gaps bands on the real 
line 𝜆 estimated by the first-order asymptotic expansion in 𝑅∗ for 𝑅∗ = 0.1 as 
a function of 𝜃 ∈ (0, 1). The orange dotted lines represent where second-order 
band-gaps bands may appear. (For interpretation of the references to color in 
this figure legend, the reader is referred to the web version of this article.)

depends also on the wavenumber 𝑘𝑥 along the direction 𝑥. Note that 
the coefficients depend on 𝑥 through the out-of-plane thickness: 
𝑤𝑗 (𝑥) = 𝑤0

[

1 + 𝑅(cos(2𝜋(𝜃𝑥∕𝑑 + 𝜙𝑗)))
]

= 𝑤0𝑤̃𝑗 (𝑥). (48)

First, we consider a fixed position 𝑥. Problem (47), discrete in 𝑦
direction with index 𝑗, can then be rewritten as: 
𝜇2𝑥 𝑈𝑗 − [𝑤̃𝑖(𝑈𝑗 − 𝑈𝑗+1) + 𝑤̃𝑗−1(𝑈𝑗 − 𝑈𝑗−1)] = 0, (49)

with 𝜇2𝑥 = (𝛺2 − 𝑘2𝑥)
𝐴𝑑
𝜖3𝑤0

.
When considering a finite number of bars 𝑁 along direction 𝑦, 

imposing boundary conditions at 𝑗 = 0 and 𝑗 = 𝑁 − 1, the spectrum 
of problem (49) is characterized by a finite number of eigenvalues 
(see Comi et al., 2025; Rosa et al., 2023). Some of these eigenvalues 
correspond to bulk modes, while others correspond to edge modes, 
i.e. modes localized at the boundaries 𝑗 = 0 or 𝑗 = 𝑁 − 1. The 
latter are positioned at frequencies inside band-gaps of the spectrum 
of the periodic infinite system obtained by taking as unit cell the finite 
system under consideration. This is shown for a case where we consider 
𝑁 = 25 parallel bars distributed along direction 𝑦, with 𝜃̂(𝑥) = 𝜃𝑥∕𝑑, 
and with parameters 𝜙 = 1∕5, 𝑅 = 2∕3. The infinite periodic system 
is thus 5-periodic along direction 𝑦, with a unit cell varying along 
𝑥 with the phase 𝜃̂(𝑥). In Fig.  13(a) we show the bulk spectrum of 
the infinite periodic system by varying 𝜃̂ and the Bloch–Floquet wave 
number 𝑘𝑦. As expected, five pass-bands, shaded in color, appear in the 
spectrum due to the periodicity of the system along direction 𝑦. In Fig. 
13(b), we superimpose the eigenvalues of the finite system with free-
free boundary conditions (black curves) over the bulk spectrum of the 
corresponding infinite system, given by the colored regions in the plot. 
We find one eigenvalue in each band-gap, corresponding to an edge 
mode localized at one of the boundaries of the domain.

As expected from the topological properties of the system, these 
edge modes cross the band-gaps when varying the phase 𝜃̂: an edge 
mode initially localized at one boundary of the system is transferred 
to the opposite boundary each time its corresponding curve crosses a 
band-gap, thus achieving adiabatic pumping of a wave. This is shown 
in Fig.  14, which displays, in color scale, the absolute value of the 
displacement field of the edge mode inside the third band-gap of the 
system governed by Eq.  (49), for a varying phase 𝜃̂. The different rows 
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Fig. 13. (a) Bulk spectrum of the infinite periodic system. (b) Pass-bands of the infinite system (colored regions) and eigenvalues of the finite system with 𝑁 = 25
bars along direction 𝑦, for 𝜙 = 1∕5, and 𝑅 = 2∕3 (black lines).
Fig. 14. Adiabatic pumping of an edge mode inside the third band-gap of the system analyzed in Fig.  13b.
Fig. 15. (a) Spatial variation of the imposed wave packet at 𝑥 = 0 with 𝜃̂ = 0.75. (b) Time variation of the imposed wave packet at 𝑥 = 0 for 𝑗 = 0 (blue line) 
and 𝑗 = 𝑁 − 1 (orange line). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
correspond to the 25 bars, identified by the index 𝑗. From Fig.  13(b), 
the black curve corresponding to such eigenvalue crosses the band-gap 
four times. This is in accordance with the results shown in Fig.  14. 
Initially, the mode is localized in the first bar (i.e. at 𝑗 = 0), at the 
bottom boundary of the system. By increasing the phase, the mode first 
moves to the opposite boundary (i.e. at 𝑗 = 𝑁 − 1), then returns to be 
localized at the bottom boundary, and finally, it again localizes at the 
top boundary.

Let us now consider problem (47). The aforementioned adiabatic 
pumping capabilities have been tested for a two dimensional system 
with 𝑁 bars of length 𝐿 along direction 𝑥, at relative distance 𝓁 in the 
12 
𝑦 direction, by applying to the system the third edge mode at position 
𝑥 = 0, as a Gaussian wave packet centered at 𝛺𝓁 = 2.1. The imposed 
signal is shown in Fig.  15, in terms of space variation 15(a) and time 
variation 15(b), for 𝑗 = 0 (blue line) and 𝑗 = 𝑁 − 1 (orange line).

The phase 𝜃̂ linearly varies along direction 𝑥 from 0.75 at 𝑥 = 0, to 1 
at 𝑥 = 𝐿. According to Fig.  14, the edge mode is expected to move from 
the bottom boundary (𝑗 = 0) of the system to the top one (𝑗 = 𝑁 − 1). 
The value for 𝛺𝓁 has been chosen in order to excite propagating waves 
along the bars. This can be understood by looking at Fig.  16, where 
we show the dispersion plot in terms of the real and imaginary parts 
of the wave number 𝑘 , for 𝜃̂ = 0.75 which is the phase defining the 
𝑥
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Fig. 16. Dispersion plot for longitudinal waves along the bars: real and imaginary parts of the wavenumber 𝑘𝑥 as a function of 𝛺𝓁 for 𝜃̂ = 0.75. The bold black 
line corresponds to the 15-th mode.
Fig. 17. Response of the system at different time frames, showing the adiabatic pumping of the wave packet from one boundary to the opposite one.
out-of-plane thickness 𝑤𝑗 of the elastic connections at 𝑥 = 0. We see 
from Fig.  16 that for 𝛺𝓁 = 2.1 (vertical dashed lines), considering 
the curve (bold black curve) corresponding to the edge mode inside 
the third band-gap, i.e. the 15-th mode (see Fig.  13(b)), the system at 
𝑥 = 0 indeed supports propagating waves. This can be extended for all 
positions 𝑥 ∈ [0, 𝐿], namely to all values of 𝜃̂ used in the system. Note 
that 𝐿 has to be chosen sufficiently large to ensure enough space for 
the pumping to take place and to guarantee a smooth variation of the 
phase 𝜃̂ after the discretization of the bars used for the forthcoming 
numerical simulation. Here we take 𝐿 = 800𝓁.
13 
The longitudinal displacements of the bars, computed through the 
inverse Fourier transform, are shown in Fig.  17, for different time 
frames. The problem is solved using the spectral finite element method, 
with 40 finite elements along each bar (this number is sufficient to 
ensure convergence). Note that non-radiating boundary conditions are 
applied at 𝑥 = 𝐿. The details of the numerical implementation are 
reported in Appendix  B. It is clear from the figure that the wave packet 
is indeed pumped from one boundary of the system to the opposite one, 
confirming thus the possibility to achieve adiabatic pumping of a wave 
in the quasi-periodic system under consideration.
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6. Conclusions

We studied longitudinal wave propagation in a two-dimensional 
bar-and-beam lattice with Aubry–André–Harper modulation of the con-
necting beams, covering both periodic and quasi-periodic arrange-
ments. Starting from the continuous formulation of Helmholtz equation 
along the bars, we derived a discrete model and established new, fully 
analytical criteria for the existence of bounded solutions and the nucle-
ation of band-gaps in the limit of a period arrangement. We formulated 
and demonstrated Proposition  1 proving, for the 2D periodic lattice, 
the existence of an infinite number of band-gaps occurring starting 
from sufficiently high frequencies. Then we considered the effect of 
the loss of periodicity in one direction. The analysis shows that quasi-
periodicity, in the context of two-dimensional lattice structures, can 
both shrink existing band-gaps and create new ones, with their position 
and width governed by the modulation parameters. These new results 
show that the behavior of two-dimensional quasi-periodic lattices is 
different and more complex of that of one-dimensional ones, where 
the quasi-periodicity leads to nucleation of new band-gaps without 
altering the ones of the periodic arrangement. The obtained results 
provide quantitative guidelines to design elastic lattices with tailored 
longitudinal wave filtering and transport. The loss of periodicity in the 
other direction is tackled by considering a homogenized problem which 
can be solved numerically. A specific problem with a finite number of 
bars is solved, showing that, when properly designed, the system can 
sustain adiabatic pumping.

Further developments could include the extension of the analysis 
to flexural waves, and the quantitative assessment of the topological 
properties in the quasi-periodic setting. Moreover, the lattice system 
here addressed could be used to study the effect of simultaneous quasi-
periodicity in both directions 𝑥 and 𝑦. This study would constitute an 
interesting extension of the present work.

As shown in Remark  2, under some simplifying assumptions the 
wave propagation problem in the considered structure is governed by 
Mathieu equation, which is known to have a rich spectrum of solutions. 
The discussion of these solutions will be pursued elsewhere.
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Appendix A. Proof of Proposition  1

Let us first establish some properties of the function 𝜆̂ defined in 
(30) which can also read as
𝜆̂(𝜅,𝛬) = 𝜆0

(𝜇0
2
𝛬4 + 𝐹 (𝛬) −

(

𝐹 (𝛬) + 𝐺(𝛬)
)

sin2 𝜅
2

)

.

1. For a given 𝜅 ∈ (0, 𝜋), 𝜆̂(𝜅,𝛬) is not defined when 𝛬 corresponds 
to a frequency of resonance of the bent beams, but is continuous 
and monotonically increasing in each interval (𝛬𝑎𝐼−1, 𝛬𝑠𝐼 ) and 
(𝛬𝑠𝐼 , 𝛬

𝑎
𝐼 ) for 𝑖 ∈ N∗ because 𝐹  is continuous and increasing while 

𝐺 is continuous and decreasing in those intervals.
14 
2. For 𝜅 = 0, 𝜆̂(0, 𝛬) is not defined when 𝛬 = 𝛬𝑠𝐼  with 𝐼 ∈ N∗. 
Moreover, 𝜆̂(0, 𝛬) increases continuously from 0 to +∞ when 
𝛬 grows from 0 to 𝛬𝑠1, and from −∞ to +∞ when 𝛬 grows 
from 𝛬𝑠𝐼  to 𝛬𝑠𝐼+1 for 𝐼 ∈ N∗. Therefore, there exists in each 
interval (𝛬𝑠𝐼 , 𝛬𝑠𝐼+1) with 𝐼 ∈ N∗ a unique 𝛬, denoted 𝛬−

2𝐼+1(0), 
such that 𝜆̂(0, 𝛬) = 0 and a unique 𝛬, denoted 𝛬+

2𝐼+1(0), such 
that 𝜆̂(0, 𝛬) = 4. Moreover, one sets 𝛬−

0 (0) = 0 and denotes by 
𝛬+
0 (0) the unique 𝛬 ∈ (0, 𝛬𝑠1) such that 𝜆̂(0, 𝛬) = 4. Thus, one has

0 = 𝛬−
0 (0) < 𝛬

+
0 (0) < ⋯ < 𝛬𝑠𝐼 < 𝛬

−
2𝐼+1(0) < 𝛬

+
2𝐼+1(0) < 𝛬

𝑠
𝐼+1 <⋯ .

3. For 𝜅 = 𝜋, 𝜆̂(𝜋,𝛬) is not defined when 𝛬 = 𝛬𝑎𝐼  with 𝐼 ∈ N∗. 
Moreover, 𝜆̂(𝜋,𝛬) increases continuously from −3𝜆0∕2 < 0 to 
+∞ when 𝛬 grows from 0 to 𝛬𝑎1, and from −∞ to +∞ when 
𝛬 grows from 𝛬𝑎𝐼  to 𝛬𝑎𝐼+1 for 𝐼 ∈ N∗. Therefore, there exists in 
each interval (𝛬𝑎𝐼 , 𝛬𝑎𝐼+1) with 𝐼 ∈ N a unique 𝛬, denoted 𝛬−

2𝐼 (𝜋), 
such that 𝜆̂(𝜋,𝛬) = 0 and a unique 𝛬, denoted 𝛬+

2𝐼 (𝜋), such that 
𝜆̂(𝜋,𝛬) = 4. Thus, one has
0 < 𝛬−

0 (𝜋) < 𝛬
+
0 (𝜋) <⋯ < 𝛬𝑎𝐼 < 𝛬

−
2𝐼 (𝜋) < 𝛬

+
2𝐼 (𝜋) < 𝛬

𝑎
𝐼+1 <⋯ .

Let us discuss now the location of possible pass-bands and band gaps 
in each interval considered in the statement of the Proposition. The 
discussion is essentially the same for all the intervals and hence we 
simply detail the arguments for the first interval.

∙ In [0, 𝛬𝑠1]. For any given 𝜅 ∈ (0, 𝜋), 𝜆̂(𝜅,𝛬) increases continuously 
from − 3

2𝜆0 sin
2 𝜅
2  to +∞ when 𝛬 grows from 0 to 𝛬𝑠1. Therefore, there 

exists a unique 𝛬−
0 (𝜅) ∈ (0, 𝛬𝑠1) such that 𝜆̂(𝜅,𝛬−

0 (𝜅)) = 0, and a unique 
𝛬+
0 (𝜅) ∈ (0, 𝛬𝑠1) such that 𝜆̂(𝜅,𝛬+

0 (𝜅)) = 4. Moreover, for any given 
𝛬 ∈ (0, 𝛬𝑠1), 𝜅 ↦ 𝜆̂(𝜅,𝛬) is monotonically decreasing on (0, 𝜋) because 
𝐹 (𝛬) + 𝐺(𝛬) > 0. Then, we obtain the following properties:

(i) 𝜅 ↦ 𝛬±
0 (𝜅) is continuously increasing on (0, 𝜋).

Proof. The continuity comes from the continuity of (𝜅,𝛬) ↦
𝜆̂(𝜅,𝛬) on (0, 𝜋) × (0, 𝛬𝑠1). For proving the monotonicity, let us 
consider 0 < 𝜅1 < 𝜅2 < 𝜋. Then, one gets by virtue of the 
monotonicity of 𝜅 ↦ 𝜆̂(𝜅,𝛬):

𝜆̂(𝜅1, 𝛬
±
0 (𝜅1)) = 𝜆̂(𝜅2, 𝛬

±
0 (𝜅2)) < 𝜆̂(𝜅1, 𝛬

±
0 (𝜅2)),

from which one deduces that 𝛬±
0 (𝜅2) > 𝛬±

0 (𝜅1) because of the 
monotonicity of 𝛬 ↦ 𝜆̂(𝜅,𝛬). □

(ii) lim𝜅→0 𝛬−
0 (𝜅) = 𝛬−

0 (0) = 0 and
lim
𝜅→𝜋

𝛬−
0 (𝜅) = 𝛬−

0 (𝜋) < lim
𝜅→𝜋

𝛬+
0 (𝜅) ≤ 𝛬𝑠1.

Proof. The limits exist by virtue of the monotonicity of 𝜅 ↦
𝛬±
0 (𝜅). Since 𝜆̂ is continuous in [0, 𝜋] × [0, 𝛬𝑠1), we can pass to 

the limit in 𝜆̂(𝜅,𝛬−
0 (𝜅)) = 0 when 𝜅 tends to 0 or 𝜋. Then 

𝜆̂(0, lim𝜅→0 𝛬−
0 (𝜅)) = 0 which gives lim𝜅→0 𝛬−

0 (𝜅) = 0. In the same 
manner, 𝜆̂(𝜋, lim𝜅→𝜋 𝛬−

0 (𝜅)) = 0 gives lim𝜅→𝜋 𝛬−
0 (𝜋) = 𝛬−

0 (𝜋). For 
𝜅 ∈ (0, 𝜋), the strict inequalities 𝛬−

0 (𝜅) < 𝛬+
0 (𝜅) < 𝛬𝑠1 comes 

from the monotonicity of 𝛬 ↦ 𝜆̂(𝜅,𝛬) and the definitions of 
𝛬±
0 (𝜅). By passing to the limits when 𝜅 goes to 𝜋, we obtain 

large inequalities, but the equality 𝛬−
0 (𝜋) = lim𝜅→𝜋 𝛬+

0 (𝜅) is not 
possible because that would lead to
0 = 𝜆̂(𝜋,𝛬−

0 (𝜋)) = lim
𝜅→𝜋

𝜆̂(𝜅, 𝛬+
0 (𝜅)) = 4,

a contradiction. □
(iii) [0, 𝛬+

0 (𝜋)] is a pass-band.
Proof. By continuity and monotonicity of 𝜅 ↦ 𝛬−

0 (𝜅), the interval 
[0, 𝛬−

0 (𝜋)] is a pass-band. By definition of 𝛬±
0 (𝜋) and by conti-

nuity and monotonicity of 𝛬 ↦ 𝜆̂(𝜋,𝛬) in [0, 𝛬𝑎1), the interval 
[𝛬−

0 (𝜋), 𝛬
+
0 (𝜋)] is a pass-band. □

(iv) If 𝜆̂(𝜋,𝛬𝑠1) ≤ 4, then [0, 𝛬𝑠1] is a pass-band.
Indeed, if 𝜆̂(𝜋,𝛬𝑠1) ≤ 4, then 𝛬+

0 (𝜋) ≥ 𝛬𝑠1 because of the 
monotonicity of 𝛬 ↦ 𝜆̂(𝜋,𝛬), and the result follows from the 
previous property.
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(v) If 𝜆̂(𝜋,𝛬𝑠1) > 4, then 𝛬+
0 (𝜋) < 𝛬

𝑠
1 and (𝛬+

0 (𝜋), 𝛬
𝑠
1] is a band-gap.

Proof. If 𝜆̂(𝜋,𝛬𝑠1) > 4, then 𝛬+
0 (𝜋) < 𝛬𝑠1 because of the mono-

tonicity of 𝛬 ↦ 𝜆̂(𝜋,𝛬). Moreover 𝜆̂(𝜅,𝛬) > 4 for all 𝜅 ∈ [0, 𝜋]
and all 𝛬 ∈ (𝛬+

0 (𝜋), 𝛬
𝑠
1), hence this latter interval is a band-gap. 

Since 𝜆̂(𝜋,𝛬𝑠1) > 4 and 𝜆̂(𝜅,𝛬𝑠1) is not defined for 𝜅 ∈ [0, 𝜋), 𝛬𝑠1 is 
also in the band-gap. □

So, we have obtained the result given in the statement of the Proposi-
tion with 𝛬0 = 𝛬+

0 (𝜋).
∙ In (𝛬𝑠𝐼 , 𝛬𝑎𝐼 ] with 𝐼 in N∗. For any given 𝜅 ∈ (0, 𝜋), 𝜆̂(𝜅,𝛬) increases 

continuously from −∞ to +∞ when 𝛬 grows from 𝛬𝑠𝐼  to 𝛬𝑎𝐼 . Therefore, 
there exists a unique 𝛬−

2𝐼+1(𝜅) ∈ (𝛬𝑠𝐼 , 𝛬
𝑎
𝐼 ) such that 𝜆̂(𝜅,𝛬−

2𝐼+1(𝜅)) =
0, and a unique 𝛬+

2𝐼+1(𝜅) ∈ (𝛬𝑠𝐼 , 𝛬
𝑎
𝐼 ) such that 𝜆̂(𝜅,𝛬+

2𝐼+1(𝜅)) = 4. 
Moreover, for any given 𝛬 ∈ (𝛬𝑠𝐼 , 𝛬

𝑎
𝐼 ), 𝜅 ↦ 𝜆̂(𝜅, 𝛬) is monotonically 

increasing on (0, 𝜋) because 𝐹 (𝛬) + 𝐺(𝛬) < 0. Then, we obtain the 
following properties by arguments similar to those used for the interval 
[0, 𝛬𝑠1]:

(i) 𝜅 ↦ 𝛬±
2𝐼+1(𝜅) is continuously decreasing on (0, 𝜋). (Essentially 

because 𝜅 ↦ 𝜆̂(𝜅,𝛬) is monotonically increasing on (0, 𝜋) when 
𝛬 ∈ (𝛬𝑠𝐼 , 𝛬

𝑎
𝐼 ).)

(ii) lim𝜅→𝜋 𝛬−
2𝐼+1(𝜅) = 𝛬𝑠𝐼  and

lim
𝜅→0

𝛬−
2𝐼+1(𝜅) = 𝛬−

2𝐼+1(0) < lim
𝜅→0

𝛬+
2𝐼+1(𝜅) ≤ 𝛬𝑎𝐼 .

(iii) (𝛬𝑠𝐼 , 𝛬
+
2𝐼+1(0)] is a pass-band.

(iv) If 𝜆̂(0, 𝛬𝑎𝐼 ) ≤ 4, then (𝛬𝑠𝐼 , 𝛬𝑎𝐼 ] is a pass-band.
(v) If 𝜆̂(0, 𝛬𝑎𝐼 ) > 4, then lim𝜅→0 𝛬+

2𝐼+1(𝜅) = 𝛬+
2𝐼+1(0) < 𝛬𝑎𝐼  and 

(𝛬+
2𝐼+1(0), 𝛬

𝑎
𝐼 ] is a band-gap.

So, we have obtained the result given in the statement of the Proposi-
tion with 𝛬2𝐼+1 = 𝛬+

2𝐼+1(0).
∙ In (𝛬𝑎𝐼 , 𝛬𝑠𝐼+1] with 𝐼 in N∗. The discussion is essentially the same 

as for the interval [0, 𝛬𝑠1]. The unique difference is that the frequency 
𝛬𝑎𝐼  is not considered here, but in the previous interval.

Appendix B. Numerical solution details

Problem (21) can be rewritten in matrix form as: 

{𝑢}′′ +𝛺2{𝑢} − [𝛤 ]{𝑢} = {0}, (B.1)

where {𝑢} = {𝑢0(𝑥), 𝑢1(𝑥),… , 𝑢𝑁−1(𝑥)}𝑇  is the vector of displacements 
along each bar, 𝑁 is the number of bars in 𝑦 direction and the matrix 
[𝛤 ] reads 

[𝛤 ] =
𝜖3𝑤0

𝐴𝑑

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑤̃0 −𝑤̃0 0 ⋯ ⋯ 0
−𝑤̃0 𝑤̃0 + 𝑤̃1 −𝑤̃1 ⋱ ⋮
0 −𝑤̃1 𝑤̃1 + 𝑤̃2 ⋱ ⋮
⋮ ⋱ −𝑤̃𝑗−1 𝑤̃𝑗−1 + 𝑤̃𝑗 −𝑤̃𝑗 ⋮
⋮ ⋱ ⋱ ⋮
0 ⋯ ⋯ 0 −𝑤̃𝑁−2 𝑤̃𝑁−2

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

.

(B.2)

To solve the above problem, let us first solve for a fixed position 𝑥
the eigenvalue problem associated to the matrix [𝛤 ], with free-free 
boundary conditions in the 𝑦 direction. Note that [𝛤 ] is a tridiagonal 
symmetric matrix, thus all its eigenvalues are real and its eigenvectors 
are orthogonal. We denote by 𝜈𝑚, with 𝑚 = {0,… , 𝑁 −1}, the eigenval-
ues. Accordingly, the displacement vector can be expressed as a linear 
combination of the eigenmodes, namely 

{𝑢} = [𝜓]{𝑞}, (B.3)

where {𝑞} = {𝑞0(𝑥), 𝑞1(𝑥),… , 𝑞𝑁−1(𝑥)}𝑇  is the vector of modal coor-
dinates, and [𝜓] is the matrix whose columns are made up of the 𝑁
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orthonormal eigenmodes of [𝛤 ]. Substituting the expression (B.3) in Eq. 
(B.1), we obtain 
[𝜓]{𝑞}′′ +𝛺2[𝜓]{𝑞} − [𝛤 ][𝜓]{𝑞} = {0}. (B.4)

Pre-multiplying the above equation by [𝜓]𝑇 , and using the orthogonal-
ity property of the eigenmodes, we obtain a system of 𝑁 decoupled 
differential equations : 
𝑞𝑚(𝑥)′′ + (𝛺2 − (𝜈𝑚)2)𝑞𝑚(𝑥) = 0, 𝑚 = {0,… , 𝑁 − 1}, (B.5)

for a fixed coordinate 𝑥. Let us consider for a moment that 𝑤𝑗 (𝑥) = 𝑤𝑗 , 
namely it is constant along the bars, but can vary from one bar to the 
other. In that case, the general solution of the above equation is : 
𝑞𝑚(𝑥) = 𝐴𝑚𝑒

𝗂𝑘𝑚𝑥 𝑥 + 𝐵𝑘𝑒−𝗂𝑘
𝑚
𝑥 𝑥, (B.6)

with 𝑘𝑚𝑥 =
√

𝛺2 − (𝜈𝑚)2, 𝐴𝑚 and 𝐵𝑚 being constants to be determined. 

Remark 5.  Note that the resulting waves are dispersive, with a cut-
off frequency for each mode given by 𝛺 = 𝜈𝑚. Below this frequency 
the wavenumber 𝑘𝑚𝑥  is purely imaginary and the wave is evanescent. 
Accordingly, far enough from the source, only waves at frequencies 
higher than 𝜈𝑚 will be present.

Let us now consider the general case where 𝑤𝑗 (𝑥) varies along each 
bar. For this, we discretize each rod using 𝑁𝑒 finite elements, each one 
of length 𝑎. Within each element, we consider 𝑤𝑗 constant and equal 
to 𝑤𝑒𝑗 in element 𝑒, with 𝑒 = {0,… , 𝑁𝑒 − 1}. The general solution (B.6) 
is thus valid within each element 𝑒, with 𝑘𝑚𝑥  now depending also on 𝑒.

We first treat each element along direction 𝑥 separately. In order to 
combine the information along direction 𝑦 across all the 𝑁 bars, let us 
define the following vectors: 
{𝑢0} = {𝑢0(0), 𝑢1(0),… , 𝑢𝑁−1(0)}𝑇

{𝑢𝑎} = {𝑢0(𝑎), 𝑢1(𝑎),… , 𝑢𝑁−1(𝑎)}𝑇

{𝑁0} = −{𝑁0(0), 𝑁1(0),… , 𝑁𝑁−1(0)}𝑇

{𝑁𝑎} = {𝑁0(𝑎), 𝑁1(𝑎),… , 𝑁𝑁−1(𝑎)}𝑇

(B.7)

where 𝑢𝑗 and 𝑁𝑗 = 𝐸𝐴𝑢′′𝑗  are the displacement and axial force in bar 
𝑗, respectively. Note that the index of element 𝑒 has been dropped for 
clarity. Using the vector of coefficients {𝐶} defined as: 
{𝐶} = {𝐴0, 𝐵0, 𝐴1, 𝐵1,… , 𝐴𝑁−1, 𝐵𝑁−1}𝑇 , (B.8)

relations (B.7) can be expressed as : 
(

{𝑢0}
{𝑢𝑎}

)

=
[

[𝜓] [𝜓]
[𝜓]{𝑒−𝗂𝐾𝑎} [𝜓]{𝑒𝗂𝐾𝑎}

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
[𝑆]

{𝐶},

(

{𝑁0}
{𝑁𝑎}

)

= 𝐸𝐴
[

[𝜓]{𝗂𝐾} [𝜓]{−𝗂𝐾}
[𝜓]{−𝗂𝐾𝑒−𝗂𝐾𝑎} [𝜓]{𝗂𝐾𝑒𝗂𝐾𝑎}

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
[𝑅]

{𝐶},
(B.9)

where 𝐾 is a vector containing the 𝑘𝑚𝑥 , with 𝑚 = {0, 1,… , 𝑁 − 1}. 
Using relations (B.9), we can eliminate the vector of coefficients {𝐶}
and obtain the elemental stiffness matrix [𝐾𝑒] such that : 
(

{𝑁0}
{𝑁𝑎}

)

= [𝐾𝑒]
(

{𝑢0}
{𝑢𝑎}

)

, (B.10)

with 
[𝐾𝑒] = [𝑅][𝑆]−1. (B.11)

The global stiffness matrix [𝐾] can then be obtained assembling the 
elemental stiffness matrices [𝐾𝑒], by applying the standard finite ele-
ment assembly procedure. Finally, by imposing appropriate boundary 
conditions, the global system can be solved for a given frequency 𝛺.

Remark 6.  Note that the above procedure can be easily adapted to 
consider different boundary conditions along direction 𝑦, by changing 
the eigenvalue problem associated to matrix [𝛤 ].
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Remark 7.  Non-reflecting boundary conditions are implemented at 
the right border of the system along direction 𝑥, by considering only 
outgoing waves in the last element. This leads to the following relation 
between forces and displacements at the right boundary : 
{𝑁𝐿} = [𝐾𝑁𝑅]{𝑢𝐿}, (B.12)

with 
[𝐾𝑁𝑅] = [𝜓]𝐸𝐴{𝗂𝐾}[𝜓]𝑇 . (B.13)

Remark 8.  The problem is solved for each frequency 𝛺 independently. 
The solution in time is then obtained by applying the inverse Fourier 
transform.

Data availability

No data was used for the research described in the article.
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