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Abstract

Non-Hermitian (NH) systems with globally reciprocal couplings—such as the Hatano—Nelson
model with stochastic imaginary gauge fields—avoid the conventional NH skin effect, display-

ing erratic bulk localization while retaining ballistic transport. An open question is whether sim-
ilar behavior arises when non-reciprocity originates at the Liouvillian level rather than from an
effective NH Hamiltonian obtained via post-selection. Here, a lattice model with globally recip-
rocal Liouvillian dynamics and locally asymmetric incoherent hopping is investigated, a disordered
setting in which Liouvillian-specific effects have remained largely unexplored. While the steady
state again shows disorder-dependent, erratic localization without boundary accumulation, excit-
ations in the incoherent-hopping regime spread via Sinai-type subdiffusion, dramatically slower
than ordinary diffusion in symmetric stochastic lattices. This highlights that the genuinely distinct
Liouvillian signature is the coexistence of global reciprocity with ultra-slow, disorder-induced sub-
diffusive transport, rather than the erratic localization itself. These results reveal a fundamental
distinction between globally reciprocal Hamiltonian and Liouvillian systems: in both cases the skin
effect is suppressed, but only in Liouvillian dynamics erratic skin localization can coexist with sub-
diffusive transport.

1. Introduction

Non-Hermitian (NH) physics [1] has emerged as a vibrant research frontier across diverse areas of phys-
ics, spanning condensed matter and open quantum systems, as well as classical platforms including
photonic, acoustic, mechanical, and electrical lattices [2—14]. Non-Hermiticity can fundamentally alter
the spectral and dynamical properties of lattice models, as well as their topological phases [14—16]. One
of the most striking manifestations of these effects is the NH skin effect (NHSE) [17-19], in which an
extensive number of eigenmodes under open boundary conditions (OBCs) become localized at the edges
of a lattice, typically due to asymmetric (non-reciprocal) hopping. This phenomenon, together with its
diverse manifestations and broad range of applications, has been extensively investigated (see, e.g. [6, 7,
10, 11, 13, 17-56] and references therein).

In open quantum systems, non-reciprocal behavior and the associated skin effect can emerge from
two distinct mechanisms. In the first scenario, the effective NH Hamiltonian describing the conditional
dynamics under post-selection captures the asymmetry in coherent hopping [9, 24, 57-63]. A proto-
typical example is the Hatano—Nelson model [14, 64], in which unequal left- and right-hopping rates
lead to the accumulation of eigenmodes at one lattice edge and to biased ballistic transport in the bulk,
accompanied by transient self-acceleration rooted in the spectral topology of the NHSE [48, 65]. In
the second scenario, non-reciprocity arises from the Liouvillian superoperator governing the full dens-
ity matrix dynamics, giving rise to the so-called Liouvillian skin effect (LSE) [24, 62, 66]. A possible
route to realize the LSE is via asymmetric incoherent hopping terms in the dissipative dynamics [67, 68],
which induce the localization of right and left eigenmodes of the Liouvillian toward lattice edges and
bias transport in the bulk, even when the corresponding effective NH Hamiltonian does not exhibit the

© 2026 The Author(s). Published by IOP Publishing Ltd
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NHSE [66]. The LSE and related non-normal spectral features have been investigated in in several recent
studies [24, 61, 62, 66, 69-76] and linked to long transients [66], sensitivity to boundary conditions
[70], chiral damping [24], slow or enhanced relaxation [66, 69], anomalous transport and the quantum
Mpemba effect [75, 76].

Most previous studies have focused on ordered systems, where the lattice parameters are uniform
and disorder is absent, or on disordered systems displaying an overall global non-reciprocity and the
usual NHSE with a point-gap topology within an effective NH Hamiltonian description [35, 41, 45, 51,
54, 56]. Recently, however, a variant of the Hatano—Nelson model with stochastic imaginary gauge fields
has been introduced, which is globally reciprocal despite local non-reciprocity [53, 77-79]. In this glob-
ally symmetric configuration, the NHSE is suppressed: eigenmodes no longer accumulate at lattice edges
under OBC [53], and transport remains ballistic, essentially reproducing the behavior of a Hermitian lat-
tice with symmetric couplings [77]. This raises the natural question of how global reciprocity manifests
in Liouvillian dynamics, where NH behavior originates from dissipative processes rather than coherent
hopping. While this question provides one point of departure, the broader motivation of the present
work is to uncover phenomena that are genuinely intrinsic to Liouvillian dynamics and have no ana-
logue in effective NH Hamiltonians obtained via post-selection. In disordered systems, this distinction
becomes particularly pronounced. Yet, despite their fundamental importance, Liouvillian-specific effects
in disordered, globally reciprocal settings remain scarcely explored. Characterizing the resulting spectral
structure and dynamical behavior is therefore essential for understanding transport and relaxation in
driven-dissipative lattices beyond the paradigms established by NH Hamiltonian models.

In this work, we therefore analyze a prototypical bosonic lattice model of incoherent transport [66,
69, 73] under globally reciprocal stochastic hopping. We show that, even though the LSE is destroyed by
global symmetry, the steady state exhibits an erratic, sample-specific form of localization that is qualitatively
distinct from conventional skin accumulation. More strikingly, we demonstrate that global reciprocity
at the Liouvillian level does not guarantee conventional transport behavior. Instead, in the incoherent-
hopping-dominated regime, excitations propagate via Sinai-type subdiffusion, spreading logarithmic-
ally slowly in time—a dramatic departure from both the ballistic dynamics of the globally reciprocal
Hatano—Nelson model and the diffusive transport expected in symmetric stochastic lattices. These find-
ings reveal that Liouvillian dynamics can host fundamentally different disorder-induced and reciprocity-
protected phenomena compared to their NH Hamiltonian counterparts. They establish erratic localiz-
ation and Sinai-type subdiffusion as intrinsic dynamical signatures of globally reciprocal Liouvillians
with incoherent hopping, thereby uncovering a new regime of transport and spectral behavior in open
quantum systems.

2.NH and LSEs in a tight-binding lattice: model

We consider a one-dimensional tight-binding lattice described by the Hamiltonian
H= ]Z (aian—i-l + aj,+1an) , (1)
n

where a,, (a:fl) denotes particle annihilation (creation) operator at site #n, and J is the nearest-neighbor
hopping amplitude. Throughout this work we assume bosonic particles. Nevertheless, because our ana-
lysis concerns primarily single-particle excitation dynamics, the main results remain valid for fermionic
systems as well. The system is open in the sense that it interacts with external baths, and its dynamics is
therefore governed by a Lindblad master equation for the density operator p(t) (see e.g. [9, 24, 66])

dp . t 1 + o
a = —I[H,p] + ; (Llle — E {Ll L[,ﬂ}) = Ep, (2)

where L; are the jump operators describing the dissipative processes induced by the environment. For
certain choices of jump operators, it is convenient to introduce an effective NH Hamiltonian

i
— T
Heg=H— 3 El L L, (3)

which governs the dynamics under conditional, no-jump evolution.
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Non-reciprocity in the system, which leads to biased transport and is associated with either the NHSE or
the LSE, can arise through two fundamentally distinct mechanisms.

1. NH skin effect.
The first route introduces non-reciprocity through the jump operators [9, 24, 41, 46, 57-61, 63]

L,= \/E (an — ieig”anﬂ) s (4)

which are non-local but linear in the bosonic destruction operators. Here, « is the dissipation rate and
0, a phase that controls the local asymmetry. Under conditional, no-jump evolution, the system dynam-
ics is governed by the effective NH Hamiltonian Hg which describes a stochastic version of the Hatano—
Nelson model. This case has been studied in several previous works (see e.g. [9, 59-63]), and it briefly
reviewed in the appendix A. In the absence of disorder, setting 6, = 0 with x < 2] reduces Heg to the
clean Hatano—Nelson model,

Hipy = Z {(17 K/2) alan-&-l +(J+k/2) alJrlaﬂ} — %I{Z (alan JraiJrlan-&-l) (5)

n

which exhibits the NHSE, i.e. a macroscopic accumulation of the eigenstates of the NH Hamiltonian at
the lattice edges under open boundary conditions, due to effective asymmetric (non-reciprocal) left/right
hopping amplitudes R=74+ K/2, JF=J—k /2. The stochastic and globally-reciprocal Hatano—Nelson
model [51, 53, 77] is obtained by assuming that 6, are independent random variables with a Bernoulli
probability distribution that can assume with equal probability either one of the two values 6, =0 or .
The localization and transport properties of this model have been deeply investigated in recent works
[51, 53, 77] and here we just briefly summarize the main results, which are relevant for the current
work. The globally-reciprocal random Hatano—Nelson model does not display the ordinary NHSE, rather
it shows disorder-dependent local stochastic NH skin interfaces [53] where excitation locally accumu-
lates, a phenomenon dubbed erratic NH skin localization. The stochastic interfaces at which excita-

tion accumulates are governed by the universal order statistics of random walks [53, 77]. Remarkably,
transport in this disordered globally-reciprocal lattice remains ballistic on average, consistent with recent
observations in fluctuating globally-reciprocal NH lattices [77]. Specifically, since on average the left and
right hopping amplitudes are symmetric, there is not biased transport and, on average, one observes

the same ballistic spreading of excitation as in a clean Hermitian lattice with effective hopping rate

Je = +/J> — k?/4 [77]. In other words, restoration of global reciprocity restores the ballistic transport
nature of a symmetric-coupling (Hermitian) lattice.

2. LSE.

A second way to introduce non-reciprocity and biased bosonic transport in the lattice is via asymmet-
ric incoherent hopping, which has been introduced and investigated in several recent works [66-76] and
related to the celebrated asymmetric simple exclusion process [68, 73]. The corresponding jump operat-
ors read

= /Ral, a,, Lk=+/Tala,, (6)

which are quadratic in the bosonic operators. Here, J&L are site-dependent rates for right- and left-
biased incoherent hopping. Contrary to the previous case of linear jump operators, in this case the
evolution generated by the Liouvillian £ preserves the total number of bosons N= 5" ala,, which
constitutes a strong symmetry of the system, i.e. N commutes both with the Hamiltonian and with
all Lindblad jump operators . In the absence of disorder, homogeneous rates /X = J® and JL = J* pro-
duce a LSE whenever JR # J&, manifested as edge localization of Liouvillian eigenmodes—rather than
eigenmodes of the effective NH Hamiltonian—and biased boson transport in the bulk [66, 73]. Unlike
the case with jump operators linear in the bosonic fields—where the dynamics remain Gaussian and
the model is exactly solvable via the so-called ‘third quantization’ approach (see e.g. [62, 63])—the
present setup with quadratic jump operators is no longer exactly solvable rather generally [66-68, 73].
Nevertheless, valuable physical insights into the relaxation dynamics and transport can still be gained by
analyzing the single-particle sector (N =1) [66]. In this regime, particle statistics are irrelevant, so the
model can be applied to fermions as well.

In the following analysis, we focus our attention to this second mechanics of non-reciprocity, lead-
ing to the LSE for homogeneous but asymmetric hopping rates J& # J® [66]. Specifically, we consider a
disordered system with global reciprocity. This is obtained assuming

Jb = Qexp(h,) , I® = Qexp(—h,), (7)
3
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Figure 1. Schematic a tight-binding lattice made of L sites with coherent (J) and site-dependent asymmetric incoherent(J}, J&)
hopping between adjacent sites. Open boundary conditions are assumed. The incoherent hopping rates are given by Ji =
Qexp(hy) and J} = Qexp(—hy,), where hy, is the asymmetry parameter. For h, = h # 0, the model displays the LSE. When F,, are
independent stochastic variables that can assume only the two values +h or —h with the same probability, the system is globally
reciprocal and the LSE disappears. Instead, erratic Liouvillian skin localization is observed, associated to sub-diffusive spreading
of an initially-localized boson in the lattice bulk.

where h, are independent Bernoulli random variables taking the values =h with equal probability.

3. Erratic Liouvillian skin localization

We consider the Liouvillian dynamics in a tight-binding chain consisting of L sites with OBC and with
dissipators defined by equations (6) and (7); see figure 1 for a schematic. To unveil the role of stochastic
unbalance terms h, on the LSE and transport features in the lattice, following previous works [66, 75]
we focus our analysis to the single-particle sector N =1, which captures the essential features of single-
particle localization and relaxation dynamics [66]. Restricting to the single-excitation manifold spanned
by the basis {|n) = af|0)} with n=1,2,...,L, the density matrix elements are p,,, = {(m|p|n), and the
statistical nature of the particle (i.e. either bosons or fermions) becomes irrelevant in this regime. Using
the Hamiltonian (1) and the jump operators (6), from the Lindblad master equation (dp/d¢) = Lp and
under OBC one readily obtains the following evolution equations for the density matrix elements

L
pn,m = IZ (pn,ka,m - Hn,kpk,m)
k=1
+]}n{715n,m (1 - (Sn,l)pnfl,nfl +]I,;6n,m (1 - §n,L)pn+l,n+l
1
_Epn,m{]E(I_6n,L)+]51(1_6m,L)+]]r:71(1_5n,1)+]1;171(1_6m,1)} (8)
where
0 J 0 0 0 0 0
J 0 J 0 ... 0 0 0
Hym=mHm)=| ... ... ... . .. . . .. 9)
0 0 o o ... J O ]
0 0 o o0 ... O J 0

are the matrix elements of the coherent (Hermitian) Hamiltonian on the Hilbert space basis |n). We
indicate by () and ), the right eigenvectors and corresponding eigenvalues of the Liouvillian £, i.e.
Lr(®) =\, (a=1,2,...,1?), ordered such that A\; = 0 > Re(\,) > Re(\;) > .... The stationary
(equilibrium) state p® = M corresponding to the eigenvalue A; = 0 is unique [70]. In the strongly dis-
sipative regime J&! >> J, coherences p, (t) decay rapidly, reducing the dynamics to a classical master
equation [66, 73, 75], which allows one to obtain p° analytically in closed form. See appendix B for
details. All other Liouvillian eigenvectors correspond to decaying modes with rates |Re(\,)|. For the
non-stochastic case h, = h, L exhibits the LSE, with eigenvectors—including the equilibrium state—
localized toward one edge of the lattice [66]. Figure 2(a) illustrates this behavior, showing a represent-
ative eigenvalue spectrum )\, the equilibrium distribution p°, and the average spatial profile of the right
eigenvectors,

LZ
1
In= 73 > | (10)
a=1

Physically, the quantity I,, ,, provides a global measure of the spatial localization of all Liouvillian
eigenmodes. It captures not only the stationary state p¢ = r{!) but also all decaying modes, weighted

4



10P Publishing Quantum Sci. Technol. 11 (2026) 025042 S Longhi

(b) (c)
0.8 v .
05 1008
0.6 1
5 045 1007
1 04
o4 10 0.06
02 035
- 0.05
15 03
e s e s & & . % S oesessd o C 025 0.04
0.2 20 02 0.03
o4 015
- 25 o 0.02
06 1 005 0.01
30
5 10 15 20 25 30 5 10 15 20 25 30
m m

0.8

-4 -3 2 Kl 0
Re())

Figure 2. Liouvillian skin effect in a tight-binding lattice with uniform asymmetric parameter h, = h. (a) Spectrum (eigenval-

ues A ) of the Liouvillian £ in the single-particle sector under OBC for parameter values J = 0.2, Q= 1, h = 0.4 and lattice size

L=31. (b) Equilibrium density matrix (plot of | pj, ,,| on a pseudo-color map). (c) Distribution I, of averaged right eigen-

vectors of the Liouvillian £. Note the localization of p° and I, ,, on the upper left corner, a characteristic signature of the LSE.
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Figure 3. Same as figure 2, but for h = 0 (reciprocal and disorder-free model). Note the disappearance of the LSE.
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equally, thus highlighting lattice sites where the eigenmodes tend to accumulate. In this way, I, ,, gives

a comprehensive overview of the LSE, showing how both equilibrium and transient dynamics are spa-
tially biased due to the non-reciprocal or disordered hopping. This measure is commonly used in the
literature to visualize eigenmode boundary localization in NH and Liouvillian systems [42]. As shown in
figure 3, the localization edge changes from left to right as the sign of 4 is flipped, while the LSE disap-
pears in the reciprocal limit h, = 0.

In the disordered and globally-reciprocal system, where each h, independently takes one of the two
values +h or —h with equal probability, the LSE—that is, the boundary accumulation of the equilib-
rium state and of other Liouvillian eigenvectors—no longer occurs. Instead, one typically observes a
disorder-dependent bulk localization, often exhibiting one or several irregular peaks, closely resembling
the erratic skin localization recently introduced in [53]. This behavior is illustrated in figure 4. We refer to
this disorder-dependent, irregular localization of the stationary state p°® as erratic Liouvillian skin localiza-
tion. The disappearance of the LSE and the onset of erratic Liouvillian skin localization for the equilib-
rium state, observed in numerical simulations, can be rigorously understood in the fully dissipative limit
J =0, where the dynamics reduces to a classical master equation for the populations P,(t) = p, () (see
appendix B). Specifically, the equilibrium populations P, are maximally localized at lattice sites corres-
ponding to the extreme values of the cumulative random variable

n—1
Xn:Zhl, X; =0. (11)
=1

Since each h, takes +h or —h with equal probability, X, represents a symmetric random walk on the
line. Consequently, the equilibrium-state localization is strongly disorder-dependent and closely paral-
lels the erratic skin localization previously predicted in [53] for the globally reciprocal Hatano—Nelson
model.




10P Publishing Quantum Sci. Technol. 11 (2026) 025042 S Longhi

(c)
06
0.025
0.4F
- 0.02
02}
=
£ o0 0.015
-0.2} 0.01
0.4/
0.005
06, s 10 15 20 25 30
m
06
0.025
04
0.02
02
‘E’ 0 0.0156
02
0.01
0.4
0.0058
06
5 -4 3
08 0.035
0.6
0.03
04
0.025
0.2
- 0.02
ig— 0 oms o o
0.015
02
-0.4 0.01
06 0.005
08
-5 -4 -3 -2 -1 o
Re()) m m
Figure 4. Same as figure 2, but in the stochastic lattice where h, can take only the two values h, = 4-h with the same probability.
Parameter values are as in figure 2 (] = 0.2, Q=1, h = 0.4 and L = 31). The three row in the figures refer to three realizations of
the stochastic sequence {h, }.

4. Sub-ballistic Sinai transport

In this section, we investigate the nature of Liouvillian transport in the lattice, focusing on the regime
where dynamics is dominated by the dissipative (incoherent) hopping terms (J < Q). We consider an
initial condition where a single particle is localized at the middle site of the lattice, n =ny = (L+1)/2
(assuming L odd). The relaxation dynamics drives the system toward the unique stationary state p°.
Our goal is to explore the bulk dynamics, i.e. the spreading of excitation in the thermodynamic limit
L — oo where edge effects are negligible. Owing to the stochastic nature of h,, the identification of local-
ization features and transport regimes requires ensemble averaging, since a single disorder realization,
while capturing qualitative mechanisms, does not provide reliable access to universal spreading laws.
Controlled disorder and ensemble averaging are standard in reconfigurable experimental platforms, such
as photonic, atom-optics, or acoustic systems, where local parameters can be programmatically varied to
sample multiple disorder configurations (see e.g. [77]).

Excitation spreading in the lattice is characterized by the mean particle position ncy(t) and the
second moment d?(t), defined as

new () =Y (n=10) pun (1), & (1) = (n—nca)’ pun (1) (12)
n n
When h, = h is uniform and nonzero, the system exhibits the LSE. As expected, the excitation drifts
along the lattice with a constant speed and diffusive spreading around the center of mass, namely

nem () oct, d*(t) oc t, (13)
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Figure 5. Excitation spreading in a lattice with uniform asymmetry parameter h, = h. (a), (b) Numerically-computed temporal
behavior of the excitation center of mass ncm () (panel (a)) and second-moment d?(t) (panel (b)). (c) Excitation spreading
dynamics (plot of p, ,(t) on a pseudo-color map). Parameter values are ] = 0.2, Q=1 and h = 1. Lattice size L = 81.
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Figure 6. Same as figure 5, but in the absence of the LSE (h =0).

see figure 5 for an illustrative example.
When h,, =0, i.e. incoherent left/right hopping is symmetric, the mean particle position remains
locked at its initial site, ncy () = 0, while the second moment grows linearly with time,

d* () o< t, (14)

indicating standard diffusive spreading of the excitation in the dissipative regime; see figure 6. A similar
transport regime also appears in a disordered configuration that maintains a global bias, achieved when
h, randomly takes the values +h with unequal probabilities (see figure 7).

The most intriguing behavior emerges in a disordered but globally reciprocal lattice, e.g. when h,, takes
the values +h or —h with equal probability. In this case, the mean particle position remains on average
near the initial site 79, while the second moment (d?(t)) grows slower than linearly, signaling sub-ballistic
transport; see figure 8 for an illustrative example.

To gain physical insight into the observed behavior, it is useful to examine the classical limit ] =0 of
purely dissipative dynamics, where the evolution is fully captured by the diagonal elements of the density
matrix. In this limit, the populations P,(t) = p, () obey the classical master equation (appendix A):

dp,
dt

= I \Pu1+TiPupr — (Jy +T5_1) Py, (15)

with JR = Qe™" and JL = Qe’, where h, are independent random variables taking values +# with equal
probability. Because the local bias In(J}/J%) is a zero-mean random variable, the dynamics maps onto a
classical Sinai random walk [80-83]. In this case, the transport is subdiffusive, with the typical displace-
ment growing extremely slowly, and the long-time asymptotic behavior is predicted to follow [80, 81]:

(d (1)) ~ (logt)*. (16)

The mean displacement ncy () remains on average essentially zero, reflecting the absence of a global
bias. Physically, the subdiffusive behavior observed in the Sinai regime arises from the interplay between
disorder and local hopping asymmetry. Each site n is associated with a local bias (random force)

7
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Figure 7. Same as figure 5, but for a disordered lattice with local and global non-reciprocity. The asymmetry parameter h, can
take either one of the two values h, = h or h, = —h with probabilities p = 0.3 and (1 — p) = 0.7, respectively. The curves in
(a) and (b) are obtained after averaging over 100 realizations of the random sequences {h, }, whereas the excitation spreading

dynamics in (c) corresponds to a single disorder realization.
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Figure 8. Same as figure 7, but for a disordered and globally-reciprocal lattice (h, = h or h, = —h with the same probability).
The curves in (a) and (b) are obtained after averaging over 100 realizations of the random sequences {h, }, whereas the excitation
spreading dynamics in (c) corresponds to a single disorder realization, clearly showing trapping effects.

E,=1In(J®/J%), which can be interpreted as a random potential landscape with ‘valleys’ and ‘barriers’
[80, 81]. Excitations tend to become temporarily trapped in deep valleys, where the local bias opposes
motion, leading to long waiting times before escape. The absence of a net global bias ensures that these
traps are distributed symmetrically, so that on average the mean position (ncy(#)) remains near the ini-
tial site. Transport is dominated by rare, extremely slow hops over high barriers, producing the charac-
teristic logarithmic-in-time growth of the second moment, (d?(t)) ~ (logt)*. This scenario contrasts with
standard diffusion, where transport is controlled by short, uncorrelated hops; here, long-lived local traps
induce strong correlations in the dynamics. Intuitively, one can view the excitation as performing a ran-
dom walk in a rugged landscape, where the probability of escaping a deep valley decreases exponentially
with its depth, leading to dramatically slowed dynamics at long times. This picture also provides a clear
explanation of why disorder with zero mean produces sub-ballistic transport: while locally the excitation
moves forward or backward, globally the absence of a net slope prevents ballistic drift, and transport
is controlled by the extreme-value statistics of the deepest potential valleys. To confirm the asymptotic
subdiffusive regime, we numerically integrated the classical rate equation (15) on a wide lattice for long
times. The results, shown in figure 9, exhibit excellent agreement between the theoretical predictions and
numerical curves, confirming the expected logarithmic-slow growth characteristic of Sinai transport.
The effects of a small coherent hopping J can be included in the analysis by asymptotic methods
assuming € = J/Q as a small parameter, as shown in the appendix B. In this limit, coherent processes
generate coherence-assisted hopping terms that enter the population rate equations. More precisely,
the effective left/right hopping amplitudes /4R in the rate equation (15) acquire additional contribu-
tions of order € from the unperturbed values J5® = Qexp(4h,) at J = 0; see equations (42)—(44) in
appendix B.2. Rather generally, these perturbations may introduce an important qualitative consequence
on transport: they can break the exact zero-mean condition for the local force F, = In(J}/J%), which is
the condition responsible for Sinai subdiffusion in the purely classical setting [81]. When the coherence-
induced correction to the hopping rates yields a non-vanishing bias, the asymptotic transport regime is
qualitatively characterized by the competition between the convective term induced by the net bias and
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Figure 9. Temporal behavior of (a) mean position ey () and (b) the second moment d?(t) (blue curves) on a log-log scale,
obtained by numerical solution of the classical master equation (15) for parameter values Q =1 and h = 1. Lattice size L =401.
The curves are obtained after averaging over 1000 realizations of the stochastic sequence {h, }. In (b) the red curve shows, for
comparison, the Sinai scaling d2(t) ~ (logt)* of subdiffusion.

the slowing-down effect of the very large fluctuations of the potential. These high barriers act as trap-
ping regions between which the motion is convective [81]. More specifically, as shown in [81, 83] dis-
tinct regimes arise, depending on the bias strength ;= F,, ~ €2. For zero bias (J =0), the system exhibits
Sinai diffusion, characterized by extremely slow, logarithmic growth of displacement (equation (16)). For
weak bias, the particle shows anomalous drift, with sub-linear growth of the average displacement. The
crossover from Sinai-like subdiffusion to biased drift occurs at a time t* ~ exp(const/|u|) [83], which
becomes extremely long in the € — 0 limit and thus the system appears Sinai-like over very long times.
For intermediate bias, anomalous dispersion is predicted, with nontrivial scaling of the variance, while
at further larger bias normal diffusion is recovered [81, 83]. However, it should be noted that, whenever
the probability density function f(h) of the independent and equally-distributed random variables {h,}
has a zero mean and is symmetric about h =0, i.e. for f{(—h) = f(h), the coherence-induced corrections
to the hopping rates do not break the zero mean condition F, = 0, and thus a weak coherence does not
wash out the subdiffusive regime.

Finally, it is worth noting that, although the present discussion focuses on single-particle dynamics,
these insights provide a conceptual framework for understanding sub-ballistic transport in the many-
particle bosonic model in the dilute limit where the mean occupation per site is small ({(a}a,) < 1). In
the many-particle case, a mean-field analysis [73] suggests that subdiffusive behavior persists as long
as the lattice remains dilute and nonlinear hopping effects are negligible (see appendix C for technical
details). Moreover, the strong trapping mechanism characteristic of Sinai-type dynamics—involving
broad fluctuations of effective barriers and extremely slow escape processes—has parallels with dynam-
ical slowdowns in interacting disordered systems. In this sense, the single-particle picture developed here
might offer a useful starting point for interpreting the emergence of glassy relaxation or many-body-
localization-like subdiffusive transport in denser interacting regimes, even though a full many-body ana-
lysis lies beyond the scope of the present work.

5. Discussion and conclusion

Our work demonstrates that globally reciprocal open quantum lattices with locally asymmetric
Liouvillian hopping display a strikingly different transport behavior from their NH Hamiltonian coun-
terparts. While global reciprocity in NH Hamiltonians suppresses the conventional NHSE and preserves
ballistic transport [53, 77], we have shown that global reciprocity at the Liouvillian level does not protect
transport. Instead, locally asymmetric dissipative dynamics generates a complex interplay between dis-
order, incoherence, and non-reciprocal local couplings, leading to a pronounced slowing down of bulk
transport coexisting with erratic localization of the stationary state. While erratic skin localization of the
non-equilibrium steady state is fully analogous to what observed in NH models [53], in the Liouvillian
dynamics transport exhibits a completely different behavior, namely Sinai-type subdiffusion is observed in
the incoherent-hopping-dominated (dissipative) regime. Here, the mean displacement effectively frozen
and the second moment growing extremely slowly, consistent with the logarithmic-in-time scaling pre-
dicted for classical Sinai random walks [80-82]. Physically, this subdiffusive behavior can be understood
as the consequence of a rugged, locally biased energy landscape induced by the asymmetric Liouvillian
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hopping: excitations become transiently trapped in regions where local biases oppose motion, leading

to rare-event-dominated transport and long relaxation times. Unlike standard diffusive spreading, trans-
port here is controlled by exponentially large trapping times and extreme fluctuations in the local hop-
ping rates. This insight establishes a direct link between microscopic local Liouvillian asymmetries and
emergent anomalous transport in open quantum lattices. From an experimental perspective, the ingredi-
ents of the model presented in this work are well within reach of current platforms. In ultracold atoms,
asymmetric incoherent hopping with tunable and site-dependent rates J- and J® can be engineered using
laser-assisted tunneling combined with directional optical pumping [66, 73]. Synthetic photonic lattices
provide another promising route, where dissipative coupling and controlled asymmetry can be intro-
duced using optical loss engineering or electro-optic modulation in synthetic dimensions [52]. Finally, a
quantum-optical platform to realize Liouvillian dynamics in bosonic systems with incoherent asymmetric
hopping has been recently proposed in [74].

Our findings carry several important conceptual and practical implications. First, they highlight a
fundamental distinction between global reciprocity in Hamiltonian versus Liouvillian systems: whereas
global symmetry in the Hamiltonian ensures robust ballistic transport even in the presence of local
asymmetry, global symmetry in the Liouvillian does not generically protect transport, and local asym-
metries can qualitatively reshape spreading. Second, they point to the erratic Liouvillian skin localization
as a subtle mechanism for controlling not only steady-state localization but also dynamical transport in
open quantum systems. By engineering local asymmetries, it is possible to access regimes of extremely
slow dynamics, subdiffusion, and long-lived metastable states [84], which may be relevant for quantum
memories, slow light, or synthetic dissipative materials.

Looking ahead, our results suggest several promising directions. A natural extension is the many-
particle regime, where one may expect emergent hydrodynamic transport [73]. It is equally interesting
to investigate interacting many-body systems [85-91] governed by globally reciprocal yet locally asym-
metric Liouvillians [72], where subdiffusive dynamics may compete with interaction-driven relaxation
and many-body localization. Non-reciprocal settings, such as the NH Kitaev chain, offer further oppor-
tunities, with pairing capable of inducing unconventional phase transitions [91]. Finally, the connection
to classical Sinai diffusion suggests that methods from disordered statistical mechanics may yield pre-
dictive insights into open-quantum transport, motivating analytical tools for characterizing rare-event-
dominated dynamics in Liouvillian systems.
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Appendix A. The stochastic non-Hermitian (NH) Hatano—Nelson model

The stochastic NH Hatano—Nelson model, considered in recent works [51, 53, 77], is obtained in the
open quantum system context by assuming the jump operators [9, 24, 41, 46, 57-61, 88]

Ly =k (a,— ieie”anH) , (17)
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which are non-local but linear in the bosonic destruction operators. Here, « is the dissipation rate and
6, a phase that controls the local asymmetry. Under conditional, no-jump evolution, the system dynam-
ics is governed by the effective NH Hamiltonian

i
Heg=H- > anLan = (He) 1y @ (18)

n,m

which also determines the evolution of the single-particle correlations C,,,(f) = Tr(p(t)aja,,) in the full
dissipative dynamics according to the equation [61, 84]

an m
lTl: = Z {(Heff)m,lcn,l - (H;rff)l’"cl’m) ' (19)
1

The effective NH Hamiltonian reads explicitly

i
Hegr = E (],SR)aZ_,_lan +]§L)alan+1) - EH E (alan + al+1an+1> ) (20)
where
K . K .
I =]+ exp(=ith) , P =] — S exp(ith) (21)

are the effective right/left hopping rates. In the absence of disorder, setting 6, = 0 with x < 2] reduces
Heg to the clean Hatano—Nelson model,

Hpn = Z {(I— K/2)abanii + (T +5/2) ajﬂrla"} - %’QZ (alan —|—ai+1an+1> (22)

n

which exhibits the NHSE, i.e. a macroscopic accumulation of the eigenstates of (H.g) at the lattice edges
under OBCs, due to effective asymmetric (non-reciprocal) left/right hopping amplitudes J® = J+ x/2,
J=]—-k/2.

The stochastic and globally-reciprocal Hatano—Nelson model is obtained by assuming 6, independ-
ent random variables with a Bernoulli probability distribution, namely 6, can take only the two values
0, =0 or m with the same probability. In this case, the left/right hopping amplitudes are stochastically
set as J+ k/2 = J.exp(+h) and JF /2 = J.exp(Fh), leading to global reciprocity. Contrary to the clean
Hatano-Nelson model, its stochastic version with global reciprocity does not display the NHSE, rather
macroscopic eigenstate localization at irregular, disorder-dependent positions is observed at stochastic
interfaces governed by the universal order statistics of random walks [53]. On average, transport in the
stochastic Hatano—Nelson model remains ballistic as in a Hermitian lattice with effective hopping amp-
litude Jo = \/J? — k2/4 [77].

Appendix B. Liouvillian dynamics in the dissipative regime: classical master equation
B.1. Purely dissipative regime

In the purely dissipative limit ] =0, coherences rapidly decay to zero and the dynamics is entirely
described by the site populations P,(f) = p, ,(t), which obey the classical master equation

dP,
P = Puci+ TPy — (h+T5_ ) Pey n=1,...,L (23)

with the boundary conventions J& = J5 = 0 and J} = Jb = 0. The master equation can be written in vec-
tor form

ap

=GP 24
=P (24)

11



10P Publishing

Quantum Sci. Technol. 11 (2026) 025042 S Longhi

where P = (Py,...,P;)", and the Markov generator G is

—JR I 0 0 0
L =V A B 0 0
0 I3 —(5+5) - 0 0
G=1| . : : . : N (25)
0 0 0 e = (B L) T
0 0 0 R, -,

Equilibrium state from detailed balance.
The stationary populations P, of the classical master equation satisfy detailed balance,

TPy =Py, n=1,...,L—1, (26)

n

which ensures that the net probability flux between neighboring sites vanishes. Using
Jh=Qe,  Jh=Qe", (27)
the recursion relation for the stationary populations reads
n

P =etpe, n=1,...,.L—1. (28)
Starting from P, we obtain
n—1
P =P exp [—22%:,], n=2,...,L, (29)
I=1
with normalization condition Ezzlpf; = 1. Therefore, the stationary distribution of populations is given

by

P exp (—2X,) (30)

> 1 XP (—2X,)

where we have set

n—1
Xp=Y (31)
I=1

with X; =0. Note that X,, describes a symmetric random walk on the line when the random variable

h, has zero mean. The equilibrium distribution P, displays a characteristic disorder-dependent erratic
localization in the bulk defined by the extreme values of the symmetric random walk X,, [53], as schem-
atically shown in figure 4(b) of the main text. On the other hand, in a biased random walk, P would
display exponential localization toward one of the two lattice edges, i.e. the LSE (figure 2(b) of the main
text).

Absence of the LSE.
We define a diagonal similarity transformation

U = diag (efX‘,efxz,...,efo) (32)
and the transformed matrix
wW=U"'GU. (33)
Then W is symmetric (Hermitian) with elements

Wn,n = Gn,m Wn,nJrl = WnJrl,n =V ]%]5 = Q (34)
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Hence G is similar to the Hermitian matrix W, and they share the same eigenvalues and with eigen-
vectors obtained one another applying the similarity transformation U. Since W is Hermitian, its eigen-
vectors (including the equilibrium stationary state) do not display the skin effect, i.e. a macroscopic loc-
alization toward the lattice edges. Since the random walk X,, is symmetric and the eigenvectors of G and
W are obtained one another by the multiplication factor exp(—X,,) at each site n, the eigenvectors of G
do not display the skin effect neither.

B.2. Dissipative-dominated regime

Let us consider the bulk dynamics in a one-dimensional lattice in the large L limit, so that we can
neglect boundary effects. When the dynamics include the coherent Hamiltonian part H, the evolution
equation for the populations P,(f) = p, »(t) (equation (8) in the main text) reads

dpP,
dt

- 72]11’11 (pn,n+1) + 2]11’1’1 (pn—l,n) +]5_1Pn—1 +Ily;Pn+1 - (]5 +]};_1) Pn (35)

which deviates from the classical rate equation (23) owing to the contribution from the coherences
punt1(t) and p,_y (). Clearly, for a non-vanishing yet small coherent hopping rate ] (J < J&, J}) the
leading dynamics is dominated by dissipative incoherent hopping on the lattice. This classical population
dynamics occurs mainly on two different time scales [92]: an initial fast dynamics followed by a slow
evolution, related to the Liouvillian eigenmodes with large and small damping rates. Such a separation
of time scales in the classical dynamics can be explained observing that, once a particle enters a valley
of the random potential, the local left/right rates strongly prefer motion toward the local minimum. As
a result, on a relatively short time scale (polynomial in valley size and of order ~ 1/Q) the population
distribution P, quickly relaxes to a quasi-stationary Gibbs-like profile around the local minimum [92].
In this stage, the particle essentially ‘thermalizes’ within that valley. The population motion across major
potential barriers then occurs on a much longer time scale [92]. It is precisely on such a longer time
scale that non-vanishing coherences p, ,41(¢) and p,_; ,(t) can modify transport features in the lat-
tice. As we will show below, the long-time asymptotic evolution of the populations can be still described
by an effective rate equation model like in equation (23), but with effective left/right incoherent hop-
ping rates JoR perturbed from the values JR = Qexp(=h,) owing to a coherent-hopping assisted con-
tribution. To prove this statement, let us assume € = J/Q < 1, so that the dynamical equations of the
density matrix elements (equation (8) in the main text) can be approximately solved using asymptotic
methods [93, 94]. The equations for the coherences p, , with n# m clearly indicate that, after an initial
fast relaxation transient occurring on the fast time scale ~ 1/Q, they are damped and take small val-
ues, at least of order e. Specifically, the leading order terms of coherences, of order ~ ¢, are p, ,, with

|n — m| = 1, while coherence terms p,, ,, with |z —m| > 2 are of higher order (~ ¢/”~"!) and can be
thus disregarded. Under such an assumption, the evolution equation for the coherence amplitude p, ;41
reads

dpn,n—H
dt

= 1](Pn - Pn—H) - ’ann,n-&-l (36)

with a site-dependent damping rate -y, given by

1
=5 AT+ T+ i) (37)

which is of order ~ Q. Equation (36) can be formally solved yielding

Prnt1 (1) = Pt (0) exp (—7ut) + i]/o dt' [Py (') — Pog ()] exp [—u (t = t')]. (38)

After an initial fast transient, occurring on a time scale of order ~ 1/Q, the initial value of coherence is
damped and py, n41(t) is driven by the population difference (P, — P,41) solely, i.e.

Pt (£) = ] / A’ [P, () = Pt ()] exp [ (£ 1) (39)

Focusing on the long-time dynamics of the populations, i.e. after the initial fast thermalization process
within each potential valley, P, (t) varies on a time scale much slower that 1/7,, and thus equation (39)
can be approximated as
iJ
Pt (1) = oy [P (t) = Puta ()] (40)

n

13



10P Publishing

Quantum Sci. Technol. 11 (2026) 025042 S Longhi

Substitution of equation (40) into equation (35) finally yields the following modified rate equation for
the populations P,

dp,
dt

—]r}} 1Pn 1+] Pn+l (j5+jrlf—l)Pn (41)

where the effective left/right incoherent hopping rates %, are given by

JE=Tt+ A, = Qexp (h,) + A, (42)
and where
2 2
A= J (44)

Yoo RATE+R 4T

describes the coherent-assisted hopping term correction (A,/Q ~ €?).
At leading order in e, the local force of the random potential reads

TL
F,=In (;’}) =2h, — % sinh h,, (45)

which displays rather generally a nonvanishing mean value of order ~ €2. However, whenever the prob-
ability density function f(h) of the independent and equally-distributed random variables {k,} has

a zero mean and is symmetric around h =0, i.e. for f(—h) = f(h), the mean value of the force, F,,
vanishes.

Appendix C. Mean-field analysis

In the purely dissipative limit ] =0 and using a mean-field approximation [73], one can derive a closed
set of equations describing the temporal evolution of the boson occupation number #n; = <a;al> =

Tr(p( )al a;) at various lattice sites. The evolution equation of the mean value of any time-independent
operator O, (O) = Tr(p(#)O), reads

HOL im0y + 23 ([t 0] 1 + ffo.1)). (46)

)

For J=0 (i.e. H=0) and dissipators L; given by equation (6) of the main text, taking O = alTal from
equation (46) one obtains

dl’ll

a (]l ]l)<al+1al+1alal> (]ll ]l 1)<a1a1a} 19— 1) — (]lL—l+]F)nl+ﬁilnl—1+]anl+1 (47)

which is an exact equation. Since the incoherent processes are nonlinear, a closed set of equations for the
mean occupation numbers cannot be derived when hopping rates are asymmetric (J& # J&). However,
one can resort to a mean-field approximation by factorizing expectation values as [73] (aLla,Ha;al) o~

(a;+1a1+1><a;az) = nyp1m. This yields the set of closed nonlinear coupled equations

d
nl (]1 ]l) +1”l+(]1 1 ]1 1)”17’1 (]1 1+]1)”l+]}{,1”171+]1L”l+1

=Jimg + T mey — (R 4T m (48)

where we have introduced the density-dependent non-linear left/right hopping rates
I=l+ 0 =T m, =1+ 0 =) na (49)

For a dilute boson distribution with low mean occupation number, i.e. for n; < 1, the nonlinear con-
tribution to the hopping rates in equation (49) can be neglected and equation (48) reduces to the clas-
sical master equation (23) with n; = P;, and thus the many-particle state displays the Sinai subdiffusive
spreading as in the single-particle regime.
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