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 a b s t r a c t

The filtered-x normalized least mean square (FxNLMS) algorithm is widely used in industrial ac-
tive noise control (ANC) systems due to its simple implementation and robust stability. In contrast, 
model predictive control (MPC) is known for handling multivariable and constrained optimiza-
tion problems but remains underutilized in active noise control due to its high computational 
demand and the strict latency requirements of ANC systems. Additionally, existing MPC based 
ANC schemes often rely on external disturbance predictors, limiting their accuracy and appli-
cability to predictable noise. This paper addresses these shortcomings by formulating a delayed 
joint state space model that integrates the primary and secondary acoustic paths, thereby remov-
ing the need for disturbance prediction. Building on this model, we derive an unconstrained causal 
MPC algorithm combined with saturation that directly computes the optimal control signals for 
the secondary loudspeaker in real time. Compared to the standard FxNLMS algorithm, the pro-
posed method achieves improved noise attenuation while maintaining computational complexity 
comparable to FxNLMS. The performance of the approach is demonstrated through numerical 
simulations and real time experiments.

1.  Introduction

Active noise control (ANC), based on the principle of wave superposition, is widely adopted for attenuating primary noise. Among 
existing algorithms, the filtered-x normalized least mean square (FxNLMS) has become a standard due to its low computational 
complexity, simplicity and robust performance [1–3].

In contrast, model predictive control (MPC), renowned for handling multi-variable constrained optimization problems, has been 
extensively applied in active vibration control [4]. However, its application to ANC systems remains limited due to two main chal-
lenges: (i) the requirement for future disturbance information, violating the causal principle [5–7], and (ii) excessive computational 
complexity incompatible with the high sampling rates required in ANC [8,9].

To estimate future disturbances, various approaches have been proposed. [10] employs a state Kalman predictor, while [11] 
uses an autoregressive model. More recent studies have adopted ARX (Auto-Regressive with Exogenous inputs) structures [12,13], 
which have proven effective in handling periodic or deterministic disturbances. However, these predictive models exhibit limited 
applicability under broadband noise.
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$p$


$s$


\begin {align}\begin {cases} \mathbf {x}^p_{k+1} = \mathbf {A}^p\,\mathbf {x}^p_{k} + \mathbf {B}^p\,u^p_{k},\\ y^p_{k} = \mathbf {C}^p\,\mathbf {x}^p_{k} + \mathbf {D}^p\,u^p_{k}, \end {cases} \label {eq: pri path}\end {align}


\begin {align}\begin {cases} \mathbf {x}^s_{k+1} = \mathbf {A}^s\,\mathbf {x}^s_{k} + \mathbf {B}^s\,u^s_{k},\\ y^s_{k} = \mathbf {C}^s\,\mathbf {x}^s_{k} + \mathbf {D}^s\,u^s_{k}, \end {cases} \label {eq: sec path}\end {align}


$k$


$\mathbf {A}^p\in \mathbb {R}^{m\times m}$


$\mathbf {B}^p\in \mathbb {R}^{m\times 1}$


$\mathbf {C}^p\in \mathbb {R}^{1\times m}$


$\mathbf {D}^p\in \mathbb {R}^{1\times 1}$


$\mathbf {A}^s\in \mathbb {R}^{n\times n}$


$\mathbf {B}^s\in \mathbb {R}^{n\times 1}$


$\mathbf {C}^s\in \mathbb {R}^{1\times n}$


$\mathbf {D}^s\in \mathbb {R}^{1\times 1}$


$u^p_{k}$


$u^s_{k}$


$\mathbf {x}^p_{k} \in \mathbb {R}^{m}$


$\mathbf {x}^s_{k} \in \mathbb {R}^{n}$


$y^p_{k}$


$y^s_{k}$


\begin {equation}\begin {cases} \mathbf {x}_{k+1} = \underbrace {\begin {bmatrix}\mathbf {A}^p & 0 \cr 0 & \mathbf {A}^s\end {bmatrix}}_\mathbf {{A}} \mathbf {x}_{k} + \begin {bmatrix}\mathbf {B}^p \cr \mathbf {0}\end {bmatrix} u^p_{k} + \begin {bmatrix}0 \cr \mathbf {B}^s\end {bmatrix} u^s_{k},\\ y_{k} = y^p_{k} - y^s_{k} = \underbrace {\begin {bmatrix} \mathbf {C}^p & -\mathbf {C}^s \end {bmatrix}}_\mathbf {{C}} \mathbf {x}_{k} + \mathbf {D}^p u^p_{k} - \mathbf {D}^s u^s_{k}, \end {cases} \label {eq: joint state-space model}\end {equation}


$y_{k}$


$\mathbf {A}\in \mathbb {R}^{(m+n)\times (m+n)}$


$\mathbf {C}\in \mathbb {R}^{1\times (m+n)}$


\begin {align}\mathbf {x}_{k} = \begin {bmatrix} \mathbf {x}^p_{k} \\ \mathbf {x}^s_{k} \end {bmatrix}.\end {align}


$f$


$f$


\begin {align}\mathbf {u}^p = \begin {bmatrix}u^p_k\\\vdots \\u^p_{k+f}\end {bmatrix},\quad \mathbf {u}^s = \begin {bmatrix}u^s_k\\\vdots \\u^s_{k+f}\end {bmatrix},\quad \mathbf {y} = \begin {bmatrix}y_{k+1}\\\vdots \\y_{k+f}\end {bmatrix}, \label {eq: future sequences}\end {align}


$\mathbf {u}^p, \mathbf {u}^s \in \mathbb {R}^{f+1}$


$\mathbf {y} \in \mathbb {R}^{f}$


\begin {align}\mathbf {O} = \begin {bmatrix} \mathbf {C}\,\mathbf {A}\\ \mathbf {C}\,\mathbf {A}^2\\ \vdots \\ \mathbf {C}\,\mathbf {A}^f \end {bmatrix},\quad \mathbf {M}^p = \begin {bmatrix} \mathbf {C}^p \mathbf {B}^p & \mathbf {D}^p & \cdots & 0 & 0 \\ \mathbf {C}^p \mathbf {A}^p \mathbf {B}^p & \mathbf {C}^p \mathbf {B}^p & \ddots & 0 & 0 \\ \vdots & \vdots & \ddots & \ddots & \vdots \\ \mathbf {C}^p \mathbf {A}^{p^{f-1}} \mathbf {B}^p & \mathbf {C}^p \mathbf {A}^{p^{f-2}} \mathbf {B}^p & \cdots & \mathbf {C}^p \mathbf {B}^p & \mathbf {D}^p \end {bmatrix}, \label {eq: O M^p}\end {align}


\begin {align}\mathbf {M}^s = \begin {bmatrix} \mathbf {C}^s \mathbf {B}^s & \mathbf {D}^s & \cdots & 0 & 0 \\ \mathbf {C}^s \mathbf {A}^s \mathbf {B}^s & \mathbf {C}^s \mathbf {B}^s & \ddots & 0 & 0 \\ \vdots & \vdots & \ddots & \ddots & \vdots \\ \mathbf {C}^s \mathbf {A}^{s^{f-1}} \mathbf {B}^s & \mathbf {C}^s \mathbf {A}^{s^{f-2}} \mathbf {B}^s & \cdots & \mathbf {C}^s \mathbf {B}^s & \mathbf {D}^s \end {bmatrix}, \label {eq: M^s}\end {align}


$\mathbf {O} \in \mathbb {R}^{f \times (m+n)}$


$\mathbf {M}^p, \mathbf {M}^s \in \mathbb {R}^{f \times (f+1)}$


$\mathbf {u}^s$


\begin {align}\mathbf {c} = \mathbf {O}\,\mathbf {x}_k + \mathbf {M}^p\,\mathbf {u}^p, \label {eq: MPC constant}\end {align}


$\mathbf {y}$


$\mathbf {u}^s$


\begin {align}\mathbf {y} = \mathbf {c} \;-\; \mathbf {M}^s\,\mathbf {u}^s. \label {eq: future y sequence}\end {align}


\begin {align}J(\mathbf {u}^s) = \mathbf {y}^T \mathbf {Q}\,\mathbf {y} \;+\; (\mathbf {u}^s)^T \mathbf {R}\,\mathbf {u}^s,\end {align}


$\mathbf {Q}$


$\mathbf {R}$


${\partial J(\mathbf {u}^s)}/{\partial \mathbf {u}^s} = 0$


$\mathbf {u}^{s*}$


\begin {align}\mathbf {u}^{s*} = \mathbf {H}^{-1} \mathbf {g}, \label {eq: control solution}\end {align}


\begin {align}\mathbf {H} = {\mathbf {M}^{s}}^T \mathbf {Q} \mathbf {M}^s + \mathbf {R}, \qquad \mathbf {g} = {\mathbf {M}^{s}}^T \mathbf {Q}\,\mathbf {c}.\end {align}


$\mathbf {u}^{s*}$


$\mathbf {u}^p$


$u^{s}_k=\mathbf {u}^{s*}(1)$


\begin {align}u^{s,\text {sat}}_k = \begin {cases} u^s_{\text {max}}, & \text {if} \; u^{s}_k > u^s_{\text {max}}, \\ u^s_{\text {min}}, & \text {if} \; u^{s}_k < u^s_{\text {min}}, \\ u^{s}_k, & \text {otherwise.} \end {cases} \label {eq: saturation}\end {align}


$H_\mathrm {meas}$


$H_\mathrm {delayless}$


\begin {align}H^{p}_\mathrm {meas}(z) = H^{p}_\mathrm {delayless}(z) \cdot z^{-N^p_d}, \qquad H^{s}_\mathrm {meas}(z) = H^{s}_\mathrm {delayless}(z) \cdot z^{-N^s_d},\end {align}


$N^p_d$


$N^s_d$


\begin {align}\begin {cases} \mathbf {x}^p_{k+1-N^p_{d}} = \mathbf {A}_{dl}^p\,\mathbf {x}^p_{k-N^p_{d}} + \mathbf {B}_{dl}^p\,u^p_{k-N^p_{d}},\\ y^p_k = \mathbf {C}_{dl}^p\,\mathbf {x}^p_{k-N^p_{d}} + \mathbf {D}_{dl}^p\,u^p_{k-N^p_{d}}, \end {cases} \label {eq: delayed pri path}\end {align}


\begin {align}\begin {cases} \mathbf {x}^s_{k+1-N^s_{d}} = \mathbf {A}_{dl}^s\,\mathbf {x}^s_{k-N^s_{d}} + \mathbf {B}_{dl}^s\,u^s_{k-N^s_{d}},\\ y^s_k = \mathbf {C}_{dl}^s\,\mathbf {x}^s_{k-N^s_{d}} + \mathbf {D}_{dl}^s\,u^s_{k-N^s_{d}}. \end {cases}\end {align}


$\mathbf {A}_{dl}^p\in \mathbb {R}^{m\times m}$


$\mathbf {B}_{dl}^p\in \mathbb {R}^{m\times 1}$


$\mathbf {C}_{dl}^p\in \mathbb {R}^{1\times m}$


$\mathbf {D}_{dl}^p\in \mathbb {R}^{1\times 1}$


$\mathbf {A}_{dl}^s\in \mathbb {R}^{n\times n}$


$\mathbf {B}_{dl}^s\in \mathbb {R}^{n\times 1}$


$\mathbf {C}_{dl}^s\in \mathbb {R}^{1\times n}$


$\mathbf {D}_{dl}^s\in \mathbb {R}^{1\times 1}$


$(\cdot )_{dl}$


\begin {equation}\begin {cases} \mathbf {x}'_{k+1} = \underbrace {\begin {bmatrix}\mathbf {A}_{dl}^p & 0\cr 0 & \mathbf {A}_{dl}^s\end {bmatrix}}_{\mathbf {A}_{dl}}\, \mathbf {x}'_k + \begin {bmatrix}\mathbf {B}_{dl}^p\cr 0\end {bmatrix} u^p_{k-N^p_{d}} + \begin {bmatrix}0\cr B_{dl}^s\end {bmatrix} u^s_{k-N^s_{d}},\\ y_k = y^p_k - y^s_k = \underbrace {\bigl [\mathbf {C}_{dl}^p\;-\mathbf {C}_{dl}^s\bigr ]}_{\mathbf {C}_{dl}}\, \mathbf {x}'_k + \mathbf {D}_{dl}^p\, u^p_{k-N^p_{d}} - \mathbf {D}_{dl}^s\, u^s_{k-N^s_{d}}. \end {cases} \label {eq: joint delayed state-space model}\end {equation}


\begin {align}\mathbf {x}'_k = \begin {bmatrix}\mathbf {x}^p_{k-N^p_{d}}\\\mathbf {x}^s_{k-N^s_{d}}\end {bmatrix}.\end {align}


\begin {align}\mathbf {u}'^p = \begin {bmatrix} u^p_{k-N^p_{d}}\\ \vdots \\ u^p_{k+f-N^p_{d}} \end {bmatrix}, \qquad \mathbf {u}'^s = \begin {bmatrix} u^s_{k-N^s_{d}}\\ \vdots \\ u^s_{k+f-N^s_{d}} \end {bmatrix}. \label {eq: delayed input sequences}\end {align}


\begin {align}\mathbf {c}' = \mathbf {O}_{dl}\, \mathbf {x}'_k + \mathbf {M}^p_{dl}\, \mathbf {u}'^p, \qquad \mathbf {y} = \mathbf {c}' - \mathbf {M}^s_{dl}\, \mathbf {u}'^s.\end {align}


$\mathbf {O}_{dl}$


$\mathbf {M}_{dl}^p$


$\mathbf {M}_{dl}^s$


\begin {align}\mathbf {O}_{dl} &= \begin {bmatrix} \mathbf {C}_{dl}\mathbf {A}_{dl} \\ \mathbf {C}_{dl}\mathbf {A}_{dl}^2 \\ \vdots \\ \mathbf {C}_{dl}\mathbf {A}_{dl}^f \end {bmatrix} \in \mathbb {R}^{f \times (m+n)},\quad \mathbf {M}_{dl}^p = \begin {bmatrix} \mathbf {C}_{dl}^p \mathbf {B}_{dl}^p & \mathbf {D}_{dl}^p & \cdots & 0 & 0 \\ \mathbf {C}_{dl}^p \mathbf {A}_{dl}^p \mathbf {B}_{dl}^p & \mathbf {C}_{dl}^p \mathbf {B}_{dl}^p & \ddots & 0 & 0 \\ \vdots & \vdots & \ddots & \ddots & \vdots \\ \mathbf {C}_{dl}^p (\mathbf {A}_{dl}^p)^{f-1} \mathbf {B}_{dl}^p & \mathbf {C}_{dl}^p (\mathbf {A}_{dl}^p)^{f-2} \mathbf {B}_{dl}^p & \cdots & \mathbf {C}_{dl}^p \mathbf {B}_{dl}^p & \mathbf {D}_{dl}^p \end {bmatrix},\end {align}


\begin {align}\mathbf {M}_{dl}^s = \begin {bmatrix} \mathbf {C}_{dl}^s \mathbf {B}_{dl}^s & \mathbf {D}_{dl}^s & \cdots & 0 & 0 \\ \mathbf {C}_{dl}^s \mathbf {A}_{dl}^s \mathbf {B}_{dl}^s & \mathbf {C}_{dl}^s \mathbf {B}_{dl}^s & \ddots & 0 & 0 \\ \vdots & \vdots & \ddots & \ddots & \vdots \\ \mathbf {C}_{dl}^s (\mathbf {A}_{dl}^s)^{f-1} \mathbf {B}_{dl}^s & \mathbf {C}_{dl}^s (\mathbf {A}_{dl}^s)^{f-2} \mathbf {B}_{dl}^s & \cdots & \mathbf {C}_{dl}^s \mathbf {B}_{dl}^s & \mathbf {D}_{dl}^s \end {bmatrix},\end {align}


$\mathbf {O}_{dl} \in \mathbb {R}^{f \times (m+n)}$


$\mathbf {M}_{dl}^p, \mathbf {M}_{dl}^s \in \mathbb {R}^{f \times (f+1)}$


\begin {align}\mathbf {u}'^{s*} = \mathbf {H}'^{-1} \mathbf {g}', \label {eq: delayed optimal control sequence}\end {align}


\begin {align}\mathbf {H}' = {\mathbf {M}^{s}_{dl}}^T \mathbf {Q} \mathbf {M}^{s}_{dl} + \mathbf {R}, \qquad \mathbf {g}' = {\mathbf {M}^{s}_{dl}}^T \mathbf {Q}\, \mathbf {c}'.\end {align}


\begin {align}f < N_d \label {eq: causal principle}\end {align}


$N_d = N^p_d - N^s_d$


$\mathbf {u}'^p$


$\mathbf {u}'^s$


$\mathbf {u}'^p$


$\mathbf {u}'^{s*}$


$f$


$N^p_d$


$N^s_d$


$N^s_d=0$


$N_d = N^p_d$


$k$


$u^p_k$


$u^s_k$


$u^p_k$


$u^s_k$


$P$


$S$


$d_k$


$a_k$


$e_k = d_k - a_k$


$y$


$u^p$


$u^s$


$\mathbf {y}$


$\mathbf {u}^p$


$\mathbf {u}^s$


$k$


$y$


$u^s$


$N_d^s = 0$


$u^p$


$N_d$


$\mathbf {y}$


$\mathbf {u}'^p$


$\mathbf {u}^s$


$k$


$\mathbf {u}'^p$


$x_{\text {in}}$


$x_{\text {out}}$


\begin {align}H_\mathrm {meas} = \frac {E\{X_{\text {in}}^* X_{\text {out}}\}}{E\{X_{\text {in}}^* X_{\text {in}}\}}\end {align}


$X_{\text {in}}$


$X_{\text {out}}$


$x_{\text {in}}$


$x_{\text {out}}$


$(\cdot )^*$


$E\{\cdot \}$


$G(z)$


$H_\mathrm {meas}$


$G(z)$


\begin {align}G(z) \;=\; \frac {b_0 + b_1 z^{-1} + \cdots + b_{q} z^{-q}} {1 + a_1 z^{-1} + \cdots + a_{r} z^{-r}}, \label {eq: estimated transfer function}\end {align}


$q = r = 15$


$G(z) = C(zI-A)^{-1}B + D$


$N^s_d = 0$


$N^p_d = 10$


$T_d = N_d / f_s = 2.5\,\mathrm {ms}$


$H^{p}_\mathrm {delayless}$


$H^{p}_\mathrm {delayless}$


$z^{-N_d}$


$H^{p}_\text {delayless} \cdot z^{-N_d}$


$H^{p}_\mathrm {meas}$


$H^{p}_\text {delayless} \cdot z^{-N_d}$


$t = 2.5\,\mathrm {ms}$


$f_s = 4\,\mathrm {kHz}$


${A_\text {max}} = 0.2$


${A_\text {max}} = 0.8$


$\mathbf {Q} = \alpha \mathbf {I}$


$\mathbf {R} = \beta \mathbf {I}$


$\alpha = 1$


$\beta = 0.001$


$\mathbf {Q}$


$\mathbf {R}$


$f = 9$


$m=15$


$n=15$


$u^s_{\mathrm {max}} = 1$


$u^s_{\mathrm {min}} = -1$


$K = 64$


$L$


$\mu = 0.001$


$t=4$


$\text {NRL} = 10\log _{10} \left ( \frac {\sum d^2}{\sum e^2} \right )$


${A_\text {max}}=0.2.$


$P({\omega })/S({\omega })$


$P$


$S$


$P(\omega )$


$S(\omega )$


$\omega $


${A_\text {max}}=0.2$


${A_\text {max}}=0.8$


${A_\text {max}}=0.8.$


$A_{\max }=0.2$


${A_\text {max}}=0.8$


$A_{\max }=0.2$


$A_{\max }=0.8$


$A_{\max }=0.2$


$u^{s}$


$\mathbf {R}$


$\alpha $


$\beta $


$u^s$


$\mathbf {R}$


$\beta $


$\mathbf {R}$


$\mathbf {u}^{s*}$


$\mathbf {u'}^{s*}$


$\beta < 0.001$


$\beta $


$\beta $


$\mathbf {y}$


$\beta \geq 0.001$


$\beta < 0.001$


$P$


$S$


$A_\text {max}=0.8$


$L$


$K$


$m$


$n$


$f$


$O(3K + L)$


$O(2f^2 + f(m+n) + m^2 + n^2)$
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Table 1 
Notation and symbol definitions.
 Symbol  Dimension  Description
(⋅)𝑘  scalar  Time instant of discrete system
(⋅)𝑝/(⋅)𝑠  -  Primary/Secondary path
𝑢𝑝𝑘/𝑢

𝑠
𝑘  scalar  Primary input/Secondary (control) input

𝑦𝑝𝑘/𝑦
𝑠
𝑘  scalar  Primary disturbance/Anti-noise

𝑦𝑘  scalar  System output (error signal)
𝑚/𝑛  scalar  Order dimension of state-space model of primary/secondary path
𝐱𝑝𝑘/𝐱

𝑠
𝑘 ℝ𝑚/ℝ𝑛  State vector of the primary/secondary path

𝐱𝑘 ℝ𝑚+𝑛  Augmented joint state vector
𝐀𝑝/𝐀𝑠 ℝ𝑚×𝑚/ℝ𝑛×𝑛  State matrix of the primary/secondary path
𝐁𝑝/𝐁𝑠 ℝ𝑚×1/ℝ𝑛×1  Input matrix of the primary/secondary path
𝐂𝑝/𝐂𝑠 ℝ1×𝑚/ℝ1×𝑛  Output matrix of the primary/secondary path
𝐃𝑝/𝐃𝑠 ℝ1×1  Feedthrough matrix of the primary/secondary path
𝐀 ℝ(𝑚+𝑛)×(𝑚+𝑛)  Joint state matrix
𝐂 ℝ1×(𝑚+𝑛)  Joint output matrix
𝑓  scalar  Prediction and control horizon
𝐮𝑝/𝐮𝑠 ℝ𝑓+1  Primary/Secondary input sequence over horizon
𝐲 ℝ𝑓  Predicted output (error) sequence
𝐎 ℝ𝑓×(𝑚+𝑛)  State prediction matrix
𝐌𝑝/𝐌𝑠 ℝ𝑓×(𝑓+1)  Primary/Secondary input prediction matrix
𝐜 ℝ𝑓  Constant term in MPC prediction
𝐐 ℝ𝑓×𝑓  Output weighting matrix
𝐑/𝐇 ℝ(𝑓+1)×(𝑓+1)  Control weighting matrix/Hessian matrix of MPC cost
𝐠 ℝ𝑓+1  Gradient vector of MPC cost
𝑁𝑝

𝑑/𝑁
𝑠
𝑑  scalar  Primary/Secondary path delay (samples)

𝑁𝑑  scalar  Delay difference 𝑁𝑝
𝑑 −𝑁𝑠

𝑑
𝑢𝑠max/𝑢

𝑠
min  scalar  Upper/Lower saturation bound of control input

𝐴max  scalar  Maximum amplitude of primary input
𝑑𝑘  scalar  Measured primary disturbance
𝑎𝑘  scalar  Measured anti-noise
𝑒𝑘  scalar  Measured error signal

Regarding computational complexity, conventional MPC involves solving a constrained optimization problem at each sampling 
instant, often exceeding real-time computational capabilities in ANC systems. To address this, explicit MPC [14] precomputes control 
laws in an offline “lookup table” for rapid retrieval. Yet, as the number of control variables increases, memory demand and table size 
grow exponentially. Alternatively, algorithms based on active-set and interior-point methods [15,16] improve convergence rates but 
still incur heavy computational loads compared to unconstrained methods.

Crucially, the inherent propagation delay in the ANC primary path offers a causal mechanism for predicting future disturbances 
using past measurements, eliminating the need for additional prediction models. While [17] exploited this delay-based mechanism 
using finite impulse response models, the associated computational cost made real-time implementation impractical.

To overcome these limitations, this study proposes a novel causal MPC-ANC framework incorporating three key points: (1) a 
low-order state-space model to reduce system dimensionality, (2) primary-path delay integration for causal disturbance estimation 
applicable to arbitrary noise types, and (3) unconstrained MPC scheme incorporating saturation handling to ensure feasibility while 
minimizing computational effort.

The main contributions are summarized as follows:

• An analytical closed-form solution of the ANC-oriented MPC is derived, which avoids iterative optimization and yields compu-
tational complexity on the same order as the conventional FxNLMS algorithm. This makes MPC practically feasible for real-time 
ANC implementation.

• A delay-embedded causal control strategy is proposed, where the introduction of a primary-path delay model eliminates the need 
for disturbance prediction. As a result, the framework is no longer restricted to predictable reference signals and can address 
arbitrary broadband noises.

• The proposed approach achieves real-time broadband noise attenuation with negligible convergence time. Even under rapidly 
varying reference signals, the controller is able to maintain effective attenuation.

These contributions are validated through comprehensive numerical simulations and experimental tests.
In this work, both the primary and secondary acoustic paths are assumed to be available through an offline identification stage. 

This assumption targets ANC applications in fixed or slowly varying acoustic environments, such as ducts, enclosures and laboratory 
test rigs. Specifically, the focus of this paper is on real-time predictive control under a finite preview horizon, rather than on acoustic 
path identification.

The paper is structured as follows: Section 2 details the MPC formulation, Sections 3–4 present numerical and experimental 
validations respectively, and Section 5 concludes the study and outlines future work.
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Fig. 1. MPC-based ANC without primary path delay. (a) System diagram. (b) Sampling instants. (For interpretation of the references to colour in 
this figure legend, the reader is referred to the web version of this article.)

Fig. 2. MPC-based ANC with primary path delay. (a) System diagram. (b) Sampling instants. (For interpretation of the references to colour in this 
figure legend, the reader is referred to the web version of this article.)

Fig. 3. Frequency response comparison between measured data and state-space model. (a) Primary path. (b) Secondary path.
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Fig. 4. Primary path characteristics. (a) Delayless primary path frequency response 𝐻𝑝
delayless. (b) Unit impulse response.

2.  MPC formulation

2.1.  Joint state-space model

The primary and secondary acoustic paths are denoted by superscripts 𝑝 and 𝑠, respectively. The corresponding models are assumed 
to be available through prior identification and are modeled as the following discrete-time state-space systems: 

{

𝐱𝑝𝑘+1 = 𝐀𝑝 𝐱𝑝𝑘 + 𝐁𝑝 𝑢𝑝𝑘,
𝑦𝑝𝑘 = 𝐂𝑝 𝐱𝑝𝑘 + 𝐃𝑝 𝑢𝑝𝑘,

(1)

and 
{

𝐱𝑠𝑘+1 = 𝐀𝑠 𝐱𝑠𝑘 + 𝐁𝑠 𝑢𝑠𝑘,
𝑦𝑠𝑘 = 𝐂𝑠 𝐱𝑠𝑘 + 𝐃𝑠 𝑢𝑠𝑘,

(2)

where the subscript 𝑘 denotes the discrete sampling instant. 𝐀𝑝 ∈ ℝ𝑚×𝑚, 𝐁𝑝 ∈ ℝ𝑚×1, 𝐂𝑝 ∈ ℝ1×𝑚, 𝐃𝑝 ∈ ℝ1×1. 𝐀𝑠 ∈ ℝ𝑛×𝑛, 𝐁𝑠 ∈ ℝ𝑛×1, 
𝐂𝑠 ∈ ℝ1×𝑛, 𝐃𝑠 ∈ ℝ1×1. The variables 𝑢𝑝𝑘 and 𝑢𝑠𝑘 are the control inputs to the primary and secondary paths, respectively. The vectors 
𝐱𝑝𝑘 ∈ ℝ𝑚 and 𝐱𝑠𝑘 ∈ ℝ𝑛 represent the corresponding state vectors, while 𝑦𝑝𝑘 and 𝑦𝑠𝑘 denote the primary disturbance and the generated 
anti-noise signal, respectively. For clarity, the notation used throughout the paper is summarized in Table 1. By combining the 
state-space models of both paths, the overall joint state-space representation of the active noise control system can be expressed as:

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝐱𝑘+1 =
[

𝐀𝑝 0
0 𝐀𝑠

]

⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟
𝐀

𝐱𝑘 +
[

𝐁𝑝

𝟎

]

𝑢𝑝𝑘 +

[

0
𝐁𝑠

]

𝑢𝑠𝑘,

𝑦𝑘 = 𝑦𝑝𝑘 − 𝑦𝑠𝑘 =
[

𝐂𝑝 −𝐂𝑠
]

⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟
𝐂

𝐱𝑘 + 𝐃𝑝𝑢𝑝𝑘 − 𝐃𝑠𝑢𝑠𝑘,
(3)

where 𝑦𝑘 is the residual error signal to be minimized. 𝐀 ∈ ℝ(𝑚+𝑛)×(𝑚+𝑛), 𝐂 ∈ ℝ1×(𝑚+𝑛).  The augmented state vector is defined as: 

𝐱𝑘 =
[

𝐱𝑝𝑘
𝐱𝑠𝑘

]

. (4)

Remark 1: In many practical feedforward ANC systems, only the secondary path is explicitly identified, while the primary path 
is typically unknown. In practice, an equivalent primary-path model (from the reference microphone signal to the error microphone 
signal) can be identified by standard system identification techniques using the reference and error microphone measurements when 
the control is inactive. The identified model can then be converted into an equivalent state-space representation and incorporated 
into the proposed MPC formulation. In this paper, we focus on the control design and real-time feasibility of the MPC scheme and 
assume that the acoustic path models are obtained in advance through an offline identification stage. 
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Fig. 5. Error signals for different noise types: (a) Traffic. (b) Airplane. (c) Human. (d) White. (For interpretation of the references to colour in this 
figure legend, the reader is referred to the web version of this article.)

2.2.  Prediction over horizon 𝑓

Let 𝑓 denote the prediction and control horizon. The future input sequences and the corresponding predicted output sequences 
over this horizon are defined as: 

𝐮𝑝 =
⎡

⎢

⎢

⎣

𝑢𝑝𝑘
⋮

𝑢𝑝𝑘+𝑓

⎤

⎥

⎥

⎦

, 𝐮𝑠 =
⎡

⎢

⎢

⎣

𝑢𝑠𝑘
⋮

𝑢𝑠𝑘+𝑓

⎤

⎥

⎥

⎦

, 𝐲 =
⎡

⎢

⎢

⎣

𝑦𝑘+1
⋮

𝑦𝑘+𝑓

⎤

⎥

⎥

⎦

, (5)

where 𝐮𝑝,𝐮𝑠 ∈ ℝ𝑓+1 and 𝐲 ∈ ℝ𝑓 . To facilitate prediction over the horizon, define the following matrices: 

𝐎 =

⎡

⎢

⎢

⎢

⎢

⎣

𝐂𝐀
𝐂𝐀2

⋮
𝐂𝐀𝑓

⎤

⎥

⎥

⎥

⎥

⎦

, 𝐌𝑝 =

⎡

⎢

⎢

⎢

⎢

⎣

𝐂𝑝𝐁𝑝 𝐃𝑝 ⋯ 0 0
𝐂𝑝𝐀𝑝𝐁𝑝 𝐂𝑝𝐁𝑝 ⋱ 0 0

⋮ ⋮ ⋱ ⋱ ⋮
𝐂𝑝𝐀𝑝𝑓−1𝐁𝑝 𝐂𝑝𝐀𝑝𝑓−2𝐁𝑝 ⋯ 𝐂𝑝𝐁𝑝 𝐃𝑝

⎤

⎥

⎥

⎥

⎥

⎦

, (6)

and 

𝐌𝑠 =

⎡

⎢

⎢

⎢

⎢

⎣

𝐂𝑠𝐁𝑠 𝐃𝑠 ⋯ 0 0
𝐂𝑠𝐀𝑠𝐁𝑠 𝐂𝑠𝐁𝑠 ⋱ 0 0

⋮ ⋮ ⋱ ⋱ ⋮
𝐂𝑠𝐀𝑠𝑓−1𝐁𝑠 𝐂𝑠𝐀𝑠𝑓−2𝐁𝑠 ⋯ 𝐂𝑠𝐁𝑠 𝐃𝑠

⎤

⎥

⎥

⎥

⎥

⎦

, (7)

where 𝐎 ∈ ℝ𝑓×(𝑚+𝑛) and 𝐌𝑝,𝐌𝑠 ∈ ℝ𝑓×(𝑓+1). Next, define a known term with respect to the optimization variable 𝐮𝑠: 

𝐜 = 𝐎𝐱𝑘 +𝐌𝑝 𝐮𝑝, (8)
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which incorporates the contributions of the current system state and the future primary path inputs over the horizon. Accordingly, 
the predicted error sequence 𝐲 over the horizon can be expressed as a function of the secondary control inputs 𝐮𝑠 as follows: 

𝐲 = 𝐜 − 𝐌𝑠 𝐮𝑠. (9)

2.3.  MPC Cost and analytical solution

The cost function is defined as: 
𝐽 (𝐮𝑠) = 𝐲𝑇𝐐𝐲 + (𝐮𝑠)𝑇𝐑𝐮𝑠, (10)

where 𝐐 and 𝐑 are weighting matrices that penalize the predicted error and control effort , respectively. By setting 𝜕𝐽 (𝐮𝑠)∕𝜕𝐮𝑠 = 0, 
the optimal control input sequence 𝐮𝑠∗ is obtained as: 

𝐮𝑠∗ = 𝐇−1𝐠, (11)

where 
𝐇 = 𝐌𝑠𝑇𝐐𝐌𝑠 + 𝐑, 𝐠 = 𝐌𝑠𝑇𝐐𝐜. (12)

𝐮𝑠∗ is taken as the optimal control sequence for the secondary path. It should be emphasized that the proposed method computes a 
signal-dependent optimal control sequence at each sampling instant, rather than a fixed controller mapping from the reference signal 
to the control signal.  Note that Eq. (11) assumes that the future sequence 𝐮𝑝 in Eq. (5) is known or can be predicted in advance.

At each control instant, only the first element of the optimal sequence, 𝑢𝑠𝑘 = 𝐮𝑠∗(1), is applied to the system. To ensure the control 
input remains within allowable bounds, a saturation function is imposed as follows: 

𝑢𝑠,sat𝑘 =

⎧

⎪

⎨

⎪

⎩

𝑢𝑠max, if 𝑢𝑠𝑘 > 𝑢𝑠max,
𝑢𝑠min, if 𝑢𝑠𝑘 < 𝑢𝑠min,
𝑢𝑠𝑘, otherwise.

(13)

Although the saturation does not explicitly solve a constrained MPC optimization problem, it provides a practical approximation 
when the unconstrained optimal solution remains within the admissible input bounds for most time instants. In such cases, the 
saturation is inactive and the resulting control action coincides with the solution of a constrained MPC formulation. The impact of 
active saturation on noise attenuation performance is explicitly investigated in Section 3.3. 

2.4.  Delayed system

In practical systems, delays between inputs and outputs are common. The measured transfer functions, denoted as 𝐻meas, can be 
represented by their delay-free counterparts 𝐻delayless along with corresponding delays as follows: 

𝐻𝑝
meas(𝑧) = 𝐻𝑝

delayless(𝑧) ⋅ 𝑧
−𝑁𝑝

𝑑 , 𝐻𝑠
meas(𝑧) = 𝐻𝑠

delayless(𝑧) ⋅ 𝑧
−𝑁𝑠

𝑑 , (14)

where 𝑁𝑝
𝑑 and 𝑁𝑠

𝑑 represent the number of discrete-time sampling delays in the primary and secondary paths, respectively.
Accordingly, the state-space representation of the primary path becomes: 

⎧

⎪

⎨

⎪

⎩

𝐱𝑝
𝑘+1−𝑁𝑝

𝑑
= 𝐀𝑝

𝑑𝑙 𝐱
𝑝
𝑘−𝑁𝑝

𝑑
+ 𝐁𝑝

𝑑𝑙 𝑢
𝑝
𝑘−𝑁𝑝

𝑑
,

𝑦𝑝𝑘 = 𝐂𝑝
𝑑𝑙 𝐱

𝑝
𝑘−𝑁𝑝

𝑑
+ 𝐃𝑝

𝑑𝑙 𝑢
𝑝
𝑘−𝑁𝑝

𝑑
,

(15)

and for the secondary path: 
⎧

⎪

⎨

⎪

⎩

𝐱𝑠𝑘+1−𝑁𝑠
𝑑
= 𝐀𝑠

𝑑𝑙 𝐱
𝑠
𝑘−𝑁𝑠

𝑑
+ 𝐁𝑠

𝑑𝑙 𝑢
𝑠
𝑘−𝑁𝑠

𝑑
,

𝑦𝑠𝑘 = 𝐂𝑠
𝑑𝑙 𝐱

𝑠
𝑘−𝑁𝑠

𝑑
+ 𝐃𝑠

𝑑𝑙 𝑢
𝑠
𝑘−𝑁𝑠

𝑑
.

(16)

where 𝐀𝑝
𝑑𝑙 ∈ ℝ𝑚×𝑚, 𝐁𝑝

𝑑𝑙 ∈ ℝ𝑚×1, 𝐂𝑝
𝑑𝑙 ∈ ℝ1×𝑚, 𝐃𝑝

𝑑𝑙 ∈ ℝ1×1, 𝐀𝑠
𝑑𝑙 ∈ ℝ𝑛×𝑛, 𝐁𝑠

𝑑𝑙 ∈ ℝ𝑛×1, 𝐂𝑠
𝑑𝑙 ∈ ℝ1×𝑛 and 𝐃𝑠

𝑑𝑙 ∈ ℝ1×1. Here, the subscript (⋅)𝑑𝑙
indicates the corresponding delay-free system matrices.

By combining both paths, the joint state-space model is formulated as:

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝐱′𝑘+1 =
[

𝐀𝑝
𝑑𝑙 0
0 𝐀𝑠

𝑑𝑙

]

⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟
𝐀𝑑𝑙

𝐱′𝑘 +
[

𝐁𝑝
𝑑𝑙
0

]

𝑢𝑝
𝑘−𝑁𝑝

𝑑
+

[

0
𝐵𝑠
𝑑𝑙

]

𝑢𝑠𝑘−𝑁𝑠
𝑑
,

𝑦𝑘 = 𝑦𝑝𝑘 − 𝑦𝑠𝑘 =
[

𝐂𝑝
𝑑𝑙 − 𝐂𝑠

𝑑𝑙
]

⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟
𝐂𝑑𝑙

𝐱′𝑘 + 𝐃𝑝
𝑑𝑙 𝑢

𝑝
𝑘−𝑁𝑝

𝑑
− 𝐃𝑠

𝑑𝑙 𝑢
𝑠
𝑘−𝑁𝑠

𝑑
.

(17)

Journal of Sound and Vibration 635 (2026) 119800 

6 



C. Liang et al.

where the augmented state vector is defined as: 

𝐱′𝑘 =
⎡

⎢

⎢

⎣

𝐱𝑝
𝑘−𝑁𝑝

𝑑
𝐱𝑠𝑘−𝑁𝑠

𝑑

⎤

⎥

⎥

⎦

. (18)

The corresponding input sequences of primary and secondary paths are expressed as: 

𝐮′𝑝 =
⎡

⎢

⎢

⎢

⎣

𝑢𝑝
𝑘−𝑁𝑝

𝑑
⋮

𝑢𝑝
𝑘+𝑓−𝑁𝑝

𝑑

⎤

⎥

⎥

⎥

⎦

, 𝐮′𝑠 =
⎡

⎢

⎢

⎢

⎣

𝑢𝑠𝑘−𝑁𝑠
𝑑

⋮
𝑢𝑠𝑘+𝑓−𝑁𝑠

𝑑

⎤

⎥

⎥

⎥

⎦

. (19)

Based on this formulation, Eq. (8) and (9) are modified as: 
𝐜′ = 𝐎𝑑𝑙 𝐱′𝑘 +𝐌𝑝

𝑑𝑙 𝐮
′𝑝, 𝐲 = 𝐜′ −𝐌𝑠

𝑑𝑙 𝐮
′𝑠. (20)

where the prediction matrices 𝐎𝑑𝑙, 𝐌𝑝
𝑑𝑙, and 𝐌𝑠

𝑑𝑙 are defined as 

𝐎𝑑𝑙 =

⎡

⎢

⎢

⎢

⎢

⎣

𝐂𝑑𝑙𝐀𝑑𝑙
𝐂𝑑𝑙𝐀2

𝑑𝑙
⋮

𝐂𝑑𝑙𝐀
𝑓
𝑑𝑙

⎤

⎥

⎥

⎥

⎥

⎦

∈ ℝ𝑓×(𝑚+𝑛), 𝐌𝑝
𝑑𝑙 =

⎡

⎢

⎢

⎢

⎢

⎣

𝐂𝑝
𝑑𝑙𝐁

𝑝
𝑑𝑙 𝐃𝑝

𝑑𝑙 ⋯ 0 0
𝐂𝑝
𝑑𝑙𝐀

𝑝
𝑑𝑙𝐁

𝑝
𝑑𝑙 𝐂𝑝

𝑑𝑙𝐁
𝑝
𝑑𝑙 ⋱ 0 0

⋮ ⋮ ⋱ ⋱ ⋮
𝐂𝑝
𝑑𝑙(𝐀

𝑝
𝑑𝑙)

𝑓−1𝐁𝑝
𝑑𝑙 𝐂𝑝

𝑑𝑙(𝐀
𝑝
𝑑𝑙)

𝑓−2𝐁𝑝
𝑑𝑙 ⋯ 𝐂𝑝

𝑑𝑙𝐁
𝑝
𝑑𝑙 𝐃𝑝

𝑑𝑙

⎤

⎥

⎥

⎥

⎥

⎦

, (21)

and 

𝐌𝑠
𝑑𝑙 =

⎡

⎢

⎢

⎢

⎢

⎣

𝐂𝑠
𝑑𝑙𝐁

𝑠
𝑑𝑙 𝐃𝑠

𝑑𝑙 ⋯ 0 0
𝐂𝑠
𝑑𝑙𝐀

𝑠
𝑑𝑙𝐁

𝑠
𝑑𝑙 𝐂𝑠

𝑑𝑙𝐁
𝑠
𝑑𝑙 ⋱ 0 0

⋮ ⋮ ⋱ ⋱ ⋮
𝐂𝑠
𝑑𝑙(𝐀

𝑠
𝑑𝑙)

𝑓−1𝐁𝑠
𝑑𝑙 𝐂𝑠

𝑑𝑙(𝐀
𝑠
𝑑𝑙)

𝑓−2𝐁𝑠
𝑑𝑙 ⋯ 𝐂𝑠

𝑑𝑙𝐁
𝑠
𝑑𝑙 𝐃𝑠

𝑑𝑙

⎤

⎥

⎥

⎥

⎥

⎦

, (22)

where 𝐎𝑑𝑙 ∈ ℝ𝑓×(𝑚+𝑛) and 𝐌𝑝
𝑑𝑙 ,𝐌

𝑠
𝑑𝑙 ∈ ℝ𝑓×(𝑓+1).

Then, the optimal control input sequence is computed by: 
𝐮′𝑠∗ = 𝐇′−1𝐠′, (23)

where 
𝐇′ = 𝐌𝑠

𝑑𝑙
𝑇𝐐𝐌𝑠

𝑑𝑙 + 𝐑, 𝐠′ = 𝐌𝑠
𝑑𝑙

𝑇𝐐𝐜′. (24)

In this formulation of the state-space model, it is required that the following condition holds: 
𝑓 < 𝑁𝑑 (25)

where 𝑁𝑑 = 𝑁𝑝
𝑑 −𝑁𝑠

𝑑 denotes the delay difference between the primary and secondary paths. This condition ensures that the primary 
input sequence 𝐮′𝑝 is available before the sequence 𝐮′𝑠 is initiated. Consequently, 𝐮′𝑝 can be utilized to compute the optimal controller 
output sequence 𝐮′𝑠∗, thereby preserving system causality.

To maximize the allowable prediction horizon 𝑓 , a larger primary path delay 𝑁𝑝
𝑑 and a smaller secondary path delay 𝑁𝑠

𝑑 are desir-
able. On the other hand, an excessively small prediction horizon may lead to insufficient preview information and an ill-conditioned 
optimization problem, which may prevent reliable control solutions from being obtained in practice. Accordingly, the preferred mod-
eling strategy is to construct the delayed system using Eqs. (15) and (2), wherein only the delay in the primary path is considered by 
setting 𝑁𝑠

𝑑 = 0, resulting in 𝑁𝑑 = 𝑁𝑝
𝑑 .

2.5.  Algorithm procedure

Fig. 1a illustrates the operational logic of the MPC-based ANC system. At each sampling instant 𝑘, the reference signal 𝑢𝑝𝑘 is used to 
compute the controller output 𝑢𝑠𝑘 based on a predefined state-space model and the MPC algorithm. Simultaneously, the signals 𝑢

𝑝
𝑘 and 

𝑢𝑠𝑘 propagate through the physical primary path 𝑃  and the secondary path 𝑆, producing the primary disturbance 𝑑𝑘 and anti-noise 
𝑎𝑘, respectively. The resulting measured error signal is then obtained as 𝑒𝑘 = 𝑑𝑘 − 𝑎𝑘.

Fig. 1b provides a detailed illustration of the sampling instants for the signals 𝑦, 𝑢𝑝, and 𝑢𝑠. In this figure, the bold curves represent 
the sequences 𝐲, 𝐮𝑝, and 𝐮𝑠 as defined in Eq. (5) at the current instant 𝑘. The reference trajectory for the error signal 𝑦 is set to 
zero, and the controller output 𝑢𝑠 is subject to the saturation limits described in Eq. (13). The complete computational procedure is 
presented in Algorithm 1, which consists of two stages: (i) state-space model preparation, typically conducted offline, and (ii) the 
MPC optimization loop, executed online in real time.

For the delayed MPC strategy shown in Fig. 2a, the secondary path delay is set to 𝑁𝑠
𝑑 = 0, while the reference signal 𝑢𝑝 is delayed by 

𝑁𝑑 instants. The bold curves in Fig. 2b denote the sequences 𝐲, 𝐮′𝑝, and 𝐮𝑠 at instant 𝑘. In this configuration, if the causality condition 
specified in Eq. (25) is satisfied, the sequence 𝐮′𝑝 remains within past instants, ensuring the feasibility of real-time computation. The 
corresponding computational steps for the delayed MPC approach are detailed in Algorithm 2.
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Fig. 6. Short-Time Fourier Transform of error signals for different noise types: (a) Traffic. (b) Airplane. (c) Human. (d) White. (For interpretation 
of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Algorithm 1 MPC-based ANC algorithm.
1: /* State-Space Model Preparation */
2: Define the state-space matrices: 𝐀𝑝,𝐁𝑝,𝐂𝑝,𝐃𝑝,𝐀𝑠,𝐁𝑠,𝐂𝑠,𝐃𝑠

3: Specify the weighting matrices 𝐐, 𝐑, and the prediction horizon 𝑓
4: Compute the matrices 𝐎, 𝐌𝑝, and 𝐌𝑠 using Eqs. (6) and (7)
5: /* MPC Optimization Loop */
6: Initialize the system state: 𝐱1 = 𝟎𝑚+𝑛
7: for 𝑘 = 1, 2,… do
8:  Obtain the future disturbance sequence 𝐮𝑝 using Eq. (5)
9:  Compute the optimal control sequence 𝐮𝑠∗ by solving Eq. (11)
10:  Restrict the controller output 𝑢𝑠𝑘 according to the saturation constraint in Eq. (13)
11:  Apply the control input 𝑢𝑠,sat𝑘
12:  Update the joint system state 𝐱𝑘+1 using Eq. (3)
13: end for

2.6.  System identification

To define the state-space matrices, we first measured the primary and secondary paths of a Kundt’s tube, as illustrated in Fig. 3. 
Specifically, a white noise signal was applied to the loudspeaker as the input signal 𝑥in, and the corresponding output response 𝑥out
was recorded by the error microphone. The frequency response function was then estimated using the following expression: 

𝐻meas =
𝐸{𝑋∗

in𝑋out}
𝐸{𝑋∗

in𝑋in}
(26)
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Fig. 7. Noise reduction level of error signals for different noise types: (a) Traffic. (b) Airplane. (c) Human. (d)White. (For interpretation of the 
references to colour in this figure legend, the reader is referred to the web version of this article.)

Algorithm 2 Delayed MPC-based ANC algorithm.
1: /* State-Space Model Preparation */
2: Define the state-space matrices: 𝐀𝑝

𝑑𝑙 ,𝐁
𝑝
𝑑𝑙 ,𝐂

𝑝
𝑑𝑙 ,𝐃

𝑝
𝑑𝑙 ,𝐀

𝑠,𝐁𝑠,𝐂𝑠,𝐃𝑠

3: Specify the weighting matrices 𝐐, 𝐑
4: Set the prediction horizon 𝑓 such that 𝑓 < 𝑁𝑑 and 𝑁𝑠

𝑑 = 0
5: Compute the prediction matrices 𝐎𝑑𝑙 ,𝐌

𝑝
𝑑𝑙, and 𝐌𝑠

𝑑𝑙 following Eqs. (6) and (7)
6: /* MPC Optimization Loop */
7: Initialize the system state: 𝐱𝑁𝑑+1 = 𝟎𝑚+𝑛
8: for 𝑘 = 𝑁𝑑 + 1, 𝑁𝑑 + 2,… do
9:  Acquire the past disturbance sequence 𝐮′𝑝 using Eq. (19)
10:  Compute the optimal control sequence 𝐮′𝑠∗ by solving Eq. (23)
11:  Restrict the first controller output 𝑢𝑠𝑘 according to the saturation constraints
12:  Apply the control input 𝑢𝑠,sat𝑘
13:  Update the joint system state 𝐱′𝑘+1 using Eq. (17)
14: end for

where 𝑋in and 𝑋out denote the Fourier transforms of 𝑥in and 𝑥out, respectively, (⋅)∗ represents the complex conjugate operation, 
and 𝐸{⋅} denotes the mathematical expectation. Only the frequency components within the range of 100–800 Hz were retained for 
subsequent analysis.

Subsequently, to obtain the required state-space representations for the controller design, a standard system identification proce-
dure is performed. In this study, we utilize the vector fitting method [18] as a representative tool to estimate the plant dynamics. 
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Fig. 8. Power spectral density of error signals for different noise types: (a) Traffic. (b) Airplane. (c) Human. (d) White. (For interpretation of the 
references to colour in this figure legend, the reader is referred to the web version of this article.)

From a formulation perspective, the proposed delayed-MPC framework is theoretically generalizable to various system identification 
methods, provided that the plant dynamics are captured in a state-space realization.

A discrete-time system 𝐺(𝑧) was identified from the measured frequency response 𝐻meas. To determine an appropriate model 
order, several candidate orders were evaluated by progressively increasing the model complexity and examining the corresponding 
frequency-domain fitting accuracy within the 100–800 Hz frequency band. It was observed that model orders below 15 were unable to 
accurately reproduce the resonance peaks and phase characteristics of the measured responses, while higher-order models yielded only 
marginal improvements. A 15th-order model was therefore selected as a compromise between modeling accuracy and computational 
efficiency.  The transfer function 𝐺(𝑧) takes the form 

𝐺(𝑧) =
𝑏0 + 𝑏1𝑧−1 +⋯ + 𝑏𝑞𝑧−𝑞

1 + 𝑎1𝑧−1 +⋯ + 𝑎𝑟𝑧−𝑟
, (27)

where 𝑞 = 𝑟 = 15. By applying the standard relation 𝐺(𝑧) = 𝐶(𝑧𝐼 − 𝐴)−1𝐵 +𝐷, the identified transfer function was converted into an 
equivalent state-space representation, as shown in Eqs. (1) and (2). The fitted curves presented in Fig. 3 demonstrate the satisfactory 
accuracy of the estimated state-space models.

For the delayed MPC configuration, we set 𝑁𝑠
𝑑 = 0 and 𝑁𝑝

𝑑 = 10, corresponding to a delay of 𝑇𝑑 = 𝑁𝑑∕𝑓𝑠 = 2.5ms. For the primary 
path, the delayless frequency response 𝐻𝑝

delayless and its corresponding state-space model are illustrated in Fig. 4a. The system delay 
is then incorporated by multiplying the delayless response with 𝑧−𝑁𝑑 , resulting in 𝐻𝑝

delayless ⋅ 𝑧
−𝑁𝑑 .

Fig. 4b compares the unit impulse responses of the estimated state-space models corresponding to 𝐻𝑝
meas and 𝐻𝑝

delayless ⋅ 𝑧
−𝑁𝑑 . As 

expected, the impulse response of the delayed model starts after 𝑡 = 2.5ms. Beyond this point, the two responses exhibit an almost 
perfect overlap, indicating the accuracy and consistency of the delayed model with respect to the original measurement.
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Fig. 9. Controller output 𝑢𝑠 before saturation for different noise types: (a) Traffic. (b) Airplane. (c) Human. (d) White.

3.  Numerical simulation

3.1.  Parameters setup

The sampling rate is set to 𝑓𝑠 = 4 kHz. The reference signals consist of four realistic audio clips selected from [19] and the Acoustic 
Event Dataset [20], in addition to white noise, each with a duration of 8 s. The default amplitude of the reference signals is set to 
𝐴max = 0.2. To investigate the impact of control saturation described in Eq. (13), a higher amplitude value of 𝐴max = 0.8 is also 
examined in Section 3.3.

The controller weighting matrices are defined as 𝐐 = 𝛼𝐈 and 𝐑 = 𝛽𝐈, with 𝛼 = 1 and 𝛽 = 0.001.  Here, 𝐐 penalizes the predicted 
residual error to promote noise attenuation, while 𝐑 penalizes the control effort to limit excessive control amplitudes and mitigate 
actuator saturation. Both the prediction and control horizons are set to 𝑓 = 9. The state-space model orders of the primary and 
secondary paths are 𝑚 = 15 and 𝑛 = 15, respectively. The saturation limits for the control input are specified as 𝑢𝑠max = 1 and 𝑢𝑠min = −1.

For the FxNLMS algorithm, the adaptive filter length is set to 𝐾 = 64, allowing for relatively fast convergence.  To approximate 
the steady-state optimal solution of FxNLMS, the adaptive filter was first trained by canceling white noise until convergence. The 
resulting filter coefficients were then used to initialize the FxNLMS algorithm for all subsequent simulations and experiments. The 
filter length 𝐿 of the estimated secondary path is 512. The default step size is chosen as 𝜇 = 0.001 to ensure stable convergence in 
both simulation and experimental scenarios.

3.2.  Noise reduction performance

Fig. 5 presents the error signals obtained by different ANC algorithms. The labels ‘MPC’ and ‘Delayed MPC’ refer to Algorithms 1 
and 2, respectively. As shown in Fig. 5a, both MPC and Delayed MPC achieve substantial noise reduction. Owing to the optimal 
initialization of the control filter, FxNLMS exhibits stable tracking performance across various reference signals, particularly for 
traffic and white noise. Nevertheless, its noise reduction capability remains inferior to that of the proposed MPC schemes under these 
conditions. Regarding the airplane noise in Fig. 5b, when the signal amplitude fluctuates after 𝑡 = 4 s, the error signals associated with 
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Fig. 10. Effect of weighting matrix 𝐑 on control saturation and noise reduction performance. (a), (b) Maximum amplitudes of optimized controller 
outputs; (c), (d) Noise reduction levels. (a), (c) MPC; (b), (d) Delayed MPC. (For interpretation of the references to colour in this figure legend, the 
reader is referred to the web version of this article.)

Fig. 11. Experimental setup.
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Fig. 12. Error signals for different noise types: (a) Traffic. (b) Airplane. (c) Human. (d) White. (For interpretation of the references to colour in this 
figure legend, the reader is referred to the web version of this article.)

MPC and Delayed MPC display minor fluctuations, whereas those from FxNLMS fluctuate significantly. In cases of human noise, which 
exhibits more abrupt variations, MPC and Delayed MPC continue to demonstrate superior robustness and effective noise suppression.

Fig. 6 displays the short-time Fourier transform (STFT) spectrograms of the error signals. When ANC is disabled, traffic, airplane 
and white noise exhibit continuous spectral content, whereas human noise displays abrupt changes at various time instances. The 
dominant frequency components are concentrated roughly between 100 Hz and 800 Hz. Both MPC and Delayed MPC consistently 
achieve superior noise attenuation across the entire frequency range compared to FxNLMS.

Fig. 7 presents the noise reduction level (NRL), defined as NRL = 10 log10
(∑

𝑑2
∑

𝑒2

)

, calculated every second. For traffic, airplane, and 
white noises, the proposed MPC and Delayed MPC schemes maintain steady NRL values ranging from approximately 20 dB to 25 dB 
throughout the entire simulation, whereas that of FxNLMS remains within the range of 11–17 dB. In the case of human noise, the 
NRL exhibits more pronounced fluctuations, which can be attributed to the intense and irregular variations in its frequency content.

Fig. 8 presents the power spectral density (PSD) of the error signals. Across all tested noise types, both MPC and Delayed MPC 
achieve broadband noise reduction of approximately 20dB across most of the frequency range.

Table 2 summarizes the overall NRL values obtained from Figs. 5 to 8, including additional results for impulsive knock 
reference noise. With its control filter operating in the steady state, FxNLMS yields noise reductions ranging from 13.4 dB 
to 15.6 dB.  For comparison, we also evaluated an offline-designed FIR controller constructed from the sampled frequency-
response ratio between the identified primary and secondary paths, approximating the inverse relationship between the two 
paths. Specifically, the frequency-response ratio 𝑃 (𝜔)∕𝑆(𝜔) was transformed to the time domain using an inverse Fourier trans-
form and truncated to obtain a finite-length FIR controller [21]. The frequency responses of the physical primary and sec-
ondary acoustic paths 𝑃  and 𝑆 are denoted by 𝑃 (𝜔) and 𝑆(𝜔), respectively, where 𝜔 represents the discrete angular fre-
quency. The resulting FIR controller is fixed and provides noise reduction levels of approximately 4-5 dB, which are sig-
nificantly lower than those achieved by FxNLMS and the proposed MPC approaches. In comparison, MPC achieves NRLs 
between 21.9 dB and 26.8 dB for different noises, while the Delayed MPC achieves reductions ranging from 23.1 dB to
29.0 dB.
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Fig. 13. Short-time fourier transform of error signals for different noise types: (a) Traffic. (b) Airplane. (c) Human. (d) White. (For interpretation 
of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Table 2 
Noise reduction levels (dB) obtained from simulations using different con-
trol strategies. 𝐴max = 0.2..

 Control strategies  Noise type
 Traffic  Airplane  Human  Knock  White

 Offline FIR (𝑃 (𝜔)∕𝑆(𝜔))  4.87  4.13  4.79  4.61  4.34
 FxNLMS  15.50  13.63  15.57  13.42  13.91
 MPC  23.40  22.63  26.81  21.85  23.57
 Delayed MPC  23.84  23.79  29.03  23.14  24.15

3.3.  Influence of saturation

While the control inputs of FxNLMS and MPC did not trigger saturation at 𝐴max = 0.2, the results for 𝐴max = 0.8 are presented in 
Table 3.  The offline FIR controller is also included for comparison, and its noise reduction levels remain approximately the same 
as those reported for 𝐴max = 0.2.  For FxNLMS, the NRLs at 𝐴max = 0.8 are identical or highly similar to those at 𝐴max = 0.2, with 
the exception of airplane and impulsive knock noises. In contrast, the MPC scheme at 𝐴max = 0.8 exhibits NRL values comparable to 
those obtained at 𝐴max = 0.2 only for white noise, because the controller output seldom triggers saturation under this specific noise 
condition.

Fig. 9 shows the controller outputs prior to the application of saturation limits. Values exceeding the predefined bounds (indicated 
by two horizontal dashed lines) are subsequently clipped. The controller outputs for white noises remain mostly within the linear 
region and are only marginally affected by saturation. In contrast, the control signals for airplane noise frequently clip against the 
saturation bounds, resulting in a substantial degradation in noise attenuation performance. Specifically, the noise reduction levels 
drop by approximately 8 dB and 10 dB for the MPC and Delayed MPC schemes, respectively, as shown in Table 3, compared to the 
corresponding values in Table 2.
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Fig. 14. Noise reduction level of error signals for different noise types: (a) Traffic. (b) Airplane. (c) Human. (d) White. (For interpretation of the 
references to colour in this figure legend, the reader is referred to the web version of this article.)

Table 3 
Noise reduction levels (dB) obtained from simulations using different con-
trol strategies. 𝐴max = 0.8..

 Control strategies  Noise type
 Traffic  Airplane  Human  Knock  White

 Offline FIR (𝑃 (𝜔)∕𝑆(𝜔))  4.87  4.13  4.79  4.61  4.25
 FxNLMS  15.49  9.98  15.47  5.79  13.94
 MPC  20.37  14.71  23.90  8.48  23.17
 Delayed MPC  18.83  13.83  24.70  6.68  22.00

To further elucidate the influence of the weighting matrix 𝐑 on the MPC behavior, 𝛼 is held constant while 𝛽 is varied to investigate 
their impact on control amplitude, saturation, and noise attenuation performance. The weighting matrices can also be tuned to regulate 
the magnitude of the optimized control inputs. The resulting peak values of the control input 𝑢𝑠 are illustrated in Fig. 10a and b. As 𝛽
increases, the control amplitudes decrease due to the stronger penalty imposed by 𝐑 on 𝐮𝑠∗ and 𝐮′𝑠∗. Notably, for 𝛽 < 0.001, the peak 
amplitudes under Delayed MPC exhibit larger variations than those under standard MPC.

Although a larger 𝛽 reduces control amplitudes and mitigates saturation, it does not necessarily improve noise attenuation. A 
higher 𝛽 weights the control effort more heavily in the cost function, leading to more conservative control actions and potentially 
less effective suppression of 𝐲, thereby degrading attenuation performance. Figs. 10c and d summarize the combined effects of 
weighting and saturation on noise reduction. For 𝛽 ≥ 0.001, both MPC variants achieve comparable noise reduction levels. However, 
when 𝛽 < 0.001, Delayed MPC yields lower noise reduction than standard MPC, which is consistent with the higher peak amplitudes 
observed in Fig. 10b that lead to more severe saturation.
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Fig. 15. Power spectral density of error signals for different noise types: (a) Traffic. (b) Airplane. (c) Human. (d) White. (For interpretation of the 
references to colour in this figure legend, the reader is referred to the web version of this article.)

4.  Experimental validation

4.1.  Experimental setup

Fig. 11 depicts the experimental configuration used to validate the real-time performance of the proposed MPC-based ANC ap-
proach. A Kundt’s tube was used as the test rig, where its primary and secondary acoustic paths correspond to 𝑃  and 𝑆 illustrated in 
Figs. 1a and 2a, respectively. The control algorithms were implemented in MATLAB/Simulink and executed on a Speedgoat real-time 
target machine. All parameters, including sampling rate, horizon, weighting matrices, and saturation limits, were identical to those 
specified in the numerical simulations of Section 3.

4.2.  Noise reduction performance

Fig. 12 compares the error signals obtained from real-time experiments. Due to background noise, modeling inaccuracies, and 
measurement errors, the experimental error signals exhibit slight deviations from the simulated results presented in Fig. 5. Both MPC 
variants achieve superior noise reduction compared to FxNLMS and exhibit near-instantaneous convergence, as the optimal control 
input is computed analytically without the need for the iterative adaptation inherent in FxNLMS.

Fig. 13 presents the corresponding STFT spectrograms. As the estimated path models are only valid over 100–800Hz, error 
components outside this band remain largely unattenuated, which accounts for the discrepancies observed between the experimental 
and numerical results.

As illustrated in Fig. 14, all algorithms exhibit consistent and stable control performance, although the experimental NRL values 
are lower than the numerical simulations shown previously.

Fig. 15 shows the PSDs of the error signals. With ANC disabled, the experimental PSDs from 100 Hz to 800 Hz align closely 
with the numerical results in Fig. 8, confirming that the simulations provide a reliable reference for the experiments. However, the 
experimental PSDs exhibit additional peaks between 800 Hz and 1000 Hz that were not included in the simulations. When ANC is 
active under MPC and Delayed MPC, the overall PSD trends remain consistent with Fig. 8, but the discrepancy between experiment 
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Table 4 
Noise reduction levels (dB) obtained from experiments using different al-
gorithms.

 Algorithm 𝐴max  Noise type
 Traffic  Airplane  Human  Knock  White

 FxNLMS  0.2  11.24  7.66  15.36 −  6.62
 0.8  11.33 −  12.67 −  7.27

 MPC  0.2  16.90  16.31  18.61  15.50  7.94
 0.8  16.03  11.74  16.99  6.06  12.93

 Delayed MPC  0.2  15.77  15.39  17.82  13.69  7.22
 0.8  12.52  11.39  16.17  4.44  11.09

Table 5 
Computational complexity of FxNLMS and (Delayed) MPC algo-
rithms.

 Algorithm  FxNLMS  (Delayed) MPC
×∕÷ 3𝐾 + 𝐿 + 2 𝑓 (2𝑓 + 𝑚 + 𝑛 + 1) + 𝑚(𝑚 + 1) + 𝑛(𝑛 + 1)
+∕− 2𝐾 + 𝐿 − 1 𝑓 (2𝑓 + 𝑚 + 𝑛 − 2) + 𝑚(𝑚 − 1) + 𝑛(𝑛 − 1) + 2
 Complexity 𝑂

(

3𝐾 + 𝐿
)

𝑂
(

2𝑓 2 + 𝑓 (𝑚 + 𝑛) + 𝑚2 + 𝑛2
)

and simulation increases at higher frequencies. Since higher frequencies are more sensitive to phase mismatches, it may stem from 
phase errors between the true acoustic paths and their estimated models.

Table 4 summarizes the experimental NRL values for all reference signals. FxNLMS is unable to suppress impulsive knock noise 
effectively. In contrast, the Delayed MPC outperforms FxNLMS by approximately 2.5–7.7 dB in cases of traffic, airplane, and human 
noises, while maintaining robust attenuation for knock noise. Increasing the reference amplitude to 𝐴max = 0.8 introduces saturation 
that degrades the reduction performance for non-white signals, whereas white noise remains largely unaffected owing to its uniform 
spectral content and lower peak amplitude; at the same time, the larger signal amplitude reduces the relative impact of background 
noise, slightly enhancing noise reduction.

4.3.  Computational complexity

Table 5 summarizes the per-sample computational load of FxNLMS and (Delayed) MPC. In FxNLMS, the dominant cost arises from 
filtering through the estimated secondary path of length 𝐿 and the adaptive filter of length 𝐾. In contrast, the complexity of (Delayed) 
MPC is determined by the state-space dimensions 𝑚 and 𝑛 and the prediction horizon 𝑓 . Consequently, FxNLMS has complexity 
𝑂(3𝐾 + 𝐿), while (delayed) MPC has 𝑂(2𝑓 2 + 𝑓 (𝑚 + 𝑛) + 𝑚2 + 𝑛2). For the parameter values used in this work (see Section 3.1), 
FxNLMS requires approximately 706 multiplications per sample compared to about 921 for (delayed) MPC, representing only a 
modest increase in computational effort.

5.  Conclusion

In this paper, we have developed an ANC scheme based on a complete state-space representation and a standard MPC algorithm. 
By incorporating the primary-path delay into the model, we eliminate the need for an external disturbance predictor and thus remove 
any restriction on the nature of the reference noise. Moreover, the analytical solution of the unconstrained MPC problem can be 
computed in closed form, avoiding the use of online quadratic programming and yielding a computational complexity on par with 
FxNLMS. Numerical simulations and real-time experiments demonstrate that the proposed method significantly outperforms FxNLMS 
in noise reduction and robustness across various reference signals, with essentially no convergence delay.

Future work will focus on developing adaptive MPC variants that update the primary and secondary path models online, further 
improving performance under changing acoustic conditions.
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