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Abstract

Let £ be a torus-linearised reflexive sheaf over a smooth projective toric variety. Generalising
a theorem of Perlman and Smith, we prove an explicit sufficient condition for £ to be acyclic
via Weil decorations.
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1 Introduction

For a given sheaf it is natural to ask whether it is acyclic, that is, it has no higher cohomology
except possibly for HY, or even immaculate, that is, it has no conomology at all. In the setting
of toric geometry, Perlman and Smith [9] give a neat condition for the acyclity of foric vector
bundles, that is, locally free sheaves with a linearised torus action.

1.1 The Periman-Smith Theorem

To state it, we let X be a d-dimensional, smooth and projective toric variety over C with
embedded torus jT: T <> X and fan X. As usual, M denotes the character lattice of T
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and N its dual. Following Klyachko [6], a toric vector bundle £ can be described in terms
of Z-descending filtrations of the C-vector space E given by the torus-invariant sections in
I'(T, &), that is,
. _ -1 ¢ 0+1
Ey=[..2E " 2E 2B 2.

with E f; = E for £ < 0 and = O for £ > 0. They are parametrised by the one-dimensional
cones or rays p € (1) of the fan. This datum is supposed to satisfy a further compatibility
condition, see for instance also [8] for a short and concise statement. The filtrations induce
the quantities

Ap::max{ﬁeZ|Eﬁ7’:0} and up::maX{ZeZ|Eﬁ:E}.

Finally, we recall that a primitive collection P is a subset of rays {p1, ..., px} defining a
minimal non-face, that is, every strict subset of P is a set of rays 7 (1) for some cone t € X,
but P itself is not. We let o (P) be the uniquely determined cone in ¥ for which ) _ pep P lies
in the interior; we note in passing that we always identify a ray with its primitive generator.
Consider the natural map 7 : Z*() — N that assigns the base vector e, of Z*() to p € N.
The focus of P is the unique element

P)(1
fPy= > fprre, eIV
peo (P)(1)
such that the so-called primitive relation
R(P):=Y e, — f(P)
peP

lies in the kernel of = which is C1(X)V, the dual of the class group of X.

Theorem (Perlman-Smith [9]) Let £ be a toric vector bundle on X and D = Zpez(l) ap,D,
be a T-invariant divisor such that for all primitive collections P C X (1), the inequality

Yaptu) = Y. fr(ap+ip) M
peP pea(P)(1)
holds for the focus f(P) = 3_ ,copyqy fo - o of P. Then E(D) = € ® Ox (D) is acyclic,
that is, H' (X, £(D)) = 0 forall i > 1.

Remark 1.1 The notion of a primitive collection goes back to Batyrev [4]. As he showed and
we use below, the set of primitive relations R (P) coming from the primitive collections spans
the Mori cone NE(X) € Cl(X)Y ®z R which is dual to the nef cone Nef (X) € CI(X) ®z R.

1.2 Weil Decorations

So-called Weil decorations were introduced in the preprint [2] and provide an alterna-
tive description of toric vector bundles and in fact of toric sheaves, that is, reflexive
sheaves with a T-linearised action. Roughly speaking, a Weil decoration of £ consists of
a finite collection of T-invariant divisors {Dy, ..., D,} relating to the vector space E from
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Section 1.1. From [2], we immediately derive the following vanishing theorem and its corol-
lary, see Section 2.4.

Theorem 1.2 Ifkg is an integer such that H* (X, O(D,-)) =0fori=1,...,nandallk > ko,
then also B*(X, €) = 0 for all k > ko. In particular, this implies that if

(i) all Ox(D;) are acyclic, then so is E.
>i1) all Ox(D;) are immaculate, then so is E.

Remark 1.3 Acyclicity or immaculacy of a line bundle Ox (D) can be easily read off the
divisor by writing D as a (non-unique) difference Dy — D_ of two torus-invariant nef
Cartier divisors. These correspond to lattice polytopes V and V_ sitting inside Mg. By [1,
3] we find ~

HY (X, 0x (D)), = HE-1(V_\ (V4 —m)),

for the cohomology of Ox (D) in degree m € M, where Hk—1 denotes the (k — 1)-th reduced
singular cohomology with complex coefficients. In particular, we recover Demazure vanish-
ing. Namely, a nef line bundle Ox (D) is acyclic as follows from taking D_ = 0.

Corollary 1.4 [f the divisors Dy, ..., D, are nef, then £ is acyclic.

Remark 1.5 Since ample toric vector bundles are not necessarily acyclic, see for instance [5,
Example 4.10] or [2, Remark 6.4], the corollary can be regarded as a substitute for Demazure
vanishing of a line bundle, at least if X is smooth and projective.

Corollary 1.4 also yields a straightforward proof for the following generalisation of the
Perlman-Smith theorem, see Section 3.1.

Theorem 1.6 Let & be a toric sheaf and D = Zpe):(l) ap, D, be a T-invariant divisor such
that Inequality (1) holds for all primitive collections defining an extremal ray of the Mori
cone. Then £(D) is acyclic.

We shall give a geometric interpretation of the assumption of Theorem 1.6 in Section 3.2.

Remark 1.7 Theorem 1.6 will follow from the first implication in
(1) = nefly decorated = acyclicly decorated — acyclic.

The converses are all wrong in general. The twisted tangent bundle 7p2 (—4) is acyclic with
non-acyclic Weil decoration [2, Section 8.5]; Op1 @ Op1 (D1 — D3) is acyclicly decorated, but
not nefly [2, Example 3.9]. In Example 3.1 we will construct an example of a nefly decorated
toric vector bundle which doesn’t satisfy (1).

2 Weil Decorations

We first recall some technical background from [2]. In addition to the notation introduced
in Section 1, we let Divt(X) be the group of forus-invariant Weil divisors, that is, the free
abelian group generated by the orbit closures

D, =orb(p), pe ().
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For us, a divisor will always mean a torus-invariant Weil divisor, i.e., a divisor in Divy(X).
Since X is smooth, divisors D stand in 1-1 correspondence with invertible subsheaves £ =
Ox (D) of jr,Or = C[M] (we slightly abuse notation and drop here and in the sequel the
sheafification of C[M]).

2.1 Polytopes and Weil Divisors

A lattice polytope V is compatible with ¥ if its normal fan N (V) is refined by X. With
Minkowski sum as addition,

Pol™(X) := the set of compatible lattice polytopes
becomes a cancellative monoid whose associated Grothendieck group is
Pol(X) := the group of virtual polytopes.

We think of the latter as formal differences V = V, — V_ with V4 € Pol™(X).
Compatibility entails that for every cone o € ¥ there is a unique face of V € Pol™(X)
determined by
(face(V,0),a) = min(V,a) foralla € o. 2)

If o is full-dimensional, then face (V, a) is a vertex that we denote V(o). The induced
monomials xV®) e C[M] define the invertible subsheaf Ox (V) of (j1)+Or by

Ox(My, :=x"" .0y, = C[V, N M] S C[M]
where we used the local polyhedron V,; := V(o) + o = V + ¢". Furthermore,
xV @ e H(X, Ox(V)) = C[V N M],

which implies that Ox (V) is globally generated. Equivalently, its associated divisor

Dy = — Z min(V, p) - D,
pex(1)

is basepoint free, which for toric varieties is equivalent to being nef.
Conversely, starting with a divisor D, we consider the (possibly empty) section polyhedron

H?R Z ap,D, | = {u € MR | (u,p) = —ap, p € Z(l)};
pex(l)

the integral points H?R(D) N M correspond to a C-basis {x"} of global sections of Ox (D).
Then, H%(Dv) = V for V e Pol* (). In particular, the restriction of the map H% to nef
divisors induces a monoid isomorphism onto Pol™(X). By projectivity, the Grothendieck
group of Nef (%) is Divt(X) so that H?R |Nef €xtends to a group isomorphism

P: Divr(X) — Pol(X).

2.2 The Lattice Structure

The usual poset relation

D < D' ifandonlyif D’ — D is effective
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Acyclic Toric Sheaves 415

Table 1 Relationship between divisors, invertible sheaves and virtual polyhedra

Div(Z) Invertible sheaves C (j1)«Ot = C[M] Pol(X)
D+ D Ox(D) - Ox(D") = Ox(D) ® Ox(D") P(D) +P(D")
-D Ox(D)~! = Homp ,(Ox (D). Ox) —P(D)
D=<D Ox (D) € Ox(D" P(D) C P(D)
min(D, D) Ox(D)NOx (D)) P(D) mP(D')
max(D, D) (Ox (D) + Ox(DH)" P(D) UP(D")

turns Div(X) into a lattice with meet

min(Z a,D,, Za;)Dp) = Zmin (ap. a;)) D,.
max(ZaPDp, Za;Dp) = Zmax(ap, a,)Dp.

By [2, Subsection 2.3.2], we have

and join

D < D’ ifand onlyif P(D) C P(D’)
for virtual inclusion C; it is honest inclusion for polytopes in Pol* (). Furthermore,
Ox(D A D') = Ox(D) N Ox(D") € C[M],
so we define the virtual intersection in Pol(X) by
V @ V' :=P(min(Dy, Dy)).
For the join in Divr(X), we have
Ox(D v D'y = (0x(D) + Ox (D))",

for Ox(D v D') is the smallest reflexive subsheaf of K(X) containing both Ox (D) and
Ox(D'), which by definition is the double dual of Ox (D) + Ox(D’). We therefore define
the virtual union of two virtual polyhedra in Pol(X) by

VWV’ := P(max(Dy, Dy)).
In particular, we obtain the

Proposition 2.1 P: (Divr(X), <, min, max) — (Pol(X), C, M, W) defines a lattice isomor-
phism.

Table 1 summarises the relationship between divisors, invertible sheaves and virtual poly-
hedra.

Remark 2.2 Unlike C, M and W do not restrict to the usual union and intersection U and N
for nef polytopes.

For instance, take the two ample polytopes V and V' for the del Pezzo surface obtained
by blowing up P? in two points fixed by the torus, see Fig. 1 below. They intersect in
the shaded square determined by the origin and the point [2, 2]. The D,,-coefficient of its
corresponding divisor is 4 while the D, -coefficient of the divisors Dy and Dy is 5. Hence
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Fig. 1 Left hand side: The fan of the del Pezzo surface. Right-hand side: The big red dot indicates the origin
in My and fixes the position of the polytopes

Dynv # min(Dvy, Dy/). Note, however, that making V and V' sufficiently ample, V m V’
actually becomes the honest intersection V N V',

Similarly, we see that the actual union of V and V' misses out the corners marked in
orange, so again VWU V' # V U V’. Even worse, this inequality persists under making V and
V' arbitrarily ample as the union is not even a polytope.

2.3 Weil Decorations
We recall Weil decorations and some of their properties from [2].

Definition 2.3 A Weil decoration on a C-vector space E is a map

D: —> Div(%)

which factorises over the projectivisation P(E) of E and such that for all e, ¢’ € E* with
e + ¢’ # 0, the inequality
D(e + ¢') = min(D(e), D()) A3)

holds true.

One can show that (3) implies that the image of D is finite (see [2, Proposition 3.2] for a
proof). Therefore, it has a lower bound which we denote D(n). The notation hints at the fact
that D(e) = D(n) for generic e € E*. Furthermore, the divisor

D:=\/{D(e)| e € EX}.
is well-defined.

Remark 2.4 1In [2] we extended the Weil decoration to all of E by setting formally D(0) =
> o0 - D, and working with the usual arithmetic in Z U {oo}. While this is convenient for
the course of many proofs, it is often more natural to work over E*. At any rate, we can
replace (0o0) by any upper bound in Divy (X), for instance by D in view of the Perlman-Smith
theorem.
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Acyclic Toric Sheaves 417

Given a toric sheaf £ on X we can build its associated Weil decoration as follows. By
torsionfreeness of reflexive sheaves, the natural morphism £ — (j1)« jrfé' = ()€t 18
actually injective. Let

E := the torus invariant subspace of £(T) = I'(T, &);

in particular, £|t is the sheafification of E ® C[M]. As for rank 1 sheaves we therefore
consider
EC (€l = E® (j1)«Or = E @ C[M]

as a subsheaf of E ® C[M]. For e € E* we get the saturated, hence reflexive subsheaf
E(e) :=EN(C-e® (jr)«Or) )
which means that £(e)(Uy) = E(Uy) N (C - e ® C[M]). The isomorphic subsheaf L(e) of
(j1)+O1 = C[M] resulting via
E(e) — e-C[M]
/e = ;\L-l Je
L(e) —— C[M]
induces a well-defined Weil divisor D(e) with Ox(D(e)) = L(e). Furthermore, the assign-

ment
De: EX — Div(X), Dgle) := D(e)

defines a Weil decoration [2, Subsection 3.2].

Remark 2.5 The Weil decoration Dg actually determines £. For instance, we recover the
Klyachko filtrations via

Ef; ={eec EX| (Dg(e))p := the coefficient of D, in Dg(e) is > €} U {0}.
Remark 2.6 In Section 1 we defined the quantities
Ap=max[ﬁeZ|E£7&0] >y :=max{£eZ|Eﬁ=E}
which are determined by the Klyachko filtrations. Then
D(n) =min{D(e) |e € EX} = Y min{D(e), |e € E*} Dy= Y 1, D,
peX(l) peX(l)

and

D=\/{De)|ecEX}= )" x,-D,.

pex(1)

Since we are free to identify Div(X) with Pol(X) we will tacitly think of Weil decorations
as being Pol(X)-valued.

Definition 2.7 A toric sheaf £ is nefly decorated if the image of Dg¢ lies in Pol™ ().

To keep notation tight we will usually drop the index £ and simply write D instead of
De. Pooling together the vectors e € E* into S(D) = {e € E* | D(e) = D} and setting
S :={S(D) | D € D(E*)} yields a stratification S U {0} of E by linear subspaces S for
S € S. Further, S carries the natural partial order

S<§' ifandonlyif SC§. 3)
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The generic stratum whose divisor is the lower bound of D(E) is denoted by 7. The minimal
stratum whose closure contains S(D) and S(D’) defines a join S(D) v S(D’) on (S, <) and
one easily verifies that

S(D) v S(D’) = S(min(D, D')).

Consequently, the Weil decoration D descends to an anti-semilattice isomorphism onto the
image of
D: (S, <,Vv) = (Div(2), <,min), S(D)+— D,

that is,
D(S v S) = min (D(S), D(S))

forall strata S, S’ € S.

2.4 The Canonical Resolution
By [2], there is a particular resolution of toric sheaves by invertible ones which turns out to
be useful here. To define our complex we consider for S, T € S the totally split sheaf

Es.1: =S ®c Ox(T),

where S denotes closure of S in E and O (T) the line bundle given by the divisor D(T). For
Es,s we simply write . Further, we let

Chg(S,T) 2={S=S0<S1<...<Sg_1 <S5=T|S1,...,§5_1€$}

be the set of strict chains of length £ in S starting at Sgp = S and terminating at S, = T. Note
that chy (S, T) # @ implies S < T. For instance,

(S} ifS=T
o ifS<T

1%} ifS=T

ChO(S’T)zi S<T) ifS<T"

and chi(S,T) = {

Proposition 2.8 (Corollary 6.10 in [2]) For any toric sheaf £ of rank r, the complex

‘0 = Bs<r Den, s, 1T = - = Ds<1 Penys.m)s.T ‘ ->&—->0 (6)

with the usual differential is exact. In particular, the line bundles occurring in this complex
are nef if € is nefly decorated.

For the summand &5, € Ps<1 Dcn,s.1) Es,1 corresponding to the chain o < ... <
S¢, we could have written &s,, s, for &s,.s, even though the summands do not depend on
the inner terms.

The boxed complex in Eq. 6 is thus quasi-isomorphic to £. Taking the standard spectral
sequence of hypercohomology, namely,

.....

—£, _
Ef=H|x.P P &r|=H"X28
S<T chy(S,T)

forO0<f<r=rk(f)and0 < g <d = dim(X), yields the

Theorem 2.9 If ko is an integer such that H (X, O(D(e))) = 0 for e € E* and all k > ko,

then also H (X, &) = 0 for all k > ko. In particular, this implies that if for all e € E* the
line bundle

@ Springer



Acyclic Toric Sheaves 419

(i) Ox(D(e)) is acyclic, then so is E.
(i) Ox(D(e)) is immaculate, then so is £.

Remark 2.10 As the set of the divisors D (e) is finite, Theorem 2.9 is really Theorem 1.2 from
the introduction.

Remark 1.3 or Demazure vanishing immediately implies the
Corollary 2.11 A nefly decorated toric sheaf € is acyclic.

Remark 2.12 As a quotient of a direct sum of nef line bundles, a nefly decorated £ is actually
also nef, cf. [7, Theorem 6.2.12].

3 Acyclicity of Toric Sheaves
3.1 Proof of Theorem 1.6

First, we may assume that without loss of generality D = 0 for the twisting sheaf Ox (D). If
D =3 a,D, # 0, we pass to the toric sheaf £’ := £(D). This merely translates the Weil
decoration by D, namely D’(¢) = D(e)+ D foralle € E*. In particular, D'(n) = D(n) + D
and D' = D + D and thus Wy = ap+ppand A}, = a, +Ap, cf. Section 2.3. The assumption
of Theorem 1.6 therefore becomes

Zﬂpz Z fo2p @)

peP pea(P)(1)

for all primitive relations P whose primitive inequality R(P) defines an extremal ray of
NE(X) € CI(X)V.

We claim that this forces £ to be nefly decorated; actually, even D becomes nef. Indeed,
let D(e) = Y b, D, be a divisor of the Weil decoration. Then D(e) > D(n) implies A, >
by, > u, and thus

(D), R(P) = Y bp— D forbp= D 1p— Y. fr-hp =0

peP pea(P)(1) p€EP pea(P)(1)

where (-, -) denotes the pairing in z*=M, Since this holds for all extremal primitive collections
and also for D we obtain that D(e) and D are nef. O

3.2 Geometric Interpretation of the Assumption (1)

Though the Perlman-Smith assumption is too strong for acyclity, it is nevertheless worthwile
giving a polyhedral interpretation. Towards that end, we continue to assume D = 0 and write
the resulting (7) as

(D), R(P)) = X pep o = Lpeoipyy fo - 1o ‘ > ‘Zpev(?)(l) Jo-Gp = 1p) |
@)

Since the assumption of Theorem 1.6 implies that £ is nefly decorated, we may straight away
assume that V(e) € Pol™(Z) foralle € EX.
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3.2.1 The Left Hand Side

Since R(P) € CI(X)Y, the pairing only depends on the class [D(57)] € C1(X) and not on the
concrete representative D(n).

First, for every primitive collection giving rise to an extremal ray of the Mori cone, the
primitive relation R(P) € NE(X) C CI(X)" may be regarded as the class of a curve [orb(t)]
given by a wall T € £(d — 1) of the fan. Hence

(D(e), R(P)) = ([D(e)], orb())

where the right hand side denotes the intersection product.

Second, each wall T corresponds to an edge k. (A) of any ample polytope A and more
generally of a nef polytope if we allow edges to degenerate to a vertex. In particular, we
obtain for every e € E* a (possibly degenerate) edge k; (¢) < V(e). Then ([D(e)], orb(t))
is precisely the lattice length £(k; (e)). In particular, the pairing of the left hand side is given
by

(D), R(P)) = L(kr(n))
for P = P(7).

3.2.2 The Right Hand Side

By definition, the focus f(P) = }_,c,p)) fp - €p introduced in Section 1 has the same
image under 7 : Z¥() — N as the incidence vector

ep = Z ep
peEP

of the primitive collection P € X (1). Next, we may regard D— D(n) = V- V(n) as a
formal difference of polytopes v D V(n) in Pol(¥). From Eq. 2 we obtain forc = o (P) a
difference vector v(o) in M determined up to ot pointing from face(V(n), o) to face(%, o),
which we somehow abusively write

V(o) := face(V, o) — face(V(n), o) € M /ot
Via the standard embedding of M into Z*W), pairing v(c’) with f(P) yields

Y. (D-Dw), f, = —v(), ep)
pea(P(1) = min(V(), ep) — min(V, ep)

and so magically eliminates the distinguished cone o of the primitive collection P.

Putting everything together, Assumption (1) reads for D = 0 and a nefly decorated £
in polyhedral terms as follows: For any extremal primitive collection P = P(r) € X(1)
associated with the wall T € X(d — 1), the inequality

e(k:(p)) = min(V(n), ep) — min(V, ep) ©9)

holds true. Finally, the difference on the right hand side can be expressed as

> (min(V(n), p) — min(V, p))

peP

where each summand encodes the distance between the p-facets of V(1) and V.
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P1

P3

P4

Fig. 2 Left hand side: The fan of the first Hirzebruch surface. Right-hand side: The Weil decoration of
O (V) ® O (V)

Example 3.1 Equation 9 always holds on a projective plane and more generally on any pro-
jective space IP", for there is only one primitive collection P = {pg, ..., pn} with ep = 0.
But already on the first Hirzebruch surface H, assumption (8) is strictly stronger than nefly
decorated.

Indeed, for the fan given in Fig. 2 below, the Mori cone has two extremal rays R; and R»
corresponding to the primitive collections P; = {p2, pa} and P> = {p1, p3}, respectively.
Now again ep, = 0, butep, = e,,. Since R» is induced by the ray p,, we obtain the possibly
nontrivial inequality

Elkpy () = min(V(y), p2) —min(V, pa).

Next, let E = Cv @ Cv’ with stratification 0, S = Cv \ {0}, S’ = Cv’ \ {0} and generic
stratum 7, which we decorate by the polytopes in Fig. 2, that is,

0V, SV, SV, n—>vnV.

This defines the Weil decoration of O3 (V) @ O (V) on ‘H. Clearly, it is nefly (even amply)
decorated. However,

min(V(n), p2) —min(V, p3) =0 — (=3) =3
while £(k,, (1) = 2, which violates Inequality (8).
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