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A B S T R A C T

Manufacturing faces challenges in boring processes, critical for hole enlargement and finishing,
due to low stiffness leading to static deflection and regenerative chatter. Stiffness variation has
emerged as a promising solution for effectively suppressing chatter, while multi-insert rotating
boring bars offer a viable approach to addressing static deflection in long and slender boring
bars, enabling better tolerance with a large operational length-to-diameter ratio. However, inte-
grating technological innovations to suppress chatter and prevent static deflection complicates
the problem from a modeling and stability analysis perspective, making it challenging to find a
comprehensive solution in the existing literature. This study explores the stability of multi-insert
rotating boring bars with stiffness variation, providing insights into selecting optimal stiffness
variation parameters. It introduces a novel extension of the multi-dimensional cutting force
model to rotating boring tools with multiple inserts, employing the zero-order harmonic solution
to analyze the stability of boring processes with time-varying dynamics. Experimental validation
demonstrates the effectiveness of the proposed methodology, achieving 5 out of 6 matches in
stability lobe diagrams for multi-insert rotating boring bars without stiffness variation. The
model’s comprehensiveness is further demonstrated by comparing the results with those of
existing studies in the literature for single-insert stationary boring bars. In the case without
stiffness variation, the model successfully reproduces 4 out of 5 operating points, and with
stiffness variation, it accurately predicts all 5 operating points. Sensitivity analyses guide the
selection of optimal stiffness variation parameters for effective chatter suppression, favoring
moderate frequencies and up to a 30% amplitude ratio.

. Introduction

Boring bars play a vital role in manufacturing processes, serving to enlarge, cut, and finish holes in workpieces such as bearing
ings, gears, engine cylinders, hydraulic valve bodies, etc. ensuring that these workpieces have accurately sized and finished holes to
eet expected specifications. The inherently low stiffness of long, slender boring bars utilized in deep-hole boring operations creates

wo major issues. Firstly, they are susceptible to regenerative chatter even at minimal cutting depths. Secondly, the precision of the
achining is adversely affected by the static deflection of the boring bar.

The emergence of chatter vibrations due to the closed-loop interaction between the dynamic behavior of the mechanical structure
nd the machining process poses a significant challenge during boring operations. This can lead to poor surface quality, unacceptable
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dimensional inaccuracies, reduced tool life, and decreased productivity due to a low material removal rate. To suppress chatter and
overcome these issues, researchers have explored various chatter suppression techniques, including passive, semi-active, and active
methods. Takahashi et al. [1] proposed an anisotropic tool design for improved dynamic stiffness and stability in boring operations.
Tang et al. [2] utilized piezoelectric patches to enhance stiffness, reducing vibration and expanding stability frontier in the stability
lobe diagram which depicts the areas where cutting processes are stable or unstable, based on varying combinations of spindle
speed 𝜔 and depth of cut 𝑎𝑝. Yuvaraju et al. [3] demonstrated increased stability in internal turning by utilizing a constrained
layer damping (CLD) boring bar for vibration reduction, outperforming conventional boring bars. However, passive methods are
limited in adapting to changing conditions, while semi-active and active approaches offer adaptability through adjustable elements
and feedback control [4]. Saleh et al. [5] utilized a magnetorheological (MR) fluid damper to enhance boring process stability,
demonstrating improved damping and stiffness, which increased the chatter-free stability limit. Altintas et al. [6] introduced a
boring bar system with a tuned mass damper (TMD) for vibration absorption, featuring adjustable TMD heads for various bar
lengths. Vashisht et al. [7] proposed an active control strategy employing a fractional-order PD𝜆 controller and an electromagnetic
actuator for chatter mitigation. While experiments indicated reduced chatter, the model’s dependence on accurate measurement and
modeling of manufacturing inaccuracies restricts its feasibility in industrial scenarios. Despite the progress in chatter suppression
technologies throughout the years, more work is required to find effective and feasible solutions for industrial applications, especially
for large-scale boring machines. Modulating tool stiffness around a nominal value is an effective approach for chatter suppression in
industrial settings. This technique alters the natural frequency of the structure through stiffness variation (SV), effectively disturbing
the regeneration mechanism. It holds particular promise for machining processes with limited stiffness improvement options [8].
SV, adaptable as a semi-active or active approach, offers implementation flexibility. Li et al. [9] demonstrated the effectiveness of
a dynamically variable stiffness absorber (DVA) for boring bars in reducing vibration. Mei et al. [8,10] used MR fluid to adjust
stiffness and suppress chatter, evaluating stability enhancement through sensitivity analysis. However, stability lobe diagrams for
different SV frequencies were estimated only by shifting the lobes in the frequency axis due to the natural frequency changes using
the energy approach.

Stability analysis of boring process with SV involves the solution of time-periodic delayed differential equations (DDEs), which
can be performed through methods such as the semi-discretization [11] and full-discretization [12]. Sun et al. [13] developed high-
order full-discretization methods to study the stability of turning with SV and provided insights into the effects of SV amplitude
and frequency parameters on the stability enhancement, but the methodology was only validated through time domain simulations.
Defant et al. [14] introduced the Harmonic Solution (HS), an efficient approach to analyze the stability of both Linear time-invariant
(LTI) and linear time-periodic (LTP) system dynamics, that can also deal with systems with arbitrary time-period-to-delay ratio
(TPTDR) ratios, and is based on the generalized harmonic balance approach of Wereley et al. [15]. Originally developed for milling
processes, this method has the potential to be applied to other machining operations with LTP dynamics due to its fast convergence
and accurate results compared to semi-discretization [14]. In addition, it is also an accurate and efficient technique for conducting
sensitivity analysis and optimization of SV parameters.

Performing boring operations on large and non-cylindrical workpieces can be challenging due to static deflection in long and
slender boring bars. However, this issue can be overcome by using a multi-insert rotating boring bar while the workpiece remains
stationary on a table. Symmetric placement of cutting inserts balances the static contributions of the cutting forces and enables
better tolerance with a large operational length-to-diameter ratio, as well as improved cylindricity, which is crucial for workpieces
that need to be both round and straight along their axis, such as sliding shafts and engine cylinders. In addition, using multiple
inserts in a boring cutting head has the advantage of achieving a higher feed rate and a higher material removal rate compared to
using a single insert, which leads to increased productivity for the machining center [16]. Atabey et al. [16–18] developed a model
predicting cutting forces and uncut chip area configurations for different cutting conditions in boring processes with both single and
multiple inserts. However, the study was focused on stationary boring bars, and limited by its exclusion of some tool angles. Budak
et al. [19] proposed a multi-dimensional model for turning and stationary single-insert boring bars, considering tool angles. Chen
et al. [20] modeled rotating single-insert boring bars, and Li et al. [21] extended it to stationary boring bars, comparing rotating and
stationary tools. Wang et al. [22] used the multi-dimensional approach [19] for robotic boring bar processes, optimizing a robot’s
posture for increased stiffness. However, none of these studies focused on rotating boring bars with multiple inserts.

While multiple inserts in boring cutting tools offer productivity and precision advantages, their potential has not been adequately
explored in existing literature through an analytical stability analysis. Technological advancements aimed at suppressing chatter
and mitigating static deflection add complexity to this analysis, making it a challenging issue to address comprehensively in the
literature. Therefore, there is a pressing need for further research on the analytical stability analysis of boring processes involving
time-varying dynamic parameters and configurations, including rotating boring bars equipped with multiple cutting inserts. This
study focuses on precisely this area to address the research gap. The contributions of this research are twofold. First, the multi-
dimensional boring cutting force model developed by Budak et al. [19] and adopted to rotating boring bars by Wang et al. [22] has
been extended to rotating boring bars with multiple inserts by summing the contributions of each insert to the total cutting force,
considering the tool angles and orientation of the cutting insert. Second, the study by Defant et al. [14] on chatter stability analysis
with the HS was extended and adapted to the boring process. These advancements lead to a deeper understanding of the complex
nature of boring and provide valuable insights for machining practitioners and researchers. Experimental validation emphasized the
efficacy of the proposed methodology in predicting stability lobe diagrams for multi-insert rotating boring bars without SV. The
model’s comprehensiveness was further demonstrated by comparison with findings from prior studies in the literature on single-
insert stationary boring bars, encompassing cases with and without SV. The research also aimed to identify optimal parameters for
2
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Fig. 1. Organization of the article.

insights presented by Sun et al. [13] and Mei et al. [8]. Specifically, the investigation reexamined the selection of SV parameters
and their impact on stability enhancement, aiming to strengthen practical knowledge. Unlike prior studies that primarily focused
on the influence of SV parameters on chatter suppression performance at a single operating point, this approach considered the
stabilization effect across the speed axis of the stability lobe diagram. This nuanced perspective allowed for the assessment of the
impact of SV parameters region by region, providing a more comprehensive understanding of their effects on stability.

This paper is structured as outlined below, with a schematic representation provided in Fig. 1. The cutting force model of a
multi-insert rotating boring tool was introduced in Section 2, where the dynamics of the boring process with SV were thoroughly
examined. The stability analysis was presented utilizing a frequency domain representation and HS. In Section 3, the description of
the experimental setup employed in this study was provided. Furthermore, validation of the proposed dynamic model and stability
analysis methodology was presented. This validation was achieved through experimental validation and a comparative analysis
of the findings with relevant studies in the existing literature. Lastly, in Section 4, the procedure and the achieved results were
summarized leading to the derivation of comprehensive conclusions.

2. Material and method

As illustrated in Fig. 1 within the context of Section 2, this section introduced the cutting force model for a rotating boring tool
with multiple inserts. Following this, a comprehensive examination of the dynamics of the boring process with SV was presented.
Subsequently, stability analysis was conducted with the HS.

2.1. Overall boring process model

2.1.1. Cutting force model of multi-insert rotating boring tool
According to Fig. 2, a stationary global coordinate frame (𝑥 , 𝑦 , 𝑧) is set up at the rotation center of the boring bar, while a

local coordinate frame (𝑞1 , 𝑞2 , 𝑞3) is established at the cutting edge of the insert as shown in Fig. 2(a). The local coordinate frame
rotates along with the boring bar [22].
3
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Fig. 2. Schematic illustration of the overall boring process.

An additional cartesian coordinate frame called a cutting coordinate frame (𝑡 , 𝑓 , 𝑟) is established on the rake face of the cutting
insert, as depicted in the accompanying Fig. 2(b). The tangential 𝑡 and radial 𝑟 axes of this coordinate frame are parallel to the
cutting velocity 𝜐 and cutting edge, respectively. Meanwhile, the feed 𝑓 axis is positioned orthogonally to both 𝑡 and 𝑟. The cutting
force components in feed 𝐹𝑓 , radial 𝐹𝑟, and tangential 𝐹𝑡 directions can be projected into the local coordinate frame (𝑞1, 𝑞2, 𝑞3)
knowing the angles of the cutting tool which are side cutting edge angle 𝛾𝑠𝑖𝑑𝑒, inclination angle 𝛾𝑖, and normal rake angle 𝛾𝑛 as
follows [22],
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The tool rotation causes the machining forces (𝐹𝑞1 , 𝐹𝑞2 , 𝐹𝑞3 ) on each tooth to rotate relative to the stationary global coordinate
frame (𝑥 , 𝑦 , 𝑧) resulting in time-varying cutting forces as follows [22],
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where 𝜔 is the rotational speed of the boring bar.
In the majority of the boring operations, the radial depth of cut 𝑎𝑝 is higher than the nose radius, and the uncut chip area

configuration for such a case is shown in Fig. 2(c). This is an especially representative case for roughing operations, where the
straight edge of the insert dominates over the nose radius in terms of both the direction and magnitude of the cutting force [19].
The direction of the cutting force tends to approach the side cutting edge angle, 𝛾𝑠𝑖𝑑𝑒 , of the insert as shown in Fig. 2(c) [17]. Modal
parameters offer insight into the dynamic behavior of a structure in relation to its surface normal such as 𝑥, 𝑦, and 𝑧. Nevertheless,
if the side cutting edge angle and the other tool angles are not zero or not negligible it serves as a directional orientation factor and
modifies the contribution of the modes means only a fraction of the cutting forces 𝑓𝑓 , 𝑓𝑡 and 𝑓𝑟 results in vibration along 𝑥, 𝑦 and
𝑧 directions of the boring bar [23]. Therefore, it is important to consider tool angles in the cutting force notation.

A multi-dimensional approach is adopted to model uncut chip area with two-dimensional trapezoidal elements as shown in the
Fig. 2(d) similar to the studies of Budak et al. [19] and Wang et al. [22]. Each element is defined by its height, side edge length,
4
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angular orientation, and instantaneous chip thickness 𝑏𝑒, 𝑏𝑖, 𝜃𝑖 and ℎ𝑖(𝑡) respectively, as seen in the Fig. 2(d). The variation of
instantaneous chip thickness can be written as follows [22],

𝛥ℎ𝑖(𝑡)(sin
2(𝜃𝑖) + cos2(𝜃𝑖)) = 𝛥𝑞1(𝑡) sin(𝜃𝑖) + 𝛥𝑞2(𝑡) cos(𝜃𝑖) (3)

𝛥ℎ𝑖(𝑡) = 𝛥𝑞1(𝑡) sin 𝜃𝑖 + 𝛥𝑞2(𝑡) cos 𝜃𝑖 (4)

𝛥𝑞1 and 𝛥𝑞2 denote the relative dynamic displacements between the cutting insert and workpiece in the 𝑞1 and 𝑞2 directions,
espectively as shown in Fig. 2(d). They are computed as the difference between the current and previous states of their relative
ositions at the same angular position along the spiral cutting path of boring. Only dynamic displacements are considered because
hey are the sole contributors to the dynamic chip load regeneration mechanism. The stiffness of the boring bar in the axial direction
feed direction (𝑥)) is very high; thus, the relative dynamic displacement of the system in the axial direction can be neglected. The
otal variation of the uncut chip area can be expressed as the sum of the changes in the area of each single element as follows [22],
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where n is the total number of trapezoidal elements in the uncut chip area. For cutting inserts with a small radius, it is reasonable to
assume that the sum of the heights of the elements 𝑏𝑒 in the cutting area equals the radial depth of the cut as follows, ∑𝑛

𝑖=1 𝑏𝑒 ≈ 𝑎𝑝.
Therefore, the total variation of the uncut chip area can be assumed as,

𝛥𝐴(𝑡) ≈ 𝑎𝑝 𝛥𝑞2(𝑡) . (6)

Regenerative forces in feed, radial, and tangential directions of the cutting insert that contribute to the regeneration mechanism
are found as a product of specific cutting pressures and the total variation in the uncut chip area 𝛥𝐴(𝑡) as follows,
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where 𝐾𝑓 , 𝐾𝑟, and 𝐾𝑡, are the specific cutting pressures in feed, radial and tangential directions respectively. By summing the cutting
forces contributed by all inserts (𝑚 ∶ number of inserts), it is possible to write the total dynamic boring forces acting on the boring
bar in radial and tangential vibration directions of the boring bar (y and z respectively) as follows,
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where 𝜑𝑝𝑖𝑡𝑐ℎ is the pitch angle between inserts. To derive the overall cutting force equation, Eq. (7) is substituted into Eq. (1), and
then, the resulting expression is plugged into Eq. (2). By summing up all the contributions from the inserts mentioned in Eq. (8)
and rearranging the equations, it is possible to arrive at the following expression,
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where the displacement vector is 𝐪(𝐭) in two orthogonal directions 𝑦 and 𝑧. The directional coefficient matrix 𝐴𝐷(𝑡) is periodically
time-varying at 𝑇 = 2𝜋

𝜔 , unlike traditional boring or turning operations with a stationary bar. The time-varying directional boring
orce coefficients are found as follows [22],
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Fig. 3. Directional cutting coefficients.
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Since the directional coefficient matrix [𝐴𝐷] is a periodic function, it can be expressed as follows by Fourier Series,

[

𝐴𝐷(𝑡)
]

=
+∞
∑

𝑛=−∞

[

𝛬𝑛
]

𝑒𝑗𝑛𝜔𝑡 𝑛 = 0,±1,±2,… (11)

where 𝜔, T, n and 𝛬𝑛 are fundamental frequency, period, number of harmonics and the Fourier coefficients, respectively.
The cutting inserts used in the boring head are placed with an angular symmetry, which results in their contributions to the

utting force coefficients having a phase difference of 180◦. This means that the dynamic parts of the cutting force coefficients
enerated by the first insert cancel out those generated by the second insert, as depicted in the Fig. 3(a) (b). (i.e. 𝛼𝑦𝑦,(1+2) = 𝛼𝑦𝑦,1+𝛼𝑦𝑦,2 )
This phenomenon could be compared to the use of the zero-order approximation [24], in which only the average term in the Fourier
eries expansion is taken into account. However, in the case of insert run-outs, the uncut chip area may take on an irregular shape
t each tool position, resulting in different contributions from each cutting insert to the cutting force [16]. Despite this, it is still
easonable to adopt zero-order-approximation, because the spindle frequency used in boring operations is generally low, and the
atural frequency of the machine tool structure is relatively high, making it unlikely that the harmonics of the directional coefficient
atrix will excite the natural modes of the machine tool [16]. Additionally, the higher harmonics of the cutting force are typically

ow-pass filtered within the dynamic cutting process [25].
The average of the periodic directional cutting coefficients (zero-order Fourier coefficient) is expressed as follows [25],

[
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]

= 1
𝑇

𝑚−1
∑
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∫

𝑇

0

[
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]

𝑑𝑡 (12)

As a result, the overall dynamic force equation of the boring process (Eq. (10)) can be re-written as follows,

𝐹 (𝑡) = 1
2
𝑎𝑝𝐾𝑡[𝛬0]{𝐪(𝑡) − 𝐪(𝑡 − 𝜏)} (13)

where 𝛬0 =
[

𝛼𝑦𝑦,0 𝛼𝑦𝑧,0
𝛼𝑧𝑦,0 𝛼𝑧𝑧,0

]

is the average directional coefficient matrix.

2.1.2. Dynamics of boring process with stiffness variation
Compared to the rigid machine tool bed and workpiece, the boring bar has relatively low radial and tangential stiffness in 𝑦

and z respectively as seen in Fig. 4. However, it is considerably stiffer in the axial direction (x-axis), while flexibility in the radial
and tangential directions causes chatter vibrations. Besides, boring bars are stiffer in torsion around the 𝑥-axis as seen in Fig. 4
than in bending along radial and tangential directions [26]. Therefore, the dynamic model of the boring bar was assumed to be a
two-degrees-of-freedom lumped mass–spring-damper system as can be seen in Fig. 4 in the radial and tangential directions whose
effective stiffness and mass are defined at the point of attachment of the cutting insert and the workpiece. Additionally, chatter
generally occurs at the boring bar’s lowest natural frequency, resulting in a single dominant vibration mode in each of the two
orthogonal axes of the tool [27].
6
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Fig. 4. Lumped spring mass damper model.

The generic form of the equation of motion can be written as follows,

𝐌�̈�(𝑡) + 𝐂�̇�(𝑡) +𝐊(𝑡)𝐪(𝑡) = 𝐅(𝑡) (14)

𝐌, 𝐂, and 𝐊 are mass, damping, and stiffness matrices respectively while 𝐪(𝑡) is a position vector in two orthogonal directions.
For the sake of simplicity, it was assumed that only the stiffness of the system is considered as time periodic 𝐾(𝑡) = 𝐾(𝑡 + 𝑇 ) as
in [28].

The cutting insert passes over a surface that has already been machined and marked with vibrations from previous rotations.
The cutting force fluctuates based on the interaction between the current and previous tool positions at the same angular position
of the hole circumference. Structural dynamics influence the cutting process through tool vibrations and cutting forces, resulting
in a regenerative chatter phenomenon. The concept of SV is to disturb this regenerative mechanism by modulating the stiffness
around its nominal value and causing the natural frequency to change, thus, the machining process alternates between stable and
unstable conditions and effectively suppresses chatter. In unstable cutting conditions, the cutter vibrates at chatter frequency 𝜔𝐜
which is very close to the natural frequency of the structure. Changing the natural frequency of the system by altering its stiffness
can stabilize the cutting process and suppress chatter. However, if the structural stiffness remains constant, the vibration frequency
may shift to a new unstable frequency during cutting [10]. Therefore, continuous change in the natural frequency should be chosen
for chatter suppression [8]. The most common signals used for SV are sine, square, and triangle waves. Since a sinusoidal signal is
easier for mechanical systems to track and easier for computer numerical control (CNC) realization, the stiffness is assumed to vary
in the form of a sinusoidal wave and the modal stiffness of the boring process has the form as follows [28],

𝑘𝑦,𝑧(𝑡) = 𝜔2
𝑛𝑦,𝑧

(

1 + 𝑓𝑦,𝑧(𝑡)
)

= 𝜔2
𝑛𝑦,𝑧

(

1 + 𝑎sv sin (2𝜋𝑓sv𝑡)
)

(15)

where 𝑎sv is the amplitude ratio and 𝑓sv is the frequency of the sinusoidal SV function. By assuming SV in two orthogonal directions
and combining the Eqs. (13) and (14), the final equation of motion can be written as follows,

�̈�(𝑡) +
[

2𝜁𝑦𝜔𝑛𝑦 0
0 2𝜁𝑧𝜔𝑛𝑧

]

�̇�(𝑡) +
[

𝜔2
𝑛𝑦(1 + 𝑓𝑦(𝑡)) 0

0 𝜔2
𝑛𝑧(1 + 𝑓𝑧(𝑡))

]

𝐪(𝑡)

= 1
2
𝑎𝑝 𝐾𝑡

[

1∕𝑚𝑦 0
0 1∕𝑚𝑧

] [

𝛼𝑦𝑦,0 𝛼𝑦𝑧,0
𝛼𝑧𝑦,0 𝛼𝑧𝑧,0

]

[𝐪(𝑡) − 𝐪(𝑡 − 𝜏)] =
[

𝐹𝑦
𝐹𝑧

]

. (16)

The dynamics of the LTP systems are governed by differential equations with time-varying and periodic coefficients. This periodicity
results from the SV control strategy with a period 𝑇𝑠𝑣 = 1

𝑓𝑠𝑣
. It should be noted that the equation of motion of the system is delayed

also since the chip thickness depends on the instantaneous 𝑞(𝑡) and past 𝑞(𝑡−𝜏) positions of the cutting insert. Constant frequency of
SV was employed, whereby it remains independent of the spindle speed. Consequently, TPTDR exhibits continuous variation during
the computation of the stability lobe diagram. Starting from Eq. (16), the state-space representation of the system which is more
convenient to manipulate in the stability analysis is as follows,

�̇�𝐬(𝑡) = 𝐀(𝑡)𝐪𝐬(𝑡) + 𝐁(𝑡)𝐮(𝑡)
(17)
7

𝐠(𝑡) = 𝐂(𝑡)𝐪𝐬(𝑡) + 𝐃(𝑡)𝐮(𝑡)
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Table 1
Input–output characteristics of LTI/LTP systems.

System Input Output

LTI 𝐮(𝑡) = 𝑒𝑠𝑡 𝐲(𝑡) = 𝐴𝑒𝑠𝑡+𝜙

LTP 𝐮(𝑡) = 1 + sin𝜔𝑡 𝐲(𝑡) = 𝑒𝑠𝑡 + 𝑒(𝑠+𝑖𝜔𝑝 )𝑡 + 𝑒(𝑠−𝑖𝜔𝑝 )𝑡

Where 𝑠 ∈ C.

where

[𝐀] =

⎡

⎢

⎢

⎢

⎢

⎣

0 0 1 0
0 0 0 1

−𝜔2
𝑛𝑦(1 + 𝑓𝑦(𝑡)) 0 −𝜁𝑦𝜔𝑛𝑦 0

0 −𝜔2
𝑛𝑧(1 + 𝑓𝑧(𝑡)) 0 −2𝜁𝑧𝜔𝑛𝑧

⎤

⎥

⎥

⎥

⎥

⎦

[𝐁] =

⎡

⎢

⎢

⎢

⎢

⎣

0 0
0 0
1
𝑚𝑦

0

0 1
𝑚𝑧

⎤

⎥

⎥

⎥

⎥

⎦

[𝐂] =
[

1 0 0 0
0 1 0 0

]

[𝐃] = 0 𝐮 =
[

𝐹𝑦
𝐹𝑧

]

and 𝐪𝐬(𝑡) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑦
𝑧
�̇�
�̇�

⎫

⎪

⎪

⎬

⎪

⎪

⎭

.

𝐀, 𝐁, 𝐂, and 𝐃 are dynamics, input, output, and feedthrough matrices respectively. 𝐪𝐬, 𝐮, and 𝐠 are state, input, and output
vectors respectively.

2.2. Stability analysis: Frequency domain representation and harmonic solution

The suppression of chatter can be achieved through the periodic adjustment of system parameters, resulting in the creation of
a LTP system. While a sinusoidal input in a LTI system produces a sinusoidal output with a distinct amplitude 𝐴 and phase 𝜙, the
output of a LTP system driven by a complex exponential consists of a combination of sinusoids at 𝜔 + 𝑖𝑛𝜔𝑝 where 𝜔𝑝 is typically
known as the pumping frequency and n is the integer multiplier for its harmonics as shown in the Table 1. As a consequence, the
transfer function method proves to be an unreliable approach for describing the input–output relationship in LTP systems, as noted
by Wereley et al. [15].

The stability analysis of LTP systems with HS was originally introduced by Wereley et al. [15]. This method was further
developed and generalized as a means of analyzing chatter in milling by Defant et al. [14]. In the present study, the generalized HS
approach [14] was adopted and applied to the stability analysis of the boring process. Hereafter, a summary of this approach was
provided as it pertains to this specific research.

Due to the LTP dynamics, the state matrix 𝐀(𝑡) is periodic at 𝑇 = 1
𝑓𝑠𝑣

so that,

𝐀(𝑡 + 𝑇 ) = 𝐀(𝑡) ∀ 𝑇 𝑖𝑛 (−∞,+∞) (18)

o assess the stability of a LTP system, an exponentially modulated periodic (EMP) test signal (𝑢(𝑡) = ∑+∞
𝑛=−∞ 𝑈𝑛𝑒

(𝑠+𝑖𝑛𝜔𝑝)𝑡

here 𝑠 ∈ C and n is the integer multiplier of its harmonics) is utilized as the input which ensures that also the output signal
xhibits periodic behavior.

Therefore, the state matrix 𝐀(𝑡), input vector 𝐮(𝑡), and output vector 𝐠(𝑡) can be expressed in terms of complex Fourier series. By
ubstituting these expressions into Eq. (17), the state space representation can be obtained using harmonic balance [15],

𝑠𝑞𝑠 = ( − )𝑞𝑠 + 𝑢

𝑔 = 𝑞𝑠 +𝑢
(19)

here  = 𝑏𝑙𝑘{𝑖𝑛𝜔𝑝𝐼} is a block diagonal matrix containing all harmonics of the pumping frequency. In this notation, 𝑞𝑠, 𝑢, and 𝑔
re state, control, and output vectors at different harmonics, respectively. ,,, matrices are in block-Toeplitz form due to the
oeplitz transformation as described in detail in the study of Wereley et al. [15]. This transformation takes the group of complex
ourier coefficients and maps it to a doubly infinite block Toeplitz matrix and makes it possible to transform time-periodic ordinary
ifferential equations into infinite-dimensional algebraic equations that are time-invariant.

Harmonic transfer function 𝐇(𝑠) is an infinite dimensional matrix that describes the input and output relationship between the
armonics of the input and output signal as follows [15],

𝐇(𝑠) = 
[

𝑠𝐼 −
(

 −
)]−1  +

𝑌 = 𝐇(𝑠) 𝑈.
(20)

he harmonic transfer function 𝐇(𝑠) in LTP systems is analogous to the transfer function of LTI systems. To better understand
8

he dimensions of the matrices, Eq. (20) can be written as follows in Eq. (21) in matrix notation with impulse response
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representation [14],

⎛

⎜

⎜

⎜

⎜

⎜

⎝

⋮
𝐘−1
𝐘0
𝐘1
⋮

⎞

⎟

⎟

⎟

⎟

⎟

⎠

=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

⋱ ⋮ ⋮ ⋮ ⋱
… 𝐇0(𝑠 − 𝑖𝜔𝑝) 𝐇−1(𝑠) 𝐇−2(𝑠 + 𝑖𝜔𝑝) …
… 𝐇1(𝑠 − 𝑖𝜔𝑝) 𝐇0(𝑠) 𝐇−1(𝑠 + 𝑖𝜔𝑝) …
… 𝐇2(𝑠 − 𝑖𝜔𝑝) 𝐇1(𝑠) 𝐇0(𝑠 + 𝑖𝜔𝑝) …
⋱ ⋮ ⋮ ⋮ ⋱

⎤

⎥

⎥

⎥

⎥

⎥

⎦

⎛

⎜

⎜

⎜

⎜

⎜

⎝

⋮
𝐔−1
𝐔0
𝐔1
⋮

⎞

⎟

⎟

⎟

⎟

⎟

⎠

(21)

he harmonic transfer function’s main diagonal links same-frequency input and output harmonics, reflecting the LTI system. In
ontrast, the off-diagonal terms connect different frequency harmonics and are critical for assessing stability in LTP systems. For the
umerical implementation of the described procedure in computer, truncation is needed while ensuring adequate representation
f the system dynamics. As more harmonics are considered, the matrices become larger, creating a trade-off between modeling
ccuracy and computational effort. For instance, the dimension of the system matrix  has 12 rows and columns if only a single
armonic is considered. On the other hand, if the number of harmonics is increased to 5, then the system matrix  will have
imensions of 44 × 44 which increases computational effort.

Considering EMP signal for the force 𝐹 (𝑡) and the variation at the state 𝐪𝐬(𝑡) − 𝐪𝐬(𝑡 − 𝜏) as follows as a Fourier Series [14],

𝐹 (𝑡) =
+∞
∑

𝑛=−∞
𝐏𝑛𝑒

𝑠𝑛𝑡 where 𝑠𝑛 = 𝑠 + 𝑖𝑛𝜔𝑝 and 𝑛 ∈ Z

𝐪𝐬(𝑡) − 𝐪𝐬(𝑡 − 𝜏) =
+∞
∑

𝑚=−∞
𝐐𝑚𝑒

𝑠𝑚𝑡 (1 − 𝑒−𝑠𝑚𝜏 ) where 𝑠𝑚 = 𝑠 + 𝑖𝑚𝜔𝑝 and 𝑚 ∈ Z.

(22)

here 𝐏𝑛 and 𝐐𝐦 are the Fourier coefficients of force and state signal respectively. Rewriting the state Fourier coefficients 𝐐𝑚 in
erms of the harmonic transfer function 𝐇 and Fourier coefficients 𝐏𝑛 of the input signal with impulse response representation as
ollows [29],

𝐐𝑚 =
+∞
∑

𝑛=−∞
𝐇𝑛−𝑚(𝑠 − 𝑖𝑛𝜔𝑝)𝐏𝑛 (23)

ubstituting the Eqs. (11), (22) and (23) into cutting force Eq. (13) and rearranging the equations in Toeplitz notation leads
o Eq. (24) as described in detail in the study of Defant et al. [14].

𝐏 = 1
2
𝑎𝑝𝐾𝑡

(

𝛬′ − 𝛬′𝜀
)

 𝐏 where 𝜀 = 𝐼𝑒−𝑖(𝜔𝑐+𝑚𝜔𝑝)𝜏 . (24)

where 𝛬′ denotes for time-varying directional cutting force coefficient matrix including all harmonics. As previously shown, the
zero-order approach is adopted in the time-varying directional cutting force coefficient matrix to have 𝛬0 and it is scaled to achieve
matrix 𝛬′

0 compatible with 𝑛 ≥ 1.

𝛬′
0 =

⎡

⎢

⎢

⎣

[𝛬0] … [0]
⋮ [𝛬0] ⋮
[0] … [𝛬0]

⎤

⎥

⎥

⎦

(25)

It should be noted that the extra-diagonal terms of the directional cutting force coefficient matrix 𝛬0 are zero. Furthermore, the
pumping frequency is equal to the SV frequency (𝜔𝑝 = 𝜔𝑠𝑣), thus, the zero-order harmonic solution (ZOHS) can be written by
extending the matrices as follows [14],

⎛

⎜

⎜

⎜

⎜

⎜

⎝

⋮
𝐏−1
𝐏0
𝐏1
⋮

⎞

⎟

⎟

⎟

⎟

⎟

⎠

= 1
2
𝑎𝑝 𝐾𝑡

⎛

⎜

⎜

⎜

⎜

⎜

⎝

⎡

⎢

⎢

⎢

⎢

⎢

⎣

⋱ ⋮ ⋮ ⋮ ⋱
… 𝐈 0 0 …
… 0 𝐈 0 …
… 0 0 𝐈 …
⋱ ⋮ ⋮ ⋮ ⋱

⎤

⎥

⎥

⎥

⎥

⎥

⎦

−

⎡

⎢

⎢

⎢

⎢

⎢

⎣

⋱ ⋮ ⋮ ⋮ ⋱
… 𝑒−𝑖(𝜔𝑐−𝜔𝑠𝑣)𝜏 0 0 …
… 0 𝑒−𝑖𝜔𝑐𝜏 0 …
… 0 0 𝑒−𝑖(𝜔𝑐+𝜔𝑠𝑣)𝜏 …
⋱ ⋮ ⋮ ⋮ ⋱

⎤

⎥

⎥

⎥

⎥

⎥

⎦

⎞

⎟

⎟

⎟

⎟

⎟

⎠

⎡

⎢

⎢

⎢

⎢

⎢

⎣

⋱ ⋮ ⋮ ⋮ ⋱
… 𝛬0 0 0 …
… 0 𝛬0 0 …
… 0 0 𝛬0 …
⋱ ⋮ ⋮ ⋮ ⋱

⎤

⎥

⎥

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎢

⎢

⎣

⋱ ⋮ ⋮ ⋮ ⋱
… 𝐇0(𝑠 − 𝑖𝜔𝑠𝑣) 𝐇−1(𝑠) 𝐇−2(𝑠 + 𝑖𝜔𝑠𝑣) …
… 𝐇1(𝑠 − 𝑖𝜔𝑠𝑣) 𝐇0(𝑠) 𝐇−1(𝑠 + 𝑖𝜔𝑠𝑣) …
… 𝐇2(𝑠 − 𝑖𝜔𝑠𝑣) 𝐇1(𝑠) 𝐇0(𝑠 + 𝑖𝜔𝑠𝑣) …
⋱ ⋮ ⋮ ⋮ ⋱

⎤

⎥

⎥

⎥

⎥

⎥

⎦

⎛

⎜

⎜

⎜

⎜

⎜

⎝

⋮
𝐏−1
𝐏0
𝐏1
⋮

⎞

⎟

⎟

⎟

⎟

⎟

⎠

(26)

For an LTI system, the extra-diagonal terms of the harmonic transfer function 𝐻(𝑖𝜔𝑐 ) will be zero, and only diagonal terms that
correspond to frequency response functions will be left. Therefore, the solution for the LTI system can be written as follows,

𝐏0 =
1
2
𝑎𝑝𝐾𝑡

(

1 − 𝑒−𝑖𝜔𝑐𝜏
)

𝛬0𝐇0(𝑖𝜔𝑐 )𝐏0 (27)

To draw a stability lobe diagram, the roots of the characteristic Eq. (27) must be found by solving the determinant below,

𝑑𝑒𝑡
(

𝐼 − 1
2
𝑎𝑝𝐾𝑡(𝛬0 − 𝛬0𝜀)𝐇𝟎

)

= 0 (28)

To solve the root-finding problem, a two-equation system is utilized for the transfer function’s real and imaginary parts, along with
three variables (depth of cut, spindle speed, and chatter frequency). Stable depth of cut is defined for various chatter frequencies
9
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Fig. 5. Rotating boring bar with two inserts (a) and example workpiece (b).

around the most flexible structural mode, and spindle speeds are identified for different lobes. The stability diagram is created by
plotting the stable depth of cut against spindle speeds for different lobes [25].

The bisection method is a root-finding algorithm for any continuous non-linear function if two values of the function with
opposite signs are known. It involves iteratively bisecting an interval and checking the sign of the midpoint to locate the root.
Bachrathy et al. [30] extended the one-dimensional intersection problem into multiple dimensions to find multiple roots. In this
study, this method is employed to solve a stability problem. Node data in the 3-dimensional n-cube is stored in arrays (using MATLAB
in this research), and neighboring object coordinates are determined with predefined initial mesh size and boundary values for each
dimension, including the depth of cut, spindle speed, and chatter frequency. The final step of the algorithm involves interpolating
the roots inside the bracketing n-cubes. The result is a point cloud representing the stability boundary surface in three dimensions:
𝑑𝑒𝑝𝑡ℎ𝑜𝑓𝑐𝑢𝑡, 𝑠𝑝𝑖𝑛𝑑𝑙𝑒𝑠𝑝𝑒𝑒𝑑, 𝑎𝑛𝑑𝑐ℎ𝑎𝑡𝑡𝑒𝑟𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦.

3. Results and discussion

Firstly, the experimental setup was described, encompassing modal parameters, workpiece material properties, and cutting tool
geometry. Thereafter, experimental validation of the proposed dynamical model and stability analysis method for a multi-insert
rotating boring bar was conducted in the absence of any SV application (Validation 1, see Fig. 1). Furthermore, to show the
comprehensiveness of the proposed model, a second validation activity has been performed by comparing the estimated stability lobe
diagrams with the experimental data obtained from other studies in the literature for the case of single-insert stationary boring bars
encompassing cases with and without SV (Validation 2, see Fig. 1). In this way, the capability of the generalized harmonics solution
to accurately predict stability lobe diagrams of LTP systems in boring applications was demonstrated. In addition, for the application
of a generalized HS in stability analysis, the minimum number of harmonics needed to adequately represent the boring dynamics
with time-varying parameters was determined by performing convergence analysis. Moreover, a sensitivity analysis was conducted
to investigate the effect of SV amplitude and frequency on the chatter suppression performance for both single-insert stationary
boring bars and multiple-insert rotating boring bars. Lastly, the sensitivity analysis results of single-insert stationary boring bars
were validated by comparing them with experimental data taken from other studies in the literature(Validation 3, see Fig. 1).

3.1. Description of the experimental setup

The apparatus employed for experimental validation is a precision boring machine featuring a rotating boring bar equipped with
multiple inserts. The boring bar advances linearly toward the workpiece at a predetermined feed rate. Meanwhile, the workpiece is
securely fastened to a stationary table, as illustrated in Fig. 5.

The large-scale boring machine tool consists of a machining carriage supporting a movable ram, which can move relative to the
carriage in the feed direction which can be seen in Fig. 6. A boring bar, supported by the ram, is also movable along the feed direction
with respect to the ram. The cutting head is rotated by a spindle, which is supported by the boring bar. This machine possesses the
capability to adjust its stiffness by interpolating displacements of the ram and boring bar along two parallel axes of the machine
tool as detailed in patent number WO 2021/009617. During machining, the ram and the boring bar move in opposite directions,
covering equal distances, thereby maintaining the position of the tool unchanged. The waveform of the continuous periodic stiffness
variation is sinusoidal. The SV frequency ranges from 1 to 5 Hz, with an SV amplitude of up to 30%, while ensuring simultaneous
positioning of axes. With pressure control, the SV frequency can be increased to up to 50 Hz, with an SV amplitude ranging from
5 to 10%.
10
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Fig. 6. Boring machine schematic drawing.

Fig. 7. Experimental setup for modal testing.

To construct a stability lobe diagram, it is essential to have a thorough understanding of the frequency response function of
the cutting head-boring bar-machine system, particularly as observed at the tool point. The experimental platform utilized for
modal testing incorporates essential instrumentation components for dynamic characterization and cutting test monitoring. These
instruments include the instrumented hammer PCB 086D20 for system excitation, the triaxial accelerometer (PCB 356A32) for
dynamic characterization during impact hammer tests, and the triaxial accelerometer (DYTRAN 321M6) for monitoring cutting
tests, acquiring acceleration signals under different cutting conditions. All data are collected by the acquisition board (National
Instruments NI 9234). The specifications of instruments used in the experimental activities are summarized in Table 2. During
modal testing as depicted in Fig. 7, the boring bar undergoes impacts at the cutting inserts’ location using the impact hammer. The
accelerometers attached to the cutting inserts capture the structure’s response, and the resulting signals are analyzed using a dynamic
signal analyzer. Coherence plots validate the transfer function, ensuring that observed peaks correspond to resonant frequencies of
the boring bar structure. Frequency response functions are computed using the fast fourier transform algorithm. Modal parameter
identification entails a blend of the half-power method and circle fit techniques, customized for multi-degree-of-freedom systems,
ensuring robust characterization of structural dynamics.

The modal parameters, including natural frequency (𝜔𝑛), modal stiffness (𝑘), and damping ratio (𝜁), obtained through impact
hammer testing, are presented in Table 3.

The specific cutting pressures and tool angles employed in the analytical formulation are detailed in Table 4.
11
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Table 2
Instruments used in the experimental activities.

Instrument Specifications

Instrumented hammer PCB 086D20 Mass 1.1 kg, sensitivity 0.23 mV/N, measurement range ±22 240 N
Triaxial accelerometer PCB 356A32 Sensitivity 100 mV/g, measurement range ±50 g, frequency range 1÷4000 Hz (5%)
Triaxial accelerometer Dytran 321M6 Sensitivity 100 mV/g, range ±50 g, frequency range 1.5÷5000 Hz (10%)
Acquisition board NI 9234 NI ENET-9163 case

Table 3
Modal parameters.
Direction 𝜔𝑛 [Hz] k [N/m] 𝜁

𝑌 99.5 4 460 000 8.48%
𝑍 100 14 950 000 2.61%

Table 4
Material and insert data.

Material data
Tangential specific cutting pressure 𝐾𝑡 1500N/mm2

Radial specific cutting pressure 𝐾𝑟 𝐾𝑡∕4
Feed specific cutting pressure 𝐾𝑓 𝐾𝑡∕3

Insert angles
Normal rake angle 𝛾𝑛 5◦

Side cutting-edge angle 𝛾𝑠𝑖𝑑𝑒 30◦

Inclination angle 𝛾𝑖 5◦

3.2. Experimental validation

3.2.1. Model validation of multi-insert rotating boring bar
In this section, the experimental validation of the multi-insert rotating boring bar model without SV was presented. The stability

obe diagram (SLD) for the boring machine tool, as discussed in Section 3.1, was computed using the modal parameters, material
ata, and cutting insert geometry reported in Tables 3 and 4.

The experimental validation was conducted at six different operating points, with a 3 mm radial depth of cut and varying spindle
peeds which are 120,130,140,150,160 and 170 rpm as shown in Fig. 10. The resulting SLD indicates an asymptotic stability limit
f approximately 0.28 mm in the radial direction, for spindle speeds ranging from 100 rpm to 200 rpm.

In Fig. 8, the cutting surfaces corresponding to all experimental points are displayed, covering rotational speeds ranging from
20 to 170 rpm, with a depth of cut set at 0.3 mm. Additionally, Fig. 9 showcases the cutting acceleration signals along with their
requency content for each experimental point. These visuals provide insights into the cutting conditions. At a spindle speed of 120
pm, vibration was observed, indicating the system transitioning between stable and unstable states, as evidenced by the vibration
cceleration signal. At spindle speeds of 130, 140, and 150 rpm, chatter vibration occurred around 112 Hz. Conversely, at spindle
peeds of 160 and 170 rpm, machining remained stable without excessive vibration.

The analytical results closely align with the experimental findings, exhibiting a remarkable coherence across the majority of
ata points. In more detail, the operating points at spindle speeds of 130 rpm and 140 rpm are in the unstable region of the
LD. Furthermore, the operating points at 160 rpm and 170 rpm are in the conditional stability region of the SLD. The point in
20 rpm was observed as marginally stable in the experiment as it is also in this condition in the analytical result. However, an
xception arises at the operating point of 150 rpm, where analytical predictions demonstrate marginal stability, contrasting with
he observed instability in the experimental setup. Bistability in machining, as evidenced by the stability lobe diagram, indicates
hat the process can either proceed smoothly or exhibit chatter depending on specific parameters, highlighting the complexity of
achining dynamics. Discrepancies between anticipated and observed outcomes often stem from uncertainties in dynamic behaviors

nd operational variables, challenging the accurate prediction of stability lobe diagrams and emphasizing the need for ongoing
efinement of stability models [31,32]. It is significant to note that boring applications are generally low-speed processes in which
he stability pockets can be very narrow and difficult to distinguish from each other. Therefore, precisely predicting the stability
ockets is a difficult task, and the general approach in the literature is to find an asymptotic stability limit instead of drawing
tability pockets precisely. In summary, the proposed dynamical model of a multi-insert rotating boring bar has been validated
xperimentally for the case with LTI dynamic characteristics with a data match of 5 out of 6 operating points.

.2.2. Model validation of single-insert stationary boring bar
The second validation was conducted on a stationary boring bar equipped with a single insert. This assessment involved a

omparison of results with the experimental findings presented in the study of Mei et al. [10], where a MR fluid-controlled boring
ar was employed to modulate the stiffness of the boring bar. The referenced study investigated a single insert stationary boring
ar across five distinct operating points, characterized by spindle speeds 450, 500, 710, 900, and 1120 rpm, coupled with a 0.2 mm
epth of cut. Remarkably, all these operating points exhibited chatter vibration, as indicated by their experimental observations.
n this investigation using the same structural and cutting parameters reported in the study of Mei et al. [10], the stability lobe
12
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Fig. 8. Cutting surfaces (depth of cut = 0.3 mm).

diagram was found with the proposed analytical methodology as can be seen in Fig. 11. Consistent with the earlier study, all
operating points, except for the instance at 900 rpm, were found to be unstable in the stability lobe diagram when SV control was
not active. This concurrence reinforces the validity of the proposed boring model for single-insert stationary boring bars, showcasing
the comprehensiveness of the proposed model.

To implement the HS computationally, the infinitely dimensional system matrices need to be truncated while ensuring the
accurate representation of the system behavior. Convergence analysis has been performed to determine the minimum number of
harmonics required for the HS. The analysis reveals that the solution converges to the same stability frontier after incorporating
5 harmonics. Thus, at least 5 harmonics are necessary to precisely perform stability analysis and draw a stability lobe diagram.
The stability lobe diagram for the boring process with activated SV (amplitude ratio of 55% and frequency of 1 Hz) is presented in
Fig. 11. It is noteworthy that, as reported in [10], all machining processes across the aforementioned operating points transitioned
into a chatter-free regime. This alignment is evident also in the analytical stability lobe diagram, where all points reside within
the unconditional stability region. The analytical results demonstrate strong agreement with experimental findings, affirming the
robustness of the proposed model for stability analysis in systems exhibiting linear-time-periodic dynamics.

The validation of ZOHS was carried out for both a sinusoidal and a piece-wise constant function of SV in the previous work of
Defant et al. [14]. Their findings demonstrated close agreement concerning the shape and positioning of stability lobes, as well as the
absolute stability limit, as extensively documented in [14]. Overall, the accuracy of ZOHS is almost equivalent to semi-discretization
at convergence. However, within the frequency domain, it becomes feasible to disregard higher-order harmonics, thereby markedly
reducing computational time. Notably, ZOHS exhibits superior efficiency, enabling the computation of stability lobe diagrams
within a timeframe achievable on a standard commercial laptop, surpassing semi-discretization by an order of magnitude [14].
This highlighted computational efficiency results from the truncation of harmonics, focusing solely on those impacting stability.
Moreover, the computational effort does not depend on the complexity of the dynamical system, enabling efficient handling of
systems featuring multiple critical modes [14]. These attributes address the demands of industrial settings and make the process of
SV parameters optimization easier and faster with the utilization of ZOHS. Given the non-trivial nature of the governing dynamics
between milling and boring processes, wherein despite the distinct machining operations, the underlying physics and mathematical
formulations remain analogous, it can be asserted that ZOHS will exhibit comparable accuracy and a higher efficiency compared to
the semi-discretization method.
13
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Fig. 9. Vibration acceleration signal of the boring bar (depth of cut = 0.3 mm).

Fig. 10. Stability lobe diagram: Multi-insert rotating boring bar.
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Fig. 11. Stability lobe diagram: Single-insert stationary boring bar.
Source: Experimental data from [10].

Fig. 12. Sensitivity analysis of stiffness variation frequency (Multi-insert rotating boring bar).

3.3. Sensitivity analysis of stiffness variation parameters

To investigate the effect of SV parameters (amplitude ratio and frequency) on the chatter suppression performance, sensitivity
analysis was conducted. The results of the study provide practical insights for selecting optimal SV parameters.

3.3.1. Stiffness variation frequency
In the sensitivity analysis of SV frequency, the same parameters of dynamics, insert geometry, and workpiece material which

are reported in Tables 3 and 4 were used considering the multi-insert rotating boring bar model, as discussed in Section 3.1. The
amplitude ratio 𝑎𝑠𝑣 in both radial (y) and tangential (z) axes was set to 20%, and the number of harmonics was set to 5, based
on convergence analysis previously performed. As illustrated in Fig. 12, the analytical results indicate that reducing the frequency
of SV in both axes, 𝑓𝑠𝑣,𝑦 and 𝑓𝑠𝑣,𝑧, from 1 Hz to 0.5 Hz results in a lower asymptotic stability limit than the one of the boring
process without SV control. This observation can be attributed to the relatively low SV frequency in relation to the tooth passing
frequency. Consequently, the system tends to behave as if in steady-state condition, where stability is governed by instantaneous
conditions [33]. However, increasing the frequency to 2 Hz leads to a noticeable improvement in the asymptotic stability limit. The
trend of the asymptotic stability limit with changing SV frequency is depicted in Fig. 18.

As it is noticeable in Fig. 12, the stability limit was not improved homogeneously throughout the spindle speed axis in the
stability lobe diagram. If the SV frequency is increased to tooth passing frequency (TPF), the chatter suppression might be influenced
15
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Fig. 13. Sensitivity analysis of stiffness variation frequency (Multi-insert rotating boring bar) (Worst cases).

negatively and this behavior was observed also in [8].

𝑇𝑃𝐹 [𝐻𝑧] = 𝑚𝑛
60

where 𝑚 is the number of inserts, 𝑛 is the spindle speed [rpm]

To better understand this behavior, some example values of 3, 5 and 6 Hz of SV frequencies were applied as expected to have poor
performance around 90, 150 and 180 rpm respectively. As shown in Fig. 13, at 3 Hz, there is a noticeable poor performance around
90 rpm. At 5 Hz and 6 Hz, chatter suppression performance decreases around 150 rpm and 180 rpm, respectively. Fig. 18 illustrates
the trend of the asymptotic stability limit for varying SV frequency with a 30% amplitude ratio. The presence of a secondary drop
around 5 Hz in Fig. 18 is attributed to the plot being applicable to the 130–150 rpm range. Upon aligning the tooth passing frequency
with the SV frequency, ineffective chatter suppression was noted, consistent with findings in [8]. This phenomenon is also evident
in Fig. 9, particularly around 150 rpm at 5 Hz.

The experimental validation of the sensitivity analysis concerning SV frequency involved a comparison with the findings from
Mei et al.’s study [8] on a MR fluid-controlled boring bar. Through modulation of the applied magnetic field strength, the MR
fluid exhibits the capability to alter stiffness levels consecutively. Implementing MR fluid around the base of the boring bar enables
continuous adjustment of both the bar’s stiffness and natural frequency by controlling the intensity of the magnetic field passing
through the fluid [8]. The experimental results validate the stability limits across various SV frequency values, thus reinforcing the
reliability of the proposed solution in this study. Mei et al. [8] focused on a single-insert stationary boring bar, and the observed
patterns in the sensitivity analysis of SV parameters, concerning the effectiveness of chatter suppression, can be extrapolated to
multi-insert boring tools. In this study, the structural and workpiece material parameters reported by Mei et al. [8] were employed
in the single insert stationary boring bar model. The SV amplitude ratio was set at 40%, with frequencies ranging from 0.2 to 8 Hz.
The experiment covered four distinct operating points, with depth of cuts at 0.5, 0.75, 1, and 2 mm, coupled with a spindle speed
of 450 rpm. Chatter vibration was consistently observed across all four operating points. However, the implementation of the SV
chatter suppression method revealed stabilization effects at 0.5 and 0.8 Hz for a 0.5 mm depth of cut, while instability persisted at
0.2 Hz. This experimental observation aligns with the analytical findings depicted in Fig. 14. At the experimental operating point of
(0.5 mm, 450 rpm), instability was identified (represented by a red square). Referring to the findings of [8], instability occurred at
a 0.2 Hz SV frequency, while stability was observed at 0.5 Hz and 0.8 Hz. Hence, blue-filled rectangle symbols are used to denote
this point, indicating its dependency on SV frequency. This experimental observation aligns with the analytical findings depicted in
Fig. 14, where stability lobes of different colors are dedicated to distinct SV frequencies.

Increasing the cutting depth to 0.75 mm revealed experimental results indicating a reduction in vibration accelerations beyond
2 Hz, stabilizing after 4 Hz. Fig. 15 illustrates that these experimental outcomes correspond with the analytical findings presented
in this study, where the stability frontier at 1 Hz, 2 Hz, and 4 Hz exceeds the operating point.

Nevertheless, when the depth of cut increased to 2 mm, chatter suppression became unattainable under the given parameters,
even at 4, 6, and 8 Hz. This observation is consistent with the analytical findings illustrated in Fig. 16, highlighting the limitation
of chatter suppression at higher cutting depths with the specified parameters.

3.3.2. Stiffness variation amplitude
In this section, sensitivity analysis results of SV amplitude 𝑎𝑠𝑣 from 10% to 40% were presented in Fig. 17. The same parameters

of dynamics, insert geometry, and workpiece material which are reported in Tables 3 and 4 were used considering the multi-insert
rotating boring bar model which was presented in Section 3.1. SV frequency 𝑓𝑠𝑣 was set to 3 Hz for both radial (y) and tangential
(z) axes, which is approximately the optimal frequency for 140 rpm in terms of stability enhancement. The amplitude ratio was
16
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Fig. 14. Sensitivity analysis of stiffness variation frequency (1) (Single-insert stationary boring bar).
Source: Experimental data from [8].

Fig. 15. Sensitivity analysis of stiffness variation frequency (2) (Single-insert stationary boring bar).
Source: Experimental data from [8]

Fig. 16. Sensitivity analysis of stiffness variation frequency (3) (Single-insert stationary boring bar) .
Source: Experimental data from [8].
17



Journal of Sound and Vibration 586 (2024) 118497T. Gokulu et al.
Fig. 17. Sensitivity analysis of stiffness variation amplitude.

Fig. 18. Trends of asymptotic stability limit.

The results indicate that both the asymptotic and peak stability limits increase as the SV amplitude ratio is increased from 10% to
30%. However, there is no further noticeable stability improvement when the amplitude ratio is increased beyond 30%. Fig. 18
illustrates the trend of the asymptotic stability limit for varying SV amplitude. Comparable patterns in the stability enhancement
can be inferred with different SV frequencies despite slightly varying outcomes.

The 3D plot whose axes are SV amplitude, SV frequency, and asymptotic depth of cut was reported in Fig. 19. This plot shows the
trend of the stability limit approximately between 130–150 rpm spindle speed range. The plot shows that the maximum performance
of chatter suppression with a 28% increase in stability limit is achieved with the parameters of 3 Hz of SV frequency and 20%–30%
of SV amplitude. Through sensitivity analysis, it was observed that frequencies that are too low or too high have poor chatter
suppression performance. Instead, there exists an optimal SV frequency interval for a specific spindle speed range. It is important
to emphasize that the chosen SV amplitude and frequency should reside within a robust region where the slope of the 3D plot is
minimal. For instance, if one selects an SV amplitude of 40% and an SV frequency of 6 Hz, it becomes feasible to enhance the
stability limit. However, it is noteworthy that the slope of the 3D stability surface is steep in the vicinity of this region, and even
slight alterations in SV parameters could lead to a sudden deterioration in chatter suppression performance.

The optimal selection of time-varying amplitude and frequency for SV must consider technological constraints in real-world
industrial settings, such as the power limitations of control systems and energy efficiency concerns. These limitations depend on the
size of the machine and the method employed to adjust the stiffness of the spindle unit. A brief comparison of various actuation
mechanisms based on response time, achievable amplitude ratio, power consumption, and machine scale was presented in Table 5.
Generally, smaller-scale machines can attain higher variation frequencies using piezoelectric materials or MR and electrorheological
(ER) fluids, which offer swift response times. ER fluids undergo changes in viscosity when subjected to an electric field, distinguishing
them for their ability to modulate viscosity. Both ER and MR fluids exhibit rapid adaptability in stiffness adjustment [34]. In
contrast, larger machines with mechanical actuation mechanisms may exhibit slower response times, limiting their maximum
achievable frequencies. The amplitude of SV is inversely proportional to its frequency due to power constraints within the system.
Mechanical actuators, while energy-intensive and imposing substantial strain on motors, offer the potential for achieving higher SV
amplitudes, making them more suitable for large-scale machine tools [8]. Therefore, it is crucial to carefully consider the specific
industrial application and machine characteristics when determining the appropriate SV amplitude 𝑎 and frequency 𝑓 for optimal
18
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Fig. 19. Sensitivity analysis of stiffness variation amplitude.

Table 5
Comparison of actuator mechanisms for stiffness variation.

Actuation mechanism Response time Achievable amplitude ratio Power consumption Scale

MR fluids Low Low-Moderate Low-Moderate Small-Medium
ER fluids Low Low-Moderate Low-Moderate Small-Medium
Piezoelectric Moderate Low-Moderate Low-Moderate Small
Relative movement of ram and boring bar Very high Very high Very high Small-Medium-Large
Hydrostatic bearing with pressure control High High High Small-Medium-Large

performance. Moreover, practical considerations such as cost, maintenance requirements, and compatibility with existing machine
structures should also be taken into account when selecting an actuation mechanism for real-world industrial applications.

4. Conclusions

In summary, this study systematically addressed the intricate challenges posed by the utilization of long and slender boring bars in
manufacturing processes, with a specific focus on mitigating static deflection and regenerative chatter. The investigation centers on
the efficacy of multi-insert rotating boring bars, deploying cutting inserts in a symmetrical configuration to counterbalance cutting
forces and minimize static deflection that leads to higher dimensional accuracy. Simultaneously, the study tackles regenerative
chatter by introducing stiffness variation, disturbing the regeneration mechanism, and thereby enhancing the overall stability of
boring processes.

The contributions of this research are twofold adapting the multi-dimensional cutting force model to rotating boring bars
with multiple inserts and extending the harmonic solution for stability analysis of boring processes with linear-time-periodic
dynamics. These advancements deepen the understanding of the complex dynamics of boring processes, offering valuable insights
for practitioners and researchers.

The proposed methodology demonstrated its effectiveness through experimental validation, achieving 5 out of 6 matches in
stability lobe diagrams for multi-insert rotating boring bars without stiffness variation. Furthermore, the model’s comprehensiveness
was confirmed by comparing results with existing literature, particularly for single-insert stationary boring bars. Without stiffness
variation, the model successfully replicated 4 out of 5 operating points, and with stiffness variation, it accurately predicted all 5
operating points, affirming the robustness of the proposed model for stability analysis in systems exhibiting linear-time-periodic
dynamics.

Sensitivity analyses guided the selection of optimal stiffness variation parameters for effective chatter suppression, prioritizing
moderate frequencies and up to a 30% amplitude ratio. The result of sensitivity analysis provides guidelines for engineers
and machine practitioners in selecting stiffness variation parameters. Avoiding synchronization between tooth passing frequency
and stiffness variation frequency is crucial for maintaining optimal chatter suppression performance. Real-world technological
19
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constraints, influenced by machine size and actuation mechanisms, require careful consideration of specific characteristics for
achieving optimal performance in industrial applications.

In conclusion, this research establishes a solid theoretical and experimental foundation for the modeling and stability analysis of
ulti-insert boring bars with stiffness variation. The confirmed effectiveness of stiffness variation and the strategic use of multiple

nserts in chatter suppression, as well as the improvement of dimensional accuracy in workpieces, make substantial contributions
o the continuous advancement of machining processes.
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