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LAGRANGIAN, EULERIAN AND KANTOROVICH FORMULATIONS OF
MULTI-AGENT OPTIMAL CONTROL PROBLEMS: EQUIVALENCE AND

GAMMA-CONVERGENCE

GIULIA CAVACNARI, STEFANO LISINI, CARLO ORRIERI, AND GIUSEPPE SAVARE

ABsTRACT. This paper is devoted to the study of multi-agent deterministic optimal control
problems. We initially provide a thorough analysis of the Lagrangian, Eulerian and Kantorovich
formulations of the problems, as well as of their relaxations. Then we exhibit some equivalence
results among the various representations and compare the respective value functions. To do it,
we combine techniques and ideas from optimal transportation, control theory, Young measures
and evolution equations in Banach spaces. We further exploit the connections among Lagrangian
and Eulerian descriptions to derive consistency results as the number of particles/agents tends
to infinity. To that purpose we prove an empirical version of the Superposition Principle and

obtain suitable Gamma-convergence results for the controlled systems.
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1. INTRODUCTION

In recent years there has been an impressive increase in the analysis of models with interactions
and associated optimal control problems. The motivations and fields of interest are various
and range from statistical mechanics to biology, from crowd dynamics to the description of
economical and financial phenomena, and many others. A lot of different mathematical models
and techniques have been proposed in the literature and it seems impossible to be exhaustive in
accounting here all the developments. We refer to [1619,34,[35] and the references therein for
some of the recent results.

A large part of the literature concentrates the attention on the evolution of populations of
similar individuals where the single agent feels the interaction with the others through an aver-
aged term. In this case, when the number of individuals is very large, an aggregation effect takes
place and the (discrete) collection of agents is usually replaced by its spatial density. This idea
comes from the so called mean field approach in statistical physics where it has been fruitfully
used to develop a limit theory when the number of particles goes to infinity.

Within this framework, optimal control problems, both at the microscopic and macroscopic
levels, are naturally considered, see e.g. [1821,24135,39,/47]. A first motivation for the introduc-
tion of (centralized) controls is the incompleteness of the concept of self-organization. In fact,
for a population of interacting particles/agents, global coordination or pattern formation is not a
priori guaranteed and the intervention of a central planner on the dynamics could promote these
mechanisms: this leads to the definition of multi-agent control problems. A further motivation is
the analysis of interacting rational agents with similar optimization goals. In this case, the mean
field approach consists in approximating a large number of agents with a single representative
individual, whose aim is to solve a control problem constrained to a field equation (encoding the
averaged behaviour of the population). The mean field term influences both the dynamics and
the cost functional. Whether the representative agent can or cannot influence the mean field
term depends on the model under consideration. The interested reader is referred to the books
[6,[16] for a detailed description of various aspects of mean field models.

In the present paper we study different formulations of multi-agent optimal control problems,
that we denote respectively with Lagrangian, Eulerian and Kantorovich as well as the corre-
sponding limat theory.

As already mentioned above, multi-agent optimal control, also known in literature as cen-
tralized optimal control of Vlasov dynamics, represents non-standard optimal control problems
where each individual is influenced by the averaged behaviour of all the others and the central
planner aims at minimizing a cost functional which depends on the distribution of all the agents.

A large effort has been devoted in the last years to extend results of classical optimal control
theory to the mean field setting, with a particular attention to the measure-formulation of the
problems in Wasserstein spaces. In this direction, let us mention [11148] for necessary conditions
for optimality in the form of a Pontryagin maximum principle, [2I] for a generalized version
of dynamic programming, [I0] for the study of differential inclusions and the contribution [39]
for the analysis of necessary and sufficient conditions for optimality in the form of a Hamilton-
Jacobi-Bellman equation in the Wasserstein space.

Lagrangian, Eulerian and Kantorovich refer to different points of view that can be adopted
to study the dynamics of the problems. The Lagrangian and Eulerian terminologies come from
fluid-dynamics and they have been recently adopted in the theory of optimal transport, from
which we also took inspiration for the Kantorovich formulation. In general terms, the Lagrangian
approach consists in labelling each particle and following the corresponding trajectory. The
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Eulerian description, on the other hand, aims at measuring the velocity of particles flowing
at a point at a fixed time. In this paper we introduce a further point of view, that we name
Kantorovich in analogy with the Kantorovich extension of Monge problem (in the same spirit,
see also [1L[3L[5]). The Kantorovich formulation turns out to be fundamental in connecting the
Lagrangian and Eulerian points of view and it is based on the representation of solutions of
the continuity equation provided by the superposition principle (see e.g. [3, Theorem 8.2.1] or
[T, Theorem 5.8]).

Limit theory refers instead to the question of connecting optimal control problems with a finite
number of agents with the infinite dimensional description given by a continuum of players. The
study of interacting particle systems becomes intractable when the population is very large and,
in many circumstances, the connection with a limit (mean field) approximation heavily simplifies
the study. For this reason, many results concerning asymptotic behaviour when the size of the
system grows have been developed in the literature, both from the theoretical and applicative
point of view. Even if mean field approximations are mainly proved in the uncontrolled stochastic
setting, some applications to deterministic models can be found e.g. in [44] and [25]. Concerning
the controlled case, an important effort has been directed to the case of mean field games (see
below for some references) but, to the best of our knowledge, only few rigorous results for
deterministic multi-agent systems can be found in the literature. Let us mention [35], [34] for
Gamma-convergence techniques under different assumptions on the controls and velocity fields,
and [22] for an extension when distance constraints among the agents are imposed.

The analysis we develop here aims at providing a unifying framework for the study of deter-
ministic multi-agent optimal control problems and surely benefits from the connections with the
theory of optimal transport. This is more evident when dealing with a measure-formulation of the
problem, where a non-local continuity equation is guiding the dynamics, or with the Kantorovich
description, where a superposed measure in the space of continuous paths selects the trajectories
of the system. Another source of inspiration is the theory of Young measures, classically used in
control theory, which plays a crucial role in the description of relaxed problems.

Apart from its theoretical interest, we trust the present investigation could serve as a founding
step into a general treatment of optimality conditions in the rapidly-growing context of Wasser-
stein spaces. Within this context a major role is played by the Hamilton-Jacobi-Bellman (HJB)
equations in the space of probability measures, for which different notions of solution has been
already proposed in the literature. We think that the analysis of HJB equation could benefit
from the equivalence results and the limit theory developed here and we leave it to future inves-
tigation . Let us just briefly mention some contributions in this direction: a general analysis in
metric setting can be found in [2,[36], see also [37] for the particular choice of the Wasserstein
space. Viscosity solutions for HJB are studied e.g. in [14123] for the case of random differential
games and in [39)] for multi-agent systems.

Let us finally report on the stochastic counterpart of the theory (that we do not treat herein)
and make some further comments on the connections with mean field games.

Stochastic counterpart. In the stochastic setting, mean field behaviour of interacting par-
ticles systems is classically referred to as propagation of chaos. The literature on the subject is
far too vast to be discussed here and the interested reader is referred to Sznitman’s Saint-Flour
lectures [53] for a beautiful treatment of the subject and to the references in e.g. [27,45] for some
of the more recent developments.

Concernig stochastic control problems, a rigorous consistency result for controlled McKean-
Vlasov dynamics has been obtained by Lacker in [40] using martingale problems and relaxation.
It is interesting to notice that the result contained in [40] allows also for degenerate diffusion.
Further extensions has been pursued in [27], where a common noise is also introduced, and in
[28] where the state dynamics depends upon the joint distribution of state and control.

For what concerns equivalence results, to the best of our knoledge, the more general study
in the stochastic setting is formulated in [27]. There, the authors prove existence of optimal
controls and show the equivalence at the level of value functions of the so-called strong, weak (in
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a probabilistic sense) and relaxed (Lagrangian) formulations of the stochastic control problems.
Notably, the results contained in [27] extends the ones in [40] to the far more general case of
common noise. Observe also that the equivalence between the weak and strong formulations has
a fundamental role in establishing a dynamic programming principle in [29].

To conclude, let us just remark on a possible application of deterministic consistency results
to the study of limit behaviour of uncontrolled stochastic particle systems. The idea stems from
the link between Gamma-convergence and large deviations developped by Mariani in [43]. If a
consistency result for deterministic control problems is proved in terms of Gamma-convergence,
then it is possible to translate the I' — liminf and I' — lim sup inequalities in corresponding
lower and upper bound estimates for suitable associated stochastic systems. An example of
this technique is contained in [45] (see also [12] for a recent extension) where the limit theory
developed in [34] has been used to prove a large deviations principle for stochastic equations in
the mean-field and small-noise regime.

Connections with MFGs. The theory of Mean Field Games (MFGs), separately introduced
by Lasry and Lions [42] and Huang, Caines, Malhamé [38] aims at describing non-cooperative
indistinguishable players interacting through their empirical distribution. Opposed to Vlasov
control problems, the optimization problem of each agent in mean field games leads to the notion
of Nash equilibrium for the system. Differences and similarities between centralized optimal
control of (McKean)-Vlasov dynamics and equilibria in MFGs are discussed in the literature,
see e.g. [17], [6] and [15]. For what concerns the limit of N-players differential games towards
the MFG system, a fundamental result was obtained in [13] via the so-called Master equation.
Among the various extensions of [I3], let us mention the convergence of open and closed-loop
Nash equilibria to MFGs equilibria obtained respectively in [32] and [41]. The case of first-order
MFGs has been taken into account in [33].

We now briefly describe the various formulations of the optimal control problems we deal with
and we present the main results contained in the paper.

To improve the readability of the introduction, we just sketch the essential features of the
problems, omitting the details and heavily simplifying the setting and theorems whenever pos-
sible. Precise statements are given in the forthcoming sections. Throughout the paper we use
interchangeably the terms particles/agents as they differ only in view of the different applications.

Lagrangian formulation (L). The Lagrangian formulation has a probabilistic flavour and it
is built upon a probability space (2,8, P) which acts as a parametrization space for the particles.
More precisely, given a finite time horizon T > 0 and a (compact metric) space of control actions
U, the controlled dynamics X : [0,T] x Q — R? is given by
(L.1) Xi(w) = f(Xp(w), ue(w), (X3)4P), for ace. t € (0,7T)

X|t:0(w) = Xo(w),

where the dependence of the vector field f on the measure (X;);P models the interaction among
particles and/or the interaction of the mass with the surrounding environment and it is usually
referred to as a mean field interaction.

A natural motivation for the introduction of a parametrization space comes from a large
variety of problems where a finite number of particles/agents are involved. In this case Q can
be simply interpreted as a set of labels QV = {1,..., N}, with B the associated algebra of
parts and PV {w}) = %, w = 1,..., N, the normalized counting measure. Each particle is
indistinguishable from the others and the interaction enters the system through the empirical

measure (1) = 1 Zivzl 0x,(w), With £ € [0,T7.

Given Xy € LP(;R%), for p > 1, an admissible pair (X,u) € Ap(Xy) for the Lagrangian
optimal control problem (L) consists in a measurable control u : [0,7] x @ — U and a solution
(in a suitable sense) of (ILI)). Associated to the dynamics, the cost functional to be minimized
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has the form

T
(X, u) = /Q /0 C(Xo(w), e (w), (Xo)gP) dt dP(w) + /Q Er(Xr(w), (Xr):P) dP(w),

where the running cost € and the final cost Cr are non-local as they could depend on the measures
(X.)4P and (X7);P.

The optimization of the cost functional among admissible pairs leads to the definition of the
so-called value function which, for the Lagrangian problem, can be written as

(12) VL(X()) = inf{JL(X, ’LL) : (X, u) S AL(X())} .

Let us notice that existence of optimal pairs (X, u) (for which the minimum is achieved in (L2))
is not guaranteed in general. A counterexample for the Lagrangian problem, even in the relaxed
formulation, is given by the Wasserstein barycenter problem with suitable initial distribution
(see Section B3] for details). From a probabilistic point of view, the Lagrangian formulation can
be thought as a random optimal control problem in strong formulation, where the randomness is
encoded in the initial distribution of the dynamics. In this context, we do not consider stochastic
perturbation of the dynamics given e.g. from independent Brownian motions and/or common
noise.

Relaxed Lagrangian formulation (RL). A classical generalization of optimal control
problems is the so called relazed version, where controls are allowed to take values in the space
of probability measures o : [0, 7] x Q — Z?(U). This greatly enlarges the class of admissible pairs
(classical controls can be recovered choosing o := d,,, with u € U) and provides a convexification
of the problem under consideration. Indeed, the controlled trajectories satisfy the linear (in the
control action) dynamics

/ f(X u, (X¢)4lP) doy o (u), for a.e. t €]0,7]
X\t o(w)

with control oy, = o(t,w) € & (U ) Furthermore, the cost functional takes the form

JrL(X,0) = / / / (X3 (w), u, (X)4P) Aoy (u) dt dP(w) + /Q Co(Xr(w), (X7)sP) dP(w),

with associated value function VRy, : LP(Q; R?) — [0, 4+00) given by
VRL(Xo) := inf {JrL(X,0) : (X,0) € ArL(X0)}-

Relaxation is a fundamental concept in optimal control theory and has its roots in the theory
of Young measures. In Section [l of the paper, we provide a detailed analysis of the relaxation
procedure in the context of multi-agent systems, emphasizing its connections with the Lagrangian
problem. Of particular interest is the extension of a suitable version of the chattering theorem,
which permits to approximate the Relaxed Lagrangian formulation with a sequence of (not
relaxed) Lagrangian ones. This readily implies the equality of the respective value functions:
VRL(X0) = VL(Xo) for any X, € LP(Q;RY).

Let us finally notice that the Relaxed Lagrangian formulation is the prototype for the class
of control problems satisfying suitable Converity Assumptions (see Assumption 3.4] below). In
this particular case, the control space is the convex space of measures & (U), the dynamics is
affine in the controls and the cost functional is convex (actually linear). However, as already
observed before, this relaxation procedure is not sufficient to guarantee existence of minimizers
for a general optimal control problem (see Section B3)). A further step in this direction is the
introduction of the Eulerian formulation of the problem.

Eulerian formulation (E). To simplify the presentation, here we suppose to directly deal
with relaxed controls, which are represented by a Borel measurable map o : [0, 7] x R¢ — 2(U):



LAGRANGIAN, EULERIAN AND KANTOROVICH CONTROL PROBLEMS 6

this is fundamental to get existence of minimizers. Then, the evolution of the system is guided
by the following non-local Vlasov equation

Oy + div (vepy) = 0, in [0,7] x RY
Ht=0 = MO,

Where the controlled vector field v depends on the evolving state itself and it is given by v (x) :=
fU x,u, py)dog o (w). Within this framework, the cost functional takes the form

) :/OT/Rd/UG(:E,U,Mt)th,m(U)th(w)dt+/Rd Cr(z, pr) dpr (),

and the value function Vg : 2,(R?) — [0, +00) is given by
Ve(to) == inf{Jg(n,0) : (1, 0) € Ag(to)}

In the Eulerian description of the optimal control problem, the system can be described by
a curve of probability measures. This point of view is intimately connected with the theory of
optimal transport from which ideas and techniques are borrowed.

Kantorovich formulation (K). A somewhat intermediate formulation is given by the Kan-
torovich optimal control problem (in analogy to the Kantorovich formulation of the optimal
transport problem). This formulation has its roots in the representation of solutions of the con-
tinuity equation by superposition of continuous curves belonging to I'r := C([0,T];R?). An
admissible pair for the Kantorovich problem is given by (n,oc) where n € &(I'7) is a probability
measure on the space of continuous curves, and o : [0,7] x I'r — Z(U) is a relaxed control.
Furthermore, given pg € 2 (R%) with finite p-moment, an admissible measure 1 has to match
the initial condition in the form (eg)sm = p10. Even more important, defining p; := (e;)yn for all
t € [0,T], n has to be concentrated on the set of absolutely continuous solutions of the differential
equation

/ F(y(t), u, py)doy ~(u), for Lp-a.e. t € ]0,T).

This clearly links the Kantorovich formulation with the Eulerian one via the superposition prin-
ciple (see Theorem [Z5]). The cost functional associated to the Kantorovich formulation is written

in the form
7= [ / / ) Ao ) dtdn(2) + [ €rl.ur) dpr (o),
Tr R4

where I'p act as a parametrization space (as in the Lagrangian framework), but the minimization
involves measures 7 € & (I'r) instead of trajectories, in line with the Kantorovich formulation of
the optimal transportation problem: p; = (e¢)ym can be considered as a time dependent family
of marginals of n. The associated value function is given by

Vi (ko) := inf{Jk(n,0) : (n,0) € Ax(no)}-

Let us stress that, also in this setting, the choice of relaxed controls is sufficient to prove the
existence of minimizers.

Equivalence results. A natural question is whether the problems introduced above are
somewhat related. One of the aims of the present paper is to prove equivalences among the
various formulations introduced above. At the level of the value functions, we can summarize
the main result in the following theorem (see Theorem for a precise statement)

Theorem (equivalence). Let (2, B,P) be a Polish space such that P is without atoms. If Xy €
LP(;RY), then

VL(X0) = VRL(X0) = VE((X0)sP) = VK ((X0):P).
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The first step of the proof consists in the approximation of the Lagrangian problem by piecewise
constant controls (see Theorem AI7). This is possible whenever the probability space (£2,8,P)
under consideration satisfies a suitable finite approxzimation property (Definition 4.15]), which
surely holds in the Polish framework. Once the piecewise approximation is established, we
are able to formulate a suitable version of the chattering theorem (see Theorem [5.6) where
trajectories, controls and cost functional of the Relaxed Lagrangian formulation are approximated
by the corresponding objects in the Lagrangian setting.

The comparison between the Lagrangian and Eulerian formulations (see Theorems [B.1]
and Section [B.1]) is more delicate and it is achieved by exploiting the Kantorovich description of
the control problem on the space of curves I'r. The idea is to separately connect the Eulerian
and Kantorovich descriptions (Theorem [(3]) and then the Kantorovich and Lagrangian ones
(Theorem B.H]).

Starting from an admissible pair for the Eulerian problem, the application of the superposition
principle given in Theorem easily provides a candidate admissible pair for the Kantorovich
problem paying the same cost (see the proof of Proposition [7.4] for details). Conversely, if a
pair (n, o) for the Kantorovich problem is given, the Eulerian control action can be obtained by
averaging with respect to a suitable disintegration of the measure 1 on curves, as it is shown in
the proof of Proposition

For what concerns the Kantorovich /Lagrangian comparison, in Lemma [8.4] we firstly interpret
the Kantorovich problem as a Lagrangian one with parametrization space given by I'p, i.e. the
space of curves, and with trajectories given by the evaluation map. Due to the continuity of
the initial datum (i.e. the evaluation map ey), we then approximate controls with continuous
ones (see Proposition for a general result in this direction) and finally we approximate the
obtained Lagrangian problem in I'p with Lagrangian ones which are set in a generic parametriza-
tion space {2, not necessarily the space I'r. A precise description of this technique is contained
in the proof of Theorem

An immediate consequence of the equivalence theorem is the equality of the value functions
for different initial data, whenever the respective laws coincide (see Theorem [BI]). In fact, if
po := (Xo)3P = (X{)4P, then it holds that

VL(Xo) = VL(X0) (= Ve(no))-

A further consequence is the continuity of the value functions with respect to the initial data,
see Theorems 8.7 and B8l for precise statements.

Equivalence results between Lagrangian, Eulerian and Kantorovich formulations represent a
first step towards a general analysis of optimality conditions for multi-agents control systems. A
second step in this direction is the study of the corresponding limit theory.

Approximation by finite particle systems. We aim to provide a rigorous limit theory
for multi-agent optimal control problems both for the Lagrangian and Eulerian formulations.
To do it, we have to define appropriate discrete versions of the two formulations. The IN-
particle Lagrangian control problem LY simply relies on the choice of QY = {1,...,N} as
parametrization space. On the other hand, a genuine discrete Eulerian problem EV requires
the introduction of a constraint on the number of particles (see Definition 0.1]), precisely an
admissible trajectory u satisfies p; € 2 (R?), where

N
1
N (mdy . . d
P (]R).—{,u—Ng Oz forsomea;,E]R}.

i=1

The discrete Eulerian and Lagrangian control problems LY and EV turn out to be equivalent
(see Theorem 0.3)) in the sense that

(1.3) Vin (Xo) = Vg (Xo)sPY),  for any Xo € LP(QY;RY).

Note that this is not a direct consequence of the general equivalence result given above, where
the reference probability measure P was required to be without atoms. To prove the equality
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in (L3)) we derive a discrete formulation of the superposition principle for empirical probability
measures (see Theorem [C)) that we believe might be of interest in itself.

Once the equivalence at the level of N-particle systems is established, we derive Gamma-
convergence results respectively for the Lagrangian and Eulerian problems as the number of
particles diverges (see Propositions and @I3). A major consequence is contained in the
following theorem (see Theorem for a detailed description).

Theorem. Let (2, B,P) be a Polish space such that P is without atoms. Assume that the Con-
vezity assumption holds.
o If Xo € LP(Q;RY) and XV : QN — RY, N € N, satisfy X' — Xo as N — 400 (see
[ET0)), then
. Ny
Nl—lg-loo VLN (XO ) = VL(X()).
o If ig € Zp(RY) and pl) € 2N (RY), N € N, satisfy Wy(udY, po) — 0 as N — +o0, then

Wim Ve (1) = Va(uo).

e Moreover, if (X3 )yPN = ud it holds that

lim Vi (X)) = Ve(uo).
M Vv (X)) = Ve (ko)

Notice that the usual mized Lagrangian-Eulerian consistency in the third item is a simple
byproduct of the equivalence in (L3]).

Structure of the paper. The paper is organized as follows. In Section 2l we fix the notation
and present some preliminary material. We start by revising some properties of Borel probability
measures and we recall a refined version of the Skorohod representation theorem. We further
provide some material on optimal transport, Wasserstein spaces and we present the classical
superposition principle. Finally, we discuss the disintegration theorem and give some properties
of Young measures.

Section [3] contains our standing hypotheses, divided into two sets: the Basic Assumptions
and the Converity Assumptions. The first ones require compactness of the metrizable space of
controls and Lipschitz continuity of the velocity field with respect to the state and the mass
distribution. The cost functional has to be continuous and to satisfy a polynomial growth con-
dition. The convexity assumptions impose convexity of the control set and of the cost functional
(with respect to controls). Furthermore, the dynamics has to be affine with respect to the control
actions. The relaxed setting is the guiding example of the convex case.

In Section M we present and study the Lagrangian optimal control problem. In particular, we
exhibit two different approximation procedures: the first one by piecewise constant controls and
the second one by continuous controls and trajectories.

The Relaxed Lagrangian problem is defined in Section Bl where its representation as a La-
grangian problem in the lifted space of measures is also discussed. We prove the equivalence
between Lagrangian and Relaxed Lagrangian formulations of the control problem by approxi-
mating relaxed controls with (non-relaxed) ones in the sense of Young convergence. This pro-
cedure, known as chattering theorem, exploits the approximation by piecewise constant controls
developed in the Lagrangian setting.

Section [B] contains the definition and properties of the Eulerian control problem. Under the
convexity Assumptions we are able to prove existence of minimizers for the control problem via
a direct method.

In Section [ we introduce the Kantorovich problem and we prove its equivalence with the
Eulerian one under the convexity assumptions.

The main equivalence results are contained in Section [8 Exploiting the Kantorovich formula-
tion, we firstly show the equality between value functions of Lagrangian and Eulerian problems
under the Convexity Assumptions. The general case is then obtained by interpreting the Relaxed
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Lagrangian as a (convex) Lagrangian problem in the space of probability measures. As a conse-
quence, we also get the continuity of the value functions, with respect to the initial condition,
for the various formulations. In Subsection B3] we discuss the possible non-existence of minimiz-
ers for the Lagrangian and Relaxed Lagrangian problems. This is not guaranteed, if the initial
condition is assigned, even under the Convexity Assumptions. We produce a counterexample to
the existence of minimizers given by the Wasserstein barycenter problem.

Section [O] contains all the material regarding finite particle problems and the respective limit
theory. We define a discrete version of the Eulerian control problem imposing a constraint on
the number of particles. To connect the Eulerian and Lagrangian formulations in the N-particle
case we introduce a Feedback Lagrangian control problem, where control actions are indeed in
feedback form, and we make use of the already mentioned discrete superposition principle. A
Gamma-convergence result both for the Lagrangian and Eulerian formulations is then established
as the number of particles tends to infinity. We finally conclude proving the convergence of the
associated value functions.

The appendix contains various technical tools. In particular, in Appendix [C] we state and
prove the superposition principle for the evolution of empirical measures.

2. PRELIMINARIES AND NOTATIONS

We list here the main notation.

#A the cardinality of a set A;
ix () the identity function on a set X, ix : X — X defined by ix(z) = x;
Ta(") the characteristic function of A C X,
14:X - Rdefined by I4(z)=1ifz € A La(zx)=0if z € X\ 4
(S,B) measurable space S with o-algebra B;
(S,Bs) topological space S with Borel o-algebra Bg;
M(X;Y) the set of measurable functions from the measurable space X
to the measurable space Y
B(X;Y) the set of Borel measurable functions from the topological space X
to the topological space Y;
C(X;Y) the set of continuous functions from the topological space X
to the topological space Y;
C.(X;Y) the set of continuous compactly supported functions from the topological space X
to the topological space Y;
Cp(X;Y) the set of continuous bounded functions from the topological space X

to the metric space Y
ACP([0,T]; X) the set of absolutely continuous functions from [0, 7] to the metric space X
with metric derivative in LP([0, T]; R);

Tp the set of continuous curves from [0, 7] to R, i.e., '+ = C([0, T]; R%);
et the evaluation map at time ¢ € [0,T], e; : [+ — R defined by e;(y) = v(t);
P(X) the set of probability measures on the measurable space X
2N (RY) the set of empirical probability measures on R? defined in (@.2));
mp(p) the p-th moment of a probability measure u € Z(R%), defined by
(1) = (fpa [P dps(2)) 7,
Ty the push-forward of the measure p € &(X) by the measurable map r € M(X;Y);
uRv the product measure of y € Z(X) and v € Z(Y);
7t the i-th projection map 7 : X7 x - x Xy — X; defined by 7(z1,...,7x) = 4
i the (i, 7)-th projection map 77 : X3 x --- x Xy — X; x X
defined by 7% (21, ...,xn) = (T, x4);
Wy, v) the p-Wasserstein distance between p and v (see Definition 222));
Z,(RY) the metric space of the elements in &?(X) with finite p-moment,
endowed with the p-Wasserstein distance;
Lr the normalized Lebesgue measure restricted to the interval [0, T,

ie. Lp:=£LL[0,T].
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2.1. Borel probability measures. Let (S,8) be a measurable space. When S is a Polish
topological space, we will implicitely assume that % coincides with the Borel o-algebra Bg of S.
We say that (S,B) is a standard Borel space if it is isomorphic (as a measurable space) to a Borel
subset of a complete and separable metric space; equivalently, one can find a Polish topology 7
on S such that B = B g ;).

If (E,%B) is another measurable space, we denote by M(S; E) the set of measurable functions
from S to E. If S is a topological space we denote with B(S; E) the set of Borel measurable
functions. Z2(S) is the set of probability measures on S; when S is a Polish space (and B = Bg)
we will endow Z(S) with the weak (Polish) topology induced by the duality with the continuous
and bounded functions of Cy(S) := Cp(S;R).

Given p € Z(S) and r : S — E a measurable map, we define the push forward of p through r,
denoted by ryu € P(E), by ryu(B) := p(r~'(B)) for all measurable sets B € B (the o-algebra
on F), or equivalently,

/ £(r(z)) du(z) = / £(y) dryp(y),
S E

for every positive, or ryu-integrable, function f : E — R.
Given another measurable space Z, p € Z(S), and r : S — E, s: E — Z measurable maps, the
following composition rule holds

(2.1) (sor)gu = sg(ryp).
Moreover, if r : S — E is a continuous map (with respect to suitable Polish topologies in S and
E) then ry : 2(8) = Z(E) is continuous as well.

The following proposition generalizes to some extent the classical Skorohod representation

Theorem, see e.g. [9, Theorem 6.7]. For a (more general) result and the proof we refer to
I8, Theorems 3.1 and 3.2].

Proposition 2.1. Let (2,B,P) be a probability space such that P is without atoms and let S be
a Polish space.

(i) If v € P(S), then there exists a measurable map X : Q — S such that XyP = v.
(ii) If V", v € P(S) with v"™ — v weakly, then there exist measurable maps X™, X : Q — S,
n € N, such that X;'P =v", XyP = v and X" (w) = X(w) for P-a.e. w € Q.

Notice that, when (£2,,P) is a standard Borel space, 7 a Polish topology on € such that
B = B(q,7), then the maps X and X" in Proposition 2.1l are Borel measurable. A particular and
significant case occurs when we choose (2,8, P) = ([0,1], B, £;), with B the Borel o-algebra and
L the Lebesgue measure restricted to [0, 1].

If m € £(5) and F is a separable Banach space, we denote by L% (S;FE) the space of (the
equivalence classes of) m-measurable functions f : S — E such that [q || f(2)||” dm(z) < +oo.
Since F is separable, the notions of weak and strong measurability coincide. We will often adopt
the notation LP(S; E) in place of Lk (S; E) when the measure m is clear from the context.

We say that a sequence of measurable functions u, € M(S; E) converges in m-measure to u €
M(S; E) if

(2.2) Ve >0, nglilwm({m €S |up(z) —u(z)|| >e}) =0.

If u,, take values in a compact subset U of E, u,, € M(S;U), the convergence of u,, to u € M(S;U)
in m-measure is equivalent to the convergence of u, to u in LP(S; E) for every p € [1,+00).
Given (S,d) a metric space and p € [1,+00], we say that a curve 7 : [0,7] — S belongs to
ACP(]0,T1]; S) if there exists m € LP(0,T;R) such that
t2

d(v(t1), 7 (t2)) g/ m(s)ds, Vit € [0,T], t1 < to.

t1
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2.2. The Wasserstein metric and the Superposition Principle. We provide a brief collec-
tion of the main notions on optimal transport and Wasserstein distance, addressing the reader
to [BBIL5E5].

Given € Z(R%) and p > 1, we define the p-moment of u by

mn) = ( [ |$|Pdu<x>>1/p.

We define Z,(R?) := {u € Z(R?) : my(u) < +oo}. The set Z,(RY) can be metrized by the

following distance.

Definition 2.2 (Wasserstein distance). Let p > 1. Given pu1,u2 € Z,(R%), we define the
p- Wasserstein distance between p; and pg by setting

1/p
(2.3) Wy (1, p2) == <min {/ |1 — xo|P dy(z1,22) : 7 € I‘(,ul,m)}) ,
Rd xRd
where the set of admissible transport plans T'(u1, p2) is given by
T(p1, pig) = {7 € PR xRY) : mjy = g, miy = m} :
with 7 : R% x R4 — R, mi(x!, 2?) = 2%, the projection operator, i = 1, 2.

By the previous definitions, given a measurable space 2 and P € &(1), it follows immediately
that for any Z € LP(;R?), we have p:= ZP € Z,(R%) and

(2.4) my(p) = ”Z”LP(Q;Rd)7
moreover
(2.5) Wp(ZiP, Z;P) < ||Z" — 2| poiurey, YV Z', 2% € LP(RY).

The space @p(Rd) endowed with the p-Wasserstein metric W), is a complete and separable
metric space.

The existence of a minimizer in (23)) can be proved by the direct method in Calculus of
Variations. When the measure 1 is absolutely continuous with respect to Lebesgue measure £¢
on R?, the minimizer ~ is unique and it is concentrated on the graph of a map, v = (iga, T)gp1,
where ipa is the identity map of R? and T is a minimizer in the Monge transport problem

26) e { [ o= S@P dinlo) : Sy = pa}

The Wasserstein distance has the following characterization, known as Benamou-Brenier formula:

1
(27)  W2(o, 1) = min { / / Jou@)l? dya) d < (1,0) € OB, pimo = pio,pms = ul} ,
0 R
where
CE = { (1,v) : € C(0.T); Zp(RY), v € LP([0,1] x R iy @ dlt)
such that Oyus + div(vepy) = 0 in the sense of distributions }

Notice that the minimizers are the constant speed geodesics joining pg to u1, i.e. {Ut}te[o,l} such
that o9 = po, o1 = 1 and Wy (o, 05) = |t — s|Wp (1o, p1) for any ¢, s € [0, 1].

We recall the following definition as in [34] Definition 2.2].
Definition 2.3. We say that 1 : [0, +00) — [0, 4+00) is an admissible function if 1(0) = 0, ¢ is
¥(r)

T

strictly convex and of class C'' with ¢/(0) = 0, superlinear at +oo0, i.e., lim,_s o

and doubling, i.e., there exists A > 0 such that
P(2r) < A(1+¢(r)) for any r € [0, +00).

= +OO,
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We observe that an admissible function 1 satisfies

(2.8) r’(r) < A(1 +¥(r)), Vr e [0,400).

The following result provides equivalent conditions for the convergence in the space sz(Rd)
and the characterization of compactness.

Proposition 2.4. Let {,tneny € Pp(RY) and p € 2,(R?), the following assertions are equiv-
alent:

(1) lim Wy (pn, p) = 0;

(2) i, weakly converges to p and my(p,) — my(p) as n — +00;

3) Jim_ [ pla)dim(a) = [ ole)duta),
n——+0oo R4 Rd
for every continuous function ¢ : R4 = R s.t. |p(z)| < C(1 4+ |z[P) for any x € RY;

(4) pn weakly converges to p and there exists 1 : [0, +00) — [0,4+00) admissible, according
to Definition[2.3, such that

(2.9) sup [ ¥(|z[P) dpn(z) < 4o0.
neN JRd

Moreover, a family & C @p(Rd) is relatively compact if and only if there exists an admissible
function v : [0,4+00) — [0, +00) such that

(2.10) sup P(|z|P) du(x) < +oo.
peix JRE

The proof can be carried on using [3, Lemma 5.1.7, Proposition 7.1.5]. Concerning the impli-
cation (2)) to ), it follows by De la Vallée Poussin and Dunford-Pettis theorems together with
[34) Lemma 2.3] for the admissibility property.

The following representation result for the (absolutely continuous) solutions of the conti-
nuity equation will play a key role in the sequel (see [3, Theorem 8.2.1]). We denote by
I'r = C([O,T];Rd) the Banach space of the continuous functions, endowed with the sup norm.
We denote by e; : 't — R? the evaluation map at time ¢ € [0, 7] defined by e;(y) := v(t). We
say that § € Z(I'r) is concentrated on a set B if n(I'r \ B) = 0.

Theorem 2.5 (Superposition principle). Let p > 1. Let pn = {1 }ep0,1) € C([0,T7; 2,(RY)) be
a distributional solution of the continuity equation Oyuy + div(vepe) = 0 for a Borel vector field
v:[0,7] x R* — R? satisfying

T
(2.11) /0 /Rd lon(@) P dp () dt < +oc.

Then there exists a probability measure n € P (I'r) such that

(i) 1 = (e0)en for every t € [0,T];
(i4) m is concentrated on the set of curves v € ACP([0,T];RY) satisfying

A(t) = v (y(t)), for Lp-a.e. t €[0,T].

Conversely, givenn € P (I'r) satisfying item (ii) and (2ZI1)) with py = (e)ym for every t € [0,T],
then (p,v) is a distributional solution of Oyuy + div(vepy) =0 .

In Theorem [C.Ilin Appendix[C| we prove a version of the superposition principle in the discrete
setting.
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2.3. Disintegration and Young measures. Let S and S be Polish spaces. We say that a map
x €S uy € Z(S) is a Borel map if x +— p,(A) is a Borel map for any open set A C S.

IfzeS— u, € Z(S) is a Borel map and A € Z(S) we define the measure p, @ A € Z(S)
by

(1 ® N)(A) = /S o (A) dA(z2)

for any Borel set A C S. Equivalently

/Sw()d(ux@))\ // ) dg (=) dA(z)

for any bounded Borel function ¢ : S — R.
We state the following disintegration result (see for instance |3 Section 5.3]).

Theorem 2.6 (Disintegration). Let S and S be Polish spaces. Let p € P(S) andr:S — S a
Borel map. Then there exists a Borel measurable family of probability measures {y }res C P(S),
uniquely defined for ryp-a.e. x € S, such that p,(S\ r=*(z)) = 0 for ryp-a.e. x € S, and
p= iz ® (ryp). In particular, for any bounded Borel map ¢ : S — R we have

(2.12) [e@ame=[ [ o o P 2) ) )
1

Remark 2.7. A typical case is given by S = 5 x Y, where Y is a Polish space, and r = 7.
Since (71)71(z) = {z} x Y for all x € S, we identify each measure y, € (S x Y), which
is concentrated in {z} x Y, with a measure u, € Z(Y). With this identification, the formula
[212]) takes the form

(2.13) /S pla) dula.g) - /S /Y () dyia(y) d(ryp)(z).

Let T and S be Polish spaces, A € Z(T) and E be a Banach space. We say that h : TxS — FE
is a Carathéodory function if

for A-a.e. t €T, x +— h(t,x) is continuous,

Vzels, t — h(t,z) is A-measurable.

Let us now recall the definition of Young measure (see [7,20]) and a density result which will
turn out to be a crucial tool in our treatment.

Definition 2.8. Let T and S be Polish spaces and A € Z(T). We say that v € Z(T x 5) is a
Young measure on T x § if 711111/ = \. Furthermore given v",v € Z(T x S) Young measures, we

say that v" Y vasn— +oo if

lim h(r,u) dv™(T,u) = /11‘xs h(r,u) dv(T,u),

n—-+4o00o TxS

for any h : T x § — R Carathéodory and bounded.
Remark 2.9. Let T, S be Polish spaces, A € Z(T) and v",v Young measures on T x S. Then

v" 2 1 in the sense of Definition 2.8 if and only if »™ — v weakly. One implication follows
immediately from the definitions, while the other comes from [54, Theorem 7| (see also [20]).

We also recall that weak convergence in Z([0,T] x S) is induced by a distance §. When S is
compact, we can choose as 6 any Wasserstein distance on Z([0,7] x 5).

To any Borel map u : T — S we can associate the Young measure v := (it,u)yA, which is
concentrated on the graph of u. In this case, v can be written as v = d,(;) ® A and, using the
disintegration Theorem 2.6, we have that v, = d,(,) for A-a.e. 7 € T. Given a Young measure
v, in general the disintegration v; of v w.r.t. A is not of the form ¢,(;) on a set of A positive
measure, for some u : T — S. The following classical Lemma states that the Young measures
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induced by maps are “dense”, in the set of Young measures, provided A is non atomic. We say
that a measure A € Z(T) is non atomic if A({7}) =0 for any 7 € T.

Lemma 2.10 (see |20, Theorem 2.2.3|). Let T and S be Polish spaces and A € Z(T) non atomic.
If v e (T x S) is a Young measure, then there exists a sequence of Borel maps v : T — S
such that
V"= (i, u")sA = e
Precisely,
(2.14) lim | h(r,um () dA(r) = / / h(r, ) dvs (1) dA(T),
TJS

n—-4o0o T

for every h : T x .S — R Carathéodory and bounded.

3. STRUCTURAL ASSUMPTIONS FOR THE DYNAMICS OF THE OPTIMAL CONTROL PROBLEMS

In this section we collect our main structural assumptions on the system S = (U, f, C, Cp)
characterizing the dynamics and the cost of the control problems under study, where U is the
space of controls, f is the vector field driving the particles motion, € and Cr are the running
and terminal cost functionals.

We fix p € [1,+0c) and denote by d,, the following metric on R? x 2, (R%):

1
dp((z, 1), () = (Jo =y + WE ()"
Assumption 3.1 (Basic Assumption). We assume that the system S := (U, f, €, Cr) satisfies:

(A.1) U is a compact metrizable space;
(A2) f:R¥x U x Z,(R?) — R? is continuous and Lipschitz continuous w.r.t. the metric d,,
uniformly in w € U. Precisely, there exists L > 0 such that

(3.1) |f(@,u, ) = fy,u,v)] < Ldy((z,pm), (y,v)) ,

for every u € U and (z, p), (y,v) € R? x Z2,(R9).
(A3) C: RYx U x Z,(RY) — [0,400) and Cp : R x Z,(RY) — [0, +00) are continuous
functions such that

Clz,u, p) < D (14 |zP + mb(n)) Y (z,u, 1) € R x U x Z,(RY)
Cr(w,p) <D (1+ [z +mf(p)  V(z,p) € R x Zy(RY),

for some D > 0.

Remark 3.2. From Assumption B.1] it holds

(3-3) [, 0)] SO+ |z +mp(n)),  V(z,u,p) €RT XU x Zp(RY),

for some C' > 0. Indeed, it is sufficient to choose (y,v) = (0,dp) in (BI)) and observe that
£(0,u,dp) is bounded and W, (u, dp) = mp ().

Concerning item |(A.1)| of Assumption [3.1] let us recall the following result.

(3.2)

Proposition 3.3. If U is compact metrizable space then, for every distance dy inducing the
original topology of U, there exists a separable Banach space V' and an isometry j : U — V. In
particular, the image j(U) is a compact subset of V.

Proof. Fix a point ugp € U and consider the Banach space B := {F € Lip(U) : F(up) = 0}
endowed with the norm . .
1Flp = sup LW ZTWL
u,velU,u#v dU (’LL, U)
Denoting by B’ the dual space of B, we define the map j : U — B’ by (j(u), F)p p := F(u).
By the definition of dual norm, it is immediate to check that

15(u) = iW)lp < du(u,v), VuvelU
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On the other hand, evaluating (j(u) — j(v), F) g p with F(z) := dy(z,u) — dy(u, up), we obtain
that

13(w) = i()ll5 = du(u,v),

so that j is an isometry from U to j(U) C B’. We eventually set V := span(j(U ))B , which is a
separable Banach space since U, and therefore j(U), is separable. O

When specified, we will assume the following further hypothesis.

Assumption 3.4 (Convexity Assumption). We say that S = (U, f, €, Cr) satisfies the converity
assumption if S satisfies Assumption B.1] and

(C.1) U is a compact convex subset of a separable Banach space V;
(C.2) for any z € R? and p € Z22,(R?), the map u +— f(z,u, ) satisfies the affinity condition:

flz,au+ (1 —a)v,p) =af(z,u,p) + (1 —a)f(z,0,u), Yu,veU Yael0,1];
(C.3) for any x € R? and p € Z2,(R?) the map u > C(x,u, i) is convex:
Clz,au+ (1 —a)v,p) < allx,u,pu) + (1 —a)C(z,v,p), Vu,veU Vael0,1].
3.1. The relaxed setting. For later use, we define a so-called relazation/lifting of S as follows.

Definition 3.5. Given the system S = (U, f, €, Cr) satisfying Assumption B we define S’ =
(%, F,€,%6r) as follows:

(53 R 2,(RY) - RY with

Faeon) = [ flouw dolw
(iii) € : RY x % x 2,(R?) — [0, +00) with

@ (2,0, p) = / & (w,u, 1) do(u).

U
(iv) €r := Crp.

Proposition 3.6. IfS = (U, f, C, Cr) satisfies Assumption[31), then its relazation S’ = (% , F,%,Cr),

given in Definition [33, satisfies the Convexity Assumption[3.4). Moreover, defining Dy = {0, :
uw € U} C %, the maps F and € restricted to RY x Dy x P,(RY) coincide with f and C
respectively.

Proof. The space % = Z(U) can be identified with a subset of the dual space B’, where B
is the Banach space B := {F € Lip(U) : F(ug) = 0 for some uy € U}. The identification is
given associating to o € Z(U) the continuous linear functional F — [;; F(u)do(u). With this
identification, the norm in &?(U) is given by

ol = _swp [ Fluydota)
FeB,||F||p<1JU
By the Kantorovich-Rubinstein Theorem (see e.g. [55, Theorem 1.14]) it holds that [|o| =
Wi(o,0y,) and ||ot — 02| = Wi(ot,0?). Hence, the topology on £ (U) induced by B’ coincides
with the topology induced by the Wasserstein distance Wj. Since U is compact, this coincides
with the topology induced by the weak convergence. By Prokhorov Theorem, £ (U) is compact.
Finally, (Z(U),| - ||) is a separable Banach space thanks to the separability of the (complete)
metric space (Z(U),W1). The convexity of %, the affinity of .% and the convexity of ¢ with
respect to o easily follows from their definitions. O



LAGRANGIAN, EULERIAN AND KANTOROVICH CONTROL PROBLEMS 16

4. LAGRANGIAN OPTIMAL CONTROL PROBLEM

In this section we deal with a (finite-horizon) optimal control problem in Lagrangian formula-
tion. It relies on a system S = (U, f, C, Cr) satisfying Assumptions[3.]and on a probability space
(©,B8,P), whose elements act as parameters of the particles. We also fix a final time horizon
T > 0 and we denote with Lebjg 7} the o-algebra of Lebesgue measurable sets on [0,T] and with
L the normalized Lebesgue measure restricted to [0,7]. Recall that M([0,T] x Q;U) denotes
the set of measurable functions with respect to the product o-algebra Lebyy 1) @ B.

Definition 4.1 (Lagrangian optimal control problem (L)). Let S := (U, f, €, Cr) satisfy As-
sumption [3.1] and let (2,8, P) be a probability space.
Given Xo € LP(;RY), we say that (X, u) € Ar(Xo) if
(i) we M(0,T] x & U);
(i) X € LP(Q; ACP([0,T];R?)) and for P-a.e. w € ©, X(w) is a solution of the following
Cauchy problem
Xi(w) = F(Xp(w),ue (W), (X;)4P), for Lr-ace. t € (0,7T)
Xji=o(w) = Xo(w),

where X; : Q — R is defined by X;(w) := X (t,w) for P-a.e. w € Q.
We refer to (X, u) € Ay, (Xo) as to an admissible pair, with X a trajectory and u a control.
We define the cost functional Jy, : LP(€; C([0, T]; R%)) x M([0,T] x Q;U) — [0, +00), by

T
(X, ) = /Q /0 CX(w), (@), (X)) dt dP(w) + /Q Cr(Xr(w), (X7);P) dP(w),

and the value function Vi, : LP(S;R?) — [0, +00) by
(4.2) VL(X()) = inf{JL(X, u) : (X, u) S .AL(X())} .

(4.1)

In the following, L(£2,B,P;S) denotes the Lagrangian problem given in Definition @Il We
will frequently shorten the notation to L(£2,2B,P) when the system S is clear from the context.

Remark 4.2. Observe that, thanks to condition (3.2]), the functional Jy, is finite. Moreover,
from Proposition @8 below it follows that Ay(Xg) # 0, for any Xy € LP(Q;R?), and so the
value function V7, is well defined. We point out that existence of minimizers for the Lagrangian
problem is not guaranteed in general, even under the Convexity Assumption B4l This will be
further discussed in Section R3]

Remark 4.3. In view of Proposition [A.3lin Appendix A, we will frequently identify X € LP(Q; ACP([0, T]; R))
and X € ACP([0,T]; LP(€2;R%)), depending on the convenience.

Let us introduce a suitable equivalence relation among Lagrangian problems when the parametriza-
tion space is varying.

Definition 4.4 (Equivalence of Lagrangian problems). Let S := (U, f, €, Cp) satisfy Assumption
Bl Let (21,%1,P1) and (22, B2, P2) be probability spaces. We say that Ly := L(Qq,B1,Py;S)
and Lo := L(Qqg, B9, Py;S) are equivalent (and we write Ly ~ Lo) if
(i) for every X3 € LP(Q1;R?) and every (X', u') € Ap,(X{) there exist X2 € LP(Qq;RY)
and (X2, u?) € Ay, (X@) such that
JL1(X17U1) :JLQ(X27u2)7 VL1(X(%) :VLz(Xg);
(ii) for every X2 € LP(Q9;R?) and every (X2 ,u?) € Ay, (X2) there exist X} € LP(Qq;RY)
and (X1, u') € A, (X}) such that
JLz(X27u2) :JLl(X17u1)7 VLz(Xg) :VLl(X(:)L)'
Remark 4.5. The relation ~ of Definition [£4] is an equivalence relation on the set of Lagrangian

problems {L(Q2,B,P) : (2,8, P) probability space}.
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Proposition 4.6. LetS := (U, f, C, Cr) satisfy Assumption[31. Let (Q21,B1,P1) and (s, B2, Ps)
be probability spaces. Suppose there exist measurable maps ¥ : Q1 — Qs and ¢ : Qo — Oy such
that wﬁpl = ]PQ, Qbﬁ]P)Q = ]P’l and

(4.3) VX3 € LP(Q1;RY) it holds X¢ = X¢ o pop;
(4.4) VX2 € LP(Q;RY) it holds X2 = X2 o1 o ¢.
Then L(Ql, ’Bl,]P’l;S) ~ L(QQ, %Q,PQ;S).

Proof. For every (X1, ul) € Ap,(X}), we define X? := X' 0 ¢, and u?(t,ws) := ul(t, ¢p(w2)), for
every (t,ws) € [0,T] x Q. Using that ¢3Py = PPy, it easily follows that (X2, u?) € Apr,(X{ o ¢)
and Jp,, (X1, ut) = Jp,(X?,u?). Hence, for every X} € LP(Qq;R?), we have
(4.5) VL, (Xp) > Vi, (X5 0 9).
Analogously, for every (X2, u?) € Ay, (X2), we define X! := X?o1, and u! (t,w;) = u?(t,¥(w1)),
for every (t,wi) € [0,T] x 4. So that, from y4P; = Py it holds (X', u') € Ay, (XZ o ¢) and
Jr, (XY ut) = Jp, (X2, u?). Moreover, for every X2 € LP(Q2;RY) we have
(4.6) Vi, (X§) 2 Vi (XG 0 9).
The combination of (A35]) and (4.0) gives

Vi, (X3) 2 Vi (XG 0 9) 2 Vi, (XG0 0 9)
hence, using ({3]) we have
(4.7) VL, (Xg) =V, (Xg o).
Thanks to (4.4) and (£7)) we finally get

Vi, (Xg) = Vi, (X 0 ¢ 09) = Vi, (Xg © ).

U

Remark 4.7.

(1) Notice that the assumptions of Proposition are satisfied if there exists a bijective
function 1 : Q; — Q9 such that ¢ and ¢~! are measurable and YylP1 = Py. Indeed, it
sufficies to choose ¢ = ¢!,

(2) Proposition still holds when the maps 1 and ¢ are defined up to sets of null measure,
meaning that

P QAN = Q2 \ Na,  ¢: 22\ Ny — Q1 \ N}
for some Ny € B such that P1(N7) = 0 and Ny € B3 such that Po(Nz) = 0.

4.1. Basic results. Here we collect some properties of the Lagrangian problem. In particular,
we show existence and uniqueness of solutions, a priori estimates, compactness for the associated
laws and we derive a stability result for trajectories and cost when initial data and control
converge in a suitable sense.

Proposition 4.8 (Existence and uniqueness). Let S := (U, f,C, Cr) satisfy Assumption [31]
and (2,8, P) be a probability space. Let Xo € LP(Q;RY) and u € M([0,T] x Q;U) be given.
Then there exists a unique X € LP(€; ACP([0,T); R)) such that (X,u) € Ap(Xo). Moreover, if
(Xt u') € AL(Xo), i = 1,2, and u' = u? L7 ® P-a.e., then X' = X2.

Proof. We define F, : [0,T] x LP(;R%) — LP(Q; R?) by

(4.8) Fy(t, Z)(w) = f(Z(w)vu(tvw)7ZﬁP)‘

We observe that the continuity of f and the measurability of u imply that F,, is a Carathéodory

function. Moreover, by [3J) and (25, F, satisfies condition (AIQ). Since F,(¢,0)(w) =
£(0,u;(w), d0), by continuity of f and compactness of U it follows that F, satisfies (ATT)).
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Theorem with the choice E' = LP(€;R?) and F = F, yields the existence and uniqueness of
a curve X € ACP([0,T]; LP(; R%)) solving

t
Xt:X0+/ F. (s, X;s)ds, vVt e [0,T].
0

Thanks to Proposition [A. 7 we finally get X € LP(Q; ACP([0,T];R%)) which is the unique solution
of ([@1)). The last assertion follows from the equality F,1(t,Z) = F,2(t,Z) for Lr-a.e. t € [0,T]
and for every Z € LP(Q;RY). O

U, f,C, Cr) satisfy Assumption T 1 and (2, B, P)

Proposition 4.9 (A priori estimates). LetS := (
) and (X,u) € Ar(Xo). Then there exist C and Crp

be a probability space. Let Xy € Lp(Q;]Rd
independent of u and X such that

(4.9) sup |1 Xill oy < €T (I XolLoomey + CT) |
te[0,7T
(410) X~ Xllpsams < Crlt— sl (14 |1 Xollr@pe ) Vsit € 10,7
(4.11) sup. X, (w)] < ©T (]Xo(w)] +or(l+ HXOHLP(Q;W))) . forP-ue we .
tel0,T

Proof. The estimates (£9]) and ([£.I0) follows from (A.13]) and (A.14]) for F' = F,, defined in (4.8])
and E = LP(Q;RY) .
In order to prove (LI1]) we write (4.I)) in integral form

(4.12) Xi(w) = Xo(w) + /t F(Xs(w),u(s,w), (Xs)sP)ds, Vte[0,T] for P-ae wel.
0
Then by (B3] we have

[ Xi(w)| = ‘Xo(W) +/0 f(Xs(w), uls,w), (Xs);P) ds

< [Xo(w)| + /0 F(Xa(w), u(s, w), (X.)¢P)|ds

t
<o)l + [ € (141X + Xl o) ds.

Using (£.9) and Gronwall inequality we obtain ({.IT).
U

In the following Lemma, we derive a compactness result for the laws of Lagrangian trajectories,
when the initial data belong to a compact subset of LP(Q2;R%).

Lemma 4.10. Let S := (U, f, C, Cr) satisfy Assumption[3Z1l and (2,B,P) be a probability space.
Let K C LP(;RY) compact. Then the set

(413) K= {p € AC(0,T]; Pp(RY) : e = (Xo)gP, (X,u) € AL(Xo), Xo € K}

is relatively compact in C([0,T]; Z,(R%)).

Proof. Let {u"}nen C K be asequence. By definition, there exist (X™,u") € Ar(X§), X € K
such that piy = (X3)yP for all ¢ € [0, T]. Since sup,en || X§ [l 1r(;rey < +00, by the estimate (£.11)
there exits a constant C' > 0 such that

(4.14) IX{'(w)P <COA+|XyWw)P), VneN,Vtel0,T], for P-ae. we.
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Since K is compact in LP(£;R%), there exists an admissible 1) : [0, +00) — [0, +00), according
to Definition 2.3 such that

sup / B(IXD(@)P) dP(w) < +oo.
neNJQ

By the doubling and monotonicity property of ¢ and ([AI4]) we have
Y| X{(W)P) S CA+(|XgW)P), VneN,Vte|0,T], for P-ae. we Q.
and then

sup [ w17 @) dPw) < +ox,
€[0,T],neN
that can be rewritten as
sup Y(|z[?) dpg (z) < +o0.
t€[0,T],neN JRR4

By Proposition [2.4] there exists a compact £ C sz(Rd) such that pp € # for any t € [0,7]
and n € N.
Moreover, by (4I0) and the boundedness of || X{'||p(q.ray, there exists C' > 0 such that

Wy i) < | XF — X2l ipume) < Clt — s, Vst € [0.7], Y € N.
We can thus apply Ascoli-Arzela theorem in C([0, T]; 2,(R%)) to conclude. O

We conclude the subsection proving a first stability result for the Lagrangian problem.

Proposition 4.11 (Stability for L). Let S := (U, f, C, Cr) satisfy Assumption[31 and (2,B,P)
be a probability space. Let Xo € LP(;RY) and (X,u) € Ar(Xo). Let X§ € LP(Q;RY) be a
sequence such that || X§ — Xol|Lr(rey — 0, as n — +o0. If (X", u") € AL(X(), for any n € N,
and u”™ — u in L7 ® P-measure as n — 400, then

(4.15) sup || X{" — Xl p(ray = 0, asn — +oo,
te[0,T

and

(4.16) Jo (X" u") = Ju(X,u), asn— 4oo.

Proof. In order to prove (fI5) we apply Proposition [A.6 with the choice F = LP(Q;R?), F = F,
and F" = Fyn, defined as in ([£8). We have to check that (A7) holds. Defining G", G :
[0,T] x Q — RY by G™(t,w) := Fyn(t, X¢)(w) and G(t,w) := F,(t, X;)(w), it is sufficient to prove
that G™ — G in LP([0,T] x Q;R?). Since u™ converges to u in L7 ® P-measure, there exists a
subsequence u"* such that u;* (w) converges to us(w) for L7 ® P-a.e. (t,w) € [0,7] x Q. By the
continuity of f, we have that

|G™ (t,w) — G(t,w)| = |Fyni (t, X¢)(w) — Fu(t, X3)(w)| — 0

for Lp @ P-a.e. (t,w) € [0,T] x Q. Moreover
G™ () = G(t,w) P = [Fun (t, X)) = Fult, X) @) < € (14 [Xp(@)” + 1X0 5, gm0 ) -

By dominated convergence we conclude that G™ — G in LP([0,T] x £;R?). Since the limit is
independent of the subsequence, we conclude that

/0 ! /Q Fon (£, X)) (@) — Fu(t, X)) (@) [P dP(w) dt — 0.

Let us prove (LI6). For any ¢ € [0,T], we use the notation p := (X{*);P and p; := (X;)4P.
By ([@I5) we have

(4.17) sup Wp(py', pe) — 0, as n — +o0.
te[0,7
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We focus on the running cost €. Since

T
/Q(G(Xf‘(w)m?(w),u?) — C(Xi(w), ur(w), pe)) dP(w) dt

(4.18) o
< /0 /Q (X (), 1 (), 1) — €(Xo (), (), )| AP(w)

deﬁning Hna H: [07 T] X — Rd by Hn(tv w) = G(th(w)v ’LL?((U), M?) and H(t7 w) = G(Xt(w)a ut(w)7 ,ut),
it is sufficient to prove that H™ — H in L'([0,T] x Q;R%). Since u" converges to u in L7 @ P-
measure, ([LI5) and (£I7) hold, and € is continuous, then there exists a subsequence H"* such

that H"*(t,w) converges to H(t,w) for L1 ® P-a.e. (t,w) € [0,T] x Q. Moreover, by the growth
assumptions ([3.2)) we have

Hn(tNJ) < C(l + ’Xt ( )‘p"‘ ”Xt HLp QRY) )

By a variant of the dominated convergence Theorem (see Theorem 1.20 in [31]) we conclude that
H™ — H in L'([0,T] x ©;R%). For the same argument as before we obtain that the whole
sequence H" — H in L'([0,T] x Q;R9).

The proof that

[ ex(x@) i) dPw) > [ er(Xr(w),ur) dBw), asn +oc
Q Q
follows from the same argument. O

Proposition 4.12 (Upper semicontinuity of the value function). Let S := (U, f,C, Cr) satisfy
Assumption [31 and (Q,B,P) be a probability space. If X', Xo € LP(Q;RY) satisfy || X5 —
Xollzr(o;ray — 0 as n — 400, then

limsup V,(Xg') < Vi.(Xo).

n——+00
Proof. Let ¢ > 0 and (X¢,u°) € Ay (Xp) such that J(X¢,u®) < V,(Xo) + €. By Proposition
48 for any n € N there exists X" such that (X*",u®) € AL(X{). By Proposition A.IT],
JL(X®" uf) — Jp, (X4, uf), as n — +o00. Hence

lim sup Vi, (X{) < limsup Jp(X*", v°) = Jp (X, u®) < Vi,(Xo) + ¢

n—-4o0o n—-4o0o

Since € is arbitrary, we conclude. ([l

4.2. Approximation by piecewise constant controls. In this subsection, we approximate
admissible controls for the Lagrangian problem with a sequence of suitable piecewise constant
controls (i.e. measurable with respect to finite algebras of Q) so that the corresponding trajecto-
ries and costs converge. This is the content of Theorem 2171 The same result is then rephrased
in the context of finite particle approximations in Proposition .18

Let (2,8, P) be a probability space with B a finite algebra. It can be shown that 9B induces
a unique minimal (with respect to the inclusion) partition of 2, that we denote by

(4.19) P(B)={Ap:k=1,...,m}.

Given a topological space E, observe that, since B is finite, g € M((2,B); (E, Bg)) if and only
if g is constant on the elements of P.
Let us give the following definition.

Definition 4.13. Let (£2,B,P) be a probability space with B a finite algebra and P(B) the
associated unique minimal partition (@IJ). Given m := #P(B), we define the probability space
(Qm 8(2™),P™), where Q™ :={1,...,m}, §(Q2™) is the algebra generated by ({1},...{m}) and
Pm({k}) =P(Ag), k=1,....m
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Proposition 4.14. LetS := (U, f, €, Cr) satisfy Assumption[3 . Let (2, B, P) and (2™, 8(Q™),P™)
as in Definition[{-13 Then the Lagrangian problems Lg = L(2,B,P) and L™ = L(Q2™,8(2™),P™)
are equivalent in the sense of Definition [{.4).

Proof. Let ¢ : Q@ — Q™ the function given by
Yw)=k, fwedy, k=1,...,m

and ¢ : Q™ —  defined by
o(k)=wg, k=1,...,m,

for a fixed wy € Ag. We prove that the maps 1 and ¢ satisfy the assumptions of Proposition
Measurability of the map 1 follows from the fact that ="' ({k}) = Ay for any k= 1,...,m,
while the measurability of ¢ is trivial since 2™ is equipped with the algebra $(2™). Moreover,
it is immediate to verify that ¢ o ¢ = igm, which implies (£3)). We have to verify ([£4]): given
Xo € LP(Q;RY), we have that Xj is constant on the elements Ay, of the partition P(B), hence
it easily follows that Xo = Xg o ¢ o). Let us verify that ¢4P = P™: for any k = 1,...,m, we
have (;P)({k}) = P(¢ ' ({k})) = P(Ag) = P™({k}). Finally, we verify that ¢;P™ = P: for any
measurable function g :  — R, recalling that g is piecewise constant on the elements of P(B),
we have

[ ) d@myw) = [ (o) a7 ) = Y- glenP(40)

k=1

:Aﬁwmmm.

We recall the notation By, 7 for the Borel o-algebra on [0, T7.

Definition 4.15. [Finite Approximation Property| Let (2,8, P) be a probability space. We say
that the family of finite algebras B™ C B, n € N, satisfies the finite approrimation property if
for any Banach space E and any g € L]%D(Q; E), there exists a sequence g" : ) — E such that
(i) ¢g™ is B"-measurable for any n € N;
(i) ¢™(©2) Cc co(g(?)), where o (g(2)) denotes the closed convex hull of g(£2);
(iii) [lg" — gHLE%(Q;E) — 0, as n — +o0;
(iv) if G:[0,T] x Q@ — E is (Bjy ) ® B)-measurable and g;(-) := G(t,-) € Lp(Q; E) for any
t € [0,77], then the maps G™ : [0,T] x 2 — E defined by G"(t,w) := g (w), where g} is a
sequence associated to g; satisfying items |(i)}f(ii)}(iii)} are (B, ) ® B")-measurable for
any n € N.

Proposition 4.16. Let (2,B,P) be a standard Borel space.

(1) Then there exists a family of finite algebras B™ C B, n € N, satisfying the finite approz-
imation property of Definition[{.15
(2) If P is without atoms, then there exists a family B"™ C B, n € N, satisfying the fi-
nite approzimation property of Definition[{.15] such that the associated minimal partition
PB™) ={A} : k=1,...,n} contains exactly n elements and
1
(4.20) P(A}) = —, k=1,...,n.
n
The proof of Proposition 16| is postponed in Appendix Results similar to item (1) of
Proposition [£.16] can be found in [52, Theorem 6.1.12], where a martingale approach is employed.

Theorem 4.17 (Approximation by piecewise constant controls for L). Let S := (U, f, C, Cr) sat-
isfy Assumption[3 1 with U a convex compact subset of a separable Banach space V. Let (Q,8,P)
be a probability space and assume that there exists {B"},en satisfying the finite approximation
property of Definition[{.13. Let Xo € LP(Q;RY) and (X,u) € Ar(Xo). If {XJ}nen C LP(Q;RY)
satisfies || X§ — Xo|lpp(ray — 0, then there exists a sequence (X", u") € AL(X() such that
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(1) u™ is (B @ B")-measurable;
(2) u" — u in (L1 & P)-measure, as n — +00;
(3) supsepo ) 1 X3 — Xell o ourey — 0, as n — +o00;
(4) Ju (X" u™) — Ju(X,u), as n — +00.
Moreover, if X§ is B"-measurable, n € N, then X' is B"-measurable for anyt € [0,T].

Proof. For any t € [0,T], we denote with u; :  — U the measurable control function u at time
t. For any n € N and t € [0,7] let u : Q@ — U be the B"-measurable approximation of w,
given by Definition By the convexity of U and its compactness, from the property of
Definition it follows that u}(©2) C U. Defining u"(¢,w) := u}(w), thanks to the property
of Definition {.T5] we have that u™ is (Bg 7 ® B")-measurable. By Proposition [4.8 we have
the existence of X™ with (X", u") € AL (X§).

From the compactness of U and the dominated convergence theorem it follows that |u" —
ull L1 (o,mx;v) — 0, as n — +oo. Consequently, (2) holds. Properties (3) and (4) follow by
Proposition EIT] O

In the following, we reformulate the approximation result of Theorem .17 with the language
of particles. Let (€,9,P) be a probability space and B™ a finite algebra, n € N. Denote
with P(B") := {4} : k = 1,...,k(n)} the associated unique minimal partition and define
(@), §(QH0) BH) by

QFM = {1, k)Y, S(QF™) = o({1},... {k(n)})

(4.21) PFM ({k}) = P(AT), k=1,...,kn).

In order to approximate trajectories, controls and costs of a Lagrangian problem L = L(2, B, P)
with the respective quantities in L) = L(Qk(”), S(Qk(”)), ]P’k(”)) we introduce, for every n € N,
the maps ¥™, ¢" and K". This is necessary due to the fact that the trajectories are not defined
on the same space.

For every n € N, we denote with 9™, ¢" the maps

Y Q= QP () =k, ifwe AR, k=1,...,k(n);

(4.22)
" QF) Q) " (k) =wy, k=1,...,k(n), fora fixedw) € A}.

Moreover, for every n € N, we introduce the map X" : LP(QF™): C([0,T]; R?)) x M([0,T] x
QK 1) =5 L2((0, B, B); C([0, T} RY) x M(0,T] x ©;U) given by

K'Y 0) = (Y 09", 0),

(4.23) where  d(t,w) = v(t,¥"(w)), V(t,w) € [0,T] x €.

Proposition 4.18. Let S := (U, f, C, Cr) satisfy Assumption[3 1 with U a convex compact subset
of a separable Banach space V. Let (Q,B,P) and be a probability space and assume that there
exists {B" tnen satisfying the finite approzimation property of Definition[f.19. For every n € N,
let (QF() §(QFM)) PR g5 in E2T)).

Let Xo € LP(Q;R?Y) and (X, u) € Ap(Xo). If YJ € LP(QFM,RY) n € N, satisfies

nglfoo 1Y o g™ — XOHLP(Q;]Rd) =0,

then there exists a sequence (Y",v") € Aprm) (Yy") such that

(1) XK*(Y™ 0") = (X,u) in C([O,T];LP(Q;Rd)) x LY([0,T] x V), as n — +o0;
(2) Jpre (Y7, 0") = JL(X,u), as n — +o00.

Proof. For every n € N, by Proposition £.14] it holds that Lgn ~ L*™ in the sense of Definition
E4 Thanks to Proposition [A3 we have that X € ACP([0,T]; LP(£;R?)), hence we conclude
applying Theorem EI7l Since U is compact, recall that the convergence u™ — u € L'([0,T] x
; V) is equivalent to the convergence in (L7 ® P)-measure. O
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Remark 4.19. If (2,8, P) is a standard Borel space, the existence of a sequence of finite algebras
B is guaranteed by item (1) in Proposition Moreover, if P is without atoms, it is possible
to choose B" s.t. #B" = n and satisfying the property (A20) given in item (2) in Proposition
4. 16|

Notice that the assumption P without atoms is necessary to get a sequence of B" with the
property (A20). Indeed, if there exists wg € © such that P({wo}) = a > 0, then for n € N big
enough the property ([4.20) fails.

4.3. Approximation by continuous controls and trajectories. The objective of the sub-
section is twofold. In Proposition [£21] under continuity assumptions on both the initial datum
and the control, we exhibit a stability result for a Lagrangian problem L(£2,B,P) when P is
approximated by a sequence of probability measures P". Then, in Theorem we approximate
admissible controls with continuous controls so that the associated trajectories are continuous as
well and the associated costs converge. These results are useful to prove the equivalence between
Lagrangian and Eulerian optimal control problems (see the proof of Theorem [B.]).

Throughout the section, we assume that
(4.24) (€2,B, P) standard Borel space, 7 a Polish topology on Q such that B = B(q ;).

In the following regularity result, we prove the existence of a continuous trajectory for the
Lagrangian dynamics whenever both the initial datum and the control are continuous.

Lemma 4.20 (Continuity). LetS := (U, f,C, Cr) satisfy Assumptionl31 and let (2, B, P) satisfy
@24). Let Xo € C(RY) such that Xo € LP(QRY) and u € C([0,T] x ;U). If (X,u) €
AL(Xo) and py = (X;)4P then there exists a unique X € C([0,T] x Q;R?) satisfying for any
we

(4.25) {)ift(W) = f(Xi(w), ue(w), p), ¥ te(0,T)
Xji=o(w) = Xo(w).
Moreover, Xi(w) = Xi(w) for every t € [0,T] and P-a.e. w € Q.

Proof. For any w € Q, there exists a unique solution X (w) € C([0, T] ; R9) of (£25) thanks to
the Lipschitz assumptions on the vector field f. Since w, ()0, and Xo are fixed, the solutions

of @I) and [#Z5) coincide, hence X;(w) = X;(w) for any t € [0,77, for P-a.e. w € Q.

Denoting with X : [0,7] x © — R? the function X (t,w) = X;(w), we prove the continuity
of X. We fix (t,w) € [0,T] x ©Q, and a sequence (t,,w,) € [0,T] x Q converging to (t,w) as
n — +o00. By triangular inequality,

X, (wn) — Xy (w)] < | X, (wn) — Xi, ()] + 1 X, (w) — Xy(w))].

The second term is estimated by

1% (@) — Ky(w)] < / "

Concerning the first term,

| X, (wn) = X, ()] < [Xo(wn) — Xo(w)|

4 / PR wn) s (wm) 1) — F(Ka ()t (w0m). 1)
0

tn
/
0

< | Rolwn) — Xo(w)| + L/O "1 R (wn) — Ka(w)|ds

f(Xs(w)7us(w)7Ns) ds.

f(XS(W)vUS(Wn)vﬂs) - f(XS(W)’US(W)aNS)

T ~ -
+/ ‘f(Xs(W),Us(Wn),,Us) - f(XS(w)7uS(w)7MS) dS.
0
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By Gronwall lemma we have
T
| Xt (wn) = Xe, ()] < T <|Xo(wn) — Xo(w)] +/ Ry(wn,w) d8> ;
0

where Rg(wp,w) = f(Xs(w),us(wn),,us) - f(Xs(W),Us(W),Ns)

equalities we get

. Collecting the previous in-

T
|th(wn) - X't(w)| < T <|X'0(wn) - Xo(w)| —I—/O Rs(wp,w) ds>

tn
+ /1

By the continuity of Xy, the growth property (B3) and the continuity of u we can pass to the
limit in the right hand side and we conclude.

f(XS(W)’ us(w), ps)| ds,

O

Proposition 4.21 (Stability for P). Let S := (U, f, C, Cr) satisfy Assumption 31 and (2, B, P)
satisfying (&24). Let P",P € (), n € N, such that P" — P weakly. Let X, € C(:R?) and
u e C([0,T] x G U) such that Xo € [,en Lon (Q;RY)] N LE(QRY) and

(4.26) ”XOHL]{;n(Q;Rd) - ”XOHLg(Q;Rd) if n— +o0.

We denote by L™ := L(Q,B,P") and L := L(Q, B, P).

Let (X,u) € Ap(Xo) and (X™,u) € Agn(Xo) and denote with X, X" € C([0,T] x Q;RY) the

corresponding solutions given in Lemma [{.20 associated with P and P", respectively. Then

(4.27) sup | X (w) — Xy(w)] — 0, as n — +0o,
(t.w)€[0,T]xQ
(4.28) Jpn (X" u) — JL(X, u), as n — +oo.

Proof. We denote pj := (X{")yP™ and g := (X;)4P.
Since X : © — R? is continuous, the weak convergence P" — P implies that py = (Xo)gP" —

o = (X'O)ﬁ]P’ weakly and (£.20]) guarantees m,(ug) — my (o). Consequently, by Proposition [2.4]
it holds Wp,(ug, o) — 0 as n — 400 and there exists an admissible v : [0,4+00) — [0, +00),
according to Definition 23] such that

(4.20) sup [ (al?) Al () < +oo.

neN JRd
Using the same argument of the proof of Lemma F.10] thanks to the estimates (£11]) and (@I0)
there exist i € C([0,T]; Z,(R?%)) and a (not relabelled) subsequence such that

4.30 I W (12, fis) = 0.
(4.30) I sup (s fis)

We deﬁne}z € C([0,T] x Q;R?%) through the system ([@25]) using ji; instead of ju, i.e., for any
w € Q, t— X(t,w) is the solution of the problem

(4.31) {Xt(w) = f(Xi(w), ur(w), fir), Yt € (0,T)
Xji=o(w) = Xo(w).
We show that

(4.32) sup | X7 (w) — Xi(w)] = 0, as n — +o0o0.
(t.w)€[0,T] X0
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Indeed, for any w € Q and ¢t € [0, 77,

R0e) = X < [ O, w0l ) = F o)), )| s

<if (|X:< ) = Xafw)| + Wy(us i) ds,
and, by Gronwall inequality, we obtain

X7 (w) = Xe(w)| < LT sup Wy(uf, fis),
s€[0,T]

which, by (430), proves (£32]).

We have to show that X = X. We first prove that i, = (X¢)sP. By the uniform convergence
([#32]), the continuity of X; and the weak convergence P" — P, we obtain that (see [3, Lemma
5.2.1])

/QQS(X?(w))dP"(w) — / ¢(Xi(@)dP(w), V¢ € Cp(RER).

Since / H(XT(w)) dP™(w) = / ¢(x) dpy (z), by the uniqueness of the weak limit we obtain that
Q
firt = (X¢)yP. Then, X,(w) satisfies
) K1) = F(Xw) ur(w), (X)pB), V1€ (0.7)
Xjt=o(w) = Xo(w).

By the uniqueness result of Proposition [4.8] and the definition of the Lagrangian problem, we
obtain that X; = X; in L5 (Q;R?) for any ¢ € [0,7)]. In particular we have that fi; = y; for any
€ [0,7]. Tt follows that the systems (@3I)) and [@2Z5) are the same, and then X,(w) = X;(w)
for any (¢,w) € [0,7] x Q. Finally, the convergence ([£.27) follows by (£32)), because the limit [
given by the compactness is uniquely determined and it is independent of the subsequence.
For what concerns (4.28]), we first observe that

Jin (X" u) = Jpn (X" ), Ju(X,u) = Ju(X,u).

We write the running cost as

/1/0 (X7 (W), g (@), 1) dt dP™ (w)

-/ / (R @) (), 1) — C(Xu(w), (), ) ) it A" ()

+ / (), pe) dt dP" ().

By (4.27) and the continuity of €, we have that ((‘B(Xf(w), ug (W), 1) — C(Xp(w), ug (W), Mt)) —0

uniformly on compact sets of [0,7] x 2. By the weak convergence of P" towards P we conclude
that

T
lim / / (@(Xf(w),ut(w),,u?) - G(Xt(w),ut(w),ut)> dt dP"™(w) = 0.
n—+oo fa Jo
We have to prove that
(4.34) EE// (Xy(w), s (@), )t dP" (w // (@), )t dP(w).
By (4£29), which can be rewritten as

ilég/ﬂw(\)zo(w)]p)d]?"(w) < 400,



LAGRANGIAN, EULERIAN AND KANTOROVICH CONTROL PROBLEMS 26

by estimate (LII]) and the doubling property of ¥ we get

sup sup [ (1% ()P) dP"(w) < 4o
t€[0,7) neN JQ
By the growth condition (3.2)) and the doubling property of 1 we obtain that the map (t,w)
C(X¢(w), ut(w), p1¢) is uniformly integrable w.r.t. {L7 @ P"},. Since this map is also continuous,
by [3, Lemma 5.1.7] we obtain (Z34]).

Analogously one proves that

lim [ Cr(Xp(w), pf) dP" (w) = /Q Cr(Xr(w), pr) dP(w).

n—-+00 Q

O

Proposition 4.22 (Approximation by continuous controls). Let S := (U, f,C,Cr) satisfy As-
sumption [ with U a conver compact subset of a separable Banach space V, and (§2,B,P)
satisfying (£.24)). Let Xo € C(%RY) and u € M([0,T] x ;U) such that Xo € LP(;RY). If
(X,u) € AL(Xy) then there exits a sequence (X™,u™) € Ar(Xo) such that

(1) u € C([0,T] x Q;U) and X" € C([0,T] x R%) for any n € N;

(2) u"(t,w) = u(t,w) for (Lr @ P)-a.e. (t,w) € [0,T] x Q;

(8) limy, 400 SUPe(o. 1] | X7 (w) — X¢(w)| = 0 for P-a.e. we Q,

limy,— 400 SUPie(o,T] | X7 — XtHiP(Q;Rd) =0;
(4) JL(X",u") = Ju(X,u), as n — +oo.

Proof. Since u € M([0,T] x Q;U), by Lusin’s theorem applied to the space [0,7] x Q with
the measure L7 ® PP, there exists a sequence of compact subsets A, C [0,7] x © such that
A, C Apyr, L7 @ P([0,T] x Q\ A,) < & for every n € N and ula, : 4, — U is continuous.
Applying Dugundji’s extension theorem [30, Theorem 4.1] we can extend u|4, to a continuous
map u" : [0,T] x @ — V such that «"([0,T] x Q) is contained in the closed convex subset U of
V. Moreover, for (L7 @ P)-a.e. (t,w) € [0,T] x § it holds that v"(t,w) — u(t,w), thanks to the
convergence L7 @ P([0,7] x 2\ 4,,) = 0 as n — +o0.

Thanks to Proposition F8 and Lemma A20] for any n € N there exists a unique X" €
C([0,T] x ©;RY) such that (X", u") € Ay (Xp). Defining pf := (X});P, by Lemma EI0 there
exists i € C([0,T]; Z,(R%)) such that, up to subsequences,

(4.35) sup Wp(py', fir) — 0, as n — +oo.
te[0,7

For every w € ) we define X (w) as the unique solution to the problem
Xi(w) = F(Xi(@), u(w), i), for ae. t € (0,T)
Xji=o(w) = Xo(w).

Then for any (¢,w) € [0,T] x € it holds

X7 ) = Kl < [ |72 b)) = FE). 00 )
(4.36) + |f(X5(w),uZ(w),ﬂ5) - f(Xs(w),us(w),ﬂs)| ds

ds

< 1 [ (106 = Xl + Wyl + S0, us())) s,

where G (Ul (w), us (W) = | f(Xs(w), ul (W), fis) — f(Xs(w), us(w), fis)|. Since by B3) we have
Gsw(ul(w), us(w)) < C(1 + | Xs(w)| + my(fis)), by the convergence in item (2) we get that

T
(4.37) lim Gsw(uy (w),us(w))ds =0, for P-a.e. w e

n—-4o0o 0
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By Gronwall inequality, from (Z36]) we have

(433 IXP) - Klw)] < HTLT( sup Wyl i) / o (7 (2), s () s )
s€[0,T]

which, by (433]) and ([£37), implies

(4.39) lim sup |X'(w)— X¢(w)| =0, for P-ae. we .

=400 1c(0,7)

From (39) we have that xj* weakly converges to (X;);P and by ([@35) it follows that ji; = (X;);P
for any t € [0,7]. By the definition of X and fiy = (X;)4P and by the uniqueness result of
Proposition L8] we obtain that X;(w) = X;(w) for P-a.e. w € Q and for any ¢ € [0,7]. The first
convergence in item (3) follows from (£39]), while the second convergence comes from the first
one and Proposition 4.9 through dominated convergence.

Finally, item (4) follows by the same argument as in the proof of Proposition .11l O

5. RELAXED LAGRANGIAN OPTIMAL CONTROL PROBLEM

In this Section we define a relaxed version of the Lagrangian problem analyzed in Section ]
then we study its properties and its relation with the non-relaxed one.

Definition 5.1 (Relaxed Lagrangian optimal control problem (RL)). Let S := (U, f,€,Cr)
satisfy Assumption B0 and let (€2,B,P) be a probability space. Given Xy € LP(;R?), we say
that (X, O’) € .ARL(X()) if
(i) o € M([0,T] x Q; 2(U));
(i) X € LP(Q; ACP([0,T];R?)) and for P-a.e. w € ©, X(w) is a solution of the following
Cauchy problem

(5.1) / F(Xi(w),u, (X¢)3P) dot e (u), for Lr-ace. t €]0,T]
X\t o(

where X; : Q — R? is defined by X;(w) := X (t,w) for P-a.e. w € Q and 0y, 1= o(t,w) €
2(U).
We refer to (X,u) € ArL(Xo) as to an admissible pair, with X a trajectory and o a relazed
control.

We define the cost functional Jgry, : LP(€; C([0, T];R%)) x M([0,T] x Q; 2(U)) — [0, +00), by

JRL X 0 // /6 Xt Xt)tip) dO’tw( dtd]P) /GT XT XT)tiP) d]P)( )
and the walue function Vry, : LP(;R?) — [0, +00) by
(5.2) VRL(Xo) := inf {/rL(X,0) : (X,0) € ArL(X0)}-

Remark 5.2. By Proposition the Relaxed Lagrangian problem RL in S = (U, f,C,Cr) is
a particular Lagrangian convex problem L’ in the lifted space S’ = (%,.%,%,Cr) defined in
Definition In particular, the system (5.1]) can be rewritten as

{Xt(w) = Z(X,(w),01(w), (X;)sP), for ae. t € (0,T]
Xji=o(w) = Xo(w).

and the cost functional as

T
JRL(X,O') 1:/9/0 %(Xt(w), ) (Xt)ﬁ]P) dtd]P) /GT XT XT)ﬁ]P)) dP( )

As a consequence, the results proved for the Lagrangian problem L also apply to the Relaxed
Lagrangian problem RL. We further point out that even in the relaxed Lagrangian setting,
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existence of minimizers is not guaranteed in general (see also Remark [2]). We refer to Section
B3l for a detailed discussion and in particular to Remark RB.I0l

5.1. Equivalence of L and RL. Chattering result. In this subsection we prove that the
value functions for the Lagrangian and the Relaxed Lagrangian optimal control problems, set
in the same parametrization space (2,8, P) and same system S, coincide. Precisely, we aim at
showing the following theorem whose proof is postponed at the end of the section.

Theorem 5.3. Let S := (U, f, C, Cr) satisfy Assumption[31 and (Q2,B,P) be a probability space
such that there exists {B" }nen satisfying the finite approxzimation property of Definition[].13. If
Xy € LP(Q;Rd), then VL(X()) = VRL(XO).

The proof of Theorem [5.3] easily follows from the combination of Theorem and Proposition
[5.4] given below. Theorem is a suitable extension of the classical (in optimal control the-
ory) chattering theorem which permits to approximate relaxed controls with piecewise-constant
controls.

Notice that Theorem holds in particular if (2,28, P) is a standard Borel space thanks to
Proposition

Let us start with the following proposition.

Proposition 5.4. Let S := (U, f, @, Cr) satisfy Assumption [Tl and (Q2,B,P) be a probability
space. Let Xo € LP(;RY). If (X,u) € AnL(Xo), then, defining o : [0,T] x Q — 2(U) by
o(t,w) = by(tw) we have (X, 0) € ArL(Xo) and JL(X,u) = JrL(X, 0). In particular VRr(Xo) <
VL (Xo).

Proof. The result follows immediately by Proposition O

Recall that if 9B is a finite algebra on Q and E is a Banach space, a function g : Q — E is
B-measurable if and only if g is constant on the elements of a partition of £ contained in B.

In the following proposition, given a piecewise constant relazed control we approximate it with
a sequence of piecewise constant (non-relazed) controls so that the associated trajectories and
costs converge.

Proposition 5.5. Let S := (U, f,C, Cr) satisfy Assumption [31] and (Q,B,P) be a probability
space. Let Xo € LP(Q;RY), B C B a finite algebra, (X,0) € Arr(Xo) such that o is (Bjo,7]®B)-
measurable. Then there exists a sequence {(X™, u™)}men C AL(Xo) such that

(1) u™ are (B 1) @ B)-measurable;

(2) for any w € Q, (ijo ), u™ (-, w))s LT RN 0y, where o, :=o(t,w) @ Lp € Z([0,T] x U);
(3) supsejor) 1X7" — Xell o urey — 0 as m — +o0;
(4) Ju(X™ u™) — JrL(X,0), as m — +oo.

Moreover, if Xq is B-measurable then X;, X" are B-measurable for any m € N and t € [0, 7.

Proof. We fix the minimal (w.r.t. inclusion) partition associated to the finite algebra 9B that
we denote by P :={A; : k=1,...n} CB. For any k = 1,...n we select wy, € Ay and apply
Lemma 210] (with T = [0,7], S = U and A = L7) to the measure v = o, = o(t,w) ® L1 €
2([0,T] x U). This yields a sequence of By rj-measurable functions u;" : [0, 7] — U such that

(ijo,r)> up' (sl = Ouy-

Thus, we define u" : [0,T] x Q@ — U setting u™(t,w) := u}'(t) if w € Aj. By construction, the
function w — u™(t,w) is constant on Ay, for any k = 1,...,n. Furthermore, for any w € ) the
maps ¢ — u"(t,w) are By r)-measurable. The sequence of controls u™ € M([0,T] x ) readily
satisfies items (1) and (2).

Given u™ constructed above, by Proposition 8] there exists a unique X™ € LP(; ACP([0, T]; R%))
such that (X™,u™) € Ar(Xo). Thanks to Remark, @3l we interpret X™ € ACP(]0, T]; LP(Q; R%))
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and define ™ € ACP([0,T); Z,(R%)) by p* := (X/");P. By Lemma @I0 there exists a (non
relabeled) subsequence ™ and i € C([0,T]; 2,(R%)) such that

(5.3) lim sup Wp(ui", fir) = 0.
M= 4¢[0,T)

We define g : [0,7] x R? x U — R? by
g(tayau) = f(yvunat)‘

Selecting a representative X defined for every w € Q, let Y™ (w) € ACP([0, T]; R?) be the unique
solution of the Cauchy problem

Y (w) = g(t, Y™ (w), u™(t,w)), for ae. te (0,T)
Y‘t”;o(w) = Xo(w).

For any w € €, let also Y (w) € ACP([0, T]; R?) be the unique solution of the Cauchy problem

Hiw) = [ 9(t.Yiw). 0 dora(w), for ac. t € (0.7)
U
Yii=o(w) = Xo(w).
Hence, by item (2) and assumptions ([3.I) and ([B.3)) we can apply Lemma [B.1l to obtain

(5.6) lim sup |Y"(w) —Yi(w)| =0, Vwe Q.
m—+00 40, T

Since (X™,u™) € Ar(Xp), by definition of the Lagrangian problem, for P-a.e. w € Q X™(w) €
ACP([0,T); R?) and

(5.7) {Xt (w) f(Xt (W), uf*(w), uy*), fora.e. t € (0,7T)

(5.4)

(5.5)

XIo(w) = Xo(w).
Then

Y7 (w) - X(w)]| < /0 (@), 0™ (5,0), ie) — FXT(w), u™(s,w), 1)) ds
< /0 (V™ (@) — XT(w)| + Wi(fis, 7)) dis
gL/O V(W) = X™(w)| ds+ LT sup W (jis, u™).

s€[0,T

By Gronwall inequality we get

(55) sup [Y7"(w) — XI(w)] < LTT sup Wy(fis, ).
t€[0,7) s€[0,T

From (5.8), (5.3) and (5.6)) it follows that

(5.9) lim sup |X{"(w) —Yi(w)| =0, for P-a.e. w € Q.

m—+00 40,7

By (B9) it follows that uf* = (X{")sP — (Y;)sP weakly for any ¢ € [0,77], and then, by (5.3), it
holds that fi; = (Y;)4P for any t € [0,T]. Thus, thanks to (5.5]) and the definition of g we conclude
that (Y,0) € ArrL(Xp). Since (X,0) € Arr(Xp), by the uniqueness result of Propositions [4.8]
we have that ¥ = X and

(5.10) lim sup |X{"(w)— Xi(w)| =0, for P-a.e. w € .
m—+00 40, T

Finally, to prove item (3) it is enough to observe that

(5.11) Sup |17 = X[, ) < / sup | X"(w) — Xo(@)P dP(w).
te[0,T] ’ Q te[0,T

By (5.9), and (ZII]) we can pass to the limit in (5.I1]) by dominated convergence.
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To prove item (4) we write

/ (XI(@), u (), ™) dt dP(w /// (X3(), s 1¢) doo(u) dt dP(w )'

; </0 C(X{" (w )7u:n(w)7:u':n)_G(Xt(W),u;n(w%Iu,t)dt) d]P’(w)‘

(5.12) <

T
( / (X, (), (), )t — / (X, (w), u, ,ut)dcrw(t,u)> dP(w)| .
Q 0 [0,T)1xU

Since (5.10) holds, for P-a.e. w € Q, there exists a compact K,, C R? such that X[ (w), X;(w) €
K, for any m € Nand t € [0,7]. Analogously, by (53] there exists a compact K C Z,(R?) such
that u}", uy € K for any m € N and ¢ € [0,7]. By Proposition 2.4] there exists an admissible 1
such that

(5.13) sup sup/¢(|X§”(w)|p)d]P’(w) = sup sup | ([xf’)dp(z) < +oo.
te[0,T] meN JQ t€[0,T7] meN JRd

By the continuity of € there exists a modulus of continuity «, : [0,+00) — [0,+00) for the
restriction of € to the compact set K, x U x K. Then, for P-a.e. w € (),

sup |C(X;" (w), u" (W), u") —C(Xp(w), uf (W), )| < o sup (|X7" (W) =X (w) [+ Wi (i p12))) -
te[0,7) t€[0,7]

Taking into account the previous consideration together with (5.10), (53]), the growth condition

B2) and (5.13]), we obtain
/g </0T CXP (W), uf (W), 1) = C(X (), uf™ (@), ) dt> dP<w>' 0.

For the second term in the right hand side of (12, for P-a.e. w € Q we define h, : [0, T]xU — R
by hy,(t,u) == C(X;(w),u, (X¢)sP). Notice that h, is continuous and bounded in [0, 7] x U, hence
from the Young convergence of item (2) we get

(5.14) — 0, for P-a.e. w € Q.

T
/ he(t,uf* (w)) dt — / he(t,u) doy, (¢, u)
0 [0,T]xU

From the growth assumptions (3.2)) and dominated convergence theorem we obtain that

T
/ ( | et mae - [ e<Xt<w>,u,m>daw<t,u>> P ()
Q 0 [0,T)xU
Finally, thanks to (510 and (5.3]) we also obtain that

lim /eT X (w), 1) dP(w /eT X (), ) dP(e).

m——+00

— 0.

For what concerns the last statement, since Xy is B-measurable, (hence constant on the elements
of the partition P), the measurability of X;" with respect to the algebra B follows by uniqueness
of solutions to (5.7)). The same argument also yields that X is B-measurable.

O

Combining Theorem .17 and Proposition E.IT] applied to the Relaxed Lagrangian problem
RL, with Proposition 5.5 we can prove the following Theorem.

Theorem 5.6 (Chattering). Let S := (U, f,C, Cr) satisfy Assumption [31. Let (2,8,P) be a
probability space and {B"}nen satisfying the finite approximation property of Definition [{.15
Let Xo € LP(Q;RY), (X, 0) € ArL(Xo) and {XF}nen C LP(Q;RY), such that

(515) ||X6L — XOHLP(Q;Rd) — 0 as n — +00.
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Then there exists a sequence {(X™, @) nen such that (X", @") € AL(X[) for every n € N and
the following hold

(1) @™ are (Bjor) ® B")-measurable;
(2) for P-a.e. w e Q, (i), 0" (-,w))sLr TN 0w, as n — 400, where o, = o(t,w) @ Ly €
2(10,T] x U);
(3) suprepo,r) 1K' = Xillpp(omay = 0 as n — 4o0;
(4) Ju (X", a") = Jrr(X,0), as n — +o0.
Moreover, if X{ is B"-measurable, n € N, then Xt" is B"-measurable for any t € [0,T].

Proof. Let (X,0) € ArL(Xo) and {X{ }nen satisfying (5.15). Applying Theorem E.I7 to the
relaxed problem RL (which is a Lagrangian problem in a lifted space as discussed in Remark
[£.2)), there exists a sequence {(X",0")}nen such that (X", 0") € Arpn(X() for every n € N.
Moreover o™ are (Bjy 7] ® B")-measurable, 0" — o in (L ® P)-measure and, as a consequence,
we have that 0" (t,w) — o(t,w) weakly in Z(U) for L1 @ P-a.e. (t,w), up to a non-relabelled
subsequence. Thus, by Remark 2.9] we get (up to a non-relabelled subsequence)

(5.16) ol :=0"(t,w) ® L TN 0w, for P-a.e. w € Q.

By Proposition[5.5] for any fixed n € N, there exists a sequence {(Y"™"™, u™™)}pen C AL(X{),
with u™™ (B 7 @ B")-measurable, such that

(i) for any w € €, (ijo, 77, u™™ (-, w))sLr RN o', as m — +00;
.. n,m .
(ii) supsepo,r 1IX7 = Y, | Lo (urey = 0, as m — +o0;
(iii) JL (Y™™ u™™) — Jri(X™,0"), as m — +o0.
Let us denote by P(B") := {A},k =1,...,k(n)} the minimal (finite) partition induced by B".
Let also o™ := (ifo 77, u™™(-,w))sLr and observe that the map w — ;™ is constant on the

elements of P™. Then, if we select a representative wy € A} for any k = 1,...,k(n), from item
(i) it follows that

where § metrizes the Young convergence in [0,7] x U. Recall that Young convergence is indeed
equivalent to the weak convergence in [0,7] x U, see Remark
For any n € N, let m(n) be such that

1
sup [|1X7 — ¥, o pay < =
t€[0,7) n

1
|JL(Yn,m(n)’un,m(n)) _ JRL(Xna 0n)| < E

and

sup d(o™" 0l) < —.

weN n
Let us define X™ := Y™™ the control function @" := u™™™ : [0,T] x @ — U and &7 :=
o) (40,7), @" (-, w))yLr. Notice that, by construction, (X7, a") € AL(XE).

Fix now € > 0. By Theorem [4.17] there exists n. such that

sup || Xy — Xellppourey <&, Vn > ne,
t€[0,T]

and
|JRL(Xn7Jn)_JRL(X7J)| <g, Vn > ne.
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Then, using the definition of X™ and @", for any n > n. it holds

sup [|X7 — Xl oiamey < sup V" — Xl oy
t€[0,T t€[0,T

1
+ Sup Hth — XtHLp(Q;Rd) < — +€,
t€[0,T] n
and
|JL (X7, @") — Jri(X, 0)] < | (Y™™ om0y — Jpp (X7, o)

1
+ |JrRL(X™, 0") — JRL(X, 0)| < - te

If we send n — 400, items (3) and (4) follow by the arbitrariness of £ > 0.
It remains to show item (2). Fix again € > 0 and choose w € € for which the convergence in

(5I6) holds. Then, there exists n.(w) > 0 such that
ol o0) <e, Yn>mng(w),
and )
36, 04) <0(65,00) + (0, 04) < —te Vn > n.(w).

Sending n — +o0 we get item (2). O

6. EULERIAN OPTIMAL CONTROL PROBLEM

In this Section we describe the Eulerian formulation of the optimal control problem and we
study its properties under the Convexity Assumption B4l In particular, as stated in Theorem
6.8 in this setting we get the existence of minimizers. Recall that B([0,T] x R% U) denotes the
set of Borel measurable functions.

Definition 6.1 (Eulerian optimal control problem (E)). Let S = (U, f, €, Cr) satisfy Assumption
B Given ug € Z,(RY), we say that (u,u) € Ag(uo) if

(1) u € B([0,T] x R U):;
(ii) u € ACP([0,T); Z,(R?)) is a distributional solution of the Cauchy problem
(6.1) Oty + div (vepy) = 0, in [0,7] x RY
Ht=0 = MO,
where v € B([0,7] x R%R?) is defined by vy(z) := f(x,u(t,x), us) and pg := p(t).

We refer to (u,u) € Ag(po) as to an admissible pair, with p a measure trajectory and u a Eulerian
control.

We define the cost functional Jg : C([0,T]; 2,(R%)) x B([0,T] x R4 U) — [0, 400) by

T
Teen) = [ [ eGattn) m)ama) e+ [ ertepur) dur(a),

and the value function Vg : Z,(R%) — [0,+00) by
Ve (ko) == inf{Je(p, u) : (1, u) € Ag(po)}-

Remark 6.2. Notice that, given u € B([0,T] x R4 U), u € C([0,T]; Z,(R%)) and setting vy () =
f(z,u(t,x), ut) as in Definition [6.I] we have

/ joe(@) P dpn(z) = / (@ ult,2), )P dpn(2)
Rd Rd

<C <1 +/ |x|P d,ut(:n)> <C, Vtelo,T]
R4

for some constants C, C' > 0, thanks to the growth condition (33)) and since u € C([0, T]; Z,(RY)).
In particular, we get v € LP(0,T; L}, (R% R?)). Thus, if u is also a distributional solution of
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@), then u € ACP([0,T]; Z,(R?)). Hence, in Definition BI)(ii) we could have just required
p € C([0,T); Z,(R9)).

Observe also that the functional Jg is finite thanks to the growth condition (3.2]).
Proposition 6.3. Let uy € Z,(R?). Then Ag(uo) # 0.

Proof. Let us fix ug € U and define u(t,z) = ug for any (t,2) € [0,7] x R%. Applying
Proposition B8 with Q = RY, P = pug, Xo(z) = z for any z € R? and u = u, there exists
X € LB, (R4 ACP([0,T];RY)) such that (X,u) € Ar(Xo). Defining iy := (X¢)spu0, from the
definition of the Lagrangian problem it holds

(6.2) =z +/ f(Xs(x),ug, ps) ds, vVt e [0,T] and pp-a.e. z € R,

Furthermore, in view of Proposition [A.3 we have that X € ACP([0,T); L}, (R4 R?)) and from
23) we get Wp(pe, ps) < || X — XSHLﬁO(Rd;Rd) for any ¢,s € [0,7]. This readily implies that

p € ACP([0,T); 2,(RY)). If we define vi(z) := f(z,uq, ), it remains to show that p is a
distributional solution of (G.I). This is a standard argument, in view of the fact that (6.2)
represents the system of characteristics of (6.1)) (see e.g. |3, Lemma 8.1.6]). O

Remark 6.4. Given pg € L@p(}Rd), general results granting the existence of solutions to the
Cauchy problem (G.1)) are provided for instance in [45, Theorem A.2] when u € B(]0, 7] x R%; U)
is also a Carathéodory function.

Definition 6.5. Let U be a subset of a separable Banach space V, and denote with V'’ the dual
of V. Let (u™,u™), (1,u) € C([0,T]; Z,(R%)) x B([0, T] x R%U). We say that (4™, u™) converges
o (p,u) if

e u" converges to p in C([0,T]; Z,(R%)),

e for any ¢ € C.([0,T] x R% V') we have

(6.3) ngrfoo/ /Rd S(t,2), u™ (4, 7)) dplt () dt = //Rd 6(t,2), ult, 2)) dpsy () d.

Proposition 6.6 (Compactness). Let S = (U, f,C,Cr) satisfy the Convezity Assumption [3.4)
Let pig, 1y € Z,(RY) such that Wy (ufl, o) — 0, as n — +oo. If (u",u") € Ag(ul), n € N, then
there ezist (u,u) € Ag(po) and a subsequence (™, u™) such that (u™,u™) converges to (u,u),
as k — +00, according to Definition [6.1.

Proof. Let (™, u"™) € Ag(pg). Since Wy(ug, o) — 0, by Proposition 2411t holds that
(6.4) Sup/ |z[Pdpg (z) < +o0
neN JRd

and there exists an admissible 9 : [0, +00) — [0, 400), in the sense of Definition 23] such that
(6.5) sup [ (|z|")dug(z) < +oo.

neN JRd
In order to apply Ascoli-Arzela Theorem to the sequence {u"},cn, we show that
(6.6) sup sup [ (|zP)dpi () < +o0

neNte[0,T] /R

and there exists a constant C' such that
(6.7 WHl ) < Clt— sl Vst e[0.7)

We start by estimating [pq |z[Pdpuf(z). We formally use the map = +— |z|P as a test func-
tion for the weak formulation of the continuity equation (a rigorous approach would require an
approximation of this map through cut-off functions, see [34, Section 5]). Defining v"(t,x) :=
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f(z,u™(t,x), uy), using the growth condition on f given in ([B.3]) and Young inequality we obtain

that
/|:c|pdut<> /|517|de0 +p// (s, )2l Ayt () ds

< / 2P dyl(z) + Cp / / (1 + [z] + my(u)) [P~ dpa? () ds
R4 0 R4

_ t
< [ elansa + 0[] lapduds
R4 0 JR4

for some C' > 0 independent of n and ¢ € [0, T]. By Gronwall’s inequality and (6.4) we get that
(6.8) sup sup |z[Pdug (z) < +oo.
neNte[0,T] JRE

Formally using the map x +— ¢ (|x|P) as a test function for the weak formulation of the continuity
equation by the growth condition on f in ([B:3) and the bound (G.8]), we have

/wrw\p @) < [ 0eP) e // 0" (s, 2)| [V (@ (Jel"))] dp (2) ds

/ (|alP) A (z) + pC / / (1+ [a] + mp(u))) ¢ (2P [P~ dpa? () s
p Mz 2P~ + |z|P) ' (|z|P "(z)ds
< [ ol i >+cl/0 [ el 1) o (a) (o)

for some C7 > 0 independent of n and ¢ € [0,T]. Notice that by the monotonicity of ¢, denoting
by Bj the unitary ball of R?, we have

x[P~ 1 (|z|P "z [P~ (|z|P "(x z|Py (|x|P "z
e @) < [ et e iz + [l o) di )

By
D,/ p n
+ [ laPv () duta).

By the previous inequality and (2.8)), from (6.9) we get

/wmw iz /wmp dpil(z +02// (1+ 9(jo]?)) dul(z) ds

for some Cy > 0 independent of n and ¢ € [0,T]. By Gronwall’s inequality and (6.5]) we obtain

©0).

Using Benamou-Brenier formula (2.7), the growth condition on f in [B3), for s,t € [0,7],

s < t, it holds
t
Wpt) < [ )l e

t
<c / / (14 o] + my ()P du?()dr,
s JR4

for some C > 0 independent of n, s and ¢. Using the bound (6.8 we obtain (6.7).

By Ascoli-Arzela theorem in #,(R%) there exists u € C([0, T]; Z,(R%)) and a subsequence "
(not relabeled) such that ™ — p in C([0,T]; 2,(R%)).

For what concerns the weak compactness of 4™ (in the sense of convergence (6.3))), we denote
by i = up@Lr € 2([0, T]xR?) and ji = ,ut®£T € 2([0,T)xR%). From the convergence of ;"
to p it follows that ﬂ — fi weakly. Defining 7" := (i, T}XRd u™)yia™ € 2(([0,T] x RY) x U), we
observe that 7rﬁlv" =" € 2([0,T] xR?) and 71'27" =uyp" € Z(U), where 7l [0, T]xRIXU —
[0,T] x R? is the prOJectlon on [0,7] x R% and 72 : [0, T] x R x U — U is the projection on U.
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Since ﬂé’y” weakly converges and U is compact, the families {Wé’y”}neN and {ﬂ?’y"}neN are
tight. Thanks to [3, Lemma 5.2.2] it follows that {7"},en is tight and, by Prokhorov’s Theorem,
there exists v € Z([0,T] x R% x U) and a subsequence 7" (not relabeled) such that, 4" — ~
weakly, as n — 4o00.

Let ¢ € C.([0,T] x R%; V"). Recalling that U is compact, using the continuous and bounded test
function (¢, z,u) — (¢(t,x),u), by the weak convergence of v to v we have

/OT /RJW’ x),u"(t,2)) di"(t, ) =

= [ [ et [ [ w0000

as n — 4o00. Using Theorem (specifically Remark 2.7) and observing that Wé’y = [I, we
disintegrate v with respect to 7! to get

/OT /Rd/UW(t,x),w dy(t,z,u) = /OT/Rd/U(¢(t,a;),u> Ao (u) dji(t, ).

We define now u : [0,T] x R — U by

(6.10)

(6.11) ult, z) = /U wdvya(u),  ¥(ta) € [0,T] x RY,

where the integral in (G.IT)) is a Bochner integral. Since the map (t,z) € [0,T] x R? — 7, €
2(U) is a Borel map, then u € B([0, T] x R%; U). We call the map u the barycentric projection of

with respect to miv. Since the Bochner integral commutes with continuous linear functionals,
v el g
it holds

/OT /Rd/U@(t,x),w dve e (u) di(t, z) = /OT /Rd<¢(t,x),g(t,g;)>d/](tjx).

Using (6.10) we obtain the convergence of u™ — w in the sense of (6.3)).

In order to prove that (u,u) € Ag(uo) we show that (G.1)) is satisfied. Let ¢ € C1([0,T] x R%).
Since (u",u") € Ag(pg), for every t € [0,T7] it holds
(6.12)

/Rd o(t,z)dpy' (z) — /Rd ©(0,7) dug (z) = /0 /Rd (Os(s,z) +v"(s,x) - Vo(s,x)) dul(x)ds.

By the convergence p" — p in C([0, T]; 2,(R?)) we immediately pass to the limit, as n — +oo,

in the left hand side of equation (6.12]) as well as on the term fg Jga Osp(s, ) dul(x) ds. Finally,
let us rewrite

t

| [ s Vels. o) (@) ds

0 R
t

= [ [ . Vets.) @) as

- / £y, 1) - Vip(s, ) dy™ (s, 2, u)
[0,t] xRIxU

- / (s 1) — (@, 1)) - Vip(s,2) dy™ (5, 2, )
[0,t]xRIxU

+ / F (@, 1) - Vipls, ) dy™(s, ).
[0,t]xRIxU
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By (B1), the first term on the right hand side can be estimated by

/ s 1) — £ 10), Vipls, 7)) dy™ (s, 2, )
[0,t]xRExU

<L sup Wo(ul', ) / Vepls, 2)| dy™ (s, 2, w)
rel0,T) [0,t]xRIxU

L sup Wylto) [ |Vip(s,a)| (o) ds,
€[0T [0,] xRd

which goes to zero as n — +o0 by the convergence u" — u in C([0,T]; 2,(R%)). Hence

lim /t /Rd v"(s,z) - V(s,z)dus (z)ds

n——+o0o 0

= lim [ u, ps) - Vo(t, ) dy" (s, z,u)
=100 Jig t]xRix U

- / F (@, 1) - Viplt, ) doy (s, 2, 1),
[0,t]xRexU

by the weak convergence of 4™ to +. Recall that, by the Convexity Assumption B4l for any
(z,5) € R? x [0,T] the map u ~ f(z,u,pus) is affine. Thus, using that s, is a probability
measure, we have

[ s dreat) = 1 <a: / udfys,xm),us), for fi-acc. (5,2) € [0,T] x R.
U U

Hence we get

/ / £ (@2, 1) - Vip(5, ) drys (1) dfi(s, 7)
0,t]xRd JU

_ /{QW / (:n / udvs,xw),us) V(s,2) dji(s, 2)
-/ t [ 1l ) ) Vi, ) ) ds.

Defining v(t,x) := f(x,u(t, ), p¢), we have proved that

ngrfm/ /R (5,2) - Vo(s, ) du(z) ds

— /0 /]Rd v(s,x) - Vo(s, ) dus(x) ds

and this concludes the proof. O

Proposition 6.7 (Lower semicontinuity for convex Jg). Let S = (U, f,C,Cr) satisfy the Con-
vexity Assumption[34) If (1™, u™) converges to (p,u) according to Definition 60, then

(6.13) liminf Jg(p", u") > Jg(u, w).

n—+oo
Proof. Denoting by ji" = uf @ L € 2([0,T] x RY) and ji = u; @ L € 2([0,T] x RY), we define
" = (i, xra, w" )" € P(([0,T] x R?) x U). Reasoning as in the proof of Proposition [6.6, we
obtain that there exists v € 22(([0,T] x R?) x U) such that 71'&7 = fi and, up to subsequences,

v — ~ weakly as n — +oo. Moreover, defining w, by (611)), up to subsequences, (u",u™)
converges to (i, ;) according to Definition Then,

T T
/ / (6(t 2), u(t, ) dit, z) = / / (6(t,2),wy (1, 2)) dji(t,2), Vo € Cu((0,T] x RE V),
0 R4 0 R4



LAGRANGIAN, EULERIAN AND KANTOROVICH CONTROL PROBLEMS 37

which implies that wu,(t,z) = u(t,z) for fi-a.e. (t,x) € [0,7] x R%

Let X € 2,(R?) be a compact set containing uf, y; for any n € N and ¢ € [0,7]. Then,
for any compact K C R?, thanks to the continuity of €, there exists a modulus of continuity
a:[0,+00) — [0, +00) for the restriction of € to the compact set K x U x X so that

sup 1C(z, u, pi') — Clz,u, )| < a< sup Wp(u?,ut)) — 0 asn— +oo.
(t,z,u)€[0,T1x K xU t€[0,T)]

Then, taking into account that € > 0, we get

n—-4o0o

T
imint [ [ e(o.u (e, ) o)
0 R4

> liminf/ Clx, u, py’) dy" (t, x, u)
[0,T)x KxU

n——+o0o

> / 6($,U,Mt> d’}/(t,ﬂj‘,U)
[0,T)x K xU

Since K is arbitrary we obtain
T
(6.14) lim inf/ / Clx, u"(t,x), uy) dpg' (z) dt > / Clx, u, pe) dy(t, x,u).
n—+oo Jo  JRrd [0,T)xRIxU

Denoting 7, the disintegration of v with respect to 7! (as in the proof of Proposition [6.6), the
convexity of the map u — C(x,u, y;) for any (¢,z) € [0,T] x R? and Jensen’s inequality yield

T
/ e )yt = [ [ [ el ) dvna ) dun(a)
[0,T|xRexU 0 JRIJU

> /OT/RdC (x,/UUd’Yt,x(U)aﬂt> dpe(z) dt

_ /0 ! /R €yt ), ) dpg() i

T
_ / € (w, u(t, o), ) dpu(x) dt.
0 R4

By the continuity of Cr, using the same argument of the proof of (6.I4]), we obtain

liminf [ Cp(z,py)dpp(z) > /Rd Cr(z, pr) dur(z).

n—-+4oo Rd

0

Propositions and give immediately the existence of optimizers for our optimal control
problem in Eulerian formulation.

Theorem 6.8 (Existence of minimizers for convex E). Let S = (U, f, C, Cr) satisfy the Convezity
Assumption [34) If po € P,(RY), then there exists (u,u) € Ag(po) such that

Jr (1, uw) = V(o)

As a consequence, we derive the lower semicontinuity of the value function for the Eulerian
problem.

Proposition 6.9 (Lower semicontinuity of Vg). Let S = (U, f,C,Cr) satisfy the Convexity
Assumption[3F] and g € Pp(RY). If {ul}nen C Pp(RY) is a sequence such that W,(ud, o) — 0
as n — +oo, then

liminf Vg (ui) > Ve(1o)-

n——+o0o
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Proof. From Theorem there exists a sequence (u",u") € Ag(pg) such that Vg(ui) =
Je(p™,u™). By Proposition there exists (u,u) € Ag(po) such that, up to subsequences,
(u™, u™) converges to (u,u) according to Definition Then, using Proposition [6.7] we have

. e oy -
lim inf Vg (1g) = lim inf Jg (1", u") 2 Jp(u, w) 2 Ve(uo).

0

7. KANTOROVICH OPTIMAL CONTROL PROBLEM AND EQUIVALENCE WITH THE EULERIAN

In this section, we provide a further formulation of optimal control problems which we call
Kantorovich formulation in analogy with the terminology used in optimal transport theory.
This formulation acts as a bridge between the Lagrangian and the Eulerian formulations and it
is based on the representation of solutions of the continuity equation by superposition of continu-
ous curves in I'r = C([0,T];R?) (see Theorem 2.5)). This formulation turns out to be equivalent
to the Eulerian one and it will be useful in Section [§ to prove the equivalence between the Euler-
ian and the Lagrangian problems.

We recall that, for any ¢ € [0,T7], e; : Tr — R denotes the evaluation map e;(7) := ().

Definition 7.1 (Kantorovich optimal control problem (K)). Let S = (U, f,C, Cp) satisfy As-
sumption 31l Given ug € Z,(RY), we say that (n,u) € Ax(uo) if

(i) we B([0,T) x T'p; U);
(ii) n € Z(Tr), (e0)yn = po and, defining p; := (e;)ym for all t € [0, 77,

T
(7.1) / / (P dpug() dt < +o0.
0 R4
1 is concentrated on the set of absolutely continuous solutions of the differential equation

$(0) = Fo(t),ult, ) ), for Lr-ac. t € [0,T]
We define the cost functional Jx : Z(T'r) x B([0,T] x I'r; U) — [0, 4+00] by

T
Ji(n,u) = /O [ e(a(t),u(t. ) ) d(a) dt + /R o pr) dyar (),

and the value function Vi : Z,(R?) — [0, +00) by
Vi (o) := inf{Jx (n,u) : (n,u) € Ax(po)}-

Remark 7.2. We observe that, by the growth condition of f in (B3] and condition (1), n is
actually concentrated on ACP([0,T]; R?), indeed

T T
/O/FT\’Y(t)\pdn('v)dtS/o /FT!f('v(t)yU(t,v),ut)\pdn('v)dt

T
<c /0 /F 1 0] ) an(y)a

gé(1+/0T/Rd ]a:\pd,ut(a:)dt).

Hence, by Fubini theorem, for n-a.e. v € 'z, 4 € LP([0, T]; RY).

Moreover, thanks to (Z.I]) and the growth condition ([B.2)), Jk(n,u) < +oo for every (n,u) €
Ak (po) (the proof of [pq |#|P dur(x) < 400 follows by items (i) and (ii) and the same argument
used to show ([6.8]) in Proposition [6.0]).

Finally, the value function Vi is well defined since Ak is non empty (see Propostion [7.4]).
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The aim of this section is to prove the existence of minimizers for the Kantorovich optimal
control problem under the Convexity Assumptions B.4] and to show the equivalence with the
Eulerian formulation of the problem described in Section [6l In particular, we get the equality of
the corresponding value functions. This is the content of the following theorem.

Theorem 7.3. Let S = (U, f,C,Cr) satisfy the Convexity Assumption [37. If po € P,(RY),
then there exist (n,u) € Ak (uo) and (p,u) € Ag(uo) such that

Jx(n,u) = Je(p, u) = Vi (po) = Ve(ko)-

The proof of Theorem [7.3] follows by the combination of Theorem and Propositions [7.4]
below.

Proposition 7.4. Let S := (U, f, €, Cr) satisfy Assumption[31. Let po € Pp(RY). If (p,u) €
Ag(uo), then there exists (n,u) € Ak (uo) such that Jx(n,uw) = Jg(u,w). In particular Ak (po) #
0 and Vi (10) < Ve(ko)-

Proof. Let (u,u) € Ag(po). Applying Theorem to p and v(z) = f(x,ult,z), ur) we get
n € Z(I'r) such that (e;)yn = p for every ¢t € [0,T] and 7 is concentrated on the absolutely
continuous solutions of §(t) = v((¢)). Condition (TI]) is automatically satisfied in view of the
fact that (u,u) € Ag(uo). Then, for every (t,7) € [0,T] x I'r we define u(t,7) = u(t,v(t)) so
that u is Borel measurable and we have (n,u) € Ak (p0). Finally, from the evaluation (e¢)sn =
it holds that Jx(n,u) = Je(u,w). O

Under the Convexity Assumption B.4]it also holds that Vi (1) > Vi (1o)-

Proposition 7.5. Let S = (U, f, C, C7) satisfy the Convezity Assumption[37 Let ug € Z,(RY).
If (m,u) € Ak (uo), then there exists (1, w) € Ag(uo) such that Jg(pu,u) < Jx(n,w). In particular

Vi (10) > Ve(p0)-

Proof. Let (n,u) € Ak (o). We firstly define i := (e¢)ym, for every t € [0,T]. We introduce the
continuous evaluation map e : [0,7] x T'r — [0, T] x R? by setting

e(t,y) = (£,7(t)) = (io11(1), e (7))

and we denote by (t,x) ~— 7, , the Borel map obtained from the disintegration of L7 ® n with
respect to e, see Theorem Then we define the function u : [0,7] x R* — U by

Q(t l‘) = / ’LL(t, 7) d'f)t,x(ly)
[0, 7T

Notice that u is Borel measurable thanks to the Borel measurability of (¢,2) — 7, ,. The measure
7, is concentrated on {t} x {7y : v(t) = x}, so that 1, , = & ® n,,, where for any ¢ € [0,T],
the function = +— n,, is the Borel map given by the disintegration of n with respect to the
continuous map e;. Hence we have also that

(7.2) u(t, z) = /F u(t, 1) dny o (7).

Defining the set A := {(¢,v) € [0,T] x Iy : F4(¢

) and 4 (
of Definition [[.I] we have that L7 @n(([0,T] x ')\ A) =

) = f(y(t), u(t,y), ue)}, by item (i)
. Then, for Lp-a.e. t € [0,T] we have

V() = f(y(&),ult,y), ), for p-ae. y €'y
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Let p € CHR%R). For any s,t € [0,T], s < t, we have

L@ an - [ e@ane = [ @00) - et ann)

/FT [ et drdn()
— / Vet () -4 () dr dn(y)

- / [ Vela) - £, ur 7). 20 dn(e)

Using the growth condition of f in ([B3]) we have

[ e@ant) - [ ewaun)| < civake [ [ 0 e mpn) dne)ar

By (1)) the map r — fFT(l + |y(r)| + mp () dn(7y) belongs to L1(0,T) and then the map
t = [pa @(x) dpe(z) is absolutely continuous.
Thanks to (73], for Lr-a.e. t € [0,T] we have

% /R p(a)du(z) = [ Ve(y(t) - FO(E),ult, ), o) dn(y).

Cp

Using the affinity of f, the disintegration of n with respect to e, recalling that 7, , is concentrated
on {7 :~(t) =z}, and by (Z2)) we obtain

[ Vela(0) - 160, u(t.). ) dn(2)
/ / VQO ( )7u(t77)7ﬂt) dnt,x(’}/) dﬂt(l’)
Rd JTp

— [, Vet flaeutt. .m0 dny (o) dusta)
Re JTp

= [ vet@ s (o [ uten)dma).m ) donto

- /R ool - flarult, ), ) ).

Then p satisfies the continuity equation Opus + div(vgpy) = 0 for the vector field v (z) =
f(z,u(t,z), ) in the sense of distributions (see e.g. [3| equation 8.1.4]). Since |vy(z)[P
C(1+ |z|P + mb(ut)), from () it follows that ¢ — [0l 2z, (ra;ray belongs to LP(0,T) and then
p € ACP([0, T]; 2, (R?)). Hence, (1, u) € Ag(uo)-

Finally, by the convexity of € with respect to w and Jensen’s inequality we obtain

/ /rT ul(t,y), ) dn(y) dt

:/ /Rd /FT Clw, u(t,y), ) dmy . ()dpu () dt
/ /Rd < /FT u(t, ) dng (7). 1 > dp () dt
/ / (@, u(t, @), pe) dpe()dt.

>

JE (1, w). O

IN

Hence we obtain Jk(n,u)
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8. EQUIVALENCE OF EULERIAN AND LAGRANGIAN PROBLEMS

In this Section we study the equivalence between the Eulerian and Lagrangian formulations
of the optimal control problem. We anticipate here the main results of this section.

Theorem 8.1. Let S = (U, f,C,Cr) satisfy the Convexity Assumption and (2,B,P) be a
standard Borel space such that P is without atoms. If Xo € LP(Q;R?), then

VL(Xo) = Ve((X0)4P).
In particular, given Xo, X} € LP(4;RY) s.t. (Xo)yP = (X{)4P, then
VL(Xo) = VL(Xg).

The proof of Theorem BT follows immediately by Proposition B3] Theorem and Theorem
7.3l

We stress again that the Convexity Assumption B4 is sufficient to prove the existence of a
minimizer for the Eulerian and Kantorovich optimal control problems (see Theorems and
[73). However in general, even assuming the Convexity Assumption [34] the Lagrangian optimal
control problem could not have minimizers as we show in Section

If we remove the Convexity Assumption B.4] we can still give the following equivalence result.

Theorem 8.2. Let S = (U, f,C,Cr) satisfy Assumption [31 and S' = (% ,.F,%€,6r) as in
Definition[33. Let (Q,B,P) be a standard Borel space such that P is without atoms. Let L, RL
be the Lagrangian and Relazed Lagrangian problems associated to'S. Let also L', E’ the Lagrangian
and Eulerian problems associated to S'. If Xo € LP(Q;R?), then

VL(Xo) = VRL(Xo0) = Vi (Xo) = Vi (X0)sP) = Vi ((Xo0)4P).
The proof of Theorem is postponed at the end of Section Bl

8.1. Comparison between L, E and K. We start by comparing the Eulerian and Lagrangian
problems under the Convexity Assumption B4l Assuming P without atoms, we further exhibit
the equivalence between the associated value functions exploiting the Kantorovich formulation
introduced in Section [7

The following is a first comparison between the Eulerian and Lagrangian problems.

Proposition 8.3. Let S = (U, f, C, Cr) satisfy the Convezity Assumption[3.7] and (2,B,P) be a
probability space. If Xo € LP(Q;R?) and (X,u) € AL(Xo), then there exists (u,u) € Ag((Xo):P)
such that Jy,(X,u) > Jg(p,w). In particular, Vi,(Xo) > Ve((Xo)4P).

Proof. Let (X,u) € Ar(Xo). We firstly define p; := (X;)4P, for every t € [0,7]. Thanks to
Proposition [A.3 in Appendix [l X € ACP([0, T]; LP(€;R?)) so that u € ACP(]0,T]; Z,(R%)).

We define o0 € Z([0,T] x Q x U) by 0 = 6y.) @ P®@ Ly and § € 2([0,T] x RY x U)
by 0 := (ij7), Xt iv)go. Let 782 : [0,T] x R x U — [0,7] x R? be the projection map
(t,z,u) — (t,x), observe that 7Tﬁl’29 = puy ® Lp. If we denote 0, , the disintegration of 6 with
respect to 712, then we have 6 = Orz @ py ® L. We define now w : [0, 7] x R? — U by

(8.1) u(t, ) ::/UudHt,x(u).

Thanks to Theorem 2.6} the map (¢,z) + 6, is Borel measurable, so that u € B([0,T] x R%; U).

The rest of the proof follows the same line of the proof of Proposition We write the details
for the reader’s convenience.

Defining the set A := {(t,w) € [0,T] x Q : IX(w) and X;(w) = F(X¢(w),u(t,w), us)}, by
item (ii) of Definition L], we have that L7 @ P(([0,T] x 2\ A) = 0. Then, for Lp-a.c. t € [0,T]
it holds

Xi(w) = F( Xy (W), u(t,w), ), for P-a.e. w € Q.
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Let p € CHR%R). For any s,t € [0,T], s < t, we have

o)) = [ @) = [ (6i(w) ~ o(X @) dPle)

// T — (X, (w)) dr dP(w)
// V(X X, (w) dr dP(w)

- / /Q V(X (@) - F(Xr (@), ur, @), i) dP(w) .

Using the growth condition of f in (8.3]) we have

[ o) dimt@) = [ ole)dsta)

Thanks to (&3) in Proposition {9, it follows that the map r — [,(1 4 | X, (w)| + my(p,)) dP(w)
belongs to L'(0,T) so that the map ¢ — [ ¢(z) du(z) is absolutely continuous. Then, from
([B2) it holds that

< O V¢l / /Q (1+ X0 ()] + mp () dP(w) dr

%/ x) dp(z / Vo(Xi(w)) - f(Xe(w)), u(t,w), p) dP(w),  for Lp-a.e.t € [0,T].

For Lr-a.e. t € [0,T], we denote now oy € W(Q x U) and 6; € 2 (R x U) the disintegrations
of o and 6 with respect to the projection maps 7§ : [0, 7] x QxU — [0,T], 7k, : [0, T]x R4 x U —
[0, T, respectively. It can be shown that 0; = (X, iy )30 = Oz ® pu, for LT a.e. t €[0,7T].

Using the affinity of f, and the definition of u in ([81]) we obtain

/Q Vo (Xy(w)) - F(Xu(w)), u(t,w), ) dP(w)

_ Vo(Xi(w)) - f(Xe(w),u, py) dog(w, u)
QxU

:/ Vo(x) - f(z,u, p) d0(z,u)
RaxU

:/ Vgo(:n)-/ f (@, u, pe) A0y o (u) dpe ()
R4 U

=/, Vo(z) - f <x,/[]Ud6t,x(u)7Nt> dpe ()

- /R Vool - flarulty ), ) ).

Then p satisfies the continuity equation Oyuy + div(vep) = 0 for the vector field v (x) =
f(z,u(t,z), ue) in the sense of distributions (see e.g. [3| equation (8.1.4)]). Since [v(z)[P <
C(1 + |zP + mb(w)), from (&) it follows that ¢ — [vell z (rajray belongs to LP(0,T') and

1€ ACP([0,T]; Z,(R%)). Hence, (1) € Ag(uo)-



LAGRANGIAN, EULERIAN AND KANTOROVICH CONTROL PROBLEMS 43

Finally, by the convexity of € with respect to u and Jensen’s inequality we obtain

/T/ C(Xi(w), ue(w), ) dP(w) dt

w), u, piy) doy(w, u) dt
><U

C(x, u, py) dby(z,u) dt

X
Q\Q

Clx,u, py) bz (w) dpee () dt

d

d ( /udem) >d,ut(:1:)dt

z,u(t, ), pe) dpe(x) dt.

This readily implies that Jy, (X, u) > Je(p,u). O

v

Il
\hhh\
\J%\J%\%\J@\J

In the next Lemma, we are given an admissible pair (7, u) for the Kantorovich problem.
Considering the evaluation map Z;(y) = 7(t), we associate to (n,u) the pair (Z,u) which is
admissible for the Lagrangian problem with parametrization space (I'r, Br,,n) and with the
same cost as (n,u).

Lemma 8.4. Let S = (U, f,C,Crp) satisfy Assumption [31. Denote with Z(t,7) := ei(y), for
every t € [0,T] and v € T'r. If py € Z(RY), (n,u) € Ax(uo) and we denote with L, =
L(I'r,Br;,m), then (Z,u) € Ay, (eo). Moreover,

L, (Z,u) = Jx(n, u).

Proof. Let (n,u) € Ak(po) and denote by Ly, = L(I'r, Br,.,n7). Denoting with Z : [0,T] x 'y —
R? the map defined by Z(t,7) := y(t) = ei(y), let us show that (Z,u) € Ay, (eg). Since
Z(0,7)ym = po € Pp(R?) then ey = Z(0,-) € Ly(I'r). By item (i) in Definition [7.1] we have
u € B([0,T] x I'7;U). Thanks to (ZI) it readily follows that Z € Ly (I'p; LP(0,T;R%)) and
from Remark we actually have that Z € Ly (I'p; ACP([0, T]; R?)). Moreover, from item (ii)
of Definition [(1], for n-a.e. v € I'p, we have

Z(t,y) = f(Z(t,7),u(t,”), Z(t,-)ym) for Lr-a.et € [0,T).
Hence (Z,u) € Ay, (eo) and, by definition of Z, Jy, (Z,u) = Jk(n,u).
O

When the parametrization space (£2,B,P) is fixed a priori, an interesting first comparison
between the Kantorovich and Lagrangian problems is given below.

Theorem 8.5. Let S = (U, f, C, Cr) satisfy Assumption[3 1] with U convex compact subset of a
separable Banach space V. Let (Q,8,P) be a standard Borel space such that P is without atoms.
If o € Zy(RY) and (n,u) € Ak (po), then for every Xo € LP(Q;RY) with (Xo)sP = po there
exits a sequence (X", u™) € Ar(Xo) such that

(8.3) nEI—Poo JL(X™ u") = Jk(n,u).
Moreover, for every py € Zp(R?) and every Xo € LP(;RY) with (Xo)3P = po it holds
(8.4) Vi (o) > ViL(Xo)-

Proof. Step 1. Let (n,u) € Ax(po). We denote by Ly, := L(I'r, Br,.,n). Defining Z(t,v) :=
v(t) = et(7), by Lemma 84 it holds that (Z,u) € Ar, (eo) and

(8.5) JL, (Z,u) = Jx(n, u).
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Thanks to the continuity of the evaluation map e : I'r — R, we apply Proposition 22 for the
problem L, in the Polish space (I'r, Br;,n). Then there exists a sequence (Z™,4™) € Ag, (eo)
such that Z™ : [0,T] x Tt — R% and @™ : [0,T] x I'r — U are continuous and

(8.6) lim Jg, (Z7",4™) = Ju,(Z,u).

m—+0o0
Step 2. Let (2,8,P) be a standard Borel space such that P is without atoms and 7 be a
Polish topology on § such that B = B(q ;). Denote with L = L({Q, B(q ), P) the Lagrangian
problem for the system S. Let Xy € LP(Q; R?) with (Xo)sP = po. Given Z € C([0,T] x I'p;RY)
and u € C([0,T] x I'r; U) such that (Z,u) € Ag, (eo), let us prove that there exists a sequence
(X™ a") € AL(Xp) such that

(8.7) lim Jp(X",@") = Ji, (Z, ).

n—-4o0o

We define the sets
oI:= {(z,7) ERIx T : 2 =~(0) =eo(7)};
e Ip:={yelr : 7(0) =eo(y) =0},
and the continuous maps
er: I = R x Ty, r(z,7) := (x,7 — z), where v — z is the curve ¢t — ~(t) — z. Notice
that r admits a left inverse r—' : R x I'y — I, r~*(z,70) = (2,70 + «), that obviously
satisfies 7! o 7 = ig;
e s:OxRIxTy— QxT, s(w,z,7%) = (w, 2,7 + z). Observe that s = (ig,r ).
Let us consider the couplings
p = (’iQ,X())ﬁ]PJ S @(Q X Rd), n:i= (607iFT)ﬁ77 S ,@(f), N = Tﬁf] S @(Rd X Fo).
Notice that ng = ﬂéﬁ = 7111177 = L.

We define a measure & € Z(QxR?xT'y) satisfying 7'(';’26' = pand 7Tﬁ2’36' = 7. Since P is without
atoms and 7Tﬁ1 p = P then also p € 2(Q x R?) is without atoms. Applying Lemma 20 with
T=QxR% S =Ty, \=pand v =5, there exists a sequence of Borel maps w, : Q x R¢ — T
such that
(8.8) Gn = (iqxrd, Wn)4p RN G, asmn — +oo.

Define w, : @ x R? — T'r by wy(w,r) := W,(w,r) + = and note that s(w,z,w,(w,z)) =
(w, z,wy(w,x)). Thanks to the continuity of s, then s is weakly continuous. From Remark 2.9]
by the composition rule (2.1)) and (88]), we have that

(8.9) Op = S40n = (lgxrd, Wn)sp TN 535 =16 € P(AxRIxTr), asn— +oo.
From (2.1)), a direct computation shows
1,2~
ﬂ-ﬁ g = p,
N = Tﬁ_lf] = (r_l o 71'2’3)ﬁ o= (r_l om®3o s_l)ﬁ o= 7Tﬁ2’35'.

We define 0™ := 7'('?5'” € Z(I'r). Observing that 77?5 =, by (89) we have ™ — n weakly
in Z(I'r). Notice also that (eg)yn™ = (eg 0wy, o (in, Xo))sP = (Xo)sP = po and (eg)yn = po. For
every n € N, denote by Ly» := L(I'r, Br,,,n") the Lagrangian problem for the system S. Since
ep, @ are continuous, we can apply Proposition .21l in the probability space (I'r, Br,.,n), with
n",n € Z(I'r) and initial datum eg. Thus if (2", u) € Ag, . (eo), we have that

(8.10) lim Jy, (2" a)=Ji,(Z,0).

n——+0oo
Finally, for any n € N, we define the pair (X", 4") by
X":[0,T] x Q — RY, X" (t,w) = Z"(t, wp(w, Xo(w)));
" [0, T xQ—=U,  a"(t,w) :=u(t, wy(w, Xo(w))).
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Observe that X™(0,w) = Z™(0,w, (w, Xo(w))) = eo(wn(w, Xo(w))) = Xo(w). Moreover, thanks
to the composition rule ([2I]) we have 7T§’5'n = (wp)4p so that

(X7 = (27" 0wy 0 (i, Xo))iP = (Z]")ym".
By construction we have (X™, ") € Ap(Xo) and it is immediate to verify that
JL(X"0") = Jy, . (2", 10).
Then, by (8I0) we obtain (87).

Step 3. We apply Step 2 to the sequence (Z™,4™) constructed in Step 1. Fix m € N, then
there exists a sequence (X™", 4™"),en such that (X", a™") € Ar(Xo) for every n € N and

lm Jp(X™",@™") = Jy,, (Z™,a™),  VmeN.

n—-4o0o

Thanks to (86, by a simple diagonal argument we can select a (not relabelled) sequence
(X™u") € AL(Xp) satisfying

lim Jp (X", u") = Ji,(Z,u),

n——+0o0o
where (Z,u) are defined in Step 1. From (8.3]) we finally get (83)).
Step 4. By (83) and the definition of Vi, for any € > 0 there exists n. > 0 such that for
n > ng

VL(Xo) < JL(X™,u") < Jk(n,u) +¢.

From the arbitrariness of € > 0 we have

VL(XO) < JK("%U), V(n,u) € AK(MO))
hence the required inequality. O

Remark 8.6. Under the Convexity Assumption B4} if (n,u) € Ak (1) is an optimal pair, then
(Z,u) given by Lemma is optimal for the Lagrangian problem L,,. This is a consequence of
Theorem [.3], Proposition B3] and of (8.4) in Theorem

We conclude the section with the proof of Theorem

Proof of Theorem [8.2. Thanks to Proposition and Remark the relaxed Lagrangian prob-
lem RL in S coincides with L/ in §'. Precisely, for every Xy € LP(Q;R?) it holds Ary(Xo) =
Ap/(Xo). Moreover, Jry(X,0) = Jp/(X,0) for every (X,0) € Arp(Xo) = Ay (Xo). Hence,
VRL(Xo) = Vi/(Xo). The equality Vi (Xo) = VrL(Xo) follows from Theorem [5.3l Finally,
Theorem Bl yields Vi (Xo) = Vi ((Xo)sP) = Vi ((Xo0)4P). O

8.2. Continuity of Vg, Vk and V3,. Here, we prove continuity results for the value functions
of the various proposed formulations.

Theorem 8.7 (Continuity of Vg and Vik). LetS = (U, f, C, Cr) satisfy the Convexity Assumption
32 If po € Zp(RY) and {ultnen C Pp(RY) is a sequence such that Wy(ud, o) — 0 as
n — +oo, then

lim Vi(ug) =Ve(uo),  lim Vic(ug) = Vic(po)-

n—-4o0o

Proof. Let uf converge to pig in Z2,(R%). By Proposition EXT with .S = R?, there exist X, X €
B([0,1];R?) such that (Xo)sL1 = po, (X3)pL1 = pff and X (w) — Xo(w) for Li-ae. w €
[0,1]. Since u?, po € Zp(RY) we have X, Xo € LP([0,1];R?). Moreover by the convergence
Wy (1145 t0) — 0 and Proposition [2:4] there exists 1 : [0, +00) — [0, +00) admissible (according
to Definition [2Z3]) such that

(8.11) sup | (| Xg (£)[")dLa1(t) =sup [ ([x]") dpug(z) < +o0.
neN J[0,1] neN JRd
Thanks to Vitali theorem we get

HXSL - XOHLP([OJ};Rd) —0 asn— +oo.
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Applying Proposition to the Lagrangian problem in S with (€2, B,P) = ([0, 1], B 1), £1) we
get limsup,,_, o VL.(X{) < Vi(Xo). Theorem Bl yields

limsup Vi (ug) = limsup VL(Xq) < VL(Xo) = VE(ko)-

n——+0oo n——+00
By Proposition we get limy, 4o VE(11§) = VE(1t0). Finally, the continuity of Vi follows by
Theorem [T.3] and the continuity of V. O

Theorem 8.8 (Continuity of V3,). Let S = (U, f, C, Cr) satisfy Assumption[3 1] and (Q,B,P) be a
standard Borel space such that P is without atoms. If Xo € LP(S;R?) and {XJ }nen C LP(Q; RY)
is a sequence such that || X§ — Xo|| 1 qure) — 0 as n — +o0, then

Jim Vi (Xg) = Vi (Xo).
Proof. From Theorem we have Vi,(X(§) = Vg ((X§)4P) and Vi,(Xo) = VE/((Xo)sP). The
application of Theorem B1 to E' in §' = (%,%,%,%r) (see Definition [33]) concludes the
proof. O

8.3. A counterexample: Non-existence of minimizers for L. In the previous sections we
have shown that, under the Convexity Assumption B.4] the Eulerian and Kantorovich problems
always admit a minimizer, see Theorems [6.8 [.3l This is not always true in the Lagrangian
setting. Existence of minimizers has been shown in Remark in the very particular case
L = L,,, where 1 is optimal for a Kantorovich problem. In general, for a given parametrization
space (2,8, ), the choice of the initial condition is relevant as highlighted in the following.

Theorem 8.9. Let S = (U, f,C,Cr) satisfy the Convexity Assumption and (Q,B,P) be a
standard Borel space such that P is without atoms. If ug € P,(R%) then there exists Xo €
LP(Q; RY) with (Xo)sP = po and (X, u) € Ar(Xo) such that

(8.12) JL(X, u) = VL(XO) = VE(/L()).

Proof. Let pg € 2,(R?), by Theorem [T3] there exists (n,%) € Ak (uo) such that Ji(n,a) =
Vi (o). Fix 7 a Polish topology on  such that B = B(q ;). Since P is without atoms, thanks
to Proposition [21] there exists a Borel map 1 : Q@ — I'r such that ¢;IP = 7. For every t € [0, 7]
we define X; := e; o ¢ and the Borel map u(t,w) := @(t,1(w)). Using the same techniques
as in the proof of Lemma B4 we deduce that (X,u) € Ayp(Xo) (where Xy := eg o ¢) and
JL(X,u) = Jk(n,u). By Theorems Bl and [7.3] we finally get (812). O

In general, if the initial condition X is assigned a priori, existence of minimizers for the
Lagrangian problem is not guaranteed. We consider the Wasserstein barycenter problem, for
which we study the Eulerian and Lagrangian formulations. In particular, we exhibit an initial
datum Xy whose corresponding Lagrangian problem does not admit minimizers. We stress that
the system under consideration satisfies the Convexity Assumption 3.4]

8.3.1. Wasserstein barycenter problem: FEulerian formulation. We consider the setting S = (U, f, €, Cr)

as follows: let U := Bgr(0) C R%, for some R > 0 sufficiently large, T = 1 and p = 2. We fix

v € P(RY) with compact support. We consider the velocity field f : R x U x P5(R%) — RY,

the cost functions € : R x U x Z5(R%) — [0, +00) and Cp : R? x P5(R?) — [0, +00) defined by
floyup) =u,  Clz,up)=uf’,  Cr(z,n) =Wi(n,v).

In this setting, the cost functional has the form

1
T (1, 1) = /0 /R e, ) ()t + W3, ).

For any pig € &5(R%), the associated value function is given by

8.13 \% = inf Je (W, u),
( ) E(Mo) (1) A (110) E (1, u)

and recall that by Theorem [6.8] the infimum in ([8I3)) is actually a minimum.
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Let us now fix pug € & (Rd) with compact support and characterize the value function and the
corresponding minimizers. By the Benamou-Brenier formula ([2.7)), we have the lower bound

(8.14)

1
inf w(t, z)|*dpe(z)dt + W2 ,1/>> inf W2 (1o, + W2 (u1,v)].
ottt ([ )Pt + WEn) = int L (WR0n) + W)

Using the triangle inequality, it is easy to prove that
1
(815) W22(N07N1)+W22(:u17y) > §W22(,u0,l/), \v/lu’l € ‘922(Rd)7

and, for any constant speed Wasserstein geodesic {Ut}te[o,l} such that og = g and o1 = v, the
measure ji1 = 0y realizes the equality in (8.I5). Since the supports of o and v are compact,
then the support of oy, is compact and, denoting by {Mt}te[o,l} a Wasserstein geodesic joining
o to 019, we also have that a vector field u realizing the equality

1
(8.16) /O /R ut,2) Py ()t = W3 (o, 0172)

is bounded (see e.g. [51] Section 5.4]). Then, using u satisfying (8.I6]) and choosing R sufficiently
large, we obtain the equality in (81I4). The value of the minimum is

1
(817) VE(MO) = W22(/,L0,0'1/2) + W22(01/27V) = §W22(,u0,l/)

Notice that the minimizer (u,u) is not unique a priori. If at least one of the measures v and
Lo is absolutely continuous with respect to £¢, then the geodesic {Ut}te[o,l} is unique and the
map 7+ W2(n,v) is strictly convex. In this case o /2 is the unique minimizer of the functional
n = W3 (po,n) + W3(n,v) and the pair (u,w), with p := o9 for all ¢ € [0,1], is the (unique)
minimizer for the Eulerian problem.

8.3.2. Wasserstein barycenter problem: Lagrangian formulation. Let (2,B,P) be a standard
Borel space such that P € £(Q) is without atoms. The Lagrangian cost functional of the
Wasserstein barycenter problem is given by

1
(8.18) (X, ) = /0 /Q g (@) PPt + W2((X1)E, v).

For any Xy € L%(Q;R?), the corresponding value function is

n(Xp) = inf JL(X, u).
L(Xo) = il ) e

Since (X, u) € Ar(Xo) satisfies, for P-a.e. w € €, the system

{Xt(w) = w(w), for Ly-a.e. t € (0,1)
Xi=o(w) = Xo(w),

we have
2
dP(w)

/ 1 | ut)Papar> [ | f L)

1 2
:/ / Xi(w)dt dIP’(w):/|X1(w)—XO(W)|2d]P’(W)
lJo Q

where we have applied Fubini theorem and Jensen’s inequality. Notice that the inequality in
(BI9) becomes an equality if (X, u) belongs to the restrict admissibility class given by

(8.19)

AL(Xo) == {(X,u) € AL (Xp) : w(w) = a(w), Vt € [0,1], for P-a.e. w € Q}.
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Suppose now that pg := (Xo)4lP has compact support (i.e. Xo bounded), then we can compare
the Lagrangian and Eulerian formulation of the Wasserstein barycenter problem. Indeed, for R
sufficiently large we have

V(Xo) = inf ( [ 13160) — Xolw)Pap(e >+W§<<X1w,v>)

(820) (X, @)eAL(Xo)

1
=N% = i W2(uo, ) + W2(p,v)) = =W2(uo, v).
Bluo) = min(Wa (o, ) + Wa a1, v)) = 5 Wa (o, )

where the first equality follows by the choice (X, @) € Ag(Xy), the second equality is given by
Theorem 81l and the last two equalities are exactly (8.17]).

We now exhibit an example where the infimum for the Lagrangian problem is not a minimum.
Let us consider = [0,1], P = £; and fix the dimension d = 2.
We set v = L2L [0,1)%, Xo : [0,1] — R? defined by Xo(w) = (1/2,w). We observe that
= (Xo)4P = 'L ({1/2} x [0,1]). We also notice that X' : R? — [0, 1], defined pp-a.e. has
the form X;*(1/2,w) = w.
Since
2
1) = Yo ape) = [ X006 @) ol o).
0,1
and defining
(8.21) By = {X10X5": X1 = Xo+u and (X,a) € AL(Xo)}
. = {Y € L*((R%, uo); R?) : |Y () — 2| < R, for pp-a.e. x € R?},

we easily get

VL(Xo) = inf Ju(X, )
(X,U)G.AL(X())
(8.22) ‘ ) )
=t | [ ()~ off dualo) + WY,

As already observed at the end of subsection [83.1] since v is absolutely continuous with respect
to £2, there exists a unique geodesic {ot}1elo,1) joining jig to v. Furthermore, oy /9 is the unique
minimizer of the functional n — W2(ug,n)+W2(n,v). Then, for R sufficiently large, from (8.20)
and (822) we know that

WEGi.0172) + Whona) = int | [ V(@) = ol dpot) + WE ¥y

(8.23)

< inf Y(z) —z|*d W2 .
< inf [ V) = ol dinle) + WE oy 200)

Yypo=o1/2

On the other hand, since supp(cy/2) C [0,1]?, by [49, Theorem B| we have

24 2 = inf Y(z) — x|?
(8.24) W3 (o, 01/2) Yé%uo Rdl () — z|” dpo(z)

Yipo=01/2

and, consequently, equality holds in (823]). Moreover the infimum in (8:24)) is not attained.
Indeed, the map T : R? — R? defined by T'(z1,22) = (1/2,z2) satisfies Tyv = pg and T = Vi
for p(z1,22) = %(azl + x%), therefore T is the optimal transport map from v to pg. The unique
geodesic joining o to v is oy = (t(z1,72) + (1 — £)(1/2,22))3v and o1/y = (31 + 1, 29) )40
coincides with the uniform probability measure on [1/4,3/4] x [0,1]. The map T is still the
optimal transport map from oy /3 to po and the unique optimal transport plan between oy /5 and
po is ((w1,72), (1/2,72))301 /2. Then the unique optimal transport plan between pg and o5 is
v = ((1/2,22), (v1,22))301/2. Since 7 is not concentrated on the graph of a map, the optimal
transport map from g to o/, does not exist.
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Since ([824) has not minimizers, then ([822]) cannot have minimizers. Indeed, suppose there
exists a minimizer (X,u) € Ar(Xp) for Jy, in (822). Then X; : [0,1] — R? satisfies (X;)yP =
o172, u = X1 — Xo and X; = tu+ Xo. Defining ¥ = X3 OXO_I, we have that Yypo = o2 so that
Y is a minimizer in (8.24)), which is absurd.

Remark 8.10. Notice that existence of minimizers is not guaranteed even for Relaxed Lagrangian
problems. Indeed, the same results obtained for the Wasserstein barycenter problem in § =
(U, f,€,Cr) given in Section B3] can be easily extended to the lifted system S’ = (%, #,€,6r)
associated to S (see Definition B.5]).

In the proposed example, the Lagrangian and Eulerian problems L', E’ associated to S’ can be
treated as the problems L, E associated to S thanks to the following simple observation: given a
probability measure p € Z(U), by Jensen’s inequality we have

JRERIOE \ J wdotw 2

and the equality holds if and only if p = d, for some u € U. This guarantees that possible control
minimizers for L', E' are of the form 4, with u non-relazed control for L, E, respectively. The
corresponding trajectories for L', E' with control d,, coincide with the ones associated to u for
problems L and E, respectively. Finally, thanks to Remark 5.2, non-existence of minima for L’
corresponds to non-existence of minima for RL.

)

9. FINITE PARTICLE SYSTEMS AND (GAMMA-CONVERGENCE

To model the evolution of a finite number of particles, we introduce a discrete finite space OV
with the corresponding normalized counting measure PV . In this setting, in order to prove equiv-
alence between Eulerian and Lagrangian problems, we cannot directly apply the results given in
Theorems [B.1] due to the requirement on the probability measure P to be without atoms (see in
particular Theorem [R5]). Hence, we introduce a further formulation of the Lagrangian problem
in the context of feedback controls (see Definition [0.5]) and we exploit a discrete formulation of
the superposition principle for which we refer to Theorem

Furthermore, in Subsections and [0.3] we prove a (discrete to continuous) I'-convergence
result respectively for the Lagrangian and Eulerian cost functionals when the number of particles
goes to infinity.

9.1. Equivalences between N-particles problems. Let (QV,8(QY),PY) given by

. OV = {1,....N}, 8(Q):=o({1},...{N}),
©-1) ]P’N({k})::%, k=1,...,N.

We will refer to PV as the normalized counting measure, which can be written as

N 1 Y
k=1

Let us denote with LY = L(QN, 8(QV), PY) the Lagrangian problem associated to the probability
space (QV,8(QN), PV). Notice that the functional space LP(Q2";R%) coincides with the space of
all maps g : QY — R?, which can be identified with (R%)V.

Differently from the Lagrangian problem L%, where we just need to fix the parametrization
space, the definition of the N-particle Eulerian problem requires the introduction of a further
constraint. Let us firstly define the subspace of Z2(R?) given by the discrete measures as

N
1
Ny . . d
(9.2) PY(RY) = {’U_NE 0z, for some x; € R }

i=1
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Definition 9.1 (Discrete Eulerian optimal control problem (EM)). Let S = (U, £, €, Cr) satisfy
Assumption Bl Given po € 2N (R?), we say that (u,u) € Agn (o), if

(i) (1,u) € Ap(po);
(ii) pe € 2N (RY), for every t € [0,T].

We define the cost functional Jgn := Jg and the value function
Vn (o) = inf{Jgn (1, ) = (1, 1) € Agn (10)}-

Remark 9.2. Notice that item (ii) in Definition does not follow from the requirement o €
2N (R9Y). Indeed, the control map u in general is not Lipschitz continuous so that uniqueness of
characteristics is not guaranteed.

Observe that, for every N € N, it holds
(9.3) Vv (o) > Vi (po), Vo € PN (RY).
The main result of this section is given in the following theorem.

Theorem 9.3. Let S = (U, f, @, Cr) satisfy Assumption[31. Let p > 1 and Xy € LP(QV;RY).
Then

Vi (Xo) = Vgn (X0)sPY).
The proof is a direct consequence of Propositions [0.4] and below.

Exploiting the argument contained in [34, Lemma 6.2] we derive a first comparison between
Vin (Xo) and Vgn ((Xo):PV).

Proposition 9.4. Let S = (U, f,C,Cr) satisfy Assumption [31 and let Xy € LP(QN;RY). If
(X,u) € Apn(Xo), then there exists (p,u) € Agn ((Xo)sPY) such that Jyn(X,u) > Jgn (1, u).
Moreover, Vin(Xo) > Vgn ((Xo):PY).

Proof. Let (X,u) € Apn(Xo). Let us define X(¢) := {z € R?: X;(w) = z for some w € OV} and
(9.4) J(t,z) = {we QY : X;(w) = =z}, for any (t,z) € [0,T] x R%,

and denote by P the collection of partitions P of Q. It is clear that the family Py (t) :=
{J(t,x) : x € X(t)} belongs to P. As proved in [34] Lemma 6.2], there exists a finite partition on
Borel sets of the interval [0, 7] of the form {Sp : P € P}, where Sp := {t € [0,T] : Px(t) = P}.
Given w,w’ € O and a Borel set S C [0,7], if X;(w) = X;(w') for any ¢t € S then, by the
absolute continuity of the curves ¢t — X;(w) and t — X;(w’), we have X;(w) = X;(w'), for Lr-a.e.
tes.
We define p; = (Xt)ﬁ]P’N and we observe that

(9.5) o= 3 #I(2)0
)

xeX(t
Moreover, defining for any (¢,z) € [0,T] x R?

Wt € argmin C(x, u(t,w), pe),
weJ(t,z)

(9.6) u(t,z) == u(t,or z).
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We show that (u,u) € Agn ((Xo)sPY). Let us fix ¢ € CHRY). For Lr-a.e. t € [0,7T] it holds

% o(r) d((Xt)ﬁPN)(l’) = / Vo(Xi(w)) - f(Xi(w),ult,w), ) d]P’N(W)
R4 QN
N
©.7) = 3 Ve(Xu(w)) - F(Xu(w), ult, ), )
w=1
=+ 3 Vel X S ult,w),m).

zeX(t) welJ(t,x)
Since f(x,u(t,w), pu) = f(z,u(t,x), ut) for every w € J(t,x), we can rewrite the right hand side

of (IZZI) to get
= Z V() > flault,w),m) Z #J(t,2) Vo(x) - [z, ult,z), )

mex weJ(t,z) mex( )
- /R V() Flault, 7). ) (),

where the last equality is a consequence of (©.5]).
For what concerns the cost functional, we have

//GXt w(t, ), jy) AP (w) dt
/ D e ult,w), ) dt

zeX(t) wel(t,x)

/ Z#Jtm (x,u(t, ), pg) dt

zeX(t

= / Clz,u(t, ), ) dpwg(z) dt,
Rd

where the inequality comes from the definition of u in (@.6) and the last equality follows from

@3). Since
| erer)u) (@) = [ entepr) dur(a),
Qn R4
we conclude that Jy~ (X, u) > Jgn (1, w). O

Here we introduce a feedback formulation of the Lagrangian optimal control problem in order
to prove the reverse inequality Vi~ (Xo) < Vgn ((Xo)sPY). We firstly show its relation with the
Lagrangian and Eulerian problems in a general context, i.e. where the probability space (£2, B, P)
is not necessarily the space (QV,8(QV),PV) associated to the N-particles framework.

Definition 9.5 (Feedback Lagrangian optimal control problem (FL)). Let S = (U, f, €, Crp)
satisfy Assumption B and let (€2,B,P) be a probability space. Given Xy € LP(Q;R?), we say
that (X,u) € Apr(Xp) if
(i) u € B([0,T] x R:U);
(i) X e LP(%; ACP([ T];RY)) and for P-a.e. w € Q, X(w) is a solution of the following
Cauchy problem

{Xt(w) = F(Xi(w), uy (X1 (), (X;)4P),  for Lr-ace. ¢ €]0,T]
X|t:0(w) = Xo(w),

where X; : Q — R? is defined by X;(w) := X (t,w) for P-a.e. w € Q.

(9.8)
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We refer to (X,u) € Apr,(Xo) as to an admissible pair, with X a trajectory and u a feedback
control.
We define the cost functional Jpr, : LP(€; C([0, T]; R?)) x B([0,T] x R% U) — [0, +00) by

T
Jen(X,u) = /Q /O C(X1(w), 1 (Xy(w)), (X)P) dt dP(w) + / Or (Xr(w), (X1);P) dB(w),

Q
and the corresponding value function Viy, : LP(Q;R?) — [0, +00) by
(9.9) VrL(Xo) = inf {JpL (X, u) : (X,u) € ArL(Xo)}-

In the following, FL(, B, P) denotes the Feedback Lagrangian problem given in Definition
We short the notation to FL when the probability space is clear from the context.

Remark 9.6. Observe that, choosing a constant (feedback) control function u, from Proposition
A8 it is immediate to prove that Apr(Xo) # 0. In general, given u € B([0,T] x R% U), the
existence and uniqueness of solutions to the Cauchy problem (@8] is not guaranteed.

The following result follows directly from Definitions E.1] and

Proposition 9.7. Let S = (U, f,C,Cr) satisfy Assumption [31] and (2,B,P) be a probability
space. Let Xo € LP(;RY). If (X, u) € Arr(Xo), then
(i) defining u: [0,T] x Q = U by u(t,w) := u(t, X¢(w)), we have that (X,u) € Ar(Xo) and
JrL(X,u) = JL(X,u). In particular it holds Ver(Xo) > VL(Xo).
(i) defining py := (X¢)4P for anyt € [0,T], we have that (u, u) € Ag((Xo)iP) and Jpr (X, u) =
Je(p,u). In particular it holds Ve, (Xo) > V(o).

Taking advantage of Proposition and of the discrete superposition principle given in Theo-
rem [C.1], we have the following equivalence result between FLY := FL(QN,8(QV),PV) and EV
defined in Definition

Proposition 9.8. Let S = (U, f, C, Cr) satisfy Assumption[31. Letp > 1, Xy € LP(QV:R?) and
Lo = % Zivzl Oxo(w) = (X0)ePN. If (u,u) € Agn(po), then there exists X € C([0,T]; LP(QN))
such that puy = (X¢)yPN for all t € [0,T], (X,u) € Appn(Xo) and Jgv (u,u) = Jppy (X, u).
Moreover, Vgn (po) = Vv (Xo).

Proof. Let (u,u) € Agn (o). By the superposition principle given in Theorem applied to u
and the vector field v(t,z) = f(z,u(t, x), ut), there exists n € Z(I'r) such that

1 N
n= Nzéﬁmv
w=1

where v, € T'r, w=1,...,N. We define X : [0,T] x QY — R? by X (t,w) := 7, (t) that satisfies
(X,u) € Appn thanks to (C4) in Theorem Hence it readily follows that Jppnv(X,u) =
Jg~ (@, u) and Vepn (Xo) < Vga(po). By Proposition we have that Vi~ (Xo) > Ve~ (1o)
and we conclude the proof. O

9.2. Finite particle approximation for L. The aim of this section is to approximate a
general Lagrangian problem L = L(Q,B,P) with finite particle Lagrangian problems LY =
L(QN,8(QN),PN), N € N, where (QV,8(QN),PV) is defined in ([@I). A first result in this
direction has been already obtained in Proposition L.I8 (see also Remark £.19) in Section
Here, we specialize the result in the case of equally distributed masses which is suitable for the
application to a finite particle/agent model.

Recall that if (£2,B,P) is a standard Borel space and P is without atoms, thanks to item
(ii) in Proposition there exists a family of finite algebras BY C B, N € N, satisfying the
finite approximation property of Definition and P(AY) = %, with £k =1,..., N. Recall the
definition of ¥V, ¢" and X" in (E22) and ([@23), respectively.

A Gamma-convergence result for the functional Jy, is given in the following proposition.
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Proposition 9.9 (Finite particle approximation for L). Let S = (U, f, C, Cr) satisfy Assumption
B2 Let (Q2,8,P) be a standard Borel space such that P is without atoms. The following holds:
(i) Suppose that (X,u) € LP(2; ACP([0, T]; RY))xM([0, T]x; U) and (XN, uN) € C([0, T); LP(QV;R)) x
M([0,T] x QN;U) such that
fim KN(XN u) = (X,u), i C([0,T]; LP (% RY)) x LY([0,T] x Q; U).
—+00

Then

NEIEOO Jpn (XN uN) = Jp (X, u).

(ii) Assume that U is a compact convexr subset of a separable Banach space V. Suppose that
Xo € LP(Q;RY) and (X,u) € AL(Xo). If X{¥ € LP(QN;RY) such that

(9.10) lim || X5 0 ™ — Xo|l 1p(pa) = 0

N—+o0

then there exists a sequence (XN, uN) € Apn(X{) such that
KN = (Gw), e C(0, T 2P (4 RY) x L1((0,T] x @ U)
—+4o00

and

li XN ) = I (X, ).

N—1>I—|r—looJLN( , U ) JL( 7u)
Proof. Thanks to Proposition [A3]it holds that X € C([0,T]; L?(£; R?)). Ttem (i) can be proved
exactly by the same technique used in the second part of the proof of Proposition 4.I1] ap-
plied to the sequence XV (X, u") and recalling that Jg, (KN (XY, u)) = Jpv (XN, u?) (see
Proposition [£.14]). Notice that, since U is metrizable and compact the convergence uV — win
LY([0,T] x ; U) is equivalent to the convergence in (L7 ®P)-measure. Item (ii), is a direct appli-
cation of Proposition EI8 to the sequence of finite algebras B given in item (ii) of Proposition
4. 16l ]

Proposition 9.10 (Convergence of the value functions). Let S = (U, f, C, Cr) satisfy Assumption
(3.1 with U a compact convex subset of a separable Banach space V. Let (2,B,P) be a standard
Borel space such that P is without atoms. If Xo € LP(Q;R?) and X € LP(QN;RY) satisfy

(9.11) yim 1X0" 0 ™ = Xoll o sray = 0,

then

lim sup Vg v (X3Y) < Vi(Xo).
N—+o0

Moreover, if S = (U, f, C, Cr) satisfies the Convezity Assumption[3.4), then
lim inf Ven (X)) > Vi(Xo).

In particular, under the Convexity Assumption[3.4),
lim Vi (X{) = Va(Xo).
pim Vv (o) = Vi(Xo)

Proof. By definition of inf, for every € > 0 there exists (X, u.) € Ay (Xp) such that Vg, (Xg) >
JL(Xc,ue) —e. Moreover from item (ii) in Proposition there exists (X2, u) such that
Jpn (XY, ul) — (X, uc), as N — 4o00. Hence

limsup Vv (X3¥) < limsup Jpn (XY, ud) = Jn(Xo, ue) < VL (Xo) + &

N—4o00 N—+o00
By the arbitrariness of € we conclude.
By Proposition @4 and ([@3]) we get

Viw (X5') = Vign (1) = Ve (k)-

In the convex setting, by the lower semicontinuity of the value function Vg (see Proposition [6.9])
and by Corollary R] (P is without atoms by assumption) we have the desired convergence. [
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Remark 9.11. A natural choice for Xév in Proposition [0.10] is given by Xév = X'év o ¢V where

N
Xol =) Ay | Xo(w) dP(w).
k=1 Ay

For a proof of the convergence ([@Q.I1]) we refer to Lemma [D.3] and Proposition [D.1] in Appendix
1Dl

9.3. Finite particle approximation for E. In this section, we show that the Eulerian problem
E can be approximated by finite particle Eulerian problems E" defined in Definition Thanks
to Theorem [9.3] we are able to approximate the Eulerian problem also with a sequence of finite
particle Lagrangian problems LY = L(QY,8(QV),PV), N € N, with (QV,8(QN),PV) as in
(©I). This is relevant from the point of view of applications. The main result of the section is
stated in the following theorem.

Theorem 9.12 (Convergence of the value functions). Let S = (U, f, C, Cr) satisfy the Convezity
Assumption [3]) Let g € Z,(RY) and plf € 2N (RY) such that W,(1ud, o) — 0 as N — 400,
then

lim Vv (1) = Ve(po)-

N—+oc0

Moreover, for every X{¥ € LP(QN;R?) such that (X{)PN = pd’ it holds that

yhm Vi (Xg') = Vi (po)-

In order to prove Theorem [0.12], we start with the following proposition.

Proposition 9.13 (Finite particle approximation for E). Let S = (U, f, C, Cr) satisfy the Con-
vezity Assumption[34} Let g € Z,(RY) and p € 2N (RY), N € N, such that

(9.12) Wm Wi(ug's o) = 0.

If (u,u) € Ag(po), then there exists a sequence (u,u™) € Agn (ud’) such that

(1) (uN,uN) converges to (p,u) according to Definition [6.3;
: N | Ny _

Proof. Step 1. Let (u,u) € Ag(uo). In this step we associate to (u,u) an admissible pair
(X, ) € AL(Xp) for the Lagrangian problem L := L([0, 1]; Bjg 1, £1) such that

(9.13) Ju(X, 1) = Je(u,w).

By Proposition [[4] there exists (n,u) € Ak(uo) such that u(t,v) = u(t,y(t)), (e)ym =
and Ji(n,u) = Jg(u,u). Thanks to Lemma B4l the map Z : [0,7] x 't — R? defined by
Z(t,y) :=(t) = ei(y) satisfies (Z,u) € Ar, (eo) with Ly, := L(I'p, Br,,n) and

(9'14) JLT,(Z’U) = JK(U?“))

By Proposition 2] applied to S = I'r and v = m, there exists a Borel map P : [0,1] — I'r such
that PﬁLl =n.

We define X : [0,7] x [0,1] — R? by X;(w) := Z(P(w)) and @ : [0,T] x [0,1] — U by
Ut (w) := u(P(w)). Notice that

(9.15) (Xt)ﬁﬁl = (et o P)ttﬁl = (et)w = [,

and it is easy to prove that (X, @) € Ar(Xp). Moreover Ji,(X, ) = Jy, (Z,u) and, by (@.14),
we obtain (Q.13).
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Step 2. We use the partition of [0, 1] defined in Lemmal[D.3l We define the piecewise constant
initial data X2 : [0,1] — R? and controls @V : [0,T] x [0,1] — U by

N ~
— Z]lfziv ]{N Xo(w)dLq(w),

: ZnIN][ (w)dLyi(w), forall t € [0,T].

From the definition of X0 and Lemma [D.3] we have
(9.16) Wp(ﬂéVaMO) < HX(])V - XOHLP([O,l];]Rd) =0 as N — +o0,

where
= (xy )ikr = Z&N, o= ][NXO(w)dﬁl(w)eRd.
Ik

Since pf) = + SN 8, , there exists a permutation of indexes oV:{1,...,N} = {1,...,N}
and a map X' : [0,1] — R defined by X} : Zk 1:17 N ﬂIN such that
(9.17) W' s fig ) = 11X0" — X'l Lo (jo, 17:me) -
Using (@.12), (@.16) and (9.17) we obtain
1X0" = Xoll Lo (o, rey < 1X0" = X0 o o,13:re) + 1X0" = Xoll 1o ((o,17%4)
(9.18) = Wy (up', fio ) + 1X0" — Xoll Lo (jo,11:m4)
< Wy o) + Wilpo, i) + 1 X0" = Xoll o (o,17%4) — O-

Let (XY, aY) € AL(X{). By Lemma [D.3 and dominated convergence we have that ||@¥
il L1 (j0,1)x[0,7];v) = 0 as N — 400. Then, by Proposition LTI we have

(9.19) sup | X — XtHLp([O’l];Rd) —0 as N — +oo
te€[0,T
and
(9.20) lim J, (XY, @) = Jp(X,a).
N—4o00

We observe that, for any ¢ € [0,7], X{¥ is constant on the elements I}¥ of partition {I}¥ : k =
., N} so that it is of the form

N

ngv = Z(l’iv)k]lfg

k=1

for some (z}V);, € R4
We define pf¥ := (X{¥)sL1 € 2,(R%). From the observation above,

1 N
=5 20w
k=1

By (@I9) we obtain that x~ — p in C([0,T]; Z,(R%)) as N — +oo.

Step 3. For any t € [0,7] we define p’ := (X}, al¥);L; € Z(R? x U), and notice that
77& pN = ul. Denoting by pgx € 2(U) the disintegration of p)¥ w.r.t. 7!, we define the Borel
map u : [0,7] x RY — U by

'LLN X)) .= u N u).
N (t, ) /U dp, ()
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By the definition of ut and ", from item (2) of the Convexity Assumption 34, we obtain that
(uV,uN) € Agn (1)) Indeed, given ¢ € CH(R%R), for Lr-a.e. t € [0,T], we have

d N d N
— [ wl@)d (x) = — [ (X} (w)) dLi(w)
dt R4 dt [071}

V(X (@) - XV (w) dL(w)

V(XD (@) - FXN (), 8 (@), 1) AL (w)
V(@) - flau,pl) dol (z,u)

V() - /U £, 1Y) dplY, (u) dped (2)

— [ vete)- 1 (a [ wdtn i) aud)

= | V@) f(z,u"(t2), 1)) du ().

Let us conclude the proof of the convergence showing that (6.3) holds. For any t € [0,T],
using (X, @) introduced in Step 1, we define p; := (X, )Ly € P (R4 x U). By the convergence
([@I9) and the convergence of @'V to i, it easily follows that p” := pl¥ ® L1 weakly converges to
pi=p @ Ly in 2([0,T] x R? x U).

Let now ¢ € C.([0,T] x R% V"), Using the definition of p?V and the weak convergence of pV
to p we have that

Ngn;oo/:Ad<¢<t,x>,uN<t,x>>du5< tzNgngw/ /R< o), [ wdpllta >> dyid () dt
= Jlim /0 L, ]tttz apil) dud @) a

= lim (o(t, ), u) dp™ (t,z, ),
N—=+00 J10, T|xRIxU

- / (6(t, 2),u) dp(t, 1),
[0,T|xRexU

Using n € 2(C([0,T);RY)), P :[0,1] — I'r and (@IF) introduced in Step 1, recalling that
p = (X¢, )81 @ L1 we get

/[O’T]XRdeW(t,:E),u) dp(t, z,u) = /T /1<¢(757Xt(w)),ﬂt(w)>dLl(w) at

/OT 1

/OT
T

/
T

/

P(w))), ut(P(w))) ALy (w) dt

T

t et
o(t, e (7)), ue (7)) dn(y) dt
t et

(7)s u(t, e (v))) dn(y) dt

su(t, x)) dpg(z) dt.

d

%\J?\ﬂ\o\J
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Step 4. Finally we prove that JEN(,uN,gN) — Jg(p,u), as N — 4o0.
Using item (3) of the Convexity Assumption [3.4] we have

Jpn (N uV) = / [ ety ) @)+ [ era ) duf (o)
d

/ /R ( /udpm( )Mﬁv> dpd (z) dt + - Cr(XN (W), 1Y) ALy (w)

S/ /RdXUG'(a:,u,Miv)dpiv(x,u)dt—k/ Cr(XN (w), ui) ALy (w)

[0,1]

/ / e (@), i (w), p) ALy (w) dt + / er (XY (), 1Y) ALy (w)
01

[0,1]
— JL XN N)

By the previous inequality, recalling (@.20) and (@.13]), we get

lim sup Jgv (1, u?Y )<11msupJL(XN i) = (X, a) = Je(p, ).

N—+o00 N—+o00

By Proposition we conclude. d
We conclude this section with the proof of Theorem [0.12]
Proof of Theorem [9.14. Observe that Vg () > Ve(ud'), then by Proposition we obtain
lim inf My > :
liminf Vg (1) 2 Vi (o)

Let us prove that limsupy_, . Vgn (1) < Ve(po). Fix € > 0. By definition of Vi there
exists (,ue, .) € AE(,uo) such that Vg(ug) > JE(,ue, .) — €. By Proposition 0.13] there exists

(1Y, ulY) € Agn (1) such that lmy_s o0 Jpn (1, ul) = Jg(pe, u.). Thus,

hm sup VEN (lu(] ) < hm sup JEN (Ms 7_5 ) JE (Neﬁ_e) < VE (/’LO)
N—+o0 —+o0

By the arbitrariness of € we conclude.
Finally, thanks to Theorem it holds that Vgn (') = Vi~ (X{Y) for every N € N, so that

limN_H_oo VLN (X(])V) = VE(,LL()) ]

APPENDIXES

We organize the material of the appendixes as follows. Appendix [Al deals with vector-valued
Sobolev spaces and Cauchy problems for ODEs in Banach spaces. A further stability property
of Cauchy problems is then established in Appendix [Bl In Appendix [C] we state and prove the
superposition principle for the evolution of empirical measures. Appendix [Dlis devoted to the
proof of Proposition where we construct (equipartite) finite algebras satisfying the Finite
Approximation Property of Definition

APPENDIX A. ORDINARY DIFFERENTIAL EQUATIONS IN BANACH SPACES

Let E be a Banach space with || - || the associated norm. In the following, if w : [0,7] — E
is a Bochner integrable function, we denote by fOT )dt its Bochner integral. We recall the
following criterion of integrability: w : [0,7] — E is Bochner integrable if and only if there exists
a sequence uy, : [0,7] — E of simple measurable functions such that lim,_, 4. u,(t) = u(t) for
Lp-a.e. t €[0,T], and fo lu(t)]] dt < +oo.

We recall that if w:[0,T] — E is Bochner integrable, then

(A1) /abu(t)dtH g/abuu(t)udt, for any [a,b] C [0, T,
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1 t+h
(A2) Jim — / lu(s) —u(t)|[ds =0,  for Ly-ace. t € [0,T],
h—0 h t

and the above limit exists in every point of continuity of u. Moreover, for every continuous linear
operator A : E — FE, with E a Banach space it holds that

(A.3) A < /0 ! ult) dt> - /0 ' A(u(t)) dt.

For the definition of Bochner integral, properties and related proofs, see for instance [26].
We say that u € W1P(0,T; E) if u € LP(0,T; E) and there exists g € LP(0,T; E) such that

T T
| ¢ouwa=- [ ewavan veecrim).
We recall a classical result (see e.g. [4, Theorem 1.17])

Proposition A.1. u € WYP(0,T; E) if and only if there exists & € ACP([0,T); E) such that
u(t) = u(t) and u is differentiable for Lp-a.e. t € [0,T)].

Let now (€2,8,P) be a probability space with  standard Borel. Fix 7' > 0, let Lebjg 7} be
the o-algebra of Lebesgue measurable sets on [0,7] and L7 the normalized Lebesgue measure
restricted to [0,T]. Consider (7, B7, m) the product space with Qp := [0, T] x 2, endowed with
the product o-algebra B7 = Lebjy 71 ® B and probability measure m := L1 @ P € Z(Qr).

Lemma A.2. Letp>1, and g € L%(QT;Rd) and § a Borel representative of g. Let g the map
defined by §(t)(w) = §(t,w) for every (t,w) € Qr. Then § € LY(0,T; LP(S;R?)) and, denoting
by G = [} §(t)dt, it holds

T
(A.4) Gw) = / g(t,w)dt,  forP-a.e. we Q.
0

The proof of the Lemma follows by Fubini’s theorem and the definition of Bochner integral
(notice that ([A.4]) holds for simple functions).

Proposition A.3. Let y € L% (Qp;R%). The following are equivalent:
(1) There exists g € Lk (Qr; RY) such that

/ o (0)6(w) y(t,w) dm(t,0) = — / n(1)6(w) g(t, w) dm(t,w),
Qp

Qr

for every n € CL((0,T);R) and ¢ € M(Q;R) bounded;

(2) y € WH(0,T; LB (% RY));

(3) there exists a Borel representative § of y such that § € ACP([0,T]; LE(Q;R?)) and differ-
entiable for Lp-a.e. t € [0,T] (differentiability is redundant for p > 1);

(4) y € Lp(; Whe(0, T;R));

(5) there exists a Borel representative § of y such that § € LE(€; ACP([0, T]; RY)).

Moreover,

(i) If (3) holds, there exists a Borel function § € L(Qr;R?) such that j(t,-) = §'(t,-) in

LE(uRY), for Lr-a.e. t € [0,T]. Hence, for every t € [0,T

(A.5) y(t,-) =9(0,-) +/0 g(s,-)ds, in LE(Q).

(i3) If (5) holds, there exists a Borel function g € L5 (Qr;R?) such that for every w € €,
g(t,w) = (y(-,w)) (t), for Lp-a.e. t € [0,T]. Hence, for every w € it holds

(A.6) g(t,w) =7(0,w) + /t g(s,w)ds, for every t € [0,T].
0

(iii) If one of the five conditions above is satisfied, then g = g = g, m-a.e. in Q.
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Proof. (5) = (4) and (3) & (2) follow from Proposition [AJl (4) = (2) follows from the
definition and Fubini’s theorem. (2) = (1) is a consequence of property (A.3). Finally, the proof
of (1) = (5) is contained in a more general form in [46, Lemma 4.3].

Items (4)-(4) are a consequence of the definition of ACP([0, T]; LP(€2; R%)) and ACP([0, T]; R%),
respectively. To show (iii), denote with yo(w) the trace of y in ¢t = 0, which is well defined thanks
to (1). Then, yo(w) = §(0,w) = §(0,w) for P-a.e. w € Q so that comparing (A5 and (A6 it
holds § = g m-a.e. in Qp, thanks to (A.4). O

A.1. Cauchy problem in Banach spaces. We are interested in a Cauchy problem of this
form

(A7) {Zt =F(t,z),  for Lp-ae. t€[0,T]
=0 = %0,

where a Carathéodory function F : [0,7] x E — E and 2y € E are given. For z : [0,T] — E we
frequently use the notation z; := z(t).

In the following, we present some classical results concerning the Cauchy problem (A7) and
we provide a sketch of their proofs.

Proposition A.4. Let F: [0,T] x E — E be a Carathéodory function such that

T
(A8) /0 IF(t, )| dt < 400, ¥z C([0,T]; E).

The following assertions are equivalent:
e 2 € C([0,T); E) satisfies

t
(A.9) 2t = 20 +/ F(s,zs)ds, Vte[0,T].
0

e 2 € ACY([0,T); E), it is differentiable for Lr-a.e. t € [0,T) and
2= F(t,z), for Lp-a.e. t €[0,T]
Zt=0 — (-

Since F is a Carathéodory function and the curve t — z; then the map t — F(¢, z;) is (strongly)
measurable as a map with values in LP(Q; R?). Notice also that if E satisfies the Radon-Nikodym
property (for instance when F is reflexive) then a.e. differentiability of z in the second item is
redundant.

Theorem A.5. Let F': [0,T] x E — E be a Carathéodory function such that

(A.10) |E(t, 2Y) — F(t,2%)|| < L2 = 22|, VY (t,2Y), (t,2?) € [0,T] x E,
for some L > 0, and there exists Cy > 0 such that
(A.11) sup ||F(t,0)| < Cy < +o0.

te[0,T

Then, for any z9 € E there exists a unique z € AC*®([0,T]; E) and differentiable for Lp-a.e.
t € [0,T) such that

(A.12) {23 = F(t, ), for Lp-a.e. t € [0,T]

2(0) = 2o.
Moreover, the following estimates hold:

(A.13) sup ||z]| < €7 (|0 + CoT)
te[0,7

(A.14) 2t — 2| < |t —s| (Co + LelT (|[z0]l + CoT) ) Vs,te0,T].
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Proof. We provide only a sketch of the proof.
Assumptions (A.10) and (A.1])) yield the following growth property
(A.15) IF(t )] < Co+Lil=ll,  V(t2) €[0,T] x E.
We define the Banach space (.7, ]| - ||.#) as follows

= { € C(0,T}E) : |2y == sup e 7z < +oo},

te[0,7T
and the operator S : .¥ — % by

t
S(y)e = 20 + / F(s,y,) ds.
0

By (A10) and (ATH), using (AJ]), it is classical to prove that S is well defined and it is a
contraction. Then, by Banach fixed point Theorem we get the existence and uniqueness of

z € & such that (A.9) holds. The estimates (AI3) and (AI4) follow from (A.9), (AI5), and
Gronwall inequality. Finally, z belongs to AC*([0,T]; E) thanks to (A.14). O

Proposition A.6. Let F,F" : [0,T] x E — E, n € N, be Carathéodory functions satisfying
(A.10),(A11) with the same constant L and Cy. Let z, 2z € E, z € AC*®([0,T]; E) the solution
of (AI2) and 2" € AC*([0,T7]; E) the solutions of

{z‘f = F"(t,z}), for Lp-a.e. t € [0,T]

2"(0) = 2.

Then
. T
(A.16) sup [l = 2 < e (15 —all + [ 1F (020 = Fle. ).
t€[0,T] 0
In particular, if lim, 4 |25 — 20|l =0 and
T
(A.17) lim |F™(t, 2) — F(t,z)||dt = 0,
n—+oo [q
then
lim  sup ||z;' — 2] = 0.

n—=+00 4¢(0,7)

Proof. We have

Iz — 2l =

t
=+ [ (F(s,20) ~ Plo ) ds
0

< llz5° = zoll +/0t [E" (s, 2¢) = F(s,25))|| ds.
Using (A.10) it holds
1E7 (s, 28) = F(s,25))
<™ (s, 28) = F™ (s, 2)) |+ 1™ (s, 25) — F(s, )
< Lll2y = 2|l + | ™ (s, 25) — F(s, 26)).

The last two inequalities yield
T t
I — ol < 1125 — zoll + / |F™(s, 2) — F(s,2)l| ds + L / |20 — 2] ds.
0 0

By Gronwall lemma we obtain (A16]). O

Proposition A.7. Let F': [0,T] x LP(S;R%) — LP(Q; R?) be a Carathéodory function satisfying
(A1) Let Yo € LP(Q;RY). Then the following assertions are equivalent:
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(1) Y € O([0,T); LP(; R%)) and
¢
(A.18) Yt:Y(H-/ F(s,Y,)ds, Vte[0,T];
0

(2) Y € ACP([0,T]; LP(;R?)) (if p = 1 it is also differentiable for a.e. t € [0,T)) and

(A.19) {Y;f = F(t,Yy), for Lp-a.e. t €[0,T]

Yi—o = Yo;

(3) Y € LP(; ACP([0, T); R?))) and
(A.20) Yi(w) = Yo(w) + /tF(S,Ys)(uJ) ds, Vte[0,T], forP-a.e. we¢Q,
0

where Yy : Q — R? is defined by Yi(w) := Y (t,w) for P-a.e. w € Q.
(4) Y € LP(2; ACP([0, T]; RY))) and for P-a.e. w € Q it holds

(A.21) {Yt(w) = F(t,Y:)(w), for Lr-a.e. t € [0,T]

Yi—o(w) = Yo(w),
where Yy : Q — R? is defined by Yi(w) := Y (t,w) for P-a.e. w € Q.

Proof. The assertions (1)-(2) and (3)-(4) are equivalent by Proposition [AX4l The equivalence
(1)-(3) is a consequence of the equivalences (3)-(5) in Proposition [A:3] and items (i)-(ii)-(iii). O
APPENDIX B. A CONVERGENCE RESULT FOR SOLUTIONS OF CAUCHY PROBLEMS

We state and prove the following well known result, for sake of completeness.
Lemma B.1. Let U be a Polish space. Let u™ : [0,T] — U be a sequence of Lp-measurable

functions such that (i ), u")s L1 Syelye 20, 7] x U).
Let g : [0,T] x (R? x U) — R? a Carathéodory function such that

(Bl) |g(t,x1,u)—g(t,x2,u)| §L|$1—$2|, V(t,ﬂj‘l,U),(t,xg,U) € [07T] XRdXU?
for some L > 0, and
(B.2) Cop = sup  |g(t,0,u)| < +oo.

(t,u)€[0,T]xU

Given Xy € R? and n € N, we denote by X™ € ACY([0, T]; R?) the unique solution of the Cauchy
problem

(B.3) {th =g(t, X", uy), forae. te(0,T)

X"™(0) = X,

and by X € ACH([0,T];R?) the unique solution of the Cauchy problem

X, = / g(t, Xy, u)dvg(u), for a.e. t € (0,T)
U

(B.4)
X (0) = Xp.
Then
(B.5) lim sup |X}' — X;| =0.

=400 4(0,7)

Proof. Observe that existence and uniqueness of solutions of Cauchy problems (B.3) and (B.4)
is consequence of the fact that G™, G : [0,T] x R* — R?, defined by G™(t,z) := g(t,z,u}) and
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G(t,x) = / g(t, z,u) dvy(u), are Charathéodory and L-Lipschitz continuous w.r.t. = € R?.
Moreover, bg (B.1) and (B.2)) it holds

(B.6) lg(t, z,u)| < Co+ Liz|, YV (t,x,u) € [0,T] x R? x U.

We define Y™ € C([0, T]; R?) by

(B.7) Y/ = Xo+ /Otg(s,Xs,ug) ds.

From the convergence (if 77, u")sLr hvep ([0,T] x U) it follows that

(B.8) nll)]grlooYt" = X0+ /Ot/Ug(s,Xs,u) dvs(u)ds = Xy, Vte[0,T].
Denoting by C' := sup,cjo, 7y [Xs/, from (B.2) and (B.J) it is simple to prove that
(B.9) Y < (IXo| + (Co + LC)T), vt e[0,T]

and

(B.10) Y," =Y < |t —s|(Co+ LC)T, Vt,s € [0,T].

By (B.9) and (B.10), Ascoli-Arzela theorem and (B.8) imply that

(B.11) lim sup |Y" — X;| =0.

n—=+00 1c(0,T]

Since

t
XP = Xl < X = VP Y7 = X0 < [ oo, X0 a) = g, Xavu)] ds o+ ¥ = X
0

s s

t
SL/ X2 = X,[ds+ sup [VP - X,
0 s€[0,T

by Gronwall inequality we have that

(B.12) X7 — X < et sup |V — X,
s€[0,T7]
The convergence (B.5)) follows from (B.12) and (B.11)). O

APPENDIX C. AN EMPIRICAL SUPERPOSITION PRINCIPLE

In this appendix, we give a refined version of the Superposition Principle (see Theorem for
the classical result) in the case of trajectories of the form p; € 2N (R?) for any t € [0, T], where
2N (RY) is the space of empirical probability measures

N
1
N mdy . . d
P (R).—{M—NE Oz forsomea;,E]R}.

=1

The novelty consists in proving that if u; € 2N (R?) for every t € [0,T], then there exists
representative n € 2V (I'r). This result has been used to prove Proposition and Corollary
9.9

Theorem C.1. Let N € N and u € AC([0,T]; 21 (R?)) such that py € PN(RY) for every
te[0,T].
(1) There exists a unique (up to L1 ® ps-negligible sets) Borel vector field v : [0, T] x RY — RY
satisfying

T
(1) /0 /R Jou(a) ) dt < oo,
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such that p is a distributional solution of the continuity equation
(C.2) Oty + div(vgpy) =0, in [0,T] x R%.

(2) There exists n € PN (T'r) of the form

1 N

such that (e;)yn = p for every t € [0,T] and for anyi = 1,...,N, ~; € AC([0,T];RY)
solves the differential equation

(C4) Fi(t) = ve(vi(t))  for Lp-a.e. t €[0,T].
Proof. Let us recall that the metric derivative |i/| of the absolutely continuous curve p, given by

Wl (,LLt, NS)

|[(t) :== S_)t T for a.e. t € (0,7,

belongs to L1(0,7T) and satisfies

to

(©5) Wioop) < [ IWI0dt Torany <t < <T.

t1

in particular there exists 1 : [0, +00) — [0, 400) increasing, convex and superlinear at +oo such
that

T
(C.6) /0 G()(0)) dt < +oo.

First of all we prove the existence of n € Z(I'r) such that (e;)yn = p for all t € [0,7] and n
is of the form (C3) for some v; € I'p, i =1,...,N.

Let M € N and consider the diadic discretization of the interval [0, T], with time step T3y =
T2 M. Since y; € 2N (RY) for every t € [0,T], there exists x;(t) € RY, i =1,..., N, such that

N
1
Mt:NZ(sxi(t), Vit e [O,T].

For n = O 2M and i = 1,...,N, we set Ty = xi(nty), and pi; = pipr,. For n =

1, , let gﬁ/‘, Ln

Wy and 'y belong to 2N (R9), then Q"M_Ln is of the form

€ Fo(,uTJ\L/[_l, w'hy) be an optimal plan for the 1-Wasserstein distance. Since

1
n ln -
(C.7) = N;am D0, o

for some permutation o}, of {1,..., N}. Let us define 0?\}[ = o o0 1o 00l and 000( ) =1
fori=1,...,N.
For i =1,..., N we define the curves y)s; € I'r by linear time interpolation as

nty —t 9

Yzi(t) = Ty Mol

n

t—(n—1)1y
Y 0,m 7\
M,o " (1)

for t € [(n — 1)7ar, n7as],
™

n=1,...,2M,
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We claim that, for any k = 1,..., N, the sequence {ys s} amen uniformly converges to a curve
Y € AC([0, T); RY). Indeed,

T 1 . T 1 N .
/O o Fnna(®)]) d < /0 ¢<N;|7M’i(t)|) &
oM N |z" " ‘
1 Moy (i) Moy (i)
:;TMw(N; ™ - )
2 1 n—1,n
(C.8) :nZ::lTMib(E /Rded‘x_y’dgM | (x,y))
: 21\1 1
=Y "rm w(awl(u’ﬁl,u%))
T;jll 1 nTMm
/
el d
<S5 JAICED
2y T
<[ wutenac= [ vweya
n=1"(n=1)7nr 0

where we employed the definition of the optimal plan in (C.7)), (CH), Jensen’s inequality, and

(C3).
Since var(0) = zx(0) for any M € N, and (C.g§)) and (C.6) hold, by Ascoli-Arzela Theorem

the sequence {yrx}men is compact in C([0,7];R?). Furthermore, by (C8) and the lower

semicontinuity of the functional
T r1
— —|y(¢)] ) dt
gl /0 W < 1 )\)

w.r.t. weak convergence in AC([0,T];RY), we get 7, € AC([0,T]; R?). Moreover, if t = ngray,
for some My € N and ng € {0,1,...,2M0} then vy x(t) is constant for any M € N, M > M
and the claim is proved.

Defining

1 1 &
(C.9) M = N Z Oyar,is n:= N Z‘S’w

i=1 i=1

from the convergence of vps; to 7; it follows that 7y weakly converges to n as M — 4o0.
Moreover, if t = ng7yy, for some My € N and ng € {0,1,...,2M0}, then (et)gnm = pg for any
M € N, M > M. Then, by the continuity of ¢ — p; and of ¢ — (e;)4n, we conclude that

(e)sn = pu and py = sz\il 0, for all t € [0, T7.

It remains to define a vector field v such that (C4) and (C.2) hold, also showing that v is
uniquely characterized by (C.2).

Since v; € AC([0,T];R?) for any i = 1,..., N, the Borel set A := {t € [0,T] : Ik €
{1,..., N} such that ~ is not differentiable at ¢} is Lp-negligible. Moreover, the sets

(C.10) Nig:={t € [0, T]\ A= %(t) = v (t), %:(t) # ()}

satisfy £7(N; 1) = 0 for any i,k € {1,..., N}. We define N := (Ui,ke{l,...,N} Ni,k) |J A noticing
that £7(N) = 0 so that L7 ® py(N x R?) = 0, and S := {(¢,7:(t)) : t € [0,T], i € {1,...,N}} =
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supp(py ® L1). We can thus define a Borel vector field v : [0,7] x R? — R? by

(t.2) = 0 ifteNor(t,a:)E([O,T]XRd)\Sv
UL Z) = Ai(t) if 2 = ~;(t) for t € [0,T) \ N and some i € {1,..., N},

so that 4;(t) = ve(v;(t)) for every t € [0,T]\ N. It is then easy to check that (CI) and (C.2)
hold.

Let us eventually check that (C.2)) uniquely characterizes v(to, zg) for every (tg,zo) € S\ (N x
R9). Notice that for every p € O (]Rd) we have

d
(C.11) at Ju P Mt‘ e ZV(P (7i(to)) - Fi(to) = ZV(P (vi(to)) - v(to, vi(to))-

Setting K :={k e {1,...,N}: yk(to) # xo} and ro 1= mln{hk(to) —x0| : k€ K} >0, for every
¢ € R? we can find a test function ¢ € C°(R?) such that supp ¢ C By, (z0) and V(zg) = &:

(CI1) then yields

d
(C.12) . gpd,ut‘t: = %5 <v(tg,xg) where n:= N — #K.
Since € is arbitrary, (C.12) uniquely characterizes v(to,xo) in terms of p. O

APPENDIX D. FINITE PARTITIONS

In this section we provide a proof of Proposition For sake of clarity, we divide the
statement of Proposition in three separate lemmas of independent interest.

Given a standard Borel space (2,8, P), in Lemma [D.2l we construct a family of algebras B",
n € N, satisfying the finite approximation property of Definition Then we fix (2,B,P) =
([0,1],B,L;), where B is the Borel o-algebra and £; the Lebesgue measure restricted to the
interval [0,1]. With this choice of parametrization space, in Lemma [D.3] we show that the family
of algebras BY associated to the uniform partition of [0, 1] with elements’ size 1/N satisfies the
finite approximation property. Finally, we combine the previous results in Lemma [D.4], where
we consider a general standard Borel space (2,,P) and P is without atoms. This is possible
thanks to the following fundamental result on Borel equivalence of Probability spaces (see e.g.
[50, Chapter 15, Theorem 9]).

Proposition D.1. Let Q be a Polish space and P € () without atoms. Then there exist a
Borel set Qo C Q such that P() = 0, a Borel set Iy C [0,1] such that £1(Ip) = 0 and a bijective
function ¢ : Q\ Qo — [0,1] \ I such that 1 and ="' are Borel, 4P = L1 and (p~1)3L1 = P.

The first part of Proposition [4.16]is restated in the following Lemma.

Lemma D.2 (Proposition .16 part 1). Let (2,B,P) be a standard Borel space. Then there
exists a family of finite algebras B™ C B, n € N, satisfying the finite approzimation property of
Definition[4.15

Proof. Since (£2,8,P) is standard Borel we can choose a Polish topology 7 such that B = B(q ;),
then there exists a countable basis A = {B’ : i € N} of its topology. Then B = oc({B':ic
N}). We define B! := ¢(B!) and B" := o({B"} UB"!). It follows from the definition that
B" C B for any n € N and B ) =0 ( ol Bn).

For any n € N the finite algebra 8" induces a minimal (with respect to the inclusion) partition
of O, denoted by P = {A} : k = 1,...,k(n)} C B". Then for any A} € P+ there exists
h € N such that A? € P and A} C A7,

We define the sequence of linear operators P, : L}(Q; E) — L'(Q; E) defined by

k(n)

Pag —Zmn][ w) dB(w),

n
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with the convention that fAZ g(w)dP(w) = 0 if P(A}) = 0.
It is simple to prove that

(D.1) 1Pngll L) < l9llLaosm), Vg€ Lp(Q; E).

Given a Borel function g : Q — F such that g € LL(Q; E), we define ¢g" := P,g and we prove
that the properties of Definition hold.

Property |(i)|is obvious since g" is constant on the elements of the partition P C B".

Property follows from the fact that (see for instance [26, Corollary 8, p. 48])

]i g(w) dP(w) €T (g(A)), VA€ By : P(A) > 0.

In order to prove property we start with the particular case g = al 4 for a given Borel
set A and a given a € E. Since (2, 7) is Polish, for any € > 0 there exists an open set A. and
a compact set K. such that K. C A C A, and P(A: \ K.) < e. Since A¢ is union of elements
of the basis A, there exists a finite covering of K. of the form {B’ : j € J} C A, for a suitable
finite J C N, such that UjeJBj C A.. Since

PA"mA
Pug - g—az —aly,

by setting n. := max J, it holds that
1Png = gllLromy < llala. —alallpyqm) < llalle P(A:\ A) <llallze, Vn=ne.

Since P, is linear, then |(iii) - )| holds for any g simple function. In the general case, take g €
LL(Q;E) and € > 0, and let g. : Q — E be a simple function such that ||g — 9€||L]}1],(Q;E) <e.
Observing that

1Png = 9llr:my < 1Png = Pagell i) + 1P0ge — gellLioimy + I9e — 9ll i)

by (D) and property applied to g. it holds that limsup,,_, o [|[Png — 9||L]}1],(Q;E) < 2¢ and
we conclude.

Finally, property follows from the measurability of G, Fubini Theorem and the definition
of P,. O

Consider now the Polish space ([0, 1],B,£L1).

Lemma D.3 (Proposition [£16] part 2). For any N € N we define I := [(k — 1)/N,k/N),
k=1,...,N =1, I¥ :=[(N —1)/N,1]. If E is a Banach space, g € L'([0,1]; E) and

N
N ._ Z]lf;ﬁ\r ][N g(s)ds,
k=1 1

k

then

. N _
(D.2) Nl_lfjrloo g™ = gllLr(o,1;2) = O-

Moreover, the family of finite algebras BY := o({IY : k=1,...,N}), N € N, satisfies the finite
approximation property of Definition [{.15]
Finally, if g € LP([0,1); E), for some p € (1,+00), then limy_ o ||g" — 9llzr(o,13:) = 0.

Proof. For any = € [0,1] and N € N, there exists a unique k(x, N) such that « € I,i\éx - From
the definition of I} it follows that I]i\(fx ny € Byn (x). Since

Ny _ al B
gV (@) —g(z) = Lv(z) 1 (9(s) = g(x))ds,
k=1 i
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then

H¢Wm—g@mEng7 lg(s) — g(a)]| & ds.
Bi/n(z)

By the Bochner version of the Lebesgue differentiation Theorem (see for instance |26, Theorem
9, p. 49]) we obtain that limy_, o ||¢™¥ (x) — g(z)||g = 0 for Li-a.e. x € [0,1].

Since fol llg(x)||g dx < 400 there exists a convex, increasing, superlinear function ¢ : [0, +00) —
[0, 4+00) such that fo (lg(z)||g) dz < 4+o0. Since

mNqu§2f ()]l ds,
Bi/n(z)

by Jensen’s inequality,

1 1
LﬂdwwNuw@<u<2/’w(ﬁmﬂﬂm<mEm>dx
<2/iﬁmﬂx (lo(s)]1e) dsda

_N/ / Le—1/Na+1/n) ()Y ([lg(s)]| ) dsda
_N/ / Lis—1/n,s+1/3) (@)Y (lg(s) [ 2) dsdz

§2A¢HM$MMB<+w,

which implies the equi-integrability of the sequence ||¢™V||g. Then (D.2)) holds.
The finite approximation property for BV follows as in the proof of Lemma [D.2l The final
assertion is a consequence of the equi-integrability of the sequence ||gV||%. O

Lemma D.4 (Proposition 16l part 3). Let (Q2,8,P) be a standard Borel space and P without
atoms. Then there exists a family BY C B, N € N, satisfying the finite approzimation property
of Definition[{.1)] such that the assocmted mzmmal partition PN = {AN k=1,...,N} contains
exactly N elements and ]P’(AN) = N, fork=1,...,N.

Proof. Let T be a Polish topology on 2 such that B = B q ;). Let also Qo, Iy, ¥, 1)~ be given by
Proposition [D.Il Using the notation of Lemma [D.3] we define the sets A := »=1(I] \ Iy) U Qg
and AN ==L (IN\ Iy) for k=2,...,N.

It is immediate to prove that ]P’(A;V) = % forj=1,...,N and {AY, ..., AN} is a partition of
Q. Moreover, given a Banach space E and g € L}(; E), we denote by g := goy ™1 € L([0,1]; E).
Denoting by GV the sequence given by Lemma [D.3l applied to §, we define ¢V := GV o) and the
finite approximation property for (£, B(q ;),P) follows by Lemma D3l

O
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