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Abstract—Canonical Piecewise-Linear (CPWL) functions can
approximate any continuous single-valued scalar function with
arbitrary accuracy through a global and explicit representa-
tion. This letter presents a general closed-form expression for
computing p-th order antiderivatives of CPWL functions. The
proposed analytical formulation is directly parameterized by the
CPWL coefficients and avoids recursive integration schemes and
symbolic manipulation. Numerical results demonstrate that the
proposed method enables efficient and accurate evaluation of p-th
order antiderivatives while maintaining low computational cost
and memory footprint.

Index Terms—Canonical Piecewise-Linear functions, An-

tiderivative, data integration.

I. INTRODUCTION

ANONICAL Piecewise-Linear (CPWL) functions [I1]],

[2] can approximate any single-valued nonlinear function
with arbitrary accuracy by means of a global and explicit
representation that employs a low number of parameters and
requires neither lookup tables (LUTSs) nor iterative evaluation
techniques. Owing to these appealing properties, CPWL func-
tions are used both to explicitly describe implicitly defined
scalar single-valued nonlinearities and to provide global rep-
resentations of unknown functions for which only a finite set
of points is available.

Despite these advantages, CPWL functions have so far been
less popular than other methodologies in the literature. Indeed,
LUT-based approaches are still widely adopted [3]], largely
because of their simplicity, ease of implementation, and long-
standing use in both industrial and academic practice. As a
result, LUTs often remain the default choice for representing
and constructing piecewise-linear approximations of nonlinear
functions or for fitting measured data, although alternative
approaches exist [4]. In general, all the aforementioned meth-
ods require the selection of breakpoints in the curve to be
represented, which can be chosen directly from the reference
nonlinear function or determined through more sophisticated
optimization procedures [5].

The literature also reports several generalizations of CPWL
function representations. For instance, multidimensional ex-
tensions are discussed in [1f], [6]—[8]], while smooth canonical
piecewise representations have been proposed to address the
discontinuity of first-order derivatives of CPWL functions [9]-
[11]. These approaches mainly aim to enforce differentiability
in the CPWL function itself while preserving its global struc-
ture.
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As far as antiderivatives of piecewise functions are
concerned, they are typically obtained through successive
segment-wise integration steps, often requiring the recursive
computation of lower-order antiderivatives and the explicit
enforcement of continuity conditions. Such strategies are com-
monly adopted in antiderivative antialiasing (ADAA) frame-
works, where antiderivatives play a central role in mitigating
aliasing artifacts in nonlinear discrete-time systems [[12]-[18]],
especially when the global analytical expressions of antideriva-
tives are not available or are too computationally demanding.
Although other techniques allow for analytical computations
of antiderivatives of piecewise polynomial functions [16], to
the best of our knowledge, no existing work derives global
closed-form expressions for arbitrary-order antiderivatives of
CPWL functions directly from their canonical parametrization.

In this letter, building on the CPWL parametrization, we
present a compact analytical expression that enables the
computation of the p-th order antiderivative of a continuous
CPWL function directly from the selected breakpoints, with-
out the need to compute the (p—1)-th order antiderivative.
The proposed formulation eliminates the need for search
operations, interpolation, and numerical integration typically
required when using LUTs, thereby avoiding successive in-
tegration steps and symbolic manipulation. We compare the
proposed methodology with a recent LUT-based technique to
compute antiderivatives from a finite set of points [3] and show
that the proposed formulation achieves higher accuracy when
the number of breakpoints is kept small, while exhibiting a
comparable computational cost.

II. BACKGROUND ON CPWL FUNCTIONS

Real-valued scalar CPWL functions [1]] are characterized
by a set of segments and a set of points shared by ad-
jacent segments, known as breakpoints, with coordinates
(z1,11), (x2,Y2), -, (@ar,ynr), where M € N and M <
+00. A continuous single-valued CPWL function Fy(z)
R — R is given by [1]

M
Fo($)=M0+M1$+Z77j |z — ;] , ey

j=1

where | -| indicates the absolute value, M +1 is the number of
segments (from the leftmost with index j = 0 to the rightmost
with index 7 = M), and M is the number of breakpoints with
coordinates (z;,y,) (from the leftmost with index j = 1 to the
rightmost with index j = M). We also define the parameters

p1 = 0.5 (mo +mar) , ()
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nj:O.5(mj—mj,1) with j=1,.... M, 3)
M

po = Fo (0) = > mjla1, “4)
j=1

where myg is the slope of the leftmost segment, mj; is the
slope of the rightmost segment, F{ (0) is the value assumed
by the function at x = 0, whereas m; is the slope of the
jth segment, with 7 = 1,..., M — 1, and it is defined as
mj = (Yj+1 —Y;)/ (@41 — x;). Let us assume that the slopes
of the leftmost and the rightmost segments, corresponding to
the intervals [—oo, 1] and [zps, +00], are set as mg = my
and mp; = mys_1, respectively. Finally, it is worth noting that
a CPWL representation in the form given in (I) is obtained if
and only if 7y < x5 < --- < xpy, where the points x; are not
necessarily uniformly spaced.

III. ANTIDERIVATIVES OF CPWL FUNCTIONS

Let us consider the generic CPWL function Fy(x), also
referred to as the antiderivative function of 0-th order. We show
that CPWL functions with global formulation (I)) allow the
analytical derivation of antiderivatives. Indeed, Table [[| reports
the first-, second-, and third-order antiderivatives of Fp(z)
computed by applying successive integration operations to the
canonical representation in (I). The first order antiderivative
Fi(z) of (I) is defined such that Fy(z) = dFi(x)/dz holds
true Vx Hence Fy(z) is C! smooth and continuous. Among
the infinite primitive functions of Fy(z), we consider the
unique one satisfying F;(0) = 0. Since any antiderivative
is defined up to an additive constant, this condition removes
the resulting ambiguity and yields a canonical expression
that simplifies further analysis. In fact, it can be verified
that (8) in Table [[ satisfies F;(0) = 0. Then, the second-
order antiderivative of Fy(x) in (6) is the primitive function
of (B) that passes through the origin, and, in turn, the third-
order antiderivative of Fy(x) in is the primitive function
of () that passes through the origin.

In general, the antiderivative of order p of Fy(z), with p >
1, can be obtained by taking the integral of the antiderivative
of Fy(x) of order p — 1. It follows that, by induction, we
can derive a general formula, which expresses the p-th order
antiderivative of Fy(z) as

P xp-i—l
Fp(x):,uoy-i-,m +Z77] o (pz), ®)
where
P(p,x) , (r—z;)>0 A ;<0
U(p,x), (x—x;)>0 A z;>0
@i (p,x) =
—®;(p,r), (x—2;)<0 A x; >0
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(a) Polynomial function. (b) Saturation function.

Fig. 1: Functions considered in our examples of application.
Markers indicate the 21 points used for tuning the methods.

with
zP (z—(p+ 1)93j)
Pi(p,x) = ,
x —x;)Ptt L (p— k) (x— )kttt "
¥ (p,z) = ¢ +3 %
p+1 E' (p+1—k)!

(10)
Equation (8] allows for the direct computation of the p-th order
antiderivative of a CPWL function such that F,(0) = 0 with-
out the need of recursively applying integration operations. It
can also be verified that F,(z) is continuous, i.e.,

lim Fy(z) = Fy(a)l,_, , VYz.€R, (D

and, trivially, that it is CP smooth.

IV. EXAMPLES OF APPLICATION

In this section, we compare the performance of the proposed
methodology against the technique used in [3] to compute
antiderivatives of nonlinear functions starting from a set of
points. To ease the analysis, we consider two case studies
that allow for the analytical computation of antiderivatives: an
arbitrary polynomial function and a saturation function that is
of interest in audio signal processing applications.

In particular, the method proposed in [3]] entails uniformly
sampling the function f(z) at a finite number of points M
over the interval [a,b], equally spaced by Ax. The authors
tested the methodology using 128, 1024, and 8192 breakpoints,
considering only antiderivatives of low orders. Said points
are used to perform numerical integration via the Riemann
sum (or rectangular rule), and the results are stored in an
LUT. The LUT corresponding to the antiderivative of 1-st
order is subsequently obtained using an interpolation scheme;
in our analysis, we select cubic interpolation. Higher-order
antiderivatives are obtained by recursively applying the afore-
mentioned processing steps. Finally, it is worth pointing out
that all algorithms are implemented and tested in a plain
MATLAB script.

A. Polynomial Function
Let us consider the polynomial function f(z) shown in
Fig. [Ia] defined through the following equation
(—423 + 4822 — 2x)
flz) = ;
500

12)
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TABLE I: First-, Second-, and Third-Order Antiderivatives of Canonical Piecewise-Linear Functions.

1st-order Antiderivative

2nd-order Antiderivative
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Fig. 2: First four antiderivatives of (T2). The proposed method in light blue and the baseline method in orange are both tuned
over 21 points. The ground-truth (GT) in black represents the analytical solution.
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Fig. 3: First four antiderivatives of (T2). The proposed method in light blue is tuned over 21 points, while the baseline method
in orange over 401 points. The ground-truth (GT) in black represents the analytical solution.

where the red crosses mark the M = 21 breakpoints selected
for tuning the methods under test and obtained by uniformly
sampling the range [—10, 10] with Az = 1. The test points,
instead, are obtained by uniformly sampling the same range
but with Az = 0.01 and amount to 2001.

Fig. 2] shows the comparison between the proposed method
(in light blue), the baseline method (in orange), and the ana-
lytical solutions (ground-truth, in black) for the first- (Fig. [2a),
second- (Fig. [2b), third- (Fig. 2d), and fourth- (Fig. 2d) order
antiderivatives of (I2). As already anticipated in Sec. [

it is evident that the obtained antiderivatives are continuous
although the 0-th order function is indeed piecewise-linear.
Then, while the CPWL curves closely match the ground-
truth (GT) curve over the entire domain, the baseline curves
present noticeable errors. For instance, in Fig. 2a] the baseline
curve begins to deviate clearly around x —7.5, owing
to the quadrature error introduced by the Riemann sum. To
quantify the deviation between the curves, Table |lI| reports the
Normalized Mean Squared Error (NMSE), computed between
the method under test and the GT, for each antiderivative order
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Fig. 4: First four antiderivatives of (I3). The proposed method in light blue and the baseline method in orange are both tuned
over 21 points. The ground-truth (GT) in black represents the analytical solution.

p. The CPWL-based curve achieves an NMSE, averaged over
the four orders, of 4.42. x 10~4, while the baseline yields an
NMSE of 43.9. Moreover, by examining the first section of
the table and by comparing the curves in Figg. [24 and
we can notice that the quadrature error increases with the
order p, while the antiderivatives computed via @ maintain
comparable accuracy across all orders. In addition, the pro-
posed and baseline methods exhibit comparable computational
costs, with the proposed approach performing slightly faster.
Specifically, the results (averaged on 100 runs on a Apple
Silicon M1 Pro processor) show that the baseline method
processes the 2001 test points in approximately 9.2 x 1073 s,
whereas our approach in 3.4 x 1073 s.

To further assess the proposed methodology, we repeated the
experiment by tuning the proposed method still with M = 21
breakpoints, but the baseline method with M = 401 points
(obtained by setting Az = 0.05). Fig. 3| shows the results
obtained under this configuration. The third row of the first
section in Table @reports, instead, the NMSE computed across
the four antiderivative orders. Although the quadrature error
of the baseline method is substantially reduced (e.g., with the
NMSE for order p = 1 being now 7.37 x 10~%), the NMSE
averaged over the four orders amounts to 0.23, remaining sig-
nificantly higher than that achieved by the proposed approach.
Finally, it is worth pointing out that, despite the increase in the
number of breakpoints, the runtime remains almost unchanged
compared to the previous case.

B. Saturation Function

As a second example, let us consider the saturation function
f(x) shown in Fig. [Ibl defined through the following equation

flx) = %atan(a:) , (13)

where the red crosses mark the M = 21 breakpoints as in the
previous example. We consider the same range, Ax, and test
points as in Sec.

Fig. @] shows the comparison between the proposed method
(in light blue), the baseline method (in orange), and the
analytical solutions (GT in black) for the first four antiderivates
of ([3), when the methods under test are both tuned over
M = 21 breakpoints. The second section of Table [II] shows
the NMSE computed under this configuration. The average
NMSE achieved by our approach amounts to 4.7 x 1074,

TABLE II: NMSE Between Ground-Truth and the Methods
Under Test for Orders p and Numbers of Breakpoints M.

Funct. Method M | p=1 p=2 p=3 p=4
Ours 21 | 86x107° 222x107*% 492x107* 9.7x107*
3] 21 0.32 3.60 28.22 143.53
1z] 131 401 | 7.37x107%  9.35 x 1073 0.1 0.8
(3] Ours 21 | 1.3x107* 30x107* 56x107* 88x107*
(13] 3] 21 | 21x1072  53x1072 54x1072 4.8x1072
{13] 13 401 | 535x107° 1.5x107% 21x10"* 22x10°*

whereas the baseline yields 4.4 x 102, with the runtimes
being similar to those obtained in the previous example. By
contrast, the results in the last row of Table [[T|show that tuning
the baseline method with M = 401 breakpoints yields a slight
accuracy improvement over our approach, with an average
NMSE of 1.6 x 1074, We attribute this result to the lower
quadrature error in the Riemann sum caused by the presence
of relatively flat regions with respect to the function analyzed
in Sec. Nonetheless, the proposed approach turns out
to be the preferred choice when aiming for higher accuracy
while limiting the number of breakpoints on which the curve is
tuned (and thus the memory footprint), making it particularly
promising in scenarios with scarce availability of data.

As a final remark, preliminary experiments applying the pro-
posed methodology to ADAA [13]] yield lower noise than [3]
when a limited number of breakpoints is available. Further
implications will be investigated in future work.

V. CONCLUSIONS

In this letter, we presented an explicit closed-form expres-
sion to compute the p-th order antiderivative of a continuous
CPWL function. The analytical formula leads to continuous
representations and enables the direct computation of the p-
th order antiderivate without computing the previous p — 1
antiderivatives, as typically required by other approaches in
the literature. Compared to a recent method for computing
antiderivatives of functions stored in an LUT [3]], the proposed
approach turned out to be characterized by higher accuracy
while maintaining a comparable computational cost, which
makes it promising for applications such as dynamic system
identification [19], [20] and antiderivative antialiasing in non-
linear audio signal processing [12]-[/18].
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