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Abstract
Let ϕ : D → D be a parabolic self-map of the unit discD having zero hyperbolic step.
We study holomorphic self-maps of D commuting with ϕ. In particular, we answer a
question from Gentili and Vlacci (1994) by proving that ψ ∈ Hol(D,D) commutes
with ϕ if and only if the two self-maps have the same Denjoy–Wolff point and ψ is
a pseudo-iterate of ϕ in the sense of Cowen. Moreover, we show that the centralizer
of ϕ, i.e. the semigroupZ∀(ϕ) := {ψ ∈ Hol(D,D) : ψ ◦ ϕ = ϕ ◦ ψ} is commutative.
We also prove that if ϕ is univalent, then all elements ofZ∀(ϕ) are univalent as well,
and if ϕ is not univalent, then the identity map is an isolated point of Z∀(ϕ). The
main tool is the machinery of simultaneous linearization, which we develop using
holomorphic models for iteration of non-elliptic self-maps originating in works of
Cowen and Pommerenke.
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1 Introduction

One of the main tools in the study of holomorphic dynamical systems is linearization,
i.e., semiconjugation to a linearmap.This paper is a part of a project,whichwecontinue
in [16], aimed at analyzing anddeveloping the relationship ofwhat is commonly known
in Dynamics as simultaneous linearization with the study of commuting holomorphic
self-maps of the unit disc D := {z ∈ C : |z| < 1}.

In his seminal papers [20, 21]Cowen introducedwhat is nowknown as holomorphic
(semi-)models for the iteration of holomorphic self-maps of D and used it to study
commuting holomorphic self-maps. Obviously, any two iterates of the same self-map
commute. Cowen’s main result in [21] can be regarded as a (weaker form of the)
converse statement. Namely, he proved that any two commuting holomorphic self-
maps are “generalized iterates” of a third self-map, i.e. elements of its pseudo-iteration
semigroup; see Section 3 for the definition of this notion.

Much later, Arosio and Bracci [3, 4] developed Cowen’s ideas and extended
them to holomorphic iteration in higher dimensions and, more generally, on com-
plex manifolds. Noticeably, their abstract point of view appears to be fruitful even
for holomorphic self-maps of D. In this classical case, the notion of a holomorphic
semimodel can be interpreted as a way tomodel the iteration of a given self-map by the
iteration of a linear map with the help of a suitable (in general, non-injective) change
of variable h : D → C; see Section 2.4 for more details.

For a non-elliptic (i.e., having no fixed point in the open disc D) holomorphic
self-map ϕ : D → D, the linear map modeling ϕ is of the form w �→ w + 1. Accord-
ingly, “linearizing” the non-elliptic self-map ϕ consists of studying Abel’s functional
equation

h ◦ ϕ = h + 1. (1.1)

In general, the solution to (1.1) is not unique. However, it is possible to single out one
particular solution playing a special role, and often referred to as the Koenigs function
of ϕ; see Definition 2.7. In terms of the Koenigs function hϕ of ϕ, one can characterize
elements of Cowen’s pseudo-iteration semigroup of ϕ as those holomorphic self-maps
ψ : D → D for which

hϕ ◦ ψ = hϕ + c (1.2)
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holds with a suitable constant c ∈ C, which we will refer to as the simultaneous
linearization coefficient and which will be denoted by cϕ,ψ .

From the algebraic point of view, the classes Hol(D) and Uni(D) consisting of all
holomorphic and all univalent (i.e. holomorphic and injective) self-maps ϕ : D → D,
respectively, are non-abelian semigroups w.r.t. composition. Therefore, the notion of
centralizer naturally comes into play.

Definition 1.1 Given a holomorphic self-map of the unit disc ϕ ∈ Hol(D), the cen-
tralizer of ϕ is the set of all holomorphic self-maps of the unit disc which commute
with ϕ, that is,

Z∀(ϕ) := {ψ ∈ Hol(D) : ψ ◦ ϕ = ϕ ◦ ψ}.

When ϕ is also univalent, that is ϕ ∈ Uni(D), we denote

Z (ϕ) := {ψ ∈ Uni(D) : ψ ◦ ϕ = ϕ ◦ ψ} = Z∀(ϕ) ∩ Uni(D).

For hyperbolic1 self-maps ϕ the structure of the centralizer Z∀(ϕ) is rather well
understood. For parabolic self-maps, which we consider in this paper and in [16],
the situation is much more complicated and open. In particular, there is a significant
difference between parabolic self-maps of zero hyperbolic step and those of positive
hyperbolic step, as it becomes clear already in the special case of univalent commuting
self-maps, which has been recently studied by the authors in [15] in relation to the
much celebrated embeddability problem.

For a parabolic self-map ϕ of zero hyperbolic step, in Section 4 we show (Theo-
rem 4.1) that a self-map ψ ∈ Hol(D) sharing with ϕ the same Denjoy–Wolff point
belongs toZ∀(ϕ) if and only if the Koenigs map hϕ linearizes ψ , i.e. if and only if ψ

is in the pseudo-iteration semigroup of ϕ. This result was previously known under cer-
tain additional conditions, which we are now able to completely eliminate, answering
in this way a question going back to Cowen [21] and explicitly stated by Gentili and
Vlacci [23], see Remark 4.2. A closely related result, see assertion (4) of Theorem 4.5,
states that the centralizer Z∀(ϕ) of any parabolic self-map with zero hyperbolic step
is abelian, i.e. any two elements ψ1, ψ2 ∈ Z∀(ϕ) commute. In the same theorem, we
also show that if ϕ is univalent, then each ψ ∈ Z∀(ϕ) is univalent as well.

For parabolic self-maps ϕ of positive hyperbolic step, these results do not hold.
The structure of Z∀(ϕ) in the parabolic-positive case can be much richer and will be
analyzed in [16]. In particular, Z∀(ϕ) is not necessarily abelian even in the univalent
case (see [15, Example 8.5]) and, in general, is not contained in the pseudo-iteration
semigroup.

Returning to the parabolic-zero case, we further show (Theorem 4.8) that the map
assigning to each element of the centralizer ψ ∈ Z∀(ϕ) its simultaneous linearization
coefficient cϕ,ψ is an isomorphism between the topological semigroup Z∀(ϕ) and a
subsemigroup of C regarded as a topological semigroup w.r.t. addition. This allows
us to establish another remarkable fact (Theorem 4.4): if the identity map idD is

1 For the classification of holomorphic self-maps in D and for the related notion of the Denjoy–Wolff
point, see Section 2.2.



  137 Page 4 of 32 M. D. Contreras et al.

not isolated in the centralizer Z∀(ϕ), then it contains a non-trivial continuous one-
parameter semigroup (φt )t�0 of holomorphic self-maps of the unit disc and then
the function ϕ is needfully univalent. If in addition, the self-map ϕ has a boundary
fixed point different from its Denjoy–Wolff point, then in combination with [14,
Theorem 1.4], this result implies that ϕ is contained in the semigroup (φt ) and hence,
ϕ is embeddable.

In Section 5, we prove an explicit formula for the simultaneous linearization coef-
ficient2 (see (5.1) in Theorem 5.1), which allows one to determine cϕ,ψ directly, i.e.
without knowing the Koenigs map of ϕ. We also study the uniqueness questions for
simultaneous linearization. For a parabolic self-map ϕ of zero hyperbolic step and any
ψ ∈ Z∀(ϕ), we show (Theorem 5.1 (B)) that if a holomorphic map h : D → C lin-
earizes both ϕ and ψ , i.e. h ◦ ϕ = h + c1 and h ◦ ψ = h + c2 with |c1|2 + |c2|2 �= 0,
then cϕ,ψ = c2/c1. Furthermore, if cϕ,ψ is not a rational real number, then h neces-
sarily coincides, up to an affine transformation, with the Koenigs map hϕ of ϕ, see
Proposition 5.2. Finally, we establish sufficient conditions on the hyperbolic step and
the simultaneous linearization coefficient, under which the commutativity of parabolic
self-maps ϕ and ψ implies that the Koenigs map hψ of ψ is a multiple of hϕ ; see The-
orem 5.3.

The rest of the paper is organized as follows. In Section 2, we introduce the nec-
essary preliminaries on the dynamics of holomorphic self-maps of D. Moreover, in
Subsection 2.4 we prove a few auxiliary results, used in the subsequent sections.

In Section 3, we explain the relationship between the pseudo-iteration semigroup of
a parabolic self-map and simultaneous linearization. We show (Proposition 3.3) that
under a light additional condition, the simultaneous linearizability of two parabolic
self-maps with the same Denjoy–Wolff point implies that the self-maps commute. In
the same section,we also analyse the case of real simultaneous linearization coefficient
(Proposition 3.6).

The paper is concluded in Section 6 which serves as an appendix, in which we
provide a necessary and sufficient condition in terms of the hyperbolic derivative for
a non-elliptic self-map to be of zero hyperbolic step.

2 Preliminaries and auxiliary results

Below we introduce some notation and basic theory used further in the paper. For
more details and for the proofs of the previously known results presented in this
section without proof, we refer the interested readers to the recent monograph [1].

2.1 Notation

As usual, we denote the unit disc by D := {z ∈ C : |z| < 1}, and we write H :=
{w ∈ C : Imw > 0} for the upper half-plane and HR := {w ∈ C : Rew > 0} for the
right half-plane.

2 Previously, this formula was found by the authors for univalent parabolic self-maps in [15].
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For any two sets A and B, the inclusion A ⊂ B will be understood in the wide
sense, i.e. allowing the equality A = B as a special case.

Furthermore, denote by Hol(D, E) the class of all holomorphic mappings of a
domain D ⊂ C into a set E ⊂ C, and let Uni(D, E) stand for the class of all univalent
(i.e. injective holomorphic) mappings from D to E . As usual, we endow Hol(D, E)

and Uni(D, E) with the topology of locally uniform convergence. In case E = D, we
will write Hol(D) and Uni(D) instead of Hol(D, D) and Uni(D, D), respectively.

For a self-map ϕ : D → D of a domain D ⊂ C and n ∈ N we denote by ϕ◦n

the n-th iterate of ϕ, and let ϕ◦0 := idD , the identity map in D. Moreover, if ϕ is an
automorphism of D, then for every n ∈ N, we denote by ϕ◦−n the n-th iterate of ϕ−1.

If D is a hyperbolic domain in the complex plane, we denote by ρD (resp. ρ∗
D) the

hyperbolic distance (resp. pseudohyperbolic distance) in D. We write BD
h (z, r) for the

pseudohyperbolic disc in D of radius r centered at z. When D is the unit disc, we
simply write Bh(z, r) to denote BD

h (z, r).

2.2 Holomorphic self-maps of the unit disc

The study of the dynamics of a generic holomorphic self-map ϕ of the unit disc D,
different from the identity map, is a classical and well-established branch of Complex
Analysis.

The central result in the area is the Denjoy–Wolff Theorem, which states that if ϕ

is different from an elliptic automorphism (i.e. not an automorphism of D possessing
a fixed point inD), then the sequence of the iterates (ϕ◦n) converges locally uniformly
in D to a certain point τ ∈ D. This point is called the Denjoy–Wolff point of ϕ (or
DW-point for short). Moreover, if τ ∈ ∂D, it is the unique boundary fixed point at
which the angular derivative ϕ′(τ ) is finite and belongs to (0, 1].

Depending on the position of the Denjoy–Wolff point τ and on the value of the
multiplier ϕ′(τ ), holomorphic self-maps ϕ ∈ Hol(D) different from elliptic automor-
phisms are divided into three categories. Namely, ϕ is called:

(a) elliptic if τ ∈ D,
(b) hyperbolic if τ ∈ ∂D and ϕ′(τ ) < 1, and
(c) parabolic if τ ∈ ∂D such that ϕ′(τ ) = 1.

All elliptic automorphisms of D, along with the identity mapping idD, are conven-
tionally included in the category (a) of elliptic self-maps. Accordingly, for an elliptic
automorphism different from idD, its Denjoy–Wolff point is defined to be its unique
fixed point in D.

Parabolic self-maps can have very different dynamical properties depending on the
so-called hyperbolic step. Let ϕ ∈ Hol(D) be non-elliptic. Thanks to the Schwarz–
Pick Lemma, for the orbit

(
zn

) := (
ϕ◦n(z0)

)
of any point z0 ∈ D, there exists a finite

limit q(z0) := limn→+∞ ρD(zn, zn+1). It is known, see e.g. [1, Corollary4.6.9], that
either q(z0) > 0 for all z0 ∈ D , or q ≡ 0 inD. The self-map ϕ is said to be of positive
or of zero hyperbolic step depending on whether the former or the latter alternative
occurs. If ϕ is hyperbolic, then it is always of positive hyperbolic step. However, there
exist parabolic self-maps of zero as well as of positive hyperbolic step.
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2.3 Commuting holomorphic self-maps

It is clear that if two holomorphic self-maps ϕ,ψ ∈ Hol(D) \ {idD} commute, i.e.
ϕ ◦ ψ = ψ ◦ ϕ, and if one of them is elliptic, then the other is also elliptic and they
share the Denjoy–Wolff point. The situation is not so evident when we consider non-
elliptic self-maps. In 1973, Behan [7], see also [1, Section 4.10], proved that if ϕ andψ

are commuting non-elliptic self-maps of D and ϕ is not a hyperbolic automorphism,
then ϕ and ψ share the Denjoy–Wolff point.

Later, Cowen [21, Corollary 4.1] proved that if ϕ and ψ are two non-elliptic com-
muting holomorphic self-maps of D and if ϕ is hyperbolic, then ψ is also hyperbolic
(and thus, if ϕ is parabolic, thenψ is parabolic)3. In the special case when ϕ is a hyper-
bolic automorphism, by an old result of Heins [25, Lemma 2.1], ψ ∈ Hol(D) \ {idD}
commutes with ϕ if and only if ψ is a hyperbolic automorphism itself with the same
fixed points as ϕ.

It is worth mentioning that parabolic self-maps of positive hyperbolic step can
commute with parabolic self-maps of zero hyperbolic step. Moreover, in contrast to
the hyperbolic case, the fact that one of them is an automorphism would not imply that
the other must be also an automorphism. To see this, one can consider the following
example: ϕ := h−1 ◦ (h + 1), ψ := h−1 ◦ (h + i), where h is a conformal map of D
onto H.

2.4 Holomorphic models for holomorphic self-maps

An indispensable role in our study is played by the concept of a holomorphic model,
which goes back to Pommerenke [27], Baker and Pommerenke [5], and Cowen [20].
The terminology we use is mainly borrowed from [3].

Definition 2.1 Let ϕ ∈ Hol(D). A domain V ⊂ D is invariant for ϕ (or ϕ-invariant)
if ϕ(V ) ⊂ V ; it is absorbing for ϕ (or ϕ-absorbing) if it is ϕ-invariant and

D =
⋃

n∈N

(
ϕ◦n)−1

(V ).

In other words, a ϕ-invariant domain is ϕ-absorbing if it eventually contains the orbit
of any point of D.

Definition 2.2 A holomorphic semimodel of ϕ ∈ Hol(D) is a triple M := (S, h, α),
where S is a Riemann surface, α is an automorphism of S, and h is a holomorphic
map from D into S satisfying the following two conditions:

(HM1) h ◦ ϕ = α ◦ h and
(HM2) S = ⋃

n�0

(
α◦n

)−1
(h(D)).

A holomorphic model of ϕ ∈ Hol(D) is a semimodel M := (S, h, α) for which

(HM3) there exists a ϕ-absorbing domain V ⊂ D in which h is injective.

3 See also [4, Theorem 1.3] for a generalization of this result to holomorphic self-maps of the unit ball
in Cn .
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TheRiemann surface S is called the base space, and themap h is called the intertwining
map of the holomorphic model M .

Given a holomorphic modelM of ϕ, every holomorphic semimodel of ϕ factorises
via the model M in the following sense.

Lemma 2.3 ( [1, Lemma 3.5.8 and Remark 3.5.6]) Assume that ϕ ∈ Hol(D) admits a
holomorphic modelM := (S, h, α). If (S1, h1, α1) is another holomorphic semimodel
for ϕ, then there exists a surjective holomorphic map β : S → S1 such that h1 = β ◦ h
and β ◦ α = α1 ◦ β.

Every non-elliptic self-map ϕ ∈ Hol(D) admits an essentially unique holomorphic
model. More precisely, the following fundamental theorem holds.

Theorem 2.4 ([1, Corollary 4.5.5]) Every non-elliptic self-map ϕ ∈ Hol(D) admits a
holomorphic model. Moreover such a model is unique up to a model isomorphism;
i.e., if (S1, h1, α1) and (S2, h2, α2) are holomorphic models for ϕ, then there exists a
biholomorphic map β of S1 onto S2 such that

h2 = β ◦ h1, α2 = β ◦ α1 ◦ β−1.

The proof of the existence of holomorphicmodels depends strongly on the existence
of absorbing sets (see, e.g., [1, Theorem 3.5.10]). In the next result we summarize what
we need about the models for self-maps of the unit disc. The type of a self-map is
reflected in, and actually can be fully determined from, the kind of holomorphic model
ϕ admits. For an open interval I ⊂ R, we define

SI := R × I = {x + iy : x ∈ R, y ∈ I }.

Theorem 2.5 ([20], see also [1, Theorem 4.6.8]) Let ϕ ∈ Hol(D). The following state-
ments hold.

(1) ϕ is a hyperbolic self-map with multiplier λ ∈ (0, 1) if and only if ϕ admits a
holomorphic model of the form Mϕ := (SI , h, z �→ z + 1), where I = (a, b) is a
bounded open interval of length b − a = π/| log λ|.

(2) ϕ is a parabolic self-map of positive hyperbolic step if and only if ϕ admits a
holomorphic model of the form Mϕ := (SI , h, z �→ z + 1), where I is an open
unbounded interval different from the whole R.

(3) ϕ is a parabolic self-map of zero hyperbolic step if and only if ϕ admits a holo-
morphic model of the form Mϕ := (C, h, z �→ z + 1).

Remark 2.6 In the above theorem, we may assume that:

– in cases (1) and (3), h(0) = 0;
– in case (2), Re h(0) = 0 and SI = S(0,+∞) = H or SI = S(−∞,0) = −H.

Using the uniqueness part of Theorem 2.4, one can show (see e.g. [1, Corollary 4.6.12]
for details) that the above assumptions play the role of a normalization under which
the holomorphic model Mϕ for a given non-elliptic self-map ϕ is unique. Note that
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the normalization for cases (1) and (3) would also work in case (2), but we prefer to
use another normalization, so that for parabolic self-maps of positive hyperbolic step,
the base space SI ofMϕ coincides with H or −H. Moreover, replacing, if necessary,
ϕ with z �→ ϕ(z̄) we may assume in most of the proofs that SI = H.

Definition 2.7 The unique holomorphic model Mϕ of a non-elliptic self-map ϕ ∈
Hol(D) \ {idD} defined in Theorem 2.5 and normalized as in Remark 2.6 is called
the canonical (holomorphic) model for ϕ. The intertwining map h of the canonical
modelMϕ is called the Koenigs function, and we denote it, from now on, hϕ . Finally,
hϕ(D) is called the Koenigs domain of ϕ.

Remark 2.8 Let ϕ ∈ Hol(D) be a non-elliptic self-map with canonical holomorphic
model (S, hϕ, z �→ z + 1). By the very definition of holomorphic models, we have
that for any compact set K in S, there exists N > 0 such that for all natural numbers
n > N , it holds that K + n ⊂ hϕ(D). In fact, something stronger can be proved: Take
K a compact set in S, and consider the compact set

K̃ = {w + s : w ∈ K , s ∈ [0, 2]} ⊂ S.

Then there is N > 0 such that K̃ + n ⊂ hϕ(D) for all n > N . Therefore,
K + t ⊂ hϕ(D) for any real number t > N . Roughly speaking, thismeans that asymp-
totically every Koenigs domain behaves like the Koenigs domain of a non-elliptic
semigroup. This fact has been used several times in the literature, see e.g. [12,
Lemma 7.6] and [26, Lemma 2.2]. A bit more generally, if V ⊂ D is any ϕ-absorbing
open set, then repeating the same argument with V replacing D, we see that for each
compact K ⊂ S there exists t0 = t0(K , V ) � 0 such that K + t ⊂ hϕ(V ) for all
t ∈ [t0,+∞).

The following result proved in [19] plays an important role in our study. For a given
parabolic self-map ϕ ∈ Hol(D), it provides a construction of a family of invariant
sets with certain useful properties. In particular, if ϕ is of zero hyperbolic step then
these sets are ϕ-absorbing. Recall that a domain U ⊂ D is said to be isogonal at a
point σ ∈ ∂D if for any Stolz angle S ⊂ D with vertex at σ there exists ε > 0 such
that {z ∈ S : |z − σ | < ε} ⊂ U .

Theorem 2.9 ([19, Theorem 5.1]) Let ϕ ∈ Hol(D) be parabolic with Denjoy–Wolff
point τ ∈ ∂D and Koenigs function hϕ . Given 0 < r < 1, write

Vϕ(r) = {
z ∈ D : ρ∗

D
(z, ϕ(z)) < r

}
.

Then,

(1) Vϕ(r) is ϕ-invariant, that is, ϕ(Vϕ(r)) ⊂ Vϕ(r) for all 0 < r < 1.
(2) Vϕ(r) is a simply connected domain.
(3) Vϕ(r) is isogonal at τ.

(4) If 0 < r � 1
3 , then both ϕ and its Koenigs map hϕ are univalent in Vϕ(r).

(5) If ϕ is of zero hyperbolic step and 0 < r � 1
3 , then Vϕ(r) is ϕ-absorbing.
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ThenotationVϕ(r) introduced in the above theoremwill be used frequently through-
out the paper. In addition, some elementary properties of these sets will be used and,
for the sake of clearness, we collect them in the next lemma.

Lemma 2.10 Let ϕ,ψ ∈ Hol(D) be parabolic. The following statements hold.

(1) If ψ ∈ Z∀(ϕ), then Vϕ(r) is ψ-invariant for all r ∈ (0, 1).
(2) Take z, w ∈ D such that ρ∗

D
(z, ψ(z)) < a and ρ∗

D
(z, w) < b. Then

ρ∗
D
(w,ψ(w)) < a + 2b.

(3) If z ∈ Vψ(1/9) and ρ∗
D
(z, w) < 1/9, then w ∈ Vψ(1/3). In other words,

Bh(z, 1/9) ⊂ Vψ(1/3) whenever z ∈ Vψ(1/9).
(4) If z ∈ Vψ(1/9), then Bh

(
ψ◦n(z), 1/9

) ⊂ Vψ(1/3) for any n ∈ N.
(5) If ψ ∈ Z∀(ϕ) and z ∈ Vψ(1/9), then Bh

(
ϕ◦n(z), 1/9

) ⊂ Vψ(1/3) for any n ∈ N.

Proof If ψ ∈ Z∀(ϕ) and z ∈ Vϕ(r), then

ρ∗
D

(
ψ(z), ϕ ◦ ψ(z)

) = ρ∗
D

(
ψ(z), ψ ◦ ϕ(z)

)
� ρ∗

D

(
z, ϕ(z)

)
< r ,

so thatψ(z) ∈ Vϕ(r), where we have used the Schwarz–Pick Lemma. Thus (1) holds.
Further, (2) is a consequence of the triangle inequality and again the Schwarz–Pick
Lemma, and (3) follows from (2).

By Theorem 2.9 (1),ψ◦n(z) ∈ Vψ(1/9) for any z ∈ Vψ(1/9) and any n ∈ N. There-
fore, (3) implies (4). Similarly, by (1) with ϕ and ψ interchanged, ϕ◦n(z) ∈ Vψ(1/9)
for any z ∈ Vψ(1/9) and any n ∈ N; as a result, (5) follows from (3). ��

The nice properties of the sets Vϕ(r) allow us to show that the type of the self-map
ϕ and the type of the restriction ϕ|Vϕ(r) coincide.More precisely, we are going to prove
the following statement.

Fix a parabolic self-map ϕ ∈ Hol(D) and some r ∈ (0, 1/3]. Let f be a conformal
map of D onto Vϕ(r). Since Vϕ(r) is ϕ-invariant, ϕ̃ := f −1 ◦ ϕ ◦ f is a holomorphic
self-map of D.

Proposition 2.11 In the above notation, for any parabolic self-map ϕ ∈ Hol(D) the
following statements hold:

(1) If ϕ is of zero hyperbolic step with canonical model Mϕ := (C, hϕ, z �→ z + 1),
then

M∼
ϕ

:= (C, hϕ ◦ f , z �→ z + 1)

is a holomorphic model of ϕ̃ and thus, ϕ̃ is also parabolic of zero hyperbolic step.

(2) Ifϕ is of positive hyperbolic step with canonical modelMϕ := (S, hϕ, z �→ z + 1),
then ϕ̃ is also parabolic of positive hyperbolic step. Moreover, if S = H

(resp. S = −H), then M∼
ϕ

:= (�r , hϕ ◦ f , z �→ z + 1) (resp. M∼
ϕ

:=
(−�r , hϕ ◦ f , z �→ z + 1)), where

�r := {
w ∈ H : ρ∗

H
(w,w + 1) < r

} = {
w ∈ H : Imw >

√
1 − r2

/
(2r)

}
,

is a holomorphic model of ϕ̃.
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Proof For brevity, we denote Vr := Vϕ(r).

Proof of (1). Note that

hϕ ◦ f ◦ ϕ̃ = hϕ ◦ ϕ ◦ f = hϕ ◦ f + 1.

Hence, using f (D) = Vr , we have thatM∼
ϕ

:= (S, hϕ ◦ f , z �→ z + 1) is a semimodel

of ϕ̃, where S := ⋃∞
n=0(hϕ(Vr ) − n). Take w ∈ C. By the absorbing property of the

model, there exist z ∈ D and n0 ∈ N such that w = hϕ(z) − n0. By Theorem 2.9 (5),
Vr is ϕ-absorbing. Hence, there exists m0 ∈ N such that ϕ◦m0(z) ∈ Vr . Therefore,

w = hϕ(z) + m0 − (n0 + m0) = hϕ(ϕ◦m0(z)) − (n0 + m0) ∈
∞⋃

n=0

(hϕ(Vr ) − n) = S.

Thus S = C. By Theorem 2.9 (4), hϕ is univalent in Vr . Hence, hϕ ◦ f is univalent
in D and as a result, the semimodel M∼

ϕ
is actually a holomorphic model for ϕ̃. By

Theorem 2.5 (3), it follows that ϕ̃ is parabolic of zero hyperbolic step, as desired.

Proof of (2). We assume that the base space of the canonical model of ϕ is the
upper half-plane H. The proof in other case, that is, when the base domain is −H, is
completely similar.

Take w ∈ H. Then,

ρ∗
H
(w,w + 1) =

∣∣∣∣
w − (w + 1)

w − (w + 1)

∣∣∣∣ =
∣∣∣∣

1

−1 + 2i Imw

∣∣∣∣ = 1
√
1 + 4 Im2 w

.

Therefore, w ∈ �r if and only Imw > 1
2

√
(1 − r2)/r2 .

Let us show that

�r =
∞⋃

n=0

(hϕ(Vr ) − n). (2.1)

Firstly, take w ∈ ⋃∞
n=0(hϕ(Vr ) − n). Then w = hϕ(z) − n for some z ∈ Vr and some

n ∈ N. It follows that

ρ∗
H
(w,w + 1) = ρ∗

H

(
hϕ(z) − n, hϕ(z) − n + 1

) = ρ∗
H

(
hϕ(z), hϕ(ϕ(z))

)

� ρ∗
D

(
z, ϕ(z)

)
< r ,

where we used the invariant Schwarz–Pick Lemma, see e.g. [6, Theorem 6.4]. Hence,
w ∈ �r .

Reciprocally, take w ∈ �r . By the absorbing property of the model, see (HM2) in
Definition 2.2, there exist z ∈ D and n0 ∈ N such that w = hϕ(z) − n0. Therefore, by
[3, Lemma 3.16],

lim
m→∞ ρ∗

D

(
ϕ◦m(z), ϕ◦(m+1)(z)

) = ρ∗
H

(
hϕ(z), hϕ(ϕ(z))

)

= ρ∗
H

(
hϕ(z) − n0, hϕ(z) − n0 + 1

)
< r .
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Therefore, there exists m0 ∈ N such that ρ∗
D

(
ϕ◦m0(z), ϕ◦(m0+1)(z)

)
< r . Thus

ϕ◦m0(z) ∈ Vr . Finally

w = hϕ(z) + m0 − (n0 + m0) = hϕ(ϕ◦m0(z)) − (n0 + m0) ∈
∞⋃

n=0

(hϕ(Vr ) − n).

Now, note that hϕ ◦ f ◦ ϕ̃ = hϕ ◦ ϕ ◦ f = hϕ ◦ f + 1. Recall also that f (D) = Vr .
In combination with (2.1), this means that M∼

ϕ
:= (�r , hϕ ◦ f , z �→ z + 1) is a

semimodel of ϕ̃.
Furthermore, by Theorem 2.9 (4), hϕ is univalent in Vr . Hence, hϕ ◦ f is univalent

in D and as a result, the semimodel M∼
ϕ
is actually a holomorphic model for ϕ̃. By

Theorem 2.5 (2), it follows that ϕ̃ is parabolic of positive hyperbolic step, as desired.
��

We will make use of the following corollary of the above proposition. Set V :=
Vϕ(1/3) and let f be a conformal map of D onto V . Then ϕ(V ) ⊂ V and ψ(V ) ⊂ V
for any ψ ∈ Z∀(ϕ), see Theorem 2.9 (1) and Lemma 2.10 (1). Consider the map

Pϕ : Z∀(ϕ) → Z∀(ϕ̃); ψ �→ ψ̃ := f −1 ◦ ψ ◦ f (2.2)

that transforms a self-map ψ ∈ Hol(D) commuting with ϕ into the self-map ψ̃ ∈
Hol(D) commuting with ϕ̃ := f −1 ◦ ϕ ◦ f ∈ Hol(D).

Corollary 2.12 The map Pϕ : Z∀(ϕ) → Z∀(ϕ̃) defined in (2.2) is a homeomorphism
onto its image Pϕ(Z∀(ϕ)), which is a relatively closed subset of Z∀(ϕ̃).

Proof Firstly,Pϕ is injective as a consequenceof the identity principle for holomorphic
functions. Further, consider a sequence (ψn) ⊂ Z∀(ϕ) and denote ψ̃n := Pϕ(ψn) for
all n ∈ N. If (ψn) converges to someψ ∈ Z∀(ϕ) then, by Lemma 2.10 (1),ψ(V ) ⊂ V
and hence

ψ̃n = f −1 ◦ ψn ◦ f → f −1 ◦ ψ ◦ f = Pϕ(ψ) as n → +∞,

i.e. the map Pϕ is continuous. Conversely, suppose that (ψ̃n) converges to some
ψ̃ ∈ Z∀(ϕ̃). Passing to the limit in ψn ◦ f = f ◦ ψ̃n , we see that the limit ψ of any
convergent subsequence of (ψn) satisfies

ψ ◦ f = f ◦ ψ̃. (2.3)

By a standard argument based on normality of the family Hol(D), the latter implies
in turn that (ψn) converges to some ψ with ψ(V ) = f (ψ̃(D)) ⊂ f (D) = V . In
particular, ψ ∈ Hol(D). Therefore, we may pass to the limit in ψn ◦ ϕ = ϕ ◦ ψn and
conclude that ψ ∈ Z∀(ϕ). Appealing again to (2.3), we get ψ̃ = Pϕ(ψ). This shows
thatQ := Pϕ(Z∀(ϕ)) is a relatively closed inZ∀(ϕ̃) and thatP−1

ϕ is continuous inQ.
��
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Finally, we recall the following uniqueness result for the Koenigs function of
parabolic self-maps of zero hyperbolic step.

Theorem 2.13 ([17, Theorem 3.1]) Let ϕ ∈ Hol(D) be a parabolic self-map of zero
hyperbolic step with Koenigs function hϕ : D → C. Let z0 ∈ D such that h′

ϕ(z0) �= 0.
Further, let h1 : D → C be a holomorphic function satisfying the Abel functional
equation h1 ◦ ϕ = h1 + 1. Then the following conditions are equivalent:

(i) h1 = hϕ + c for some constant c ∈ C;
(ii) there exist r > 0 and N ∈ N such that h1 is univalent on every hyperbolic disc of

center ϕ◦n(z0) and radius r for all n > N .

3 Simultaneous linearization and pseudo-iteration semigroup

In [21] Cowen introduced the notion of a pseudo-iteration semigroup which plays
the central role in his study of commuting holomorphic self-maps of D. For a non-
elliptic self-map ϕ ∈ Hol(D), this notion can be defined as follows. Using conformal
mappings one can pass from the canonical holomorphic model for ϕ to another holo-
morphic model (S, f , α) for ϕ such that the base space S is either D or C. A self-map
ψ ∈ Hol(D) is said to belong to the pseudo-iteration semigroup of ϕ if there exists a
Möbius transformation β of the Riemann sphere C such that

α ◦ β = β ◦ α and f ◦ ψ = β ◦ f .

In view of condition (HM2) in the definition of a holomorphic model, these equalities
imply that β(S) ⊂ S. Furthermore, using the fact that commuting Möbius transfor-
mations have the same fixed points (except for the case when both are involutions)
see e.g. [1, Corollary 1.6.21], and passing back to the canonical holomorphic model,
it is not difficult to see that ψ ∈ Hol(D) belongs to the pseudo-iteration semigroup of
a non-elliptic self-map ϕ ∈ Hol(D) if and only if

hϕ ◦ ψ = hϕ + c for some constant c ∈ C.

Since the Koenigs function hϕ of ϕ, by the very definition, satisfies Abel’s equation
hϕ ◦ ϕ = hϕ + 1, this explains the relation of the pseudo-iteration semigroup to the
notion of simultaneous linearization, see Definition 3.1 below. As we have seen in
[15] for univalent self-maps and as it will become evident in [16], the simultaneous
linearization turns out to be amore convenient tool than the general concept of pseudo-
iteration when we restrict the study of commuting self-maps to the (more interesting
and complicated) non-elliptic case.

Definition 3.1 Let ϕ,ψ ∈ Hol(D) be two self-maps at least one of which is non-
elliptic. We say that ϕ and ψ admit simultaneous linearization if there exist constants
c1, c2 ∈ C with |c1|2 + |c2|2 �= 0 and a holomorphic function h : D → C satisfying

h ◦ ϕ = h + c1, h ◦ ψ = h + c2. (3.1)
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Remark 3.2 It is worth mentioning that simultaneous linearization, as a general con-
cept, has been studied in connectionwith commutativity in other contexts, e.g. for torus
diffeomorphisms and holomorphic germs; see [13, 30, 31] and references therein.

The main result of this preparatory section, Proposition 3.3 below, shows that the
simultaneous linearization, with a slight additional assumption imposed on the func-
tion h, provides a sufficient condition for commutativity.

Proposition 3.3 Let ϕ,ψ ∈ Hol(D) be two parabolic self-maps having the same Den-
joy–Wolff point τ . If there exist c1, c2 ∈ C and a holomorphic function h : D → C

which is univalent in some domain V ⊂ D isogonal at τ and such that

h ◦ ϕ = h + c1, h ◦ ψ = h + c2,

then ϕ ◦ ψ = ψ ◦ ϕ.

In particular, if hϕ ◦ ψ = hϕ + c for some constant c ∈ C, then ψ ∈ Z∀(ϕ).

The hypothesis that ϕ and ψ have the same DW-point τ cannot be eliminated from
the above proposition, see Example 4.7 in the next section.

A related result can be found in [21, Proposition 2.2]. However, a principal dif-
ference is that Proposition 3.3 gives a sufficient condition for ϕ and ψ to commute
without assuming that ψ is a a pseudo-iterate of ϕ. Accordingly, the simultaneous
linearization a priori does not have to be given by the Koenigs function hϕ of ϕ. It
does so (and the condition becomes also necessary) when ϕ is of zero hyperbolic step;
see Theorem 4.5 (3) in the next section. In contrast, for the case of positive hyperbolic
step it will be shown in [16], see also [15], that h in (3.1) can be essentially different
from hϕ .

For the proof of Proposition 3.3 we need the following lemma, which we regard
as known to specialists and which can be easily deduced, e.g., from [24, Lemma A.1
and Proposition A.6].

Lemma 3.4 Let f ∈ Hol(D) and σ ∈ ∂D. Suppose that the angular limit f (σ ) :=
∠ limz→σ f (z) exists and belongs to ∂D and suppose that the angular derivative

f ′(σ ) := ∠ lim
z→σ

f (z) − f (σ )

z − σ

is finite. Then the preimage f −1(V ) of any domain V ⊂ D isogonal at f (σ ) contains
a domain U ⊂ D isogonal at σ .

For a point τ ∈ D, denote by Holτ (D) the family of self-maps consisting of idD and
all ψ ∈ Hol(D) \ {idD} whose DW-point coincides with τ .

Proof of Proposition 3.3 Denote f1 := ϕ ◦ ψ and f2 := ψ ◦ ϕ. Both self-maps belong
to Holτ (D). In particular, both satisfy the hypothesis of Lemma 3.4 with σ = τ .
Observe first of all that it follows easily from the hypothesis that

h ◦ f1 = h ◦ (ϕ ◦ ψ) = hϕ + c1 + c2 = h ◦ (ψ ◦ ϕ) = h ◦ f2. (3.2)
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Since the domain V is isogonal at τ , applying Lemma 3.4 to f1 and f2 with σ := τ ,
we see that there are two domains U1, U2 ⊂ D both isogonal at τ and such that
fk(Uk) ⊂ V , k = 1, 2. It follows easily from the very definition that the intersec-
tion of any finite number of domains isogonal at the same point of ∂D has non-empty
interior. Set B := U1 ∩ U2. Therefore, fk(B) ⊂ V , k = 1, 2, and by the univalence of
h in V and the identity principle for holomorphic functions, we obtain that f1 = f2
on the unit disc. This proves the first assertion of the proposition.

Concerning the second assertion, it is enough to recall that, by Theorem 2.9, hϕ is
univalent in the domain V := Vϕ(1/3), which is isogonal at τ . ��
Remark 3.5 It is worth mentioning that Proposition 3.3 holds under a more general
assumption that ϕ andψ are non-elliptic self-maps having the sameDW-point τ ∈ ∂D,
including therefore the hyperbolic case. The proof given above works also when ϕ is
hyperbolic except that instead of using Theorem 2.9, we have to recall that all orbits
under iteration of a hyperbolic self-map converge to the DW-point non-tangentially
(see e.g. [1, Proposition 4.3.2]) and then refer to Cowen’s construction of a holomor-
phic model; see [20, Sect. 3] and in particular [20, Proposition 3.1].

We conclude this section by deducing some further conclusions assuming that the
hypothesis of the second assertion in Proposition 3.3 holds with some c ∈ R.

Proposition 3.6 Let ϕ ∈ Hol(D) be parabolic with Koenigs function hϕ and Den-
joy–Wolff point τ ∈ ∂D. Suppose ψ ∈ Holτ (D) satisfies hϕ ◦ ψ = hϕ + c for some
constant c ∈ R. The following statements hold.

(1) c = 0 if and only if ψ = idD.
(2) Let m, n ∈ N. Then c = m

n if and only if ψ◦n = ϕ◦m.
(3) If c < 0, then ϕ as well as ψ are parabolic automorphisms. Moreover, given

m, n ∈ N, c = −m
n if and only if ψ◦n = ϕ◦−m.

Proof Let us denote V := Vϕ(1/3). By Theorem 2.9, hϕ and ϕ are univalent in V and
ϕ(V ) ⊂ V . Since ψ commutes with ϕ by Proposition 3.3, using Lemma 2.10 (1), we
see that ψ(V ) ⊂ V . Moreover, ψ is univalent in V . Indeed, if z1, z2 ∈ V are such that
ψ(z1) = ψ(z2), then

hϕ(z1) + c = hϕ(ψ(z1)) = hϕ(ψ(z2)) = hϕ(z2) + c.

So that z1 = z2 by the univalence of hϕ in V .

Proof of (1). If c = 0, then hϕ ◦ ψ = hϕ and ψ |V = idV because ψ(V ) ⊂ V and
hϕ is univalent in V . By the identity principle, ψ = idD. The converse implication is
trivial.

Proof of (2). If c = m
n with some m, n ∈ N, then

hϕ ◦ ψ◦n = hϕ + m = hϕ ◦ ϕ◦m .

Bearing in mind that ψ(V ) ⊂ V and ϕ(V ) ⊂ V , we have that ψ◦n|V = ϕ◦m |V and,
by the identity principle, ψ◦n = ϕ◦m . Conversely, if ψ◦n = ϕ◦m then
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hϕ + m = hϕ ◦ ϕ◦m = hϕ ◦ ψ◦n = hϕ + nc

and we are done.

Proof of (3). Take f : D → V , a Riemann map from D onto V . Then ϕ̃ :=
f −1 ◦ ϕ ◦ f and ψ̃ := f −1 ◦ ψ ◦ f are univalent holomorphic self-maps of D and
moreover,

hϕ ◦ f ◦ ϕ̃ = hϕ ◦ f + 1 and hϕ ◦ f ◦ ψ̃ = hϕ ◦ f + c. (3.3)

ByProposition 2.11, h := hϕ ◦ f coincides up to an additive constantwith theKoenigs
function of ϕ̃. Recall also that hϕ is univalent in V by Theorem 2.9 (4). As a conse-
quence, h is univalent in D. Furthermore, from the second equality in (3.3) it follows
that

h(D) + c = h ◦ ψ̃(D) ⊂ h(D). (3.4)

If c = −m/n with m, n ∈ N, then we have

h ◦ ψ̃◦n ◦ ϕ̃◦m = h ◦ ϕ̃◦m + nc = h + m + nc = h.

Hence, f −1 ◦ ψ◦n ◦ ϕ◦m ◦ f = ψ̃◦n ◦ ϕ̃◦m = idD. With the help of the identity
principle we may therefore conclude that ψ◦n ◦ ϕ◦m = idD. Thus, ϕ,ψ ∈ Aut(D)

and ψ◦n = ϕ◦−m , as desired.
It remains to see that ϕ,ψ ∈ Aut(D) also in case c ∈ (−∞, 0) \ Q. Recalling (3.4)

and using [15, Theorem 3.1 (B)], we see that ϕ̃ ∈ Aut(D). Hence, ϕ maps V confor-
mally onto itself.Wewish to show that ϕ ∈ Aut(D). This is immediate if V = D, sowe
suppose that V �= D. Fix some z1 ∈ D ∩ ∂V . Then z2 := ϕ(z1) also lies on ∂V . Tak-
ing into account the definition of V , we have ρ∗

D
(z, ϕ(z)) = 1/3 for any z ∈ D ∩ ∂V .

In particular,

ρ∗
D

(
z1, z2

) = ρ∗
D

(
z1, ϕ(z1)

) = 1/3 and ρ∗
D

(
ϕ(z1), ϕ(z2)

) = ρ∗
D

(
z2, ϕ(z2)

) = 1/3.

Therefore, ϕ ∈ Aut(D) by the Schwarz–Pick Lemma. It follows easily that ψ is
also an automorphism because ψ = h−1

ϕ ◦ (hϕ + c), where the Koenigs function hϕ

of ϕ is a conformal mapping of D onto a half-plane, with ∂hϕ(D) being parallel to R.
The converse implication can be established in the same manner as in the proof of
statement (2). ��

4 Characterization of commutativity via simultaneous linearization

In his seminal paper [21], Cowen proved that if two self-maps ϕ,ψ ∈ Hol(D) com-
mute, then they belong to the pseudo-iteration semigroup of ϕ ◦ ψ . Moreover, if
additionally ϕ is elliptic or hyperbolic then as he showed, ψ belongs also to the
pseudo-iteration semigroup of ϕ. Conversely, if ψ belongs to the pseudo-iteration
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semigroup of an elliptic or hyperbolic self-map ϕ ∈ Hol(D) and if it has the same
Denjoy–Wolff point as ϕ, then ψ and ϕ commute, see e.g. Gentili and Vlacci [23,
Theorem 2.7] and Bisi and Gentili [9, Theorem 6]; see also Vlacci [32]. Taking into
account the relationship of the pseudo-iteration semigroup of a non-elliptic self-map
to simultaneous linearization, discussed in the previous section, the following theorem
can be seen as an analogue of these results for parabolic self-maps of zero hyperbolic
step.

Theorem 4.1 Let ϕ ∈ Hol(D) be parabolic of zero hyperbolic step and let ψ ∈ Hol(D)

be different from idD. Likewise, let hϕ be the Koenigs function of ϕ. Then, the following
are equivalent:

(i) ψ ∈ Z∀(ϕ);
(ii) ϕ and ψ have the same Denjoy–Wolff point and hϕ ◦ ψ = hϕ + c for some

constant c ∈ C.

Implication (ii) ⇒ (i) in this theorem has been already proved in the previous section:
it is exactly the second statement in Proposition 3.3. The other implication (i) ⇒ (ii)
follows directly from Behan’s Theorem and assertion (3) of the more technical Theo-
rem 4.5, which we will prove below.

Remark 4.2 For parabolic self-maps, [9, Theorem 6] implies the equivalence (i)⇔ (ii)
under the assumption that at least one (and hence every) orbit w.r.t. ϕ converges to the
Denjoy–Wolff point non-tangentially. In fact, in [23, Remark on page 40] it is asked
whether this additional hypothesis can be removed. Theorem 4.1 answers positively
this question for parabolic self-maps of zero hyperbolic step4. At the same time, as we
will see in [16], and as it has been shown for univalent self-maps in [15, Section 7],
the answer in the general case is negative, because the implication (i) ⇒ (ii) does not
hold for parabolic self-maps of positive hyperbolic step.

Definition 4.3 Let ϕ ∈ Hol(D) be a parabolic self-map of zero hyperbolic step and
let ψ ∈ Z∀(ϕ). We will denote by cϕ,ψ the constant c ∈ C defined in a unique way
by the relation hϕ ◦ ψ = hϕ + c in Theorem 4.1 (ii). This constant will be called the
simultaneous linearization coefficient of ψ w.r.t. ϕ.

Note that according to Proposition 3.6, cϕ,ψ = 0 if and only ifψ = idD. At the end
of this section we will establish basic properties of the mapZ∀(ϕ) � ψ �→ cϕ,ψ ∈ C,
see Theorem 4.8. As a corollary, we will prove the following remarkable result (for
the definition of a one-parameter semigroup, see Appendix, page 27).

Theorem 4.4 Let ϕ ∈ Hol(D) be parabolic of zero hyperbolic step. If idD is not
isolated in Z∀(ϕ), then ϕ is univalent and Z∀(ϕ) contains a non-trivial continuous
one-parameter semigroup (φt ). If in addition, ϕ has a boundary fixed point other
than its Denjoy–Wolff point, then ϕ = φt0 for some t0 > 0 (and hence, by the very
definition, ϕ is embeddable).

4 It is worth recalling that every parabolic self-map having an orbit that converges to the Denjoy–Wolff
point non-tangentially is necessarily of zero hyperbolic step [27, page 440]. At the same time (see e.g. [18,
§3.2]) there exist parabolic self-maps of D all of whose orbits converge to the Denjoy–Wolff point in the
tangential way. For further details, see [1, §4.6].
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The next theorem gathers the rest of the results we are going to establish in this
section.

Theorem 4.5 Let ϕ : D → D be parabolic of zero hyperbolic step and ψ ∈ Z∀(ϕ).
Let hϕ be the Koenigs map of ϕ. Then the following four statements hold.

(1) If ϕ is univalent, then so is ψ .
(2) Let V ⊂ D be a simply connected and ϕ-absorbing domain for ϕ. If ψ(V ) ⊂ V

and ϕ is univalent in V , then ψ is univalent in V as well.
(3) There exists c ∈ C such that hϕ ◦ ψ = hϕ + c.
(4) Z∀(ϕ) is abelian, i.e., if ψ j ∈ Z∀(ϕ), j = 1, 2, then ψ1 ◦ ψ2 = ψ2 ◦ ψ1.

Remark 4.6 Assertions (1) and (4) of the above theorem extend Cowen’s results [21,
Corollaries 4.2 and 4.9] to parabolic self-maps of zero hyperbolic step. As we will see
in [16], these statements fail in the case of positive hyperbolic step.

Before passing to the proof of the results stated above, it is also worth pointing
out that for univalent parabolic self-maps ϕ of zero hyperbolic step, by [15, Proposi-
tion 4.3] we have

Z∀(ϕ) = {ψ ∈ Hol(D) : there exists c ∈ C such that hϕ ◦ ψ = hϕ + c}.

At the same time by Theorem 4.1,

Z∀(ϕ) = {ψ ∈ Holτ (D) : there exists c ∈ C such that hϕ ◦ ψ = hϕ + c}
⊂ {ψ ∈ Hol(D) : there exists c ∈ C such that hϕ ◦ ψ = hϕ + c},

where τ is the Denjoy–Wolff point of ϕ and we recall that Holτ (D) stands for the
family of self-maps consisting of idD and all ψ ∈ Hol(D) \ {idD} whose Denjoy–
Wolff point coincides with τ . As the example below shows, if ϕ is not univalent, then
the inclusion is in general strict.

Example 4.7 Take ϕ a non-elliptic self-map of D such that ϕ(−z) = ϕ(z) for all
z ∈ D and let hϕ be its Koenigs function (one example of such a self-map is ϕ(z) :=
(z2 + a)/(a + 1) with a � 1). Then

hϕ(−z) = hϕ(ϕ(−z)) − 1 = hϕ(ϕ(z)) − 1 = hϕ(z), z ∈ D.

The function ψ := −ϕ does not commute with ϕ but the above property shows that
hϕ ◦ ψ = hϕ + 1.

Proof of Theorem 4.5 If ψ = idD, then statements (1)– (3) hold trivially. So we may
suppose that ψ �= idD. Then by Cowen’s result, see Section 2.3, ψ is parabolic. This
allows us to take advantage of Lemma 2.10 and use Theorem 2.9 both for ϕ and ψ .

Now write h1 := hϕ ◦ ψ . Then h1 ◦ ϕ = hϕ ◦ ψ ◦ ϕ = hϕ ◦ ϕ ◦ ψ =
(hϕ + 1) ◦ ψ = h1 + 1, i.e. h1 satisfies Abel’s equation for ϕ.

Proof of (1). The function hϕ is univalent because ϕ is univalent (see [1,
Lemma 3.5.4]). Take z0 ∈ Vψ(1/9) and write zn := ϕ◦n(z0). By Lemma 2.10 (5),
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Bh(zn, 1/9) ⊂ Vψ(1/3) for all n ∈ N. By Theorem 2.9 (4),ψ is univalent in Vψ(1/3).
As a consequence, h1 = hϕ ◦ ψ is univalent in Bh(zn, 1/9) for any n ∈ N. In par-
ticular, there exist r > 0 such that h1 is univalent on every hyperbolic disc of center
ϕ◦n(z0) and radius r for all n. Therefore, by Theorem 2.13, there is a constant c such
that hϕ ◦ ψ = h1 = hϕ + c. Thus, ψ = h−1

ϕ ◦ (hϕ + c) is univalent.

Proof of (2). Take f : D → V a Riemann map of V and define ϕ̃ := f −1 ◦ ϕ ◦ f .
Clearly, ϕ̃ is univalent and, by Proposition 2.11, it is of zero hyperbolic step. Define
ψ̃ := f −1 ◦ ψ ◦ f . Since ψ(V ) ⊂ V , ψ̃ is a well-defined holomorphic self-map ofD
commuting with ϕ̃. Thus, by (1), ψ̃ is univalent and then so is ψ in V .

Proof of (3). In part, our argument here looks similar to that we have used
to prove (1), but it is important to emphasize that now we work with Vϕ(1/9)
and Vϕ(1/3) instead of the analogous sets defined for ψ . Take z0 ∈ Vϕ(1/9) and
write zn := ϕ◦n(z0). By Lemma 2.10 (4) applied for ϕ in place of ψ , we have
Bh(zn, 1/9) ⊂ Vϕ(1/3). Recall that Vϕ(1/3) is a ϕ-absorbing set and that ϕ and
hϕ are univalent in Vϕ(1/3), thanks to Theorem 2.9. Moreover, by Lemma 2.10 (1),
ψ(Vϕ(1/3)) ⊂ Vϕ(1/3). As a consequence,ψ is univalent in Vϕ(1/3) by statement (2)
for V := Vϕ(1/3). Thus, h1 := hϕ ◦ ψ is univalent in Vϕ(1/3) and hence in
Bh(zn, 1/9) for all n ∈ N. Applying again Theorem2.13, we see that there is a constant
c such that hϕ ◦ ψ = h1 = hϕ + c, as desired.

Proof of (4). Let ψ1, ψ2 ∈ Z∀(ϕ). Take f : D → Vϕ(1/3) a Riemann map of
Vϕ(1/3) and define ϕ̃ := f −1 ◦ ϕ ◦ f , ψ̃1 := f −1 ◦ ψ1 ◦ f and ψ̃2 := f −1 ◦ ψ2 ◦ f .
Then by Proposition 2.11 (1), ϕ̃ is parabolic of zero hyperbolic step. Furthermore, in
view of Lemma 2.10 (1), ψ̃1 and ψ̃2 are well-defined self-maps of D that commute
with ϕ̃. With the help of (3), it follows easily that

hϕ ◦ f ◦ ψ̃1 ◦ ψ̃2 = hϕ ◦ f ◦ ψ̃2 ◦ ψ̃1.

Since hϕ ◦ f ∈ Uni(D,C) by Theorem 2.9 (4), we have

ψ̃1 ◦ ψ̃2 = ψ̃2 ◦ ψ̃1.

Thus ψ1|Vϕ(1/3) and ψ2|Vϕ(1/3) commute and so do ψ1 and ψ2. ��
Basic properties of the map that takes ψ ∈ Z∀(ϕ) to the simultaneous linearization

coefficient of ψ w.r.t. ϕ are given in the following result, which is an analogue of
Pragner’s Theorem for centralizers of elliptic self-maps [29, Theorem 3]; compare
with [9, Theorem 2] and with our earlier results [15, Theorems 3.5 and 5.2] for the
univalent case.

Theorem 4.8 Let ϕ ∈ Hol(D) be parabolic of zero hyperbolic step. Then the map

Z∀(ϕ) � ψ �→ cϕ,ψ ∈ C

is a homeomorphism onto a closed subset Aϕ ⊂ C. Moreover,
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cϕ,ψ1◦ψ2 = cϕ,ψ1 + cϕ,ψ2 for any ψ1, ψ2 ∈ Z∀(ϕ) (4.1)

and, as a consequence, [Aϕ,+] is an additive semigroup containing N0.

Proof Set V := Vϕ(1/3) and let f be a conformal map of D onto V . Then ϕ(V ) ⊂ V
andψ(V ) ⊂ V for anyψ ∈ Z∀(ϕ), see Theorem2.9 (1) andLemma2.10 (1). Consider
the map

Pϕ : Z∀(ϕ) → Z∀(ϕ̃); ψ �→ ψ̃ := f −1 ◦ ψ ◦ f

that transforms a self-map ψ ∈ Hol(D) commuting with ϕ into the self-map ψ̃ ∈
Hol(D) commuting with ϕ̃ := f −1 ◦ ϕ ◦ f ∈ Hol(D).

ByTheorem2.9 (4), ϕ̃ is univalent, and byProposition 2.11 (1), it is parabolic of zero
hyperbolic step. Therefore, by Theorem 4.5 (1), all elements of Z∀(ϕ̃) are univalent.
These facts allow us to apply [15, Theorems 3.1 and 5.2], according to which the map

Tϕ̃ : Aϕ̃ → Z∀(ϕ̃) ⊂ Uni(D); c �→ ψ̃c := h−1
ϕ̃ ◦ (

hϕ̃ + c
)

is a homeomorphism of the closed setAϕ̃ := {c ∈ C : �̃+c ⊂ �̃} ⊂ C, �̃ := hϕ̃(D),
onto the centralizer of ϕ̃.

By Proposition 2.11 (1) and Remark 2.6, the Koenigs map hϕ̃ coincides, up to
an additive constant, with hϕ ◦ f . Therefore, given any ψ ∈ Z∀(ϕ), the equality
hϕ ◦ ψ = hϕ + cϕ,ψ implies that hϕ̃ ◦ ψ̃ = hϕ̃ + cϕ,ψ with ψ̃ := Pϕ(ψ). As a result,
we can conclude that Z∀(ϕ) � ψ �→ cϕ,ψ coincides with the composition T−1

ϕ̃ ◦ Pϕ .
By Corollary 2.12, Pϕ is a homeomorphism onto its image Pϕ(Z∀(ϕ)), which is a
relatively closed subset ofZ∀(ϕ̃). Together with the preceeding argument, this implies
that the map

(
Z∀(ϕ) � ψ �→ cϕ,ψ

) = T−1
ϕ̃ ◦ Pϕ

is a homeomorphism of Z∀(ϕ) onto the closed set

Aϕ := {cϕ,ψ : ψ ∈ Z∀(ϕ)} = T−1
ϕ̃

(
Pϕ(Z∀(ϕ))

) ⊂ Aϕ̃ ⊂ C.

It remains to observe that

cϕ,ψ1◦ψ2 = hϕ ◦ ψ1 ◦ ψ2 − hϕ = (hϕ ◦ ψ1 − hϕ) ◦ ψ2 + hϕ ◦ ψ2 − hϕ

= cϕ,ψ1 + cϕ,ψ2

for any ψ1, ψ2 ∈ Z∀(ϕ). ��
Proof of Theorem 4.4 By the hypothesisZ∀(ϕ) \ {idD} contains a sequence (ψn) con-
verging locally uniformly in D to the identity map. We have to show that Z∀(ϕ)

contains a non-trivial continuous one-parameter semigroup.
By Theorem 4.8, the sequence (cϕ,ψn ) converges to cϕ,idD = 0. Notice that

cϕ,ψn �= 0 for all n. Passing to a subsequence we may suppose that also
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arg(cϕ,ψn ) → θ0 as n → +∞, for some θ0 ∈ R. Now fix some t > 0 and write
k(n) := ⌊

t/|cϕ,ψn |
⌋
, to denote the integer part of t/|cϕ,ψn |. Since

k(n)|cϕ,ψn | � t < (k(n) + 1)|cϕ,ψn | for all n,

it is easy to see that

k(n)cϕ,ψn → teiθ0 as n → +∞.

Note that k(n)cϕ,ψn equals the simultaneous linearization coefficient of ψ
◦k(n)
n ∈

Z∀(ϕ). Since by Theorem 4.8, Aϕ := {cϕ,ψ : ψ ∈ Z∀(ϕ)} is a closed subset of C
containing 0, it follows that {teiθ0 : t � 0} ⊂ Aϕ . This means that Z∀(ϕ) contains a
family (φt )t�0 such that

cϕ,φt = teiθ0 for any t � 0.

The family (φt )t�0 having this property is a non-trivial continuous one-parameter
semigroup because by Theorem 4.8, the map ψ �→ cϕ,ψ is an isomorphism between
the topological unital semigroups [Z∀(ϕ), ◦] and [Aϕ,+]. The univalence of ϕ is now
a consequence of [14, Proposition 3.3].

Finally, if ϕ has a boundary fixed point σ ∈ ∂D different from its Denjoy–Wolff
point, then ϕ coincides with one of the elements of (φt ) by [14, Theorem 1.4]. ��
Remark 4.9 Clearly, if in the above proof θ0 = 0, then φ1 = ϕ and hence ϕ is
embeddable. At the same time, if 0 is not in the limit set of the sequence (arg(cϕ,ψn )),
then ϕ does not have to be embeddable, even though Z∀(ϕ) contains a non-trivial
continuous one-parameter semigroup (see e.g. [15, Example 8.4]).

5 The simultaneous linearization coefficient

5.1 Statements of the results

For a parabolic self-map ϕ of zero hyperbolic step and an element ψ of its cen-
tralizer Z∀(ϕ), the simultaneous linearization coefficient cϕ,ψ was introduced in the
previous section with the help of the Koenigs function hϕ of ϕ. Namely, cϕ,ψ is defined
as the constant hϕ ◦ ψ − hϕ . Below we establish two other ways to express cϕ,ψ .

Theorem 5.1 Let ϕ ∈ Hol(D) be a parabolic self-map of zero hyperbolic step with
Denjoy–Wolff point τ ∈ ∂D and Koenigs function hϕ . Let ψ ∈ Z∀(ϕ). The following
two statements hold.

(A) The following angular limit exists and equals the simultaneous linearization coef-
ficient cϕ,ψ of ψ w.r. t. ϕ:

∠ lim
z→τ

ψ(z) − z

ϕ(z) − z
= cϕ,ψ . (5.1)
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(B) Suppose that

h ◦ ϕ = h + c1, h ◦ ψ = h + c2, (5.2)

for some holomorphic function h : D → C and some c1, c2 ∈ C with |c1|2 +
|c2|2 �= 0. Then c1 �= 0 and c2/c1 = cϕ,ψ .

In [15] we proved part (A) of the above theorem for univalent parabolic self-maps.
Here we remove the univalence assumption but suppose that ϕ is of zero hyperbolic
step. The case of positive hyperbolic step will be covered in [16].

Part (B) is a sort of uniqueness result. Indeed, by Theorem4.5 (3) andDefinition 4.3,
theKoenigs function h := hϕ ofϕ satisfies (5.2) with (c1, c2) := (1, cϕ,ψ). Taking this
into account, Theorem5.1 (B) implies that the simultaneous linearizationproblem (5.2)
admits a holomorphic solution h : D → C if and only if (c1, c2) ∈ C

2 is a multiple
of (1, cϕ,ψ). Concerning the uniqueness of h, we will prove the following statement.

Proposition 5.2 If under the hypothesis of Theorem 5.1 (B), the simultaneous lineariza-
tion coefficient is not a rational real number, i.e. if cϕ,ψ /∈ Q, then

h − h(0) = c1hϕ. (5.3)

The hypothesis that cϕ,ψ is not a rational number in the above proposition is essential.
Indeed, if cϕ,ψ = p/q ∈ Q, then every function of the form h := hϕ + F ◦ hϕ , where
F is a 1/q-periodic entire function, satisfies (5.2).

Suppose now that the two parabolic self-maps ϕ and ψ are both of zero hyperbolic
step. Then combining Theorem 4.5 (3) with the above proposition applied to ϕ and ψ

interchanged, we see that hϕ = cϕ,ψhψ provided that cϕ,ψ /∈ Q. As our next result
shows, in this case the latter condition is not essential.

Theorem 5.3 Let ϕ and ψ be commuting parabolic self-maps of the unit disc. The
following three statements hold.

(A) If both ϕ and ψ are of zero hyperbolic step, then hψ = c−1
ϕ,ψ hϕ.

(B) If ϕ is of zero hyperbolic step, then ϕ ◦ ψ is also of zero hyperbolic step and
different from idD; in particular, hϕ◦ψ = c−1

ϕ,ϕ◦ψ hϕ.

(C) Suppose that system (5.2) admits a solution h ∈ Hol(D,C) for some (c1, c2) ∈
R
2 \ {(0, 0)}. If ϕ is of zero hyperbolic step, then ψ is also of zero hyperbolic step

(and hence hψ = c−1
ϕ,ψ hϕ).

Remark 5.4 The hypothesis that both self-maps are of zero hyperbolic step cannot
be removed from statement (A) of the above theorem. Indeed, consider the Riemann
map h : D → � of

� := C \
⋃

k∈Z
{x + ik : x � −1},

normalized by h(0) = 0, h′(0) > 0. Then ϕ := h−1 ◦ (h + 1) andψ := h−1 ◦ (h + i)
are commuting holomorphic self-maps of D. Moreover, (C, h, z �→ z + 1) is a holo-
morphic model of ϕ, so that it is parabolic of zero hyperbolic step with hϕ = h, and
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hϕ ◦ ψ = hϕ + i . However, ψ is a parabolic automorphism of D and therefore, hψ is
a conformal map of D onto a half-plane and so the equality ihψ = hϕ is not possible.
Note that being a parabolic automorphism, ψ is of positive hyperbolic step.

5.2 Proofs

We start by establishing two auxiliary statements.

Lemma 5.5 Let � ∈ Hol(HR) be a parabolic self-map of the right half-plane. For
0 < r < 1, let

V�(r) := {w ∈ HR : ρ∗
HR

(w,�(w)) < r},

where ρ∗
HR

is the pseudohyperbolic distance in HR. Then, for any ξ ∈ V�(1/9) and
any w ∈ D, it holds that

ξ + 1

5
wRe ξ ∈ V�(1/3).

Proof Fix ξ ∈ V�(1/9) and w ∈ D and denote u := ξ + 1
5wRe ξ . First of all, we note

that

Re u = (Re ξ)
(
1 + (1/5)Rew

)
> 0,

thus u ∈ HR. With the help of the triangle inequality and the Schwartz–Pick Lemma,
we obtain

ρ∗
HR

(u,�(u)) � ρ∗
HR

(u, ξ) + ρ∗
HR

(ξ,�(ξ)) + ρ∗
HR

(�(ξ),�(u))

� 2ρ∗
HR

(u, ξ) + ρ∗
HR

(ξ,�(ξ)) < 1/9 + 2ρ∗
HR

(u, ξ). (5.4)

Therefore, it remains to check that ρ∗
HR

(u, ξ) � 1/9, which is quite straightforward:

ρ∗
HR

(u, ξ) =
∣∣∣∣
ξ − u

ξ + u

∣∣∣∣ = (1/5)|w|Re ξ

Re ξ |2 + (1/5)w| � 1/5

2 − 1/5
= 1

9
.

��
Proposition 5.6 Let ϕ ∈ Hol(D) be a parabolic self-map with Denjoy–Wolff point
τ ∈ ∂D and Koenigs function hϕ . Let ψ ∈ Z∀(ϕ) \ {idD}. Then

∠ lim
z→τ

hϕ(ψ(z)) − hϕ(z)

h′
ϕ(z)(ψ(z) − z)

= 1.

Proof Consider � := C ◦ ψ ◦ C−1, where C is the usual Cayley map with a pole
at τ and mapping D onto the right half-plane HR; i.e. C(z) = τ+z

τ−z , z ∈ D. By results
of Behan and Cowen, see Section 2.3, ψ is a parabolic self-map with Denjoy–Wolff
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point at τ . Therefore, � and � := C ◦ ϕ ◦ C−1 are parabolic self-maps of HR with
Denjoy–Wolff point at ∞. In particular,

∠ lim
w→∞

�(w)

w
= 1. (5.5)

Fix for a while some z ∈ D. Denote ξ := C(z) and let H := hϕ ◦ C−1. Then

hϕ(ψ(z)) − hϕ(z) = H(�(ξ)) − H(ξ),

h′
ϕ(z) = H ′(C(z)

)
C ′(z) = H ′(ξ)

2τ
(
τ − C−1(ξ)

)2 = H ′(ξ)
(1 + ξ)2

2τ
, and

ψ(z) − z = C−1(�(ξ)) − C−1(ξ) = 2τ
�(ξ) − ξ

(1 + ξ)(1 + �(ξ))
.

Bearing (5.5) in mind, it is therefore sufficient to prove that

∠ lim
ξ→∞

H(�(ξ)) − H(ξ)

H ′(ξ)(�(ξ) − ξ)
= 1. (5.6)

To this end, set c := 1/5 and consider the family of functions

gξ (w) := H(ξ + cwRe ξ) − H(ξ)

c H ′(ξ)Re ξ
, w ∈ D, ξ ∈ V�(1/9).

By Theorem 2.9 (4), we know that hϕ is univalent in Vϕ(1/3). Hence, H = hϕ ◦ C−1

is univalent in

C
(
Vϕ(1/3)

) = V�(1/3), V�(r) := {
w ∈ HR : ρ∗

HR
(w,�(w)) < r

}
.

Therefore, using Lemma 5.5, we may deduce that for every ξ ∈ V�(1/9), the function
gξ is well-defined, holomorphic and moreover, univalent in D. Furthermore, gξ (0) =
g′
ξ (0) − 1 = 0.
Now, we claim that

|gξ (w) − w| � 54|w|2 when |w| < 1/2. (5.7)

Assume for a moment that (5.7) holds and consider an arbitrary sequence (ξn) ⊂ HR
converging non-tangentially to ∞. Denote wn := (

�(ξn) − ξn
)
/(cRe ξn). By (5.5),

|wn| =
∣∣∣∣
�(ξn)

ξn
− 1

∣∣∣∣ · c−1 ·
∣∣∣∣

ξn

Re ξn

∣∣∣∣ −→ 0 as n → +∞. (5.8)

In particular, omitting a finite number of terms, wemay assume that |wn| < 1/2 for all
n ∈ N.Moreover, recall that� is non-elliptic. Hence,wn �= 0 for all n ∈ N. Finally, by
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Theorem 2.9 (3) the domain Vϕ(1/9) is isogonal at τ . As a consequence, ξn ∈ V�(1/9)
for all n large enough. Thus, using (5.7) and (5.8), we may conclude that

lim
n→+∞

H
(
�(ξn)

) − H(ξn)

H ′(ξn)
(
�(ξn) − ξn

) = lim
n→+∞

gξn (wn)

wn
= 1,

which proves (5.6).
It remains to prove (5.7). Fix an arbitrary w with |w| < 1/2. Using Cauchy’s

integral formula with the contour � := {z : |z| = 2/3} oriented counterclockwise and
the Growth Theorem, see e.g. [22, Theorem 2.6 on p.33], we find that

∣∣gξ (w) − w
∣∣ = ∣∣gξ (w) − gξ (0) − g′

ξ (0)w
∣∣ =

∣
∣∣
∣
1

2π i

∫

�
gξ (z)

( 1

z − w
− 1

z
− w

z2

)
dz

∣
∣∣
∣

=
∣∣
∣
∣
∣
1

2π i

∫

�
gξ (z)

w2

z2(z − w)
dz

∣∣
∣
∣
∣
� 1

2π

∫

�

|z|
(1 − |z|)2

|w|2
|z|2 |z − w| |dz|

� 54|w|2.

��
Proof of Theorem 5.1 Recall that by Theorem 4.5 (3), hϕ ◦ ψ − hϕ is a constant, and
that by the very definition, this constant is the simultaneous linearization coeffi-
cient cϕ,ψ . In other words,

cϕ,ψ = hϕ(ψ(z)) − hϕ(z) for all z ∈ D. (5.9)

Throughout the proof we suppose thatψ �= idD, because forψ = idD both statements
of Theorem 5.1 are trivial.

Proof of (A). By (5.9) and Proposition 5.6,

∠ lim
z→τ

cϕ,ψ

h′
ϕ(z)(ψ(z) − z)

= ∠ lim
z→τ

hϕ(ψ(z)) − hϕ(z)

h′
ϕ(z)(ψ(z) − z)

= 1,

or equivalently

cϕ,ψ = ∠ lim
z→τ

h′
ϕ(z)

(
ψ(z) − z

)
. (5.10)

By the same argument applied to ϕ instead of ψ , we have

1 = cϕ,ϕ = ∠ lim
z→τ

h′
ϕ(z)

(
ϕ(z) − z

)
. (5.11)

Combining (5.10) with (5.11) immediately yields the desired formula

cϕ,ψ = ∠ lim
z→τ

ψ(z) − z

ϕ(z) − z
.
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Proof of (B).Asmentioned above,wemay assume thatψ �= idD. By the hypothesis,

h ◦ ϕ = h + c1, h ◦ ψ = h + c2, (5.12)

for some holomorphic function h : D → C and some (c1, c2) ∈ C
2 \ {(0, 0)}. We

have to show that c1 �= 0 and c2/c1 = cϕ,ψ .
Note that sinceϕ /∈ Aut(D) andψ �= idD, in viewofProposition3.6,wehave cϕ,ψ ∈

C \ (−∞, 0]. In particular, if cϕ,ψ ∈ Q, then cϕ,ψ = m/n for some m, n ∈ N, and
consequently, by Proposition 3.6 (2), we have ψ◦n = ϕ◦m . Using (5.12), we therefore
obtain

h + mc1 = h ◦ ϕ◦m = h ◦ ψ◦n = h + nc2.

Thus, c2 = mc1/n = cϕ,ψc1. This completes the proof in case cϕ,ψ ∈ Q.
Suppose now that cϕ,ψ /∈ Q. The first equality in (5.12) implies that (S′, h, z �→

z + c1), where S′ := ⋃
n∈N

(
h(D) − nc1

)
, is a holomorphic semimodel for ϕ.

Therefore, appealing to Lemma 2.3, we see that h = β ◦ hϕ for some β ∈ Hol(C).
Substitute this representation for h in (5.12) and recall the relations hϕ ◦ ϕ = hϕ + 1,
hϕ ◦ ψ = hϕ + cϕ,ψ . In this way, using the identity principle for holomorphic func-
tions, we easily obtain

β(w + 1) = β(w) + c1, β(w + cϕ,ψ) = β(w) + c2 for all w ∈ C. (5.13)

In particular, it follows that the derivative of β is periodic with two periods ω1 = 1
and ω2 = cϕ,ψ . Since ω2/ω1 is not a rational real number, it follows that β ′ is either
constant or it is a non-constant function with at least two primitive periods. By basic
results in the theory of elliptic functions, see e.g. [2, pp. 2 and 8], a non-constant entire
function can have at most one primitive period. Consequently, β ′ is constant. Thus,
β(w) = aw + b for all w ∈ C and some a, b ∈ C. In view of equations (5.13), it is
clear that β cannot be constant. Recalling (5.13), we have a = c1 and acϕ,ψ = c2,
which immediately yields the desired conclusion. ��
Proof of Proposition 5.2 As we have seen in the proof of Theorem 5.1 (B), if cϕ,ψ /∈ Q

then h = β ◦ hϕ , where β(w) = aw + b for all w ∈ C with a = c1 and with some
constant b ∈ C. This immediately implies (5.3). ��
Proof of Theorem 5.3 (A) Let ϕ,ψ ∈ Hol(D) be two parabolic self-maps of zero
hyperbolic step. Suppose that ϕ ◦ ψ = ψ ◦ ϕ. We have to show that hψ = c−1

ϕ,ψhϕ .
By Theorem 4.5 (3),

hϕ ◦ ψ = hϕ + cϕ,ψ , hϕ ◦ ϕ = hϕ + 1. (5.14)

Consider two cases.

Case 1: cϕ,ψ /∈ Q. Taking into account (5.14), by Theorem 5.1 (B) applied with
ϕ and ψ interchanged, we have cψ,ϕ = 1/cϕ,ψ /∈ Q. Therefore, by Proposition 5.2
for h := hϕ , (c1, c2) := (cϕ,ψ , 1) and for ϕ and ψ again interchanged, we have
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hϕ − hϕ(0) = cϕ,ψhψ. It remains to recall that according to the normalization of the
Koenigs function adopted in this paper, hϕ(0) = 0; see Remark 2.6.

Case 2: cϕ,ψ = m/n ∈ Q. A parabolic self-map of zero hyperbolic step cannot be
an automorphism of D. Hence, recalling (5.14) and appealing to Proposition 3.6, we
conclude that cϕ,ψ > 0 and that f := ψ◦n = ϕ◦m . From the definition (and unique-
ness) of the Koenigs function it then easily follows that (1/n)hψ = h f = (1/m)hϕ .
Thus, hϕ = (m/n)hψ as desired. ��
Proof of Theorem 5.3 (B)

Let ϕ and ψ be commuting parabolic self-maps of D. We have to show that if ϕ is
of zero hyperbolic step, then so is ϕ ◦ ψ and that ϕ ◦ ψ �= idD. The latter statement
follows immediately from the fact that ϕ is not an automorphism of D. Clearly, ϕ ◦ ψ
commuteswithϕ. Furthermore, fixing z0 ∈ D and applying the Schwarz–PickLemma
to the self-map ψ◦n , we have

ρD
(
(ϕ ◦ ψ)◦(n+1)(z0), (ϕ ◦ ψ)◦n(z0)

) = ρD
(
ψ◦n(ϕ◦n ◦ ϕ ◦ ψ(z0)), ψ

◦n(ϕ◦n(z0))
)

� ρD
(
ϕ◦n(ϕ ◦ ψ(z0)), ϕ

◦n(z0)
)

for all n ∈ N.

The latter quantity tends to zero as n → +∞ because ϕ is of zero hyperbolic step,
see e.g. [1, Corollary 4.6.9 (iv) on p. 246]. Thus, ϕ ◦ ψ is of zero hyperbolic step, as
desired. ��
Proof of Theorem 5.3 (C)

Let ϕ,ψ ∈ Hol(D) be two commuting parabolic self-maps. Suppose that ϕ is of
exists h ∈ Hol(D,C) such that

h ◦ ϕ = h + c1, h ◦ ψ = h + c2, (5.15)

for some (c1, c2) ∈ R
2 \ {(0, 0)}. We have to show that under these hypotheses, ψ is

of zero hyperbolic step.
ByTheorem5.1 (B), cϕ,ψ ∈ R.Moreover, Proposition 3.6 allows us to conclude that

cϕ,ψ > 0. By Theorem 2.9, the set V := Vϕ(1/3) is a simply connected ϕ-absorbing
domain. Moreover, ψ(V ) ⊂ V by Lemma 2.10 (1). Consider any conformal map f
of D onto V . According to Theorem 4.5 (3), hϕ ◦ ψ = hϕ + cϕ,ψ . It follows that

h∗ ◦ ψ̃◦n = h∗ + ncϕ,ψ for all n ∈ N, (5.16)

where h∗ := hϕ ◦ f and ψ̃ ∈ Hol(D) is defined by ψ̃ := f −1 ◦ ψ ◦ f . To prove that
ψ is of zero hyperbolic step, it is sufficient to check that ψ̃ is of zero hyperbolic step.
Indeed, fixing a point ζ0 ∈ D and denoting z0 := f (ζ0), we have

ρD
(
ψ◦(n+1)(z0), ψ

◦n(z0)
)

� ρV
(
ψ◦(n+1)(z0), ψ

◦n(z0)
) = ρD

(
ψ̃◦(n+1)(ζ0), ψ̃

◦n(ζ0)
)
,

which would force ρD
(
ψ◦(n+1)(z0), ψ◦n(z0)

) → 0 as n → +∞ if we are able to
show that ψ̃ is of zero hyperbolic step.
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Now let ζ0 ∈ D. By Theorem 2.9 (4), hϕ is univalent in V . Hence, h∗ is univalent
in D. Taking this into account and using (5.16), we obtain

Dhψ̃◦n(ζ0) := 1 − |ζ0|2
1 − |ψ̃◦n(ζ0)|2

∣∣(ψ̃◦n)′
(ζ0)

∣∣ = H(ζ0)

H(ψ̃◦n(ζ0))
�= 0

for all n ∈ N, where H(ζ ) := |h′∗(ζ )|(1− |ζ |2), ζ ∈ D. Since ϕ is of zero hyperbolic
step, the base space of the canonical holomorphic model for ϕ is the whole complex
planeC. Therefore, recalling that cϕ,ψ > 0 we conclude, with the help of Remark 2.8,
that for any R > 0 there exists n0 = n0(R) such that for all n � n0,

Kn := {
w : |w − h∗

(
ψ̃◦n(ζ0)

)| � R
}

= {
w : |w − h∗(ζ0)| � R

} + ncϕ,ψ ⊂ hϕ(V ) = h∗(D).

Since h∗ is univalent, it follows (see e.g. [28, Corollary 1.4]) that H(ψ̃◦n(ζ0)) > R for
all n ∈ N large enough. With R > 0 being in this argument arbitrary, it follows that
H(ψ̃◦n(ζ0)) → +∞ and hence, Dhψ̃◦n(ζ0) → 0 as n → +∞. Thus, Proposition 6.1,
proved in the Appendix, implies that ψ̃ is of zero hyperbolic step, as desired. ��

6. APPENDIX: the hyperbolic step and derivatives of the iterates

Below we give a necessary and sufficient condition for a non-elliptic self-map to be
of zero hyperbolic step, which we used in the proof of Theorem 5.3 (C) and which
would be probably also useful when one tries to apply the results established in the
previous sections. On the one hand, this condition does not seem to be unexpected
for specialists, but on the other hand, we could not find it in the literature. Due to this
reason, we provide a detailed proof.

Proposition 6.1 Let ϕ ∈ Hol(D) be a non-elliptic self-map. Then the following condi-
tions are equivalent:

(1) ϕ is parabolic of zero hyperbolic step;
(2) there exists z0 ∈ D with (ϕ◦n)′(z0) �= 0 for all n ∈ N such that

lim
n→+∞

(ϕ◦n)′(z0)
1 − |ϕ◦n(z0)|2 = 0; (6.1)

(3) equality (6.1) holds for all z0 ∈ D.

Remark 6.2 It is worth mentioning, even though it is just a trivial remark, that con-
dition (6.1) can be stated in terms of the so-called hyperbolic distortion Dhϕ(z) :=
λD(ϕ(z))|ϕ′(z)|/λD(z), where λD(z) := 1/(1 − |z|2) is the density of the hyperbolic
metric in D. Clearly, (6.1) is equivalent to Dhϕ◦n(z0) → 0 as n → +∞. Properties
of the hyperbolic distortion seem to be deeply linked to the dynamical behaviour of a
holomorphic self-map, see e.g. [24].
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Remark 6.3 An analogue of Proposition 6.1 is trivially true for elliptic self-maps.
More precisely, if ϕ ∈ Hol(D,D) \ Aut(D) is elliptic, then it is automatically of zero
hyperbolic step, and (6.1) holds for all z0 ∈ D because ϕ◦n converges to a constant c ∈
D locally uniformly inD as n → +∞. In contrast, if ϕ ∈ Aut(D), then Dhϕ◦n(z) = 1
for all n ∈ N and all z ∈ D, and as a result the limit in (6.1) is strictly positive for
all z0 ∈ D.

Proof of Proposition 6.1 If ϕ ∈ Aut(D), then the statement of the proposition holds
trivially because none of the conditions (1) – (3) is satisfied for automorphisms.

So for the rest of the proof we suppose that ϕ /∈ Aut(D). Clearly, (3)⇒ (2).
Fix an arbitrary point z0 ∈ D. If (ϕ◦n)′(z0) = 0 for some n ∈ N, then (6.1) holds

trivially. So we assume that (ϕ◦n)′(z0) �= 0 for all n ∈ N. In order to make the proof
of the implications (1)⇒ (3) and (2)⇒ (1) less technical, we are going to replace the
autonomousdynamical system inD inducedby the iterates ofϕwith a non-autonomous
dynamical system in D, with the advantage that to the orbit

(
zn := ϕ◦n(z0)

)
n∈N there

would correspond the fixed point of the newdynamical systemat the origin. To this end,
we employ the time-dependent change of variables in D given by the automorphisms
Ln(ζ ) := zn−ζ

1−znζ
, ζ ∈ D, and define gn := L−1

n ◦ ϕ ◦ Ln−1, n ∈ N. It is not difficult to
see that gn’s are holomorphic self-maps of D with a fixed point at the origin and that

ϕ◦n = Ln ◦ gn ◦ gn−1 ◦ · · · ◦ g1 ◦ L−1
0 , for all n ∈ N. (6.2)

Now we consider the sequence (ζn) ⊂ D defined recursively by

ζn := gn(ζn−1) for all n ∈ N, ζ0 := L−1
0 (z1).

Using (6.2)we see that Ln(ζn) = zn+1 for all n ∈ N ∪ {0}. Recalling thatϕ has nofixed
point in D by the hypothesis, we have Ln(ζn) = zn+1 �= zn = Ln(0) and therefore,
ζn �= 0 for any n ∈ N ∪ {0}.

By the invariance of the hyperbolic distance ρD under automorphisms of D, we
have

ρD
(
ϕ◦(n+1)(z0), ϕ

◦n(z0)
) = ρD(zn+1, zn) = ρD

(
Ln(ζn), Ln(0)

) = ρD(ζn, 0).(6.3)

Therefore, ϕ is parabolic of zero hyperbolic step if and only if the sequence (ζn)

converges to 0.
Given m > n, consider the function Gn,m : D → D defined by

Gn,m := gm ◦ gm−1 ◦ · · · ◦ gn+1 = L−1
m ◦ ϕ◦(m−n) ◦ Ln .

Notice that

G0,n(0) = 0 and G ′
0,n(0) = (ϕ◦n)′(z0)

1 − |ϕ◦n(z0)|2 (1 − |z0|2) (6.4)
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for all n ∈ N. For fixed m > n, by the Schwarz Lemma we have

|G ′
0,m(0)| = |G ′

0,n(0)G ′
n,m(0)| � |G ′

n,m(0)|. (6.5)

Moreover, since Gn,m /∈ Aut(D), we can apply the Schwarz–Pick’s Lemma to the
function

Fn,m(ζ ) :=
{

Gn,m(ζ )/ζ, if ζ ∈ D \ {0},
G ′

n,m(0), if ζ = 0,

to obtain
∣
∣∣∣G

′
n,m(0) − ζm

ζn

∣
∣∣∣ = ∣∣Fn,m(0) − Fn,m(ζn)

∣∣

= ∣∣1 − Fn,m(0)Fn,m(ζn)
∣∣ ρ∗

D

(
Fn,m(0), Fn,m(ζn)

)

�
∣∣1 − Fn,m(0)Fn,m(ζn)

∣∣ |ζn| � 2|ζn|.
(6.6)

It follows that

|G ′
0,m(0)| � |G ′

n,m(0)| �
∣∣∣∣
ζm

ζn

∣∣∣∣ + 2|ζn|. (6.7)

Assume now that ϕ is parabolic of zero hyperbolic step. Then (ζn) converges to 0.
Fix an ε > 0 and choose some n ∈ N such that |ζn| < ε/3. Then by (6.7), we have
|G ′

0,m(0)| < ε for all m ∈ N large enough. Since ε > 0 here is arbitrary, it follows that
|G ′

0,m(0)| → 0 as m → +∞ and hence, in view of (6.4), equality (6.1) holds. This
proves the implication (1)⇒ (3).

Conversely, assume that there exists z0 ∈ D satisfying (ϕ◦n)′(z0) �= 0 for all n ∈ N

and such that (6.1) holds. Then G ′
0,m(0) → 0 as m → +∞. By (6.4), G ′

0,n(0) �= 0
for all n ∈ N. With the help of (6.5), it follows that for each fixed n ∈ N, we have
G ′

n,m(0) → 0 as m → +∞. Since by the Schwarz Lemma, the sequence
(
rn := |ζn|

)

does not increase, it has a limit � ∈ [0, 1). We wish to prove that � = 0. Let us recall
that ζn �= 0 for all n ∈ N. According to (6.6),

∣∣∣∣G
′
n,m(0) − ζm

ζn

∣∣∣∣ �
∣∣1 − G ′

n,m(0)Fn,m(ζn)
∣∣ rn .

Passing in this inequality to the limit as m → +∞ with n fixed, we deduce that
�/rn � rn . That is, � � r2n for all n ∈ N. Passing now to the limit as n → +∞, we
finally get that �2 � � ∈ [0, 1). Thus � = 0, which according to (6.3) means that ϕ has
zero hyperbolic step. To complete the proof of the implication (2)⇒ (1), it remains to
recall that a non-elliptic holomorphic self-map of zero hyperbolic step is necessarily
parabolic. ��

As a corollary of Proposition 6.1, we obtain a necessary and sufficient condition of
zero hyperbolic step for continuous one-parameter semigroups. Recall that a family
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(φt )t�0 of holomorphic self-maps φt : D → D is called a one-parameter semigroup
if it verifies the following two algebraic properties:

(i) φ0 = idD;
(ii) φt+s = φt ◦ φs for every t, s � 0.

A one-parameter semigroup (φt ) is said to be continuous if φt → φ0 = idD locally
uniformly in D as t → 0+. Finally, a one-parameter semigroup (φt ) is called non-
trivial if φt �= idD for at least one value of t > 0.

By a classical result of Berkson and Porta [8], see also [1, §5.4], [11, §10.1] or [10],
every continuous one-parameter semigroup (φt ) is differentiable in t and admits an
infinitesimal generator, i.e. a holomorphic function G : D → C such that

dφt (z)

dt
= G

(
φt (z)

)
for all t � 0 and all z ∈ D. (6.8)

Finally, it is known that all elements of a non-trivial continuous one-parameter semi-
group different from idD have the same Denjoy–Wolff point; see e.g. [1, §5.5] or
[11, Theorem 8.3.1]. Therefore, it makes sense to talk about elliptic and non-elliptic
continuous one-parameter semigroups, depending on whether the common Denjoy–
Wolff point is contained inD or in ∂D. In a similar way, see e.g. [11, §8.3], non-elliptic
continuous one-parameter semigroups can be categorised into three types: hyperbolic
semigroups, parabolic semigroups of positive hyperbolic step, and parabolic semi-
groups of zero hyperbolic step.

The necessary and sufficient condition for a non-elliptic one-parameter semigroup
to have zero hyperbolic step, which we are going now to deduce from Proposition 6.1,
has a very simple geometric meaning: the hyperbolic norm of the velocity vector
λD(φt (z))

∣∣ d
dt φt (z)

∣∣ should tend to 0 as t → +∞. Here is the precise statement:

Proposition 6.4 Let (φt ) be a non-elliptic continuous one-parameter semigroup in the
unit disc and let G be its infinitesimal generator. Then the semigroup (φt ) is parabolic
of zero hyperbolic step if and only if

lim
t→+∞

G(φt (z))

1 − |φt (z)|2 = 0 (6.9)

for some — and hence for any — z ∈ D.

Proof Since the functionφ1 is univalent, see e.g. [11, Theorem 8.1.17], Proposition 6.1
implies that the semigroup (φt ) is parabolic of zero hyperbolic step if and only if

lim
N�n→+∞

φ′
n(z)

1 − |φn(z)|2 = 0 (6.10)

for some (and hence for all) z ∈ D. Using the Schwarz–Pick Lemma, it is not difficult
to see that for any z ∈ D, the function

Fz(t) := |φ′
t (z)|

1 − |φt (z)|2 , t ∈ [0,+∞),
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is non-increasing. Therefore, (6.10) is equivalent to Fz(t) → 0, as t → +∞. To com-
plete the proof, it only remains to notice that φ′

t (z) = G(φt (z))/G(z) for all z ∈ D

and all t � 0. This equality can be easily deduced by combining (6.8) with the PDE
∂φt (z)/∂t = G(z)φ′

t (z); see e.g. [11, Proposition 10.1.8]. ��
Remark 6.5 It is worth pointing out that the above proposition has an alternative proof
using Koebe’s One-Quarter Theorem. Namely, let h be the Koenigs function of the
semigroup (φt ), that is, h is a holomorphic function in D such that h ◦ φt = h + t
for all t � 0. Then G = 1/h′ and by [28, Corollary 1.4], condition (6.9) is equivalent
to limt→+∞ dist

(
h(z) + t, ∂h(D)

) = +∞. Finally, by [11, Theorem 9.3.5], the latter
property characterizes parabolic semigroups of zero hyperbolic step.
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