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Abstract

Lenz’s law states that ‘the current induced in a circuit due to a change in a magnetic field is
directed to oppose the change in flux and to exert a mechanical force which opposes the
motion’. This statement has been widely adopted to predict many effects in electromagnetism.
However, multiple recent experimental measurements have shown that the interactions between
a moving permanent magnet (PM) and a closed superconducting loop can disobey the
fundamental statement of Lenz’s law: during the entire process of a PM threading a high
temperature superconducting (HTS) coil, the current induced in the HTS coil keeps the same
direction, and thus the mechanical force exerted on the PM does not always oppose its
movement. The seeming ‘Lenz’s law-violated phenomenon’, namely the anomalous
electromechanical interaction between a moving PM and a closed superconducting loop, can
bring about numerous potential applications in the domains of superconducting magnetic energy
storage, electromagnetic ejection, and flux pumps, etc. However, the cause of this anomalous
phenomenon remains controversial. By representing the PM as a magnetic dipole, taking the
perfect conductor approximation for the closed superconducting loop, this paper has
theoretically studied the anomalous electromechanical effect with rigorous mathematical
formulae derivation. The proposed analytical equations have been verified by numerical
modelling and experimental measurements, which further confirms the effectiveness of the
perfect conductor approximation in ease of calculation. Results have shown that both the
induced electromotive force and the intrinsic properties of the conductive loop
(resistance-dominant or inductance-dominant) determine together the electromechanical
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performance of the studied energy conversion system, and the nearly zero resistivity of
superconductors is the dominant cause of the anomalous phenomenon. This paper has
illuminated the origin of the anomalous electromechanical interaction between a moving
magnetic dipole and a closed superconducting loop, provided an efficient and reliable tool to
predict the electromechanical performance of the studied energy conversion system, and is
believed to deepen people’s understanding of the interactions between magnetic field sources

and superconductors.

Keywords: Lenz’s law, closed superconducting loop, moving magnetic dipole,

electromotive force, energy conversion

(Some figures may appear in colour only in the online journal)

1. Introduction

Since 1834, Lenz’s law has been extensively exploited to qual-
itatively explain or predict a variety of electromagnetic phe-
nomena, e.g. the induced current in a conductive loop due to
the change of external magnetic flux caused by a moving mag-
net will impart a dragging force on the moving magnet, etc.
According to Lenz’s law, when a magnet passes through a
conductive loop, the current induced in the loop should always
oppose the flux variation brought by the magnet. Additionally,
the movement of the magnet should always be impeded by a
mechanical force generated by the eddy current [1, 2]. In other
words, when the magnet is approaching the conductive loop, it
will receive a repulsive force due to the induced current; con-
versely, when the magnet is leaving the conductive loop, the
current in the loop will change its direction and the magnet
should bear an attracting force. However, recent experimental
research work [3, 4] has shown that the conventional statement
of Lenz’s law can be violated in the case of a permanent mag-
net (PM) passing through a high temperature superconduct-
ing (HTS) coil. As reported in [3], during the entire process
of the PM threading the HTS coil, the induced current keeps
the same circulating direction and the PM always receives
repulsive forces from the coil, which exhibits an anomalous
electromechanical effect (a seeming ‘Lenz’s law-violated phe-
nomenon’).

Although a theory of hole superconductivity was pro-
posed in [5] trying to account for the applicability of Lenz’s
law in superconductors, the experimental results in [3, 4]
have offered direct evidence to indicate that the fundamental
description of Lenz’s law has become invalid for a supercon-
ducting circuit in terms of the electromechanical behaviour.
The anomalous electromechanical effect can bring about a
series of novel applications, e.g. determination of the charac-
teristic parameters of superconducting coils [6], and energy
conversion/storage used for regenerative breaking in urban rail
transit systems [7], etc. The seeming ‘Lenz’s law-violated phe-
nomenon’ challenges people’s customary understanding of the
electromechanical interactions between a magnetic source and
a conductive loop; however, a rigorous theoretical explanation
for this effect remains lacking. The unclear origin of the anom-
alous electromechanical effect has restricted its due attention
and scope of application to a large extent.

Considering the PM as a magnetic dipole, approximat-
ing the closed superconducting loop as a perfect conductor
with zero resistivity, explicit mathematical formulae have been
derived in this paper to quantify the current induced in the
superconducting loop and the mechanical force exerted on the
PM. The analytical equations have been validated by the finite
element method (FEM) based numerical models and exper-
imental measurements. The proposed formulae can not only
theoretically explain the cause of the anomalous electromech-
anical effect, but also provide an efficient and reliable analyt-
ical tool to analyze the interactions between magnetic sources
and superconductors.

2. Theoretical analysis

Figure 1 presents the diagram of the energy conversion sys-
tem: a cylindrical PM moving through a superconducting loop
from top (z > 0) to bottom (z < 0), in the cylindrical coordinate
system. It is assumed that the central axis of the PM crosses
the center of the superconducting loop during its entire moving
process.

Considering the spatial distribution characteristics of mag-
netic fields generated by a cylindrical PM, it can be equival-
ised as a magnetic dipole, as shown on the right of figure 1.
Firstly, let us consider the mathematical model in the cartesian
coordinate system 0m—XmYmZm-

Outside the magnetic field source region, the magnetic vec-
tor potential in the space, A, can be written as [8]:

o M X Ty

A(rm) y (1)

TAr o r

where i is the vacuum permeability, rp, represents the dis-
tance vector between the field source and the calculated point
(Xrms Yrm»> Zrm), and m denotes the magnetic moment of the
magnetic dipole, yielding [8]:

m= BV @
Ho

where B, stands for the remanence, and V refers to the volume
of the PM.
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Figure 1. Diagram of a PM passing through a superconducting loop
from top to bottom, in the cylindrical coordinate system 0—pz. Rc
denotes the radius of the circular loop. The PM is equivalised as a
magnetic dipole, as shown on the right. To determine the spatial
field distribution of the magnetic dipole, a local cartesian coordinate
system O0m—X¥myYmZm and a local cylindrical coordinate system
Om—Pm¥PmZm have been established.

Then, the magnetic flux density in the calculated point, B,
can be expressed as:

_yxA= o [Frmmrn) m]o

47 T T

B(rm)
The PM moves along the zp,-axis, thus m can be noted as:
m=mzn. 4)

Based on (4), we have:
m- Iy = M- (&)

From (3)—(5), the 3D coordinate components of the mag-
netic field in the studied point can be derived as:

_ to | 3rm (mzem) m| _
B, (rn) =B Xy = —> .
m (I” ) Xm 41 |: rmS rm3 Xm
3140 MZymXrm
U ©
_ to [3rm(mzm) m ]
B (m) =B-a =2 [T R 5,
3,UfO MZrmYrm
4 e @
o = po [3rm (mzm) m| _
B ) =B 2m = { o
Mo 3’nzrm2 m
Tar\re ) ®

In order to simplify the calculation, considering the shape
feature of the moving magnet and the superconducting coil, we
have transformed the cartesian coordinate system to the cyl-
indrical coordinate system, 0m—pPm¥mZm, as shown in figure 1.

Consequently, the spatial distribution of magnetic fields can be

characterised by B, and B, (B, = 0), with:

By, (rm) = \/ mez JrBym2 =

In our analytical model, the superconducting loop is fixed.
Therefore, to better reflect the relative position change of the
moving PM with respect to the stationary loop, let us consider
the general cylindrical coordinate system for the entire model,
0—ppz, as shown in figure 1. In the coordinate system 0—pz,
z = 0 for the loop plane, and the varying position of the PM
with respect to the loop centre is noted as zpy.

The magnetic flux, ®, through a surface of a vector area, S,

is defined by:
= //B-dS.

N

$Pm

3 Mo PrmZrm

47 (prm? + Zm?

7 €))

(10)

Then, based on (8) and (10), the magnetic flux inside a
single superconducting loop with the radius of R, can be cal-
culated by:

RC

P = [/BzdS: /BZ27rpdp

N 0
R,

3
/m( mzpm?> —m)27rpdp
T

R’

an

0

_pom e
2R+

where r is the distance between the PM and the periphery of

the single loop, and B, is the transformed magnetic field along

the z-axis from (8).

According to Faraday’s law, the time-varying magnetic
field can induce an electromotive force (EMF) on a conduct-
ive loop. Here, we underline that it should be the induced EMF
(which is essentially a voltage source) and the impedance of
the conductive loop that decide together the characteristics of
the generated current. In a superconducting loop, the imped-
ance is inductance-dominant because of its zero resistivity.
Consequently, when a magnetic dipole threads a supercon-
ducting loop, the entire energy conversion system can be equi-
valised as a series circuit composed of a voltage source and
an inductance, as shown in figure 2. Based on figure 2, we
have:

do dr
=L

~a —La (12)

where L is the self-inductance of the superconducting loop.
Equation (12) leads to constant magnetic flux, i.e. by integrat-
ing this equation, we obtain:

LI+d=C (13)
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Figure 2. Equivalent electric circuit for the system of a PM
threading a superconducting loop. #; and 7, represent the time zones
in which the PM approaches and leaves the loop, respectively.

where C refers to the flux constant. Before the movement of
the PM, we suppose that it is sufficiently far from the super-
conducting loop and there exists no induced current, therefore
C = 0. Then, according to (11)-(13), we have:

o O pm RS

L 2L (14

(R + )
where the negative sign demonstrates that the current circu-
lates along the negative direction of the ¢-axis.

The induced EMF is alternating and changes its sign when
the PM passes through the conductive loop plane, namely the
py-plane. However, according to (14), it can be seen that the
induced current does not follow the same trend as the EMF and
will not change its circulating direction despite the variation
of its amplitude. As a result, the current amplitude will first
increase as zpy varies from +o0o to O (which happens in the
time zone t;), and then decreases when z varies from 0 to —oco
(which occurs in the time zone t,), as illustrated in figure 2.
The derived equation (14) complies well with the invariance
of the current direction mentioned in [3, 4].

During the entire process of the PM threading the supercon-
ducting loop, its movement is tightly affected by the mechan-
ical force caused by the current induced in the loop. Accord-
ing to Newton’s third law, the force imparted on the PM by the
superconducting coil, Fpy, is on the numerical level equal to
the force exerted on the coil by the PM, F, as:

Fpy = —Fe. 15)

Therefore, to quantify the force imparted on the PM by the
coil, we can directly calculate the force exerted on the coil by
the PM, F,. According to Lorentz force law, we have:

27

F.= /I~ (dIxB), = —/Idel = —/[BpRcd<p
1 1 0
= —27R.IB, (16)
where B,, is the transformed magnetic field in the radial direc-
tion from (9). It should be noted that B, is along the negative
direction of the p-axis for z > 0 and vice versa.

On the basis of (9) and (14)—(16), Fpy is calculated as:

Fpy = 27R.IB,,

— 2R fom R.? } [ 3pom Rezpm
= O e -
LR )] L AT (R4 )
2 2 4
_ 3o m R:"zpm 17)

4L (RC2 + Z%’M)4 .

It can be seen from (17) that the direction of the mechan-
ical force experienced by the PM is determined by zpy, and
thus Fpy will change its direction when the PM crosses the
loop plane (z = 0). In other words, the PM always receives a
repulsive force from the superconducting loop during its entire
moving process. (17) explains well the direction change of the
force exerted on the PM, as reported in [3, 4].

In practice, a superconducting coil is composed of many
turns, i.e. a series of current loops with distinct radius. Based
on (14), the total current in a superconducting coil, /iy, can be
expressed as:

N
hay=)» Li=-
j=1

N
Hom

ch2

—_— (18)
. 3/2

= 2 (R + )

where N represents the number of turns in a superconducting
coil, R; denotes the radius of the j-th turn, and /; and L; stand
for the induced current and the equivalent inductance in the j-th
turn, respectively. L; can be approximated as L/N (L is the self-
inductance of the entire coil), for simplification. Therefore, the
average induced current in each turn of the superconducting
coil can be written as:

1 & Lom

N~ 2L
j=1 7

2
R.;

(ch2 + Z%M

19

Tyyg = — 7
)

Accordingly, the repulsive force exerted on the PM can be
calculated by:

N
Fom = 27Re;l;B)
=1

~.
Il

N
_ ZZTFR Lom ch2 ) 3,u0m chZPM
. < 2L (po2y 2 3/2 4 R.24 2 5/2
j=1 (Rej> +28y1) (Rej? +2hy1)
N 2. 2 4
R.i"z
_ Z 3o m i ZPM (20)

j=1 4L (R°12+Z%’M)4.

It should be noted that, according to (14), the induced
current in a superconducting loop appears to be independ-
ent of the intrinsic characteristics of the superconductor (e.g.
the critical current), which intuitively seems unreasonable: in
reality, an induced current beyond the critical current of a
superconducting loop will not be expected, i.e. the induced
current should be constrained by the current-carrying capacity
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of the superconducting loop. In fact, to obtain (14), the per-
fect conductor approximation has been adopted for the super-
conducting loop, and thus the current carrying capacity of the
superconducting loop has been assumed to be infinite. In other
words, (14) should represent the upper limit of the current that
can be induced in the superconducting loop for a fixed setup.
In this paper, we exploit the perfect conductor approximation
not only for enabling analytical calculation but more import-
antly we consider it reasonable to make such an assumption
in the studied case: (a) as long as the induced current does not
exceed the critical current of the HTS coil, the coil will stay
superconducting with a very low resistance; (b) the electrical
impedance of a superconducting coil is mainly determined by
its inductance because its resistance is neglectable. To further
illustrate the rationality of the perfect conductor approxima-
tion, relevant numerical modelling and experimental work will
be presented as follows.

3. Modelling and measurement methods

In order to validate the proposed formulae, numerical model-
ling and experimental measurements were carried out at 77 K.
The specifications of the adopted PM and Bi-2223 double pan-
cake coil are shown in table 1.

3.1 Numerical modelling

Given that the entire system is both centrosymmetric and
axisymmetric, the numerical model has been established with
a 2D method based on the H-formulation [9, 10] within COM-
SOL Multiphysics, as shown in figure 3.

On the basis of Faraday’s law, Constitutive law, Ampere’s
law, and Ohm’s law, the governing equation to be solved is
obtained as [11-13]:

oH
V< (pV x H) = —pop— -

21
where H stands for the magnetic field, p denotes the electrical
resistivity, po and p, represent the free space permeability and
the relative permeability of the studied material, respectively.

The HTS double pancake coil has been modelled using the
homogenization method proposed in [14, 15], with which the
equivalent field dependence of the critical current of the HTS
coil can be written as:

SuarsJeo

(1+ VieB+B2/Bo)

where J o is the self-field critical current density of the HTS
layer, B, and B; stand for the flux density components parallel
and perpendicular to the wide surface of the HTS tape, respect-
ively. k = 0.061, o = 0.76, and By = 0.103 T. fyrs refers to
the volume fraction of the HTS layer per unit cell (each cell is
composed of an HTS tape and the surrounding insulation layer
as well as the inevitable airgap). Therefore, considering fyrs
and the size parameters of the studied HTS double pancake
coil, the equivalent self-field critical current density is taken
as Jc(),eq :fHTSJc() =2x 10® Am—2.

Jc,eq(B) = JC(B) 'fHTS =

(22)

Table 1. Specification of the studied PM and HTS coil.

Symbols  Quantity Value
Rpm Radius of the PM 12.5 mm
H Height of the PM 20 mm
1% Volume of the PM 31257 mm?
B: Remanent flux density of the PM 121 T
Lo Free space permeability 47 x 107 Hm™!
w Width of the Bi-2223 tape 4.2 mm
I Self-field critical current @ 77 K 110 A
R; Inner radius of the HTS coil 30.4 mm
R, Outer radius of the HTS coil 36.4 mm
N Number of turns of the HTS coil 45
L Self-inductance of the HTS coil 222.6 uH
1
PM ; _~ Prescribed deformation
[ / Continuity boundary
1 B
/
Deforming i
domain

\
Superconducting
double pancake coil

r

Figure 3. 2D numerical model of the energy conversion system
characterised by a moving PM threading a homogenized
superconducting double pancake coil.

In the numerical model, based on the above, three different
electrical resistivities of the HTS will be adopted for compar-
ison. When the HTS is approximated as a perfect conductor,
we have:

puts = 0. (23)

With the Bean Model, the critical current density is con-

stant, and thus from the E—J power law [16], we obtain:

n—1
()
= . . 24)
puts J c0,eq J c0,eq
Considering the J.(B) dependence [17], we get:
Eo ( J )"—‘
=—" . 25)
pHTS J c0,eq J c0,eq
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Figure 4. 3D view distribution of the current density load ratio

(J @/J.) inside the HTS coil and the spatial magnetic flux density
(Bnorm)- The logarithmic arrows are used to depict the field direction.
In this example, puts has been featured by the equation (25).

In figure 3, except for the PM and HT'S double pancake coil
regions, all the other domains have been defined as air. The
movement of the PM and its surrounding air is characterised by
the moving mesh. The moving mesh of the PM and the air out-
side it (green region) is achieved by the prescribed deformation
feature in COMSOL, and the moving air domains above and
below the PM (purple areas) are set as deforming domain. The
continuity boundary is located inside the air domain, which
divides the moving mesh domain and the static mesh region
[18]. An example 3D view of the current density load ratio
(J o/J ) distributions inside the HTS coil and the magnetic flux
density (Byorm) distributions in the space (the field direction is
represented by the logarithmic arrows) when the PM is situ-
ated at the coil plane (zpyy= 0) is shown in figure 4.

3.2. Experimental measurement

The experimental procedures are the same as described in [3].
The experimental setup is shown in figure 5. A DS2-5N-type
digital dynamometer with the precision of 10~ N (manufac-
tured by Dongguan City Intelligent Precision Instrument Co.,
Ltd) was utilized to detect the mechanical force exerted on the
PM, between which an aluminum rod was exploited to rigidly
connect the two parts. A FLUKE 319-type digital clamp meter
was employed to acquire the induced current in the supercon-
ductor coil, with the resolution of 10~2 A. An N42 NdFeB
magnet was adopted. The studied double pancake coil was
wound from 45 turns of 4.2 mm wide Bi-2223 tapes, cooled
by liquid nitrogen at 77 K inside an epoxy resin Dewar.

To avoid introducing excess inductance to the coil, the
clamp meter was used to measure the current in a single turn.

4. Results and analyses

4.1. Macroscopic electromechanical performance

The current induced in each turn of the Bi-2223 double pan-
cake coil and the mechanical force exerted on the PM obtained

Dynamometer ‘

Figure 5. Experimental system for measuring the induced current
in the HTS coil and the mechanical force exerted on the PM.

o
1

]
(4]
|

a0 C

N
[=]
|

--6-- Simu._p=0.

Current induced in each turn (A)
& &
1 1

--v-- Simu._ J(B) ‘
.30 4 & Simu._Bean - rrrrrrrrr
& Exp. ‘ ‘

-35 1 T T T
-100 -80 -60 -40 -20 O 20 40 60 80 100

Position of the PM along the z-axis (mm)

Figure 6. Current induced in each turn of the HTS double pancake
coil. Equ represents the proposed equation (19), Simu refer to the
simulation results in the three different cases, and exp denotes the
experimental data.

by numerical modelling, experimental measurements, and the
analytical formulae (19) and (20) have been depicted together
in figures 6 and 7. The positive and negative values indicate
the directions of the current and force in the coordinate sys-
tem exhibited in figure 1.

It can be seen that in general the simulated results and
measured data are in good accordance with the analytical
equations proposed in this paper. The proposed equations
comply well with the simulation of the perfect conductor cases
with pgrs = 0. Although the experimental data agree bet-
ter with the simulation using the Bean model and the J.(B)
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Equ.
—~ 47 --0--8Simu._p=0 -
< -~ Simu_ J(B)
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Figure 7. Mechanical force imparted on the PM by the HTS coil.
Equ represents the proposed equation (20), Simu refer to the
simulation results in the three different cases, and Exp denotes the
experimental data.

dependence, the overestimated current calculated by the ana-
Iytical equation gives a bias of approximately 1.3 A in terms of
the peak current, which is acceptable compared to the exper-
imental peak current 28.15 A with an error ratio of 4.61%.
In the case of the peak mechanical force, the highest dis-
crepancy between the analytical and experimental results is
0.25 N, which leads to an error ratio of 6.17%. Therefore, it
can be concluded that the proposed equations can be conveni-
ently exploited to estimate the current induced in the HTS coil
and the mechanical force exerted on the PM with acceptable
accuracy.

In terms of the peak values of the induced current and the
mechanical force, it is not hard to understand that the res-
ults given by the proposed formulae and the simulation with
pats = 0 appear higher than the experimental data in that the
superconductor has been approximated as a perfect conductor
with ‘unlimited’ current-carrying capacity. The influence of
the critical current of the HTS coil on the induced current
and mechanical force will be discussed in detail in the follow-
ing chapter. In addition, the two ends of the HTS coil were
soldered with Sn—Bi alloy, which introduced a joint resistance
in the range of 1073 to 10~7 €. The induced current can be
considered as a pulsed direct current (DC). Under the vary-
ing external magnetic field, a varying dynamic resistance can
occur in the HTS coil [19-21]. The appearance of resistivity
in the HTS coil can weaken the induced current, and thus the
mechanical force.

It should also be noticed that the proposed formulae give
rise to a much higher current at positions far from the coil
plane, e.g. at —80 mm < z < —40 mm and 40 mm < z < 80 mm.
In fact, to obtain (19) and (20), C in equation (13) has
been taken as zero for the simplification of calculation
under the assumption that the initial and ending positions
(£00) of the PM is sufficiently far from the superconducting

—A—Simu._ 2J4 ¢

304 —¢—Simu_p=0
— Equ.

Current induced in each turn (A)
o
1

ST 1T
-100 -80 -60 -40 -20 0 20 40 60 80 100

Position of the PM along the z-axis (mm)

Figure 8. Influence of the self-field critical current on the current
induced in each turn of the HTS double pancake coil. Equ
represents the proposed equation (19), and Simu stands for the
simulation results in the four different cases.

loop. However, in the experiment the PM moved between
z = £ 60 mm, which indicates that the initial magnetic flux
in the HTS coil was not zero, i.e. C # 0. As a result, in the
experiment the induced current at the initial and ending pos-
itions of the PM was less than the analytical result, so is the
force exerted on the PM.

4.2. Influence of the critical current

For further elucidation, in terms of the perfect conductor
approximation adopted here, the influence of the critical cur-
rent (density) of the HTS coil on the induced current and the
force exerted on the PM will be studied through numerical
modelling in this section. Without changing any sizes of any
objects in the entire energy conversion system, three equi-
valent self-field critical current densities have been selected,
which are 0.5J ¢ eq, Jc0,eq> and 2J 0 ¢q, respectively.

The simulated induced currents in each turn and forces
imparted on the PM at different self-field critical current dens-
ities have been separately depicted in figures 8 and 9. It can be
found that the amplitude of the induced current is in a posit-
ive correlation with the critical current of the HTS coil, so is
the mechanical force exerted on the PM. Therefore, it is con-
firmed that that the induced current is no doubt constrained
by the current-carrying capacity of the adopted conductors. In
addition, the proposed analytical formulae, (19) and (20), rep-
resent the upper limit or the most ideal case for both the current
and force.

From the perspective of macroscopic performance, the vari-
ation of the self-field critical current density does not bring sig-
nificant changes to the induced current and mechanical force
because of the superior current-carrying capacity of the HTS
coil (given that the induced current is far less than the critical
current of each Bi-2223 turn). However, from the microscopic
view, the varying load ratio between the transport current
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represents the formula (20), and Simu denotes the simulation results
in the four different cases. Jo/doeq
|
and the critical current can affect the distributions of cur- ‘ 4
rents and magnetic flux insider the HTS tapes, as shown in

figure 10.

Figures 10(a)—(c) show the distributions of the magnetic
flux density, Byom, at z = 0, across the cross sections of three
distinct HTS coils with the self-field critical current dens-
ity equal to 0.5Jc0eq, Jco,eq> and 2J o eq, respectively. Figures
(d)—(f) demonstrate the B, distributions at z = O of the three
HTS coils with the self-field critical current density equal
t0 0.5Jc0eqs Jc0,eq> and 2Jc0eq. TEspectively. Figures (g)-(i)
exhibit the distributions of the load ratios between the induced
current density and the critical current density of the HTS coil,
J olJceq, With the self-field critical current density equal to
0.5Jc0,eq» Jc0,eq» and 2J 04, TESPECtively.

It can be seen that, from (a)—(c), a higher magnetic field is
allowed to penetrate to the inner side of the double pancake
coil with increasing slef-field critical current density, which
implies that a higher current can be generated inside the HTS
coil, agreeing well with figure 8. It should be pointed out that a
higher external magnetic field can bring about a lower real crit-
ical current due to the J.(B) dependence, as shown in equation
(22). However, the J.(B) dependence is mainly determined by
the field component perpendicular to the wide surface of the
HTS tape, B,. Figures (d)—(f) present the B; distributions in the
three studied coil cross-sections. It can be seen that both ends
of the innermost turns are more easily affected by the J.(B)
dependence. Nevertheless, the perpendicular flux density is
just on the order of dozens of mT, which is not sufficiently high
to significantly drop the real critical current density. Taking the
highest B;, approximately 85 mT in (f) as an example, it can
drive the critical current density drop from 2Jcg¢q to around
1.266Jc0,¢q, Which is still higher than J¢q. Therefore, under
the J.(B) dependence, the induced current can still be carried
by the HTS coils without a quench.

(d) (e) $9)
(@)

] ': ‘ L 0.5
' -0.5
1K
(€3] (h)

Figure 10. Current density and magnetic flux density distributions
across the cross sections of three different HTS double pancak coils.
Figures (a)—(c) refer to the Bnorm distributions at z = 0, when the
self-field critical current density is 0.5Jc0.eq» Jc0.eq» aNd 2Jc0eq,
respectively. Figures (d)—(f) represent the B; distributions at z = 0,
when the self-field critical current density is 0.5Jco.eq, Jc0,eq, and
2Jc0,eq, respectively. Figures (g)—(i) exhibit the Jo/Jceq
distributions, at z = —70 mm, when the self-field critical current
density is equal to 0.5Jc0,eq> Jc0,eq, aNd 2Jc0,eq, TESpeCtively.

From (g)—(i) it can be found that the distribution area of
the induced current shrinks with the increase of the self-field
critical current density. In fact, the induced currents in the
three coils are all below their critical currents, and thus no
quench happens during the entire dynamic process and the
coils remain superconducting. Therefore, the induced currents
in the three coils do not have a huge discrepancy because of
their super current-carrying capacity, as shown in figure 8. As
a result, inside the HTS coil with a lower self-field critical
current, the induced current has to occupy more space to be
carried.

4.3. Influence of the PM velocity

According to equations (14) and (17), the current induced in
the superconducting loop and the mechanical force exerted
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on the PM are determined by the position of the PM in the
coordinate system, namely the distance between the PM and
the coil centre. In other words, the velocity of the PM seems
not relevant to the induced loop current and force experienced
by the PM, which appears not easy to understand in that the
changing rate of magnetic fields should directly determine the
EMF in the coil and this field changing rate is closely related
to the PM velocity. In order to clarify this issue, taking the
absolute value of the PM velocity, v, as a constant, equations
(19) and (20) can be rewritten as:

N
1 R.7
Iavg = T por E (26)
NZoL T, 372
=1 [ch + (zpm0 F vt)
a 3p0*m Re;* (zpmo F Vi)
Fpv = E 27

18
{chz + (zpmo F 1) }

where zpyo denotes the initial position of the PM in the
coordinate system (zpm,o 7 0), and the F sign corresponds to
the cases where the PM moves from zpy > 0 to zpy < 0 (v is
towards the negative direction of the z-axis) and the PM moves
from zpy < 0 to zpm > O (v is towards the positive direction of
the z-axis), respectively. It is worth mentioning that though in
this paper zpm = zpmo — VI, equations (14), (17), (19) and (20)
are valid for both cases.

Taking the previously studied Bi-2223 double pancake coil
as the research object, the induced currents in each turn and
the forces imparted on the PM under different PM velocit-
ies obtained by the equations (26) and (27) as well as the
H-formulation based numerical model are presented together
in figure 11.

It can be found that in general equations (26) and (27)
agree well with the simulated results and a ‘pulse compres-
sion’ effect has appeared with increasing PM velocities: the
current and force waveforms have been compressed in the
time domain, and the compression ratio is proportional to the
velocity changing rate. For example, when the PM velocity
increases from 2.5 to 20 mm s~ !, the duration of the DC pulse
has been reduced from 56 to 7 s, so is the force imparted on
the PM. However, the fundamental waveform characteristics
have not been changed and the amplitudes of the current and
force remain the same despite the variation of PM velocities.
In other words, if we combine the PM velocity and time node
information to characterise the position of the PM, all the cur-
rent and force waveforms in figure 11 will be converted back to
figures 6 and 7, as correctly predicted by (19) and (20). There-
fore, the current induced in the superconducting coil and the
force exerted on the PM essentially depend on the position of
the PM with respect to the coil.

In essence, the studied electromechanical interaction
between a magnetic dipole and a superconducting loop is a
result of the flux conservation property of the superconduct-
ing loop. As shown in equations (12) and (13), the domin-
ant inductance of a superconducting circuit leads to a constant
magnetic flux inside the loop. As a result, the induced cur-
rent in the superconducting coil and the force exerted on the

5
<
c Of
2
= 5
[5]
(v
@ 10
£
‘5 -15
3 20  Equ. Simu. ]
z g 2.5mm/s
S -25 — o 5mmis A
2 — A& 10 mm/s
. — v 20mm/s
_35 1 1
g 4 Equ. Simu. B
= -=-- 0 25mm/s
o —-== 0 bmm/s
g 2 —== A 10mm/s ]|
5 —== v 20mm/s
pel
fata]=al=lals:
% ng:lﬂ
o
3 o?
3 5 i
5 7
L J
1 1 1 1 1 1 1
0 7 14 21 28 35 42 49 56

Figure 11. Variation of the current induced in each turn of the HTS
double pancake coil and the force exerted on the PM in the time
domain under various PM velocities. The results are obtained by
equations (26) and (27) as well as the H-formulation based
numerical modelling, considering the J.(B) dependence.

PM are determined by the flux rather than the changing rate
of the flux that accounts for the performance of a resistance-
dominated normal conductive loop (more behaviour compar-
isons between a superconducting loop and a normal conduct-
ive one are presented in section 5). The magnetic flux brought
to the superconducting loop by the moving PM is directly
affected by the distance between them, and thus from the
kinematic perspective, the interactions between a magnetic
dipole and a superconducting loop are trajectory-dependent, as
shownin (14) and (17). (14) and (17) also explain well the non-
dependence of I and Fpy; on the PM velocity demonstrated in
figure 7 of [4].

4.4. Computational complexity

Compared with experimental measurements, numerical mod-
elling is generally a more cost-effective and far less time-
consuming method to estimate the electromechanical perform-
ance of the energy conversion system. The utilized computer is
featured by the Intel Xeon CPU E3-1230v6 @ 3.5 GHz and 16
GB RAM. Each of the H-formulation based numerical models
built in this paper is composed of 74 232 degrees of freedom,
and it took no less than 11 h for every computation with a rel-
ative tolerance of 1073. As a comparison, the proposed for-
mulae (19) and (20) can be easily programmed in MATLAB,
which took only a few (around two) seconds to calculate the
induced current and mechanical force. Therefore, the derived
analytical equations can not only be used to account for the
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anomalous interaction between a moving magnetic dipole and
a closed superconducting loop but represent an efficient quan-
tification tool to predict the macroscopic performance of the
entire system with tolerable accuracy.

5. Discussion

In order to better comprehend the anomalous electromechan-
ical effect happening to superconductors, we present here the
behaviours of a normal conductive loop that is put in the same
physical scene as the studied superconducting loop.

For a normal conductive circuit with the same radius R,
different from (12), from Faraday’s law, we have:

1do

R dt

(28)

where R is the resistance of the normal conductive loop. In
(28), the term related to L has been neglected because its influ-
ence is far less than R. From (28) it can be seen that the
induced current is determined by both the changing rate of
magnetic flux over time and the resistance. ® is displacement-
dependent, thus d®/ds will be naturally velocity-dependent.
The induced current I can therefore be derived as:

2
R.“zpm

1 dP dzpm _3u0m
2R

o _E dzpy  df

)5/2\) (29)

where v is the velocity (absolute value) of the moving PM.
Equation (29) shows that the induced current in the normal
conductive loop is zpy-dependent, i.e. the direction of the cur-
rent will change when the PM crosses the loop plane. Accord-
ingly, the mechanical force exerted on the PM can be written
as:

FpM = ZWRCIBP

R 3uom R zpm 3pom Rczpm

= Al 2R 2., 2 sV 47 2, 2 \3/2
(RC +Z1>M) (Rc JrZPM)

— 9#02’"2 RC4Z}2"M (30)

v
4R (Rcz + ZIZJM)S

It can be seen from (30) that the direction of the force exer-
ted on the PM is not zpyp-dependent. The force is always along
the positive direction of the z-axis, i.e. the PM firstly receives a
repulsive force before crossing the loop plane, and then bears
an attracting force after passing through the loop plane. Both
(29) and (30) agree well with the conventional statement of
Lenz’s law.

Mathematically, the difference between a superconduct-
ing loop and a normal conductive one lies in the discrep-
ancy between (14) and (28): equation (14) shows that the cur-
rent induced in a superconducting loop is determined by the
magnetic flux, but equation (28) demonstrates that the cur-
rent in a normal conductive loop is decided by the changing
rate of the magnetic flux. By its very nature, the nearly zero
resistivity characteristic of superconductors (though carrying
a pulsed DC) has caused the seeming ‘Lenz’s law-violated
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Figure 12. Normalised currents induced in a single superconducting
loop and a single normal conductive circuit and forces exerted on
the PMs in the two scenarios. All the currents and forces have been
normalised to their maximum values. Initial parameters:
R.=334mm,R=1Q,v=1m s’l, and the other parameters have
been taken from table 1. sc: superconductor, nc: normal conductor.

effect’, which leads to a quasi-persistent current and gives rise
to constant magnetic flux inside the superconducting loop. In
order to more intuitively exhibit the discrepancy between nor-
mal conductive and superconducting loops, the normalized
induced currents and forces calculated based on (14), (17),
(29), and (30) have been depicted together in figure 12.

From figure 12, it can be seen that the electromechan-
ical behaviours of a superconducting loop are clearly differ-
ent from a normal conductive one when the same PM threads
them. In general, for a normal conductive loop, the induced
current changes its circulating direction when the PM passes
through the loop centre, just as what happens to the force exer-
ted on the PM in the superconducting system. As a compar-
ison, the induced current in a superconducting loop is fea-
tured by a DC pulse; however, the force imparted on the PM
in the normal conductive system is characterised by two co-
directional pulses. The performance of the normal conduct-
ive loop can be accurately estimated by Lenz’s law, however,
which is not the case for a superconducting one. Therefore, it
is of great significance to derive equations (14) and (17) in this
paper to qualitatively and quantitatively describe the anomal-
ous electromechanical interactions between a magnetic dipole
and a superconducting loop.

Let us revisit the seeming ‘Lenz’s law-violated phe-
nomenon’ from the perspective of energy conservation. Dif-
ferent from a resistance-dominant normal conductive coil, the
zero resistivity of the superconducting loop gives rise to the
energy conservation of the entire system (the air friction can be
neglected). In other words, when the moving PM is approach-
ing the superconducting loop, part of its kinetic energy will
be converted to the electromagnetic energy stored in the loop
and thus it should receive a repulsive force that does negative
work. When the PM is leaving the superconducting loop, as the
total magnetic flux inside the loop is decreasing and almost no
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energy is dissipated in the superconductor, the stored electro-
magnetic energy will be given back to the PM. In this way, the
PM will receive a repulsive force from the superconducting
loop which does positive work.

From the perspective of energy conversion, it can also be
concluded from figure 12 that the dominant resistance of a nor-
mal conductor governs the fact that the electromagnetic energy
converted from the mechanical energy of the PM can not be
effectively stored in the normal conductive loop because of
instantaneous power dissipation. From this point, we can also
propose here a ‘residual current’ concept because of the nearly
zero resistance of the superconducting loop. When the PM
moves from far to the loop centre, the electromagnetic energy
will be stored in the superconducting loop in the form of an
approximately persistent DC: since there exists no power dis-
sipation, the DC is considered to circulate in the loop no matter
how the PM moves afterward and thus it is named a ‘residual
current’. Then, when the PM leaves the superconducting loop,
according to Faraday’s law, an EMF in the opposite direction
to the residual DC will be generated because of the reduction
of the flux brought by the PM to the loop. The EMF will pro-
duce a current (named an ‘opposite current’) that circulates
opposite to the circulating direction of the residual DC; con-
sequently, the total current in the superconducting loop will
decrease, as predicted by (14). The ‘residual current’ concept
provides a way to understand the anomalous effect between a
PM and a superconducting loop. However, we have to point
out that: in order to drive the total current in the superconduct-
ing coil to decrease following the trend presented by figure 12
due to the moving away of the PM (zpy varies from zero to
negative), the generated ‘opposite current’ has to keep increas-
ing, which is distinctively different from what happens to a
PM moving away from a normal conductive loop: the induced
current firstly increases and then decreases to zero. Therefore,
the ‘residual current’ concept echoes well the anomalous elec-
tromechanical phenomenon that only happens to supercon-
ducting loops, and further confirms the rationality of the adop-
ted perfect conductor approximation in theoretical analyses.

Regarding the formulae derivation, it needs to be clari-
fied that, if both the electrical resistance and inductance of
the superconducting coil are considered, we will get a highly
non-linear equation combined with the non-linear E-J power
law, which appears not possible to obtain explicit formulae
for the induced current and mechanical force. However, with
the perfect conductor approximation, the proposed formulae
in this paper are able to efficiently quantify the electromech-
anical performance of the entire energy conversion system
with acceptable accuracy. Some researchers may stick to the
point that superconductors are essentially different from per-
fect conductors on account of quantum effects such as the
Meissner effect and quantization of magnetic flux. However,
in our case, the quantum effects, e.g. the Meissner effect plays
a minor role because the field generated by the PM easily goes
beyond the lower critical field on the order of several mT and
penetrates to the HTS tapes. Therefore, when studying the
macroscopic performance of a superconducting system, the
perfect conductor approximation remains a convenient tool to
greatly ease calculations.

6. Conclusion

It has been recently discovered that when a PM passes through
a superconducting loop, the current generated in the loop will
keep the same circulating direction and thus the PM will
always bear a repulsive force. The anomalous electromech-
anical effect seems to violate the extensively adopted funda-
mental statement of Lenz’s law applied to normal conduct-
ors and highlights the particular nature of superconductors.
By its very nature, the anomalous electromechanical effect is
mainly caused by the zero resistivity of the superconductor,
which leads to constant magnetic flux inside the supercon-
ducting loop. As a result, the direction of the induced current
turns invariant and the force exerted on the magnet becomes
trajectory-dependent.

From the formulae derivation, it can be seen that Faraday’s
law explains well the interactions between a magnetic dipole
and a conductive loop, whether the loop is normal conduct-
ing or superconducting. However, the fundamental statement
of Lenz’s law has to be reexamined in terms of ‘induced
current’ and ‘mechanical force’ when it comes to supercon-
ductors. To put it more clearly, the description regarding the
‘induced current’ in the conductive loop or the ‘mechanical
force’ imparted on the motion in the conventional statement
should not be directly utilized to feature the electromechan-
ical performance of such a system because the direct res-
ult of time-varying magnetic fields is an EMF that is direc-
ted to oppose the variation of magnetic fields. The gener-
ated current is just the macro characterization of the EMF and
the intrinsic properties of the conductive loop, depending on
whether the loop is resistance-dominant (for normal conduct-
ors) or inductance-dominant (for superconductors). Therefore,
the current induced in a circuit due to a change in a magnetic
field is directed to exert a mechanical force that opposes or
favors the motion, depending on whether the circuit is super-
conducting.

This paper has revealed the physical mechanism behind
the seeming ‘Lenz’s law-violated phenomenon’ in a closed
superconducting loop with a rigorous analytical method and
provided a significant supplement to Lenz’s Law applied to
both normal conductors and superconductors. The studied
device is essentially an energy conversion system, i.e. the
mechanical energy of a moving PM and the electromagnetic
energy of a superconducting magnet can achieve mutual con-
version. Therefore, the anomalous electromechanical effect
can spawn many applications related to energy storage/ con-
version, e.g. regenerative breaking in urban rail transit systems
[7], electromagnetic ejection, and flux pumping, etc, which
deserves more attention and research efforts in the future.
The proposed formulae also provide an efficient and reliable
analytical tool to quantify the interactions between magnetic
sources and superconductors, which is far more cost-effective
and time-saving than the FEM based numerical models and
experiments.

Last but not the least, when studying the macroscopic per-
formance of a superconducting system, the perfect conductor
approximation for a superconductor can be a convenient tool
to greatly ease analysis and calculations in many cases. There
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should exist no reasons to simply neglect, abandon or even
reject this method.
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