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A B S T R A C T

Lightweight architected materials require systematic design strategies to maximize stiffness-to-weight efficiency 
under realistic finite-domain loading conditions. However, optimization of hybrid triply periodic surface ar
chitectures remains challenging due to implicit geometric representations, high-dimensional parameter spaces, 
and the computational cost of mechanical evaluation.

This study presents a mechanics-guided optimization framework for hybrid triply periodic surface architec
tures. An 18-dimensional coefficient representation based on linearly independent periodic basis functions en
ables continuous hybridization across canonical surface families within a unified design space. Candidate 
geometries are evaluated as finite 2×2×2 multi-cell specimens using voxel-based finite element analysis under 
uniaxial compression. Exploration of the high-dimensional space is performed using a Gaussian process surrogate 
with expected improvement, combined with connectivity screening to ensure structural feasibility.

The surrogate-assisted Bayesian optimization achieves an effective modulus of Eeff = 216,536 MPa, out
performing random search (10 seeds, equal budget) by 31.0%. The optimized hybrid design also exhibits 
approximately 112–114% higher effective stiffness than representative gyroid and Schwarz P structures evalu
ated under identical conditions. Gibson–Ashby scaling gives an exponent of n = 1.082 ± 0.015

(
R2 = 0.999

)
, 

compared with n = 2.2–3.4 for canonical TPMS surfaces, supporting a transition toward stretching-dominated 
load transfer. The improvement is associated with material reorganization into vertically continuous load 
paths that enhance axial force transmission and reduce bending-driven compliance.

The proposed framework provides a computationally efficient and mechanically interpretable approach for 
high-dimensional design of periodic surface architectures under finite-domain constraints.

1. Introduction

Lightweight architected materials provide a powerful route to sur
pass the intrinsic performance limits of bulk solids by exploiting ge
ometry rather than chemistry alone [1,2]. Intrinsic material properties 
and failure mechanisms can often be investigated through smaller-scale 
computational approaches, such as atomistic or molecular simulations 
[3,4]. Architected materials, however, introduce an additional design 
principle: the same constituent material can exhibit substantially 
different effective properties when arranged into different spatial ar
chitectures. As a result, stiffness, strength, deformation mode, and en
ergy absorption can be tuned through geometry even when the base 
material remains unchanged. Natural systems such as bone exemplify 
this principle: high stiffness and strength are achieved at low mass 
through hierarchically organized porous architectures that efficiently 
transmit load while preserving global connectivity [1,5,6]. Inspired by 

such biological strategies, engineered lattice and cellular materials have 
been intensively investigated for applications spanning aerospace 
structures, mechanical metamaterials, biomedical implants, and energy 
absorption systems [7,8]. In these materials, mechanical performance is 
governed primarily by architecture, and small geometric variations can 
fundamentally alter stiffness, strength, and deformation mechanisms [9,
10].

Among architected materials, triply periodic minimal surfaces 
(TPMS) constitute a particularly attractive class. Canonical TPMS ge
ometries, such as the gyroid, Schwarz primitive, and diamond surfaces, 
form smooth, continuous networks without sharp nodes or stress- 
concentrating junctions. Compared with strut-based lattices, they 
exhibit enhanced load distribution, reduced stress localization, and 
favorable damage tolerance due to their curvature continuity [11–14]. 
Their inherent periodicity promotes efficient load transfer across unit 
cells and has motivated their adoption in lightweight structural 
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components, thermal devices, and porous scaffolds.
More broadly, architected metamaterials are increasingly being 

designed for multifunctional performance beyond stiffness alone, 
including coupled acoustic–mechanical response, mechanical wave 
attenuation, and energy absorption. Recent acoustic-mechanical meta
materials demonstrate how geometry can be used to couple load-bearing 
capacity with acoustic absorption or wave-control functionality, while 
dual-phase and bioinspired microlattice strategies further highlight the 
potential of architected materials for multifunctional mechanical per
formance [15–17]. These developments emphasize the broader design 
opportunity offered by architected matter, while the present work fo
cuses specifically on deterministic, mechanics-guided TPMS hybridiza
tion for effective stiffness enhancement under finite-domain 
compression.

Despite these advantages, the mechanical response of TPMS archi
tectures is highly sensitive to geometric parameters [12,18]. Modest 
changes in surface morphology, anisotropy, or relative density can 
produce substantial differences in stiffness-to-weight efficiency and 
deformation mode. However, most existing studies restrict the design 
space to a single canonical TPMS family with only a few tunable pa
rameters, typically wall thickness or one or two shape coefficients [14,
19,20]. Such low-dimensional parameterizations inherently limit 
exploration and preclude systematic investigation of hybrid morphol
ogies that combine geometric characteristics across multiple TPMS 
families. As a result, potentially superior configurations remain 
unexplored.

The challenge is compounded when considering finite multi-cell 
architectures rather than idealized infinite periodic unit cells [21]. In 
mechanical components, boundary effects and inter-cell interactions 
influence the global response, and stiffness trends observed in homog
enized unit-cell analyses may not directly translate to finite domains. 
Discovering stiffness-efficient morphologies in this setting requires 
navigating a high-dimensional, nonconvex design landscape under 
computationally expensive mechanical evaluation.

This setting exposes fundamental limitations of conventional opti
mization strategies. The geometry is defined implicitly through level-set 
formulations [22], and the effective stiffness objective can only be 
evaluated via a full simulation pipeline. Voxel-based finite element 
analysis provides a robust and geometry-agnostic solver capable of 
handling arbitrarily complex topologies without mesh generation, yet 
each evaluation remains computationally costly and may exhibit 
discretization-induced numerical noise [20]. Gradient-based optimiza
tion is therefore poorly suited: analytical sensitivities are unavailable, 
numerical derivatives are unreliable, and local methods are prone to 
premature convergence in a rugged landscape.

Bayesian optimization (BO) provides a principled framework for 
global optimization under expensive black-box evaluations by itera
tively constructing a probabilistic surrogate model and selecting new 
candidates via an acquisition function [23–26]. Nevertheless, BO is not 
inherently immune to the curse of dimensionality [27,28]. As dimen
sionality increases, surrogate fidelity degrades, acquisition landscapes 
become increasingly multimodal, and the number of evaluations 
required for reliable exploration grows rapidly.

Moreover, in geometric design problems, a significant portion of the 
design space can correspond to infeasible or disconnected configura
tions, causing optimization runs to waste computational budget on 
rejected candidates [29,30]. Effective application of Bayesian optimi
zation in high-dimensional architected-material design therefore bene
fits from a well-structured parameter space, an informed initialization 
strategy, and practical feasibility handling.

In this work, we introduce a unified computational framework that 
addresses these challenges through three integrated components. First, 
we construct an 18-dimensional TPMS representation based on a set of 
linearly independent periodic basis functions. Unlike conventional 
family-specific parameterizations, this formulation enables continuous 
hybridization across multiple canonical TPMS types within a single 

coherent design space, substantially enlarging the searchable 
morphology spectrum while promoting structurally connected mor
phologies. Second, we couple this representation with a voxel-based 
finite element evaluation of finite multi-cell specimens under uniaxial 
compression, thereby assessing mechanical performance in a physically 
consistent setting that captures boundary and inter-cell effects beyond 
single-cell homogenized approximations. Third, we employ Bayesian 
optimization to efficiently explore the resulting high-dimensional, 
expensive black-box objective. To limit wasted evaluations due to 
disconnected geometries or failed solves, we incorporate structure- 
aware initialization and connectivity pre-screening throughout; addi
tionally, we evaluate an optional feasibility-aware BO variant that 
augments expected improvement with a probabilistic feasibility model.

The novelty of the present study lies in establishing a mechanically 
grounded, high-dimensional hybrid TPMS representation together with 
a robust simulation–optimization pipeline for implicitly defined design 
spaces. By integrating an expressive geometric parameterization, finite- 
domain mechanical evaluation, and surrogate-guided Bayesian optimi
zation, the proposed framework enables systematic discovery of 
stiffness-efficient hybrid architectures that are difficult to access using 
canonical low-dimensional parameterizations or purely local optimiza
tion strategies. (Fig. 1)

2. Materials and Methods

2.1. TPMS geometry representation and design space

The architected materials investigated in this work are based on 
triply periodic minimal surface (TPMS) geometries described through an 
implicit level-set formulation. Instead of restricting the design space to a 
small set of canonical TPMS families (e.g., gyroid, Schwarz, or dia
mond), we adopt a unified and expressive parameterization built from a 
set of linearly independent periodic basis functions. This formulation 
enables the continuous generation of a wide spectrum of hybrid TPMS 
architectures within a unified design space.

The implicit field defining the TPMS geometry is expressed as: 

ϕ(x, y, z) =
∑18

i=1
ci fi(x, y, z) (1) 

where fi(x, y, z) are periodic trigonometric basis functions with 
compatible spatial periodicity, and ci are scalar coefficients serving as 
design variables. To retain expressive power while limiting redundancy, 
we adopt an 18-term linearly independent periodic basis grouped by 
geometric role (see Table 1), including Schwarz-type, gyroid-type, 
diamond-type, harmonic, and mixed-frequency modes. The resulting 
design space is 18-dimensional, with coefficients constrained to ci ∈ [ −

3,3], i = 1,…,18.
The selected basis was designed to span hybridizations of the pri

mary TPMS families considered in this work while maintaining a 
compact and tractable parameterization. Modes 1–4 include Schwarz-P- 
like and gyroid-like combinations, including rotated and sign-varied 
gyroid contributions. Modes 5–9 introduce diamond- and Neovius-like 
product terms that enrich the representation with additional surface 
symmetries and connectivity patterns. Modes 10–12 provide pairwise 
cosine-product terms, while modes 13–15 introduce second-harmonic 
single-axis terms (cos 2x, cos 2y, cos 2z)that enable modulation of 
wall-thickness distribution along the coordinate directions. Finally, 
modes 16–18 introduce mixed-frequency cross terms (sin 2xcos y,
sin 2ycos z, sin 2zcos x), enabling directionally biased and anisotropic 

hybridization. This structured selection expands the searchable 
morphology space beyond individual canonical TPMS families while 
limiting redundancy and preserving a manageable 18-dimensional 
design space for Bayesian optimization. It also helps reduce mode- 
cancellation effects and the occurrence of fragmented geometries; in 
preliminary tests, naïve combinations of periodic terms with arbitrary 
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coefficients frequently produced disconnected material islands or 
interrupted bottom–top load paths, leading to a high proportion of 
candidates failing connectivity screening.

To verify numerical distinguishability after discretization, we per
formed a pairwise basis-function correlation analysis (Fig. 2). Each basis 
function was sampled on the same voxel grid used for geometry gener
ation (resolution = 64, ncells = 2), vectorized, mean-centered, and 
normalized to unit Euclidean norm. The normalized inner-product ma
trix was defined as: 

Gij = uT
i uj, for i, j = 1,…,18.

where ui denotes the mean-centered, unit-norm vectorized form of the i- 
th basis function. The maximum, mean, and median absolute off- 
diagonal correlations were 0.333, 0.004, and <0.001, respectively, 
supporting that the selected modes are numerically distinguishable on 
the discretized design domain and do not introduce strongly redundant 
coefficient directions.

Solid TPMS geometries are obtained by thresholding the implicit 
field ϕ using a quantile-based criterion such that a prescribed target 
volume fraction is satisfied (the target volume fraction is 0.5 for all 

designs considered in this study). This procedure enforces consistent 
mass across designs and enables meaningful comparison of stiffness-to- 
weight performance.

To enforce global structural connectivity, we apply a post-processing 
step based on connected-component analysis. Small, disconnected 
fragments are removed by discarding any isolated component whose 
volume is less than 1% of the total solid volume. If the geometry still 
contains more than one connected component after this pruning, it fails 
a connectivity pre-test, is labeled infeasible.

This connectivity pre-test is applied to all candidate designs (both the 
initialization phase and subsequent BO iterations) within the optimi
zation workflow. Only feasible geometries are forwarded to finite 
element method (FEM) and used for surrogate-model training, whereas 

Fig. 1. Overview of the proposed optimization framework. Hybrid TPMS geometries ø are represented using an 18-dimensional implicit parameterization, where 
fi(x, y, z) are periodic trigonometric basis functions with compatible spatial periodicity, and c_i are scalar coefficients serving as design variables. Candidate designs 
are generated within this design space and evaluated through finite multi-cell voxel-based finite element method (FEM) to obtain mechanical performance. The 
results are then used by a Bayesian optimization algorithm to iteratively guide the search toward improved stiffness-to-weight designs.

Table 1 
Linearly independent periodic basis functions used in the 18- 
dimensional TPMS representation.

Index Basis function fi(x,y,z)

1 cosx+ cosy+ cosz
2 sinxcosy+ sinycos z+ sinzcosx
3 sinxcosz+ sinzcosy+ sinycosx
4 sinxcosy − sinycosz+ sinzcosx
5 sinxsinysinz
6 sinxcosycosz
7 cosxsinycosz
8 cosxcosysinz
9 cosxcosycosz
10 cosxcosy
11 cosycosz
12 coszcosx
13 cos2x
14 cos2y
15 cos2z
16 sin2xcosy
17 sin2ycosz
18 sin2zcosx

Fig. 2. Normalized inner-product matrix of the 18 basis functions. Each basis 
function was sampled on the voxel grid used for geometry generation, vector
ized, mean-centered, and normalized to unit Euclidean norm. Diagonal entries 
are equal to one by construction, while off-diagonal entries quantify normalized 
similarity between distinct basis-function fields. The maximum, mean, and 
median absolute off-diagonal values were 0.333, 0.004, and <0.001, respec
tively, indicating that the selected basis functions are numerically distinguish
able on the discretized design domain and do not introduce strongly redundant 
coefficient directions.
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infeasible candidates are rejected prior to simulation.

2.2. Multi-cell architectures and compression endcaps

All TPMS designs are evaluated as multi-cell architectures rather 
than single periodic unit cells. In the present study, the implicit field is 
instantiated over a 2 × 2 × 2 array of unit cells, allowing interactions 
between neighboring cells to influence the global mechanical response 
(see Fig. 3). This configuration better reflects the behavior of finite-sized 
architected components fabricated by additive manufacturing.

To emulate uniaxial compression tests and stabilize boundary effects, 
stiff endcaps are added to the top and bottom of each structure (see 
Fig. 3). The endcaps occupy a small fraction of the total height and are 
assigned a Young’s modulus one order of magnitude larger than that of 
the TPMS body (2000 GPa vs 200 GPa). This promotes uniform load 
transfer while minimizing artificial stress concentrations at the loading 
interfaces.

2.3. Voxel-based FEM evaluation

Mechanical performance is evaluated using voxel-based FEM. TPMS 
geometries, including endcaps, are discretized on a Cartesian voxel grid, 
where each voxel is assigned a material phase (void, TPMS body, or 
endcap). To reduce computational cost, the voxel grid is coarsened by 
aggregating blocks of fine voxels into larger hexahedral finite elements, 
while averaging the local Young's modulus over solid voxels to retain the 
multi-material distribution. A coarse hexahedral element is retained as 
solid only if more than half of its constituent fine voxels are solid, 
otherwise it is treated as void.

Each active element is modeled as an eight-node linear hexahedron 
(Hex8) with isotropic linear elasticity. Element stiffness matrices are 
computed via standard 2 × 2 × 2 Gauss integration and assembled into a 
sparse global stiffness matrix.

Boundary conditions emulate uniaxial compression: all bottom sur
face nodes are constrained only in the loading direction (uz = 0, z-axis is 
normal to the largest endcap surface (see Fig. 3), while three additional 
anchor constraints suppress rigid-body translations and rotation. A 
uniform pressure is applied on the top surface over solid faces, and the 
resulting sparse linear system is solved using a direct sparse solver.

The apparent mechanical properties are derived from the global 
force-displacement field. Let δtop denote the mean vertical displacement 
of the loaded (top) surface: 

δtop =
1

Ntop

∑

n∈Γtop

u(n)
z (2) 

where Γtop is the set of top-surface nodes (restricted to solid regions) and 
Ntop is their count. Here u(n)

z denotes the z-component of the nodal 

displacement at node n. Using the mean top-surface displacement makes 
the metric less sensitive to local displacement extrema than pointwise 
measures. The resultant applied force (Fapp) is computed directly from 
the assembled load vector as: 

Fapp =

⃒
⃒
⃒
⃒
⃒

∑

i
fz,i

⃒
⃒
⃒
⃒
⃒

(3) 

where fz,i is the z-component of the nodal force applied at top-surface 
node i. The apparent axial stiffness (kapp) is then obtained as: 

kapp =
Fapp

δtop
(4) 

and the apparent Young's modulus (Eapp) is computed by normalizing 
with the specimen geometry: 

Eapp =
Fapp L
A δtop

(5) 

where L is the specimen height and A = L2 is the nominal cross-sectional 
area of the cubic sample. The term ‘apparent’ is used because the TPMS 
architecture is a heterogeneous porous structure; Eapprepresents the 
equivalent homogeneous modulus that produces the same global 
force–displacement response under uniaxial loading.

To compare designs at fixed mass, we also define a normalized per
formance metric, Eeff, by dividing the apparent modulus by the realized 
solid volume fraction VF of the voxelized geometry: 

Eeff =
Eapp

VF
(6) 

We refer to this quantity as the effective stiffness, which serves as an 
indicator of stiffness-to-weight performance. It is used as the scalar 
performance metric in the optimization. Here, VF is computed as the 
ratio of solid voxels (TPMS body + endcaps) to the total number of 
voxels in the full specimen.

The target volume fraction of 0.5 is enforced only for the TPMS body 
via quantile thresholding of the implicit field, whereas the final realized 
VF of the full specimen may slightly differ because: (i) the endcaps add a 
fixed amount of solid material, and (ii) voxelization and post-processing 
(e.g., removal of disconnected components) introduce small deviations 
from the target body fraction. Since the endcaps are identical across all 
designs, their contribution to VF is constant and does not affect the 
relative ranking of candidates.

2.4. Bayesian optimization framework

BO is used to explore the 18-dimensional TPMS coefficient space 
under expensive FEM-based evaluations. Each design is defined by the 

Fig. 3. Finite-element simulation setup. A single TPMS unit cell is replicated to form a finite multi-cell specimen. Uniaxial compression is applied through rigid 
endcaps, with uniform pressure imposed on the top surface and the bottom surface fixed. The endcaps are assigned a high stiffness to ensure uniform load transfer, 
while the TPMS material is modeled according to the target elastic properties.
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coefficient vector R18 and evaluated through the full geometry genera
tion and voxel-FEM pipeline, yielding the effective stiffness Eeff as the 
scalar objective.

2.4.1. Initialization
Before starting the BO iterations, an initial training dataset is con

structed using a structure-aware (magnitude-controlled) sampling 
strategy. A fixed number of coefficient vectors are generated within a 
restricted region of the design space corresponding to moderate ampli
tudes. This produces smooth geometries dominated by low-frequency 
backbone contributions, while higher-frequency and anisotropic 
modes are introduced with smaller magnitudes to avoid highly irregular 
or fragmented structures at the start of the search.

All initial designs are subjected to the connectivity pre-test described 
in Section 2.1. Only feasible geometries are evaluated using FEM and 
included in the training dataset, whereas infeasible candidates are dis
carded prior to simulation.

2.4.2. Surrogate model and acquisition
A Gaussian process (GP) surrogate is fit to the set of feasible FEM 

evaluations and updated sequentially. Candidate designs that fail pre- 
FEM feasibility checks or for which the FEM solve fails are treated as 
infeasible and excluded from GP training (equivalently assigned Eeff =

− ∞ for bookkeeping and filtered prior to fitting). New candidates are 
selected by maximizing an expected improvement (EI) acquisition 
function over the bounded domain [ − 3,3]18. Acquisition maximization 
is performed sequentially (q = 1) using multi-start optimization.

All BO-proposed candidates are filtered using the same connectivity 
pre-test prior to FEM evaluation. Only feasible designs are simulated and 

used to update the GP, while infeasible ones are rejected and excluded 
from surrogate training.

Two BO configurations are considered: 

1) in the baseline formulation (or unconstrained formulation), the 
surrogate model is a BoTorch SingleTaskGP with default settings.

2) in the constraint-aware formulation, the objective surrogate uses a 
Matérn kernel (ν = 2.5) with automatic relevance determination 
(ARD) over the 18 coefficients with a Gamma prior on the length
scales (Gamma(2, 4)). The ARD formulation allows the surrogate 
model to learn individual lengthscales for each coefficient, enabling 
data-driven identification of the most influential geometric modes 
and effectively adapting the search to the intrinsic dimensionality of 
the problem. To reduce wasted evaluations, a separate feasibility 
surrogate is trained on a binary feasibility indicator (y ∈ 0,1) using 
the same GP form; the posterior mean, clamped to [0,1], is used as an 
estimate P̂(feasible|c). Once sufficient feasible and infeasible obser
vations are available, the acquisition is modified as: 

a(c) = EI(c) P̂(feasible|c) (7) 

This feasibility-aware acquisition favors candidates that are expected 
to improve the objective while remaining likely to pass geometric and 
numerical checks, reducing wasted evaluations when failures are costly.

Acquisition maximization is performed via multi-start gradient- 
based optimization (L-BFGS-B): the baseline uses 10 restarts and 100 
raw samples, while the feasibility-aware variant uses 20 restarts and 200 

Fig. 4. Overview of the optimization pipeline. An 18-dimensional design vector defines the hybrid TPMS implicit field, which is thresholded to a multi-cell body at 
the target volume fraction. Pre-FEM validity checks on the body (small-component removal, top–bottom connectivity, boundary material) filter candidates; valid 
designs are given endcaps and evaluated with voxel-based FEM to compute the stiffness-to-weight objective. A Gaussian Process surrogate is updated in a Bayesian 
optimization loop that iteratively proposes new candidates.
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raw samples to handle the more rugged acquisition landscape induced 
by feasibility weighting.

Fig. 4 summarizes the end-to-end evaluation loop: starting from the 
18D coefficient vector, we generate the TPMS geometry (body only), 
apply pre-FEM feasibility checks on that body (connectivity, load path, 
volume fraction, top/bottom material). If the checks pass, we add 
compression endcaps (5% height), run voxel-based FEM on the full 
structure to compute Eapp, and evaluate the effective stiffness objective 
Eeff = Eapp/VF. This observation updates the GP and drives the selection 
of the next candidate.

2.5. Computational implementation

All simulations and optimization procedures were implemented in 
Python (version 3.10). The Bayesian optimization loop was developed 
using PyTorch v.2.1 [31] for tensor computations and automatic dif
ferentiation during acquisition maximization. Gaussian process (GP) 
surrogate models and acquisition functions were implemented using 
BoTorch v0.16.1 [32], built on top of GPyTorch v1.14.3 [33], enabling 
numerically stable exact marginal likelihood training and scalable GP 
inference.

The voxel-based finite element solver was implemented using sparse 
matrix data structures and linear algebra routines provided by SciPy 
v1.16.3 [34]. Global stiffness matrices were assembled in compressed 
sparse row (CSR) format to reduce memory consumption, and the 
resulting linear systems were solved using direct sparse solvers available 

within SciPy. Core numerical operations, including array manipulation, 
voxel aggregation, and element-wise computations, were performed 
using NumPy v2.3.5 [35] to ensure computational efficiency.

Three-dimensional rendering, geometry inspection, and post- 
processing of optimized architectures were performed using PyVista 
v0.46.5 [36]. This enabled verification of connectivity, 
boundary-condition application, and qualitative assessment of defor
mation patterns.

All simulations were executed on a single CPU (Intel(R) Core(TM) i5- 
14400F (2.50 GHz)) workstation without GPU acceleration. The 
modular implementation separates geometry generation, finite element 
evaluation, and surrogate-model updating, ensuring reproducibility and 
facilitating future extension to alternative solvers or optimization 
strategies.

3. Results and Discussion

3.1. Finite Element Model validation

The voxel-based FEM implementation was validated using an 
analytical benchmark and a suite of internal consistency checks. The 
main benchmark considers a homogeneous solid cube under uniaxial 
compression: a uniform pressure is applied on the top face (z = L), while 
the bottom face (z = 0) is constrained in the loading direction (uz = 0) 
(see Fig. 5a); a minimal set of additional anchor constraints is introduced 
only to eliminate rigid-body modes. For the analytical benchmark, a 

Fig. 5. Verification of the voxel-based FEM implementation. (a) Displacement profile along the loading direction for the solid-cube benchmark. The analytical 
solution (red dashed line) is compared with the FEM results, showing the layer-averaged vertical displacement (blue markers) and the corresponding min–max range 
within each layer (shaded band). (b) Global equilibrium and energy consistency checks. For both a solid cube and a representative TPMS (gyroid) geometry, the total 
applied load matches the sum of reaction forces, confirming force equilibrium. The external work W = 1

2f
⊤u also coincides with the internal strain energy U = 1

2u
⊤Ku, 

demonstrating correct stiffness assembly and load application.
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cube of side length L = 100 mm and Young’s modulus E = 200 GPa was 
subjected to a uniform compressive pressure = 10 MPa. Assuming uni
axial stress with traction-free lateral surfaces (i.e., free lateral defor
mation), the analytical mean top displacement is δanalytical

top = pL /E =
0.005 mm. Under these conditions, the solver matches the analytical 
mean top displacement (and the corresponding effective Young’s 
modulus) to within numerical precision, showing excellent agreement 
with the analytical solution. Table 2 reports the comparison at the 
coarsest discretization (163 voxels), and the same agreement is observed 
at higher resolutions.

To assess the displacement solution beyond a single scalar metric, we 
inspected the displacement field for the solid-cube benchmark (Fig. 5a). 
We report the layer-wise displacement profile along the loading direc

tion, computed for each nodal layer z = zk as the mean u
ˉ
z(zk) =

〈|uz|〉z=zk
, together with the corresponding in-plane min–max range 

[min(|uz|),max(|uz|)] within that layer. The FEM profile overlaps the 
analytical prediction |uz(z)| = (p /E) z across the full height, confirming 
the expected linear displacement evolution from the constrained bottom 
surface (|uz| ≈ 0) to the loaded top surface (|uz| ≈ 0.005 mm). The 
min–max range within each layer is too small to be visually resolved at 
the plot scale, indicating an essentially uniform vertical displacement 
within each cross-section.

Global equilibrium and energetic consistency were verified through 
two internal checks. First, a global force-balance test was performed for 
the solid cube benchmark and a representative gyroid TPMS geometry 
by comparing the total applied load with the sum of reaction forces; the 
resulting net force is essentially zero (Fig. 5b), confirming equilibrium to 
numerical precision. Second, energetic consistency was by comparing 
the external work W = 1

2f
⊤u with the internal strain energy U = 1

2u
⊤Ku. 

As shown in Fig. 5b, W and U coincide for both the solid cube and the 
gyroid case, indicating a consistent stiffness assembly and load 
application.

These tests confirm that the FEM framework is physically consistent 
and suitable for comparative stiffness evaluation of optimized TPMS 
architectures. The analytical cube benchmark verifies that, under uni
axial compression with free lateral contraction, the solver reproduces 
the expected uniform stress state σzz = p and the associated linear 
displacement field uz(z) = (p /E)z. The agreement of both the mean top 
displacement and the full displacement profile confirms that the dis
cretized stiffness operator correctly transmits axial load without intro
ducing artificial shear or bending modes. The negligible in-plane 
displacement variation within each horizontal layer further indicates 
that the voxel aggregation and element interpolation do not induce 
spurious localization or grid-alignment artifacts. The global force- 
balance check establishes that external tractions are exactly balanced 
by internal reaction forces, ensuring that the assembled stiffness matrix 
satisfies equilibrium conditions to machine precision. This is particu
larly important in voxel-based discretizations, where improper treat
ment of boundary voxels can otherwise generate artificial residual 
forces. The observed equilibrium confirms that boundary conditions and 
load application are implemented consistently. The energetic consis
tency test provides a stronger, integral-level validation of the formula
tion. For a linear elastic system, equality between the external work and 
the internal strain energy is a necessary condition for variational cor
rectness of the discretized system. The coincidence of W and U for both 
the homogeneous cube and a representative porous TPMS geometry 

confirms that stiffness assembly, material interpolation, and multi- 
material treatment are internally consistent. Importantly, this valida
tion on a heterogeneous porous structure demonstrates that the solver 
accurately captures stress redistribution across complex internal in
terfaces. From a mechanical standpoint, these results ensure that stiff
ness variations observed in the optimized TPMS architectures arise from 
geometric load-path differences rather than discretization artifacts, 
boundary inconsistencies, or numerical imbalance. The framework 
therefore provides a mechanically reliable basis for comparative effec
tive stiffness evaluation across the high-dimensional hybrid design 
space.

To verify solver accuracy on porous geometries, a mesh-convergence 
study was performed for both a canonical gyroid and the unconstrained 
BO-optimized hybrid design, using the same coarsening factor CF=3 
(Fig. 6). The generation-grid resolution N was varied, and the finest 
feasible solution was used as the reference. Fig. 6 shows that both 
structures approach a stable response as the grid is refined. At the paper- 
default setting (N=64, CF=3), the relative error is 1.33% for the ca
nonical gyroid and 0.19% for the optimized hybrid design with respect 
to their finest-reference solutions. These results support that the dis
cretization used in the manuscript is within the converged response 
regime for both a canonical TPMS benchmark and the optimized hybrid 
geometry, while remaining computationally efficient.

3.2. Optimization convergence and mechanical performance

The optimization outcomes provide insight not only into algorithmic 
convergence but also into the underlying mechanical structure of the 
hybrid TPMS design space. By coupling high-dimensional geometric 
parameterization with finite element mechanical evaluation of multi- 
cell specimens, the framework enables systematic identification of 
stiffness-efficient morphologies under uniaxial compression. The 
following results analyze the evolution of the effective stiffness objec
tive, the effect of feasibility-aware search, and the performance relative 
to canonical TPMS architectures. Particular attention is given to the 
mechanical mechanisms responsible for the observed performance 
gains, including load-path organization, deformation mode transition, 
and boundary-driven structural adaptation in finite-size specimens.

3.2.1. Objective convergence
Fig. 7a shows the evolution of the effective stiffness objective Eeff as a 

function of the iteration number. After an initial exploration phase 
characterized by large variability in the evaluated designs, the best 
objective value increases monotonically and progressively saturates. 
This behavior is consistent with the expected exploitation-driven regime 
of Bayesian optimization once promising regions of the design space 
have been identified. The final best design achieves a effective stiffness 
value approximately three times larger than the median of the initial 
samples, indicating that the optimization is able to discover substan
tially improved TPMS architectures beyond the seeded configurations.

The gap between the “current” and “best-so-far” curves highlights 
the exploratory nature of the acquisition strategy: while many proposed 
candidates do not improve upon the current best solution, they 
contribute valuable information to the surrogate model, enabling sus
tained progress over hundreds of iterations.

For comparison, a random search baseline was constructed using 
uniform sampling of the 18-dimensional design space within the same 
parameter bounds and evaluated using the identical FEM pipeline, 
feasibility criteria and evaluation budget as Bayesian optimization 
(Fig. 7c). Random search is a widely used and often competitive baseline 
in high-dimensional optimization, as it can rapidly identify reasonable 
designs without model assumptions. To account for sampling variability, 
the random search baseline was evaluated over 10 independent seeds, 
each with 820 evaluations.

Fig. 7c compares Bayesian optimization with the multi-seed random 
search baseline. Random search achieved rapid early improvements but 

Table 2 
Validation of the voxel-based FEM model through comparison between the 
analytical solution and the simulated mean top displacement for a homogeneous 
solid cube under uniaxial compression at a resolution of 163 voxels.

Case Resolution δanalytical
top (mm) δFEM

top (mm)

Solid cubes 163 0.0050 0.0050
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saturated after approximately 80–200 evaluations. Across the 10 inde
pendent runs, the final random search best values had a mean of 1.65 ×
105 MPa and a standard deviation of 5.33× 103MPa, with a 95% 
bootstrap confidence interval of 

[
1.62×105, 1.68×105] MPa. The best 

random search run reached 1.73 × 105 MPa. In contrast, Bayesian 
optimization continued to improve over the full evaluation budget and 
reached a final effective stiffness of 2.17 × 105 MPa. This corresponds to 
an improvement of 31.0% over the random search mean and 25.4% over 
the best random search run. The Bayesian-optimization result exceeded 
all 10 random-search runs, placing it at the 100th percentile of the 
random-search distribution and approximately 9.6 standard deviations 
above the random search mean.

These results suggest that the surrogate-guided acquisition strategy 
provides a clear advantage over uniform exploration for identifying 
high-performance TPMS architectures under the tested fixed evaluation 
budget. In this comparison, Bayesian optimization surpassed the final 
best-so-far performance of the 10-seed random-search baseline by 
approximately 200 evaluations.

3.2.2. Feasibility and sample efficiency
Infeasible candidates may occur due to disconnected geometries and 

therefore consume computational budget without providing useful 
objective evaluations. Fig. 7b reports the cumulative number of feasible 
designs obtained during the unconstrained BO run. Over 820 attempted 
evaluations, 747 designs were feasible (91.1 leading to an almost linear 
growth of usable samples with iteration.

A short plateau is observed around iterations ∼ 400 − 470, indi
cating a temporary phase in which several proposed candidates were 
rejected before the optimizer returned to predominantly feasible re
gions. Overall, the near-linear accumulation of feasible evaluations 
confirms that the optimization budget is largely converted into infor
mative training data for the surrogate model, which is crucial given the 
high cost of voxel-based mechanical simulations.

To assess sensitivity to the fragment-removal threshold, the opti
mized design was re-evaluated at thresholds of 0.5%, 1.0%, 2.0%, and 
5.0% of the total solid voxel count. The effective modulus remained 
unchanged at 216,536 MPa across all tested thresholds (ΔE = 0.00% 
relative to the 1% baseline), indicating that the optimized design is a 
single well-connected structure and that the default 1% threshold does 
not affect the reported optimum.

3.2.3. Feasibility-aware Bayesian optimization
Fig. 8 summarizes the behaviour of the feasibility-aware formulation 

in terms of both convergence and usable sample budget. As shown in 

Fig. 8a, the best-so-far effective stiffness increases rapidly during the 
early iterations and then plateaus, reaching a final value of 
1.91 × 105 MPa. Fig. 8b reports the cumulative number of feasible de
signs, which grows almost perfectly linearly and reaches 814 feasible 
evaluations, indicating that only a small fraction of the computational 
budget is spent on rejected candidates.

Despite the improved feasibility efficiency, the best objective ach
ieved by the feasibility-aware strategy remains lower than that obtained 
with the unconstrained BO 

(
2.17×105 MPa

)
. This behavior suggests 

that high-performing designs may lie near the feasibility boundary, 
where small parameter changes can lead to geometric disconnections or 
numerical instability. By downweighing candidates with low predicted 
feasibility, the constraint-aware acquisition becomes more conservative, 
prioritizing robustness and evaluation efficiency at the expense of peak 
performance.

To quantify this trade-off, the unconstrained BO run evaluated 820 
candidates, of which 747 were feasible and 73 were rejected as infea
sible, corresponding to 8.9% wasted evaluations. In comparison, the 
feasibility-aware BO run evaluated 830 candidates, of which 824 were 
feasible and only 6 were rejected, reducing the wasted-evaluation 
fraction to 0.7%. This improved sample efficiency also led to faster 
early convergence: the feasibility-aware BO run reached 90% of its final 
best value in 66 evaluations, compared with 287 evaluations for the 
unconstrained BO run. However, this gain in evaluation efficiency came 
with an 11.8% reduction in peak performance, with the feasibility- 
aware BO run reaching Eeff = 190,899 MPa compared with 216,536 
MPa for the unconstrained BO run. These results indicate a practical 
trade-off between evaluation efficiency and peak stiffness: feasibility- 
aware acquisition substantially reduces wasted evaluations and accel
erates early convergence, but may avoid high-performing designs near 
the feasibility boundary.

3.2.4. Performance relative to canonical TPMS
To place the obtained performance levels in context, the best designs 

identified by Bayesian optimization were compared with representative 
canonical TPMS architectures. Gyroid and Schwarz P structures were 
evaluated under the same geometric, boundary, and loading conditions, 
using identical multi-cell configurations. For a fair comparison, the ca
nonical geometries were analyzed using the same voxel-based FEM 
solver, and the target volume fraction of the TPMS body was fixed to 0.5 
in both cases.

As shown in Fig. 9, the optimized hybrid architectures significantly 
outperform the canonical designs in terms of effective stiffness. The 
unconstrained Bayesian optimization achieves a value of 2.17 × 105 

Fig. 6. Mesh-convergence study for a canonical gyroid and the unconstrained BO-optimized hybrid design. (a) The effective modulus Eeff is plotted as a function of 
generation-grid resolution N. (b) Relative error with respect to the finest feasible reference solution for each structure. All cases were evaluated using the same 
coarsening factor (CF = 3). The dashed vertical line marks the main-study setting (N = 64), for which the relative errors are 1.33% for the canonical gyroid and 
0.19% for unconstrained BO-optimized hybrid design. The results support the numerical adequacy of the selected discretization for the tested TPMS geometries.
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MPa, compared with 1.01 × 105 MPa for the gyroid and 1.02 ×105 MPa 
for the Schwarz P structure, corresponding to an improvement of 
approximately 112–114%. The feasibility-aware formulation also yields 
a substantially higher effective stiffness (1.91 × 105 MPa) than the ca
nonical references, despite its more conservative search strategy.

These results indicate that restricting the design to a single TPMS 
family may limit achievable performance, and that the unified 
coefficient-based representation enables the discovery of hybrid mor
phologies with more efficient load-bearing characteristics. The com
parison also confirms that the performance gains achieved by the 
optimization correspond to meaningful improvements relative to 
commonly used TPMS architectures, rather than incremental variations 
within a standard design family.

To further compare the deformation regime of the optimized hybrid 
architecture with canonical TPMS surfaces, a Gibson–Ashby scaling 

analysis was performed by fitting the relationship between apparent 
stiffness Eapp and volume fraction. As shown in Fig. 10, the optimized 
hybrid design maintains higher apparent stiffness (Eeff = Eapp/VF) than 
the canonical TPMS surfaces across the tested volume-fraction range. 
Power-law fitting of Eapp ∼ φn gives n = 1.082 ± 0.015 (R² = 0.999) for 
the optimized hybrid design, compared with n = 2.242 ± 0.041, n =
2.170 ± 0.043, and n = 3.412 ± 0.078 for the canonical gyroid, Schwarz 
P, and diamond surfaces, respectively. The markedly lower exponent of 
the optimized hybrid design indicates a more stretching-dominated 
stiffness scaling, whereas the canonical TPMS surfaces exhibit 
bending-dominated scaling over the same volume-fraction range. This 
result provides quantitative support for the interpretation that the 
optimized hybrid architecture improves stiffness-to-weight performance 
through more efficient axial load transfer rather than incremental tuning 
of a single canonical TPMS family.

Fig. 7. Performance of the unconstrained Bayesian optimization and comparison with random search. (a) Optimization history showing the effective stiffness of each 
evaluated design (“current”), the best-so-far trajectory, and the final optimum of 216,536 MPa. (b) Cumulative number of feasible designs obtained during the 
Bayesian optimization run, reaching 747 feasible evaluations over the 820-evaluation budget. (c) Comparison between Bayesian optimization and random search 
under the same evaluation budget. The blue curve shows the mean best-so-far performance across 10 independent random-search runs, and the shaded region 
indicates the interquartile range (25th–75th percentile). Bayesian optimization continues improving after the random-search baseline has plateaued and achieves a 
final effective stiffness exceeding all random-search runs.

Fig. 8. Performance of the feasibility-aware Bayesian optimization. (a) Convergence history of the effective stiffness objective. The light curve shows the objective 
value of each evaluated design, while the dark blue line indicates the best-so-far performance. The red dashed line marks the final optimum (≈ 1.91 ×105 MPa). 
(b) Cumulative number of feasible designs obtained during the optimization. A total of 824 feasible designs were collected over the evaluation budget, exhibiting an 
almost linear growth.
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To further assess whether the optimized hybrid architecture depends 
on a single dominant basis mode or on a distributed combination of 
modes, a local coefficient-ablation analysis was performed. Starting 
from the unconstrained BO-optimized design, each of the 18 coefficients 
was set to zero one at a time while the remaining coefficients were kept 
fixed, and the resulting geometry was reprocessed using the same 
thresholding, connectivity screening, and voxel-FEM pipeline. Among 
the feasible ablations, the change in effective stiffness remained within 
approximately ±1.1%, indicating that no single coefficient alone dom
inates the optimized stiffness. Several coefficient removals led to 
infeasible geometries, indicating local topological sensitivity of the 
optimized design to those modes. Overall, the analysis supports that the 
optimized architecture arises from the combined nonlinear interaction 
of multiple basis functions rather than from a single canonical TPMS 
mode.

3.2.5. Optimized TPMS geometries
Fig. 11a visualizes the best-performing TPMS design obtained with 

the unconstrained Bayesian optimization and Fig. 11b the best design 
obtained with the feasibility-aware variant. In both cases, the structures 
are rendered from the voxelized material field and post-processed with a 
surface-smoothing step to reduce staircase artifacts; the endcaps are 
shown separately for clarity. Additional high-ranking designs (e.g., 
second- and third-best) were visually similar to the corresponding op
timum and are omitted for brevity.

Despite differences in the coefficient values, both optimization 
strategies converge to morphologies characterized by continuous, 
vertically oriented load-bearing pathways. The resulting architectures 
exhibit column-like regions aligned with the loading direction, which 
provide direct force transmission between the top and bottom surfaces 
while minimizing bending-dominated deformation. Compared with ca
nonical TPMS geometries, which distribute material more isotropically, 
the optimized hybrid structures concentrate material along the principal 
load direction, leading to a more efficient axial load transfer and 
improved effective stiffness.

This consistent structural motif across different optimization settings 
suggests that the proposed framework is able to identify physically 
meaningful design trends rather than isolated high-performing 
configurations.

3.2.6. Mechanicistic interpretation of the optimization results
From a mechanical standpoint, the observed convergence behavior 

and performance gains can be interpreted in terms of load-path opti
mization and deformation mode transition within the finite multi-cell 
architecture. Canonical TPMS geometries such as gyroid and Schwarz 
P distribute material relatively isotropically, promoting a combination 
of axial and bending-dominated deformation under uniaxial compres
sion. While this isotropy provides multifunctionality and robustness, it 
does not maximize stiffness along a single loading direction at fixed 
volume fraction.

The optimized hybrid architectures, in contrast, systematically 
reorganize material toward vertically aligned, continuous load-bearing 
pathways spanning the specimen height. This reconfiguration effec
tively increases the fraction of material participating in axial stress 
transmission (σzz) while reducing transverse bending and shear com
ponents. In structural mechanics terms, the optimization drives the ar
chitecture toward a more stretching-dominated regime along the 
loading direction, where deformation energy is stored primarily through 
axial strain rather than bending curvature. Since stretching-dominated 
mechanisms scale more favorably with relative density than bending- 
dominated ones, this shift directly enhances stiffness-to-weight effi
ciency.

The Gibson–Ashby analysis in Section 3.2.4 provides global evidence 
that the optimized hybrid design follows a more stretching-dominated 
stiffness scaling than the canonical TPMS surfaces. To examine 
whether this behavior is also reflected at the local stress-field level, the 
axial stress distribution was evaluated under identical uniaxial 
compression for the optimized hybrid design and the canonical gyroid. 
Fig. 12 shows mid-plane maps of the absolute axial stress |σzz|. The 
optimized hybrid structure exhibits lower peak axial stress concentra
tion than the canonical gyroid, with a peak |σzz| of 60.1 MPa compared 
with 145.9 MPa for the gyroid. The mean absolute axial stress is also 
lower for the optimized hybrid design, 19.2 MPa compared with 25.9 
MPa for the gyroid. These results indicate that the optimized 
morphology transfers compressive load with reduced local stress con
centration, consistent with the stretching-dominated response inferred 
from the Gibson–Ashby exponent.

The fact that both unconstrained and feasibility-aware optimization 
runs converge to qualitatively similar column-like motifs indicates that 
this vertical load-path alignment represents a mechanically robust op
timum within the admissible design space. The surrogate model is 
therefore not identifying arbitrary geometric irregularities but rather 
exploiting a consistent mechanical principle: concentration of material 
along the principal stress trajectory induced by the boundary conditions.

Fig. 9. Comparison of effective stiffness between representative canonical 
TPMS architectures and the optimized designs obtained with Bayesian opti
mization. Gyroid and Schwarz P structures (target volume fraction =0.5) were 
evaluated using the same voxel-based FEM framework. Both optimization 
strategies (Unconstrained Bayesian Optimisation, UBO and Feasibility-aware 
Bayesian Optimisation, FBO) significantly outperform the canonical geome
tries, with the unconstrained Bayesian optimization achieving the highest 
performance, followed by the feasibility-aware variant.

Fig. 10. Gibson–Ashby scaling of the optimized hybrid design and canonical 
TPMS surfaces. Apparent stiffness Eapp is plotted as a function of volume frac
tion ø. Power-law fitting was performed using Eapp ∼ øn. The optimized hybrid 
design gives n = 1.082 ± 0.015, compared with n = 2.242 ± 0.041, n =

2.170 ± 0.043, and n = 3.412 ± 0.078 for the canonical gyroid, Schwarz P, and 
diamond surfaces, respectively. The lower exponent supports a transition to
ward stretching-dominated load transfer in the optimized hybrid architecture.
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Fig. 11. Best-performing TPMS designs obtained from Bayesian optimization. (a) Optimal geometry from the unconstrained formulation, achieving an effective 
stiffness of ≈ 2.17× 105 MPa.(b) Optimal geometry from the feasibility-aware formulation, achieving ≈ 1.91 × 105 MPa. For each case, the finite multi-cell 
specimen 2×2×2 is shown together with orthogonal cross-sectional views (XZ, YZ, and XY). Both designs exhibit continuous vertical load-bearing pathways con
necting the top and bottom endcaps, indicating efficient axial force transmission.
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The difference between unconstrained and feasibility-aware BO 
further supports this interpretation. The highest-performing designs 
appear to lie near the feasibility boundary, where aggressive coefficient 
combinations produce slender but continuous vertical members that 
maximize axial stiffness. Small perturbations in these configurations can 
lead to geometric disconnections or numerical instability, explaining 
why the feasibility-aware strategy—by penalizing low predicted 
feasibility—converges to slightly more conservative architectures with 
marginally reduced peak stiffness. Mechanically, this reflects a trade-off 
between structural efficiency and geometric robustness: the most 
stiffness-efficient morphologies approach the limit of connectivity 
preservation.

The comparison with canonical TPMS structures clarifies that the 
performance improvement is not merely a parametric refinement within 
a known surface family. Instead, the unified coefficient representation 
enables redistribution of material density in a directionally biased 
manner that canonical minimal surfaces, by construction, do not favor. 
Whereas classical TPMS are constrained by their minimal-surface 
property (zero mean curvature), the hybrid representation relaxes this 
restriction and allows curvature redistribution that enhances axial load 
transfer in finite domains. This additional geometric freedom permits 
the emergence of quasi-columnar features that better align with the 
applied compression field.

Finally, the progressive convergence behavior of the surrogate- 
guided optimization reflects the underlying mechanical landscape of 
the design space. Early iterations explore broadly varying morphologies 
with diverse deformation modes, leading to high variability in stiffness 
response. As the surrogate identifies regions associated with stretching- 
dominated axial load paths, subsequent iterations refine coefficient 
combinations that strengthen vertical continuity and suppress bending- 
dominated branches. The monotonic improvement in best-so-far per
formance therefore corresponds to a gradual mechanical transition to
ward architectures that more efficiently convert applied compressive 
work into uniform axial strain energy.

Overall, the optimization results demonstrate that, within a high- 
dimensional hybrid TPMS space evaluated on finite multi-cell speci
mens, stiffness-to-weight enhancement is achieved primarily through 
directional material redistribution and load-path alignment rather than 
through incremental geometric smoothing. The surrogate-assisted 
framework effectively uncovers this mechanically interpretable design 
trend, confirming that the observed performance gains originate from 
physically meaningful structural mechanisms rather than numerical 
artifacts or random search effects.

3.3. Capabilities, limitations, and future directions

The proposed framework demonstrates several methodological and 
computational capabilities that support its applicability for high- 
dimensional architected-material design.

First, the results show that surrogate-assisted optimization in an 18- 
dimensional implicit TPMS design space remains computationally 
tractable under finite-domain mechanical evaluation. All simulations 
were executed on a single CPU workstation without GPU acceleration, as 
described in Section 2.5. To quantify the complete computational cost of 
the Bayesian-optimization workflow, a wall-clock profiling analysis was 
performed across the full BO loop (20 initial samples + 800 BO itera
tions, seed = 42), with per-iteration timers placed around objective 
evaluation, GP model fitting, acquisition optimization, and residual 
overhead.

The resulting timing breakdown is summarized in Fig. 13, which 
reports the mean wall-clock time per BO iteration for each component of 
the workflow. Among the 800 BO iterations, GP model fitting accounted 
for 70.5% of total per-iteration wall time (mean 5.95 s/iteration, 4,762 s 
total), followed by objective evaluation, including geometry generation, 
feasibility screening, FEM evaluation, and post-processing, which 
accounted for 21.8% (mean 1.84 s/iteration, 1,471 s total). Acquisition 

Fig. 12. Axial stress distribution under uniaxial compression. Mid-plane maps of absolute axial stress |σzz|are shown for the optimized hybrid structure and the 
canonical gyroid under identical loading and boundary conditions. A common color scale is used for both panels. The optimized hybrid structure exhibits a more 
distributed axial stress field and lower peak stress concentration than the gyroid, supporting the interpretation of more continuous axial load transfer and a 
stretching-dominated deformation mechanism.

Fig. 13. Mean wall-clock time per BO iteration. Mean per-iteration wall-clock 
time is shown for BO iterations only, excluding the initial random evaluations 
for which GP fitting and acquisition optimization are not performed. GP model 
fitting dominates the BO-loop cost, followed by objective evaluation and 
acquisition optimization, while residual overhead is negligible. Checkpointing/ 
I/O was not resolved as a separate timing component in this figure and is 
included, where present, in residual overhead.
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optimization accounted for 7.6% (mean 0.64 s/iteration, 516 s total). 
Residual overhead was negligible at 0.1% (mean 0.01 s/iter). I/O and 
checkpointing were measured separately and contributed no resolved 
wall-clock time under the tested configuration. These results indicate 
that the dominant computational bottleneck of the BO loop is surrogate- 
model refitting as the training set grows, rather than the FEM-based 
objective evaluation itself.

Overall, the total wall-clock time for the 820-evaluation run was 
approximately 1.9 h. These results confirm that systematic exploration 
of hybrid TPMS morphologies in a moderately high-dimensional design 
space can be carried out with limited computational resources. They 
further suggest that future acceleration efforts should primarily target 
scalable GP training, approximate or sparse surrogate formulations, and 
more efficient acquisition optimization, rather than only the mechanical 
solver.

Second, the modular structure of the framework, separating geom
etry generation, voxel-based finite element evaluation, and surrogate- 
guided search, facilitates scalability and extensibility. Objective evalu
ations can be parallelized, and the mechanical solver can be replaced or 
enriched without altering the optimization logic. GPU acceleration or 
distributed computing would enable higher spatial resolution, larger 
multi-cell domains, or expanded evaluation budgets.

Third, the unified 18-dimensional TPMS representation enables 
continuous hybridization across canonical surface families within a 
single coherent parameter space. This structured yet expressive basis 
expands the reachable morphology spectrum beyond family-specific 
parameterizations while promoting geometric continuity and enabling 
connectivity control through screening. An optional feasibility-aware 
surrogate formulation can further improve robustness by reducing 
wasted evaluations and providing a framework that can be extended to 
incorporate geometric or process-related constraints through feasibility 
modeling.

In this context, the proposed 18-dimensional representation should 
be viewed as a deterministic and interpretable TPMS-derived design 
space that complements broader stochastic or spinodal descriptions. 
Stochastic and spinodal architectures offer important advantages, 
including statistical isotropy, smooth connectivity, and potentially 
favorable stress distribution under complex or multi-directional loading. 
The objective of the present work is not to replace these approaches, but 
to focus on a compact parameterization for stiffness-to-weight optimi
zation under finite-domain uniaxial compression. This formulation 
provides straightforward reproducibility from an 18-coefficient vector, a 
low-dimensional continuous design space suitable for surrogate-assisted 
optimization, and interpretability through prescribed spatial modes 
associated with canonical TPMS families, harmonic terms, and mixed- 
frequency contributions.

However, some limitations remain. The mechanical simulations in 
the present study are restricted to small-strain, linear-elastic uniaxial 
compression. This setting is useful for isolating geometry-driven stiff
ness-to-weight efficiency and for comparing candidate architectures 
under controlled loading conditions, but it does not capture nonlinear 
deformation mechanisms such as elastic instability, post-buckling, 
plastic collapse, progressive damage, fatigue, tensile failure, or energy 
absorption under large deformation. Recent studies on 3D-printed 
cellular structures and architected metamaterials show that compres
sive response, post-yield deformation, damage tolerance, 
strength–toughness trade-offs, and energy absorption can depend 
strongly on material choice, fabrication process, local architecture, and 
deformation mode [37–39]. Extending the present framework to 
large-deformation kinematics, nonlinear constitutive laws, 
contact/self-contact, and experimentally validated collapse simulations 
would therefore be necessary for applications where strength, tough
ness, or energy absorption are primary objectives.

The geometric design space, although broader than conventional 
single-family TPMS parameterizations, remains limited to an 18-dimen
sional coefficient basis with fixed parameter bounds and a prescribed 

target volume fraction. It should therefore not be interpreted as an 
exhaustive free-form topology space. Stochastic, spinodal, aperiodic, 
hierarchical, and topology-optimized architectures may access mor
phologies and multifunctional responses that are outside the present 
TPMS-derived representation. Future work could extend the framework 
through adaptive basis enrichment, generative geometric representa
tions, topology optimization, or multi-scale parameterizations, enabling 
broader exploration of stiffness, robustness, acoustic response, and en
ergy absorption within a unified optimization setting.

The optimization formulation is single-objective and focuses exclu
sively on effective stiffness. Other performance criteria, including 
strength, buckling resistance, anisotropy control, or energy absorption 
capacity, are not explicitly incorporated.

Despite these aspects, the present framework establishes a flexible 
and extensible platform for physics-informed, data-driven exploration of 
architected materials. Several future research routes naturally emerge. 
These include: (i) extension to nonlinear and instability-driven regimes 
to capture buckling and post-buckling behavior; (ii) integration of multi- 
objective Bayesian optimization to identify Pareto-optimal trade-offs 
among stiffness, strength, robustness, and energy absorption; (iii) 
incorporation of manufacturability-aware and process-constrained 
feasibility models; (iv) adaptive enrichment of the geometric basis to 
enable hierarchical or multi-scale architecture discovery; and (v) sys
tematic investigation of size effects and boundary-condition sensitivity. 
Together, these directions position the methodology as a scalable 
foundation for next-generation computational design of hybrid archi
tected materials.

4. Conclusion

This work introduced and demonstrated a unified, mechanics- 
grounded framework for high-dimensional optimization of TPMS- 
based architected materials through an 18-dimensional coefficient rep
resentation integrated with surrogate-assisted global search. Unlike 
conventional family-specific parameterizations, the proposed formula
tion enables continuous hybridization across multiple TPMS types 
within a single coherent design space and evaluates performance on 
finite multi-cell specimens, thereby linking implicit geometry to physi
cally consistent structural response.

The Bayesian optimization achieved a peak effective stiffness of 
Eeff = 216,536MPa, outperforming the 10-seed random-search baseline 
by 31.0% relative to its mean and exceeding all random-search runs. The 
optimized hybrid design exhibits a Gibson–Ashby scaling exponent of 
n = 1.082 ± 0.015

(
R2 = 0.999

)
, compared with n = 2.2–3.4 for the 

canonical TPMS surfaces evaluated here, supporting a transition toward 
stretching-dominated load transfer. Axial stress maps further show that 
the optimized hybrid design has a 2.4-fold lower peak axial stress con
centration than the canonical gyroid under identical loading, providing 
local field-level support for the proposed load-transfer mechanism. The 
optimization results indicate that stiffness enhancement arises primarily 
from directional redistribution of material and reorganization of load 
paths rather than from incremental parametric refinement. The opti
mized architecture develops vertically continuous load-bearing path
ways that improve axial force transmission and reduce bending- 
dominated compliance. Under a fixed evaluation budget, the opti
mized hybrid designs achieved approximately 30% higher effective 
stiffness than the initial designs and approximately twofold improve
ment over representative canonical TPMS geometries, indicating that 
the gains reflect substantive structural reconfiguration.

The focus on stiffness maximization under uniaxial compression was 
intentionally chosen as a mechanically interpretable test case. Because 
the optimized morphology can be assessed against established engi
neering intuition, the emergence of vertically continuous load paths and 
stretching-dominated scaling provides confidence that the framework 
identifies physically meaningful design trends rather than numerical 
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artifacts. This creates a foundation for extending the approach to more 
complex nonlinear, multi-objective, and manufacturability-aware 
design problems.

The feasibility-aware formulation further revealed that peak per
formance lies near the connectivity boundary of the design space, 
highlighting a trade-off between axial stiffness maximization and geo
metric robustness. Overall, the proposed framework provides a 
computationally efficient and physically interpretable approach for 
exploring high-dimensional hybrid TPMS design spaces and for discov
ering stiffness-efficient architectures beyond the limitations of classical 
canonical surfaces.
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